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Abstract. In this paper, we address the problem of computing the topological entropy of
amap ¥ : G — G, where G is a Lie group, given by some power v/ (g) = g, with k a
positive integer. When G is abelian, ¥ is an endomorphism and its topological entropy is
given by h(y) = dim(T (G)) log(k), where T (G) is the maximal torus of G, as shown
by Patrdo [The topological entropy of endomorphisms of Lie groups. Israel J. Math.
234 (2019), 55-80]. However, when G is not abelian, v is no longer an endomorphism
and these previous results cannot be used. Still, ¢ has some interesting symmetries, for
example, it commutes with the conjugations of G. In this paper, the structure theory
of Lie groups is used to show that h(y) = dim(T) log(k), where T is a maximal torus
of G, generalizing the formula in the abelian case. In particular, the topological entropy of
powers on compact Lie groups with discrete center is always positive, in contrast to what
happens to endomorphisms of such groups, which always have null entropy.

Key words: topological entropy, variational principle, power maps of Lie groups, maximal
torus

2020 Mathematics Subject Classification: 37B40, 22D40 (Primary); 37A35, 22E99
(Secondary)

1. Introduction

The computation of the topological entropy of a continuous endomorphism ¢ of a Lie
group G is a classical topic in ergodic theory which seemed to have long been solved.
Recently, in [3, 8], we proved that for a continuous endomorphism ¢ of an arbitrary Lie
group G, we have that

h(@) = h(@I1Gy))- 6]

where G is the maximal connected subgroup of G such that ¢(Gy) = G4, T(Gy) is the
maximal torus in the center of G, and the topological entropy is the natural generalization
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for locally compact metric spaces [4, 7], which is characterized by the so-called variational
principle (see Proposition 2.4). An immediate consequence of equation (1) is that 2(¢) = 0
for every continuous endomorphism ¢ of a semi-simple Lie group G. In particular,
this is true for continuous endomorphisms of a compact simple Lie group, such as the
multiplicative group of quaternions of unit norm G = $3. Hence, it would be interesting
to determine the topological entropy of a class of maps on Lie groups which have positive
topological entropy when G is a compact Lie group.

In the present article, we address the problem of computing the topological entropy
of a map ¥ : G — G, where G is a Lie group, given by some power ¥ (g) = g*,
with k a positive integer. When G is abelian, ¢ is an endomorphism and it follows
from equation (1) and from the well-known formula for the topological entropy of an
endomorphism of a torus (see Proposition 2.5) that its topological entropy is given by
h(y) = dim(T (G)) log(k), where T(G) is the maximal torus of G. For example, if
G=C* and Y¥(z) =z% it is immediate that T(G) = S!, which implies that
h(¢¥) = log(2). However, if G = $3 and Y(g) = g2, what is the value of A (vy)?

When G is a compact and connected Lie group, we have the following well-known
structural result (see Proposition 3.4):

G=JsTs. @)
geG

where T C G is any fixed maximal torus. Thus, we can consider the following commuta-

tive diagram:
X X
G G

where W(g, t) = (g, ¥(¢)) and c(g, t) = gtg_l. By equation (2), the map c is surjective,
and since G and T are compact, it follows that

v

GxT—GxT

JE—

v

h(y) = h(¥)
=h(lr)
< h(¥), 3)
which implies that
h(y) = dim(T) log(k). “4)

If G =53 and ¥ (g) = g2, it is immediate that any maximal torus is isomorphic to S!,
which implies that 2 (i) = log(2).

In the general case, we have the following. On one hand, when G is connected but not
compact, the right-hand side of equation (2) is just the union X of all compact subgroups
of G. On the other hand, when G is compact but not connected, the right-hand side of
equation (2) is just the connected component G of the identity of G. For the non-compact
case, we show that the recurrent set Ry is contained in X (Proposition 4.2) and we
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develop a variational principle adapted to X, which might not be a locally compact space
(Theorem 2.7). For the non-connected case, we prove a new structural result generalizing
equation (2) in a suitable way (Theorem 3.6).

The paper is organized as follows. In §2, we collect the main concepts and results about
ergodic theory, and prove some new ones that are used in the final section. In particular,
the variational principle proved in Theorem 2.7 is interesting by itself and can be used in a
much broader context. In §3, we collect the main concepts and results about Lie theory, and
prove some new ones that are used in the final section. In particular, the structural results
proved in Theorem 3.6 and Corollary 3.7 are also interesting by themselves. Finally, in
§4, we prove the main result of this article, Theorem 4.5, which shows that equation (4)
remains true for arbitrary Lie groups.

2. Preliminaries on ergodic theory

In this section, we collect the main concepts and results, and prove some new ones, about
ergodic theory that are used in the final section. Given a set X, a family C of subsets of X
is a cover of X when

x=Jc 6))

ceC

If the sets in C are disjoint, then we say that C is a partition of X. A subcover of C is a
family D C C which is itself a cover of X. We denote by N (C) the least cardinality among
the subcovers of C.

Consider the topological space X, a Radon probability measure © on X, and finite
measurable partition P. The partition entropy of P is given by

Hy(P)= )" u(P)log

PeP

S 6
u(P) ©

Let ¢ : X — X be a p-invariant map. The partition entropy of ¥ with respect to P is
given by

h, (¥, P) = lim %H,L(P/), (7
j—o00

where P/ is the finite measurable partition given by the subsets

Pony =l (PN Ny UTVR 8)
with Py, Py, ..., Pj_; € P. The Kolmogorov—Sinai entropy of v is given by
hu(y) = S;l)p hu (., P), 9

where the supremum is taken over all finite measurable partitions P. Given another finite
measurable partition Q, the conditional entropy is defined as the expected value

H,(Q|P) = Z w(P)H, (. 1p)(Q). (10)
CeP
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Now, an open cover A is called admissible if at least one of its elements has compact
complement and it is called strongly admissible if all of its elements have compact
complement. The cover entropy of A is given by

H(A) =log N(A). (11)
Let ¢ : X — X be a continuous map. The topological entropy of ¥ with respect to A is
Mwm=g%%m& (12)
where A/ is the open cover given by the subsets
Aoyl AD NNy~ U0 A (13)
with Ag, Ay, ..., Aj_1 € A. The topological entropy of v is given by
h(y) = Sjp h(y, A), (14)

where the supremum is taken over all admissible open covers A. The proof following of
the proposition can be found in Lemmas 2.6 and 2.12 of [4].

PROPOSITION 2.1. If (Y, w) is a probability space and C is a finite measurable partition,
then

H,.(C) < log N(C). (15)
If ¥ 1 Y — Y is a p-invariant map and D is another finite measurable partition, then
hu(,C) < hy(y, D) + Hu(DIC). (16)

The proof of the following result can be found in Proposition 2.1.8 of [5] and
Remark 2.20 of [4].

PROPOSITION 2.2. Let (Y, u) be a probability space and  : Y — Y be a p-invariant
map. If X C Y is a {-invariant measurable subset, then

hy (W) = w(Xhuy (Wlx) + w\X) Ay (Y lrx), a7

where x and wy\x are the probability measures conditional to X and Y\ X. Furthermore,
we have that

hu(P") = nh, () (18)
for each positive integer n.

The proof of the following proposition can be found in Lemma 2.19 of [4].

PROPOSITION 2.3. Let X be a topological space and v : X — X be a continuous map.
Then

h(y") < nh(¥) 19)

for each positive integer n.

The proof of the following result can be found in Theorem 3.1 of [4].
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PROPOSITION 2.4. Let Y be a metrizable locally compact separable topological space
and v 1 Y — Y be a continuous map. Then

sup hy (Y) = h(y), (20)
"w
where the supremum is taken over all \-invariant Radon probability measures | on Y.
The proof of the following proposition can be found in Corollaries 11 and 16 of [2].

PROPOSITION 2.5. Let T be a torus, ¢ : T — T be a continuous endomorphism, and
Lg : T — T be the map given by Lg(h) = gh. Then

h(Lg o) =h(p) = log|il, @)
s

where the summation is taken over all eigenvalues X of do1 such that |A| > 1.
We also need the following proposition.

PROPOSITION 2.6. Let Y be a metrizable locally compact separable topological space
and y : Y — Y be a continuous map. If

Y=Y1U.---UY; (22)
where {Y1, . . ., Y;} is a family of disjoint vr-invariant locally compact subsets, then
h(y) = max. h(¥ly,). (23)

Proof. By Proposition 2.2, for each i -invariant Radon probability measure w, we have
that

hp () = w¥Dhpy, Wly) + -+ 1w Phyy (Yly;)
= pnYDhWly) +- -+ pn¥HhYly)
= max_h(ly,), (24)
i=l,...j
where we used Proposition 2.4 in the first inequality. Hence,
h(y) = sup hy (¥)
n
< max h(¥ly,)
=1,
< h@). (25)
O

Now we prove the following variational principle which is crucial for the computation
of the topological entropy of powers when G is non-compact.
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THEOREM 2.7. Let X be a metric space and ¥ : X — X be a continuous map. If
o0
x=Ja. (26)
=0

where each Cy is a -invariant compact subset and C; C Cj41 for each I, then
sup hy, (Y) = lim h(¥lc)), 27
m [—00
where the supremum is taken over all \r-invariant Radon probability measures u on X.

Proof. To prove that

sup hy (Y) < lim h(¥c,), (28)
m [—o00
it is sufficient to show that, given a 1 -invariant Radon probability measure p, there exists
[ such that
hu(¥) < h(Ylc) (29)
since
h(¥le) = lim h(¥|c,). (30)
[—o00

In fact, it is enough to show that there exists / such that

hu (™) < h(le,) + 2 +log(2) (3D

for each natural number 7, since

1
hu(‘/f) = ;hu(wn)
1 2+ log(2
< iyl + 2D

2 4+ log(2)
n 9

= h¥lc) + (32)

where we used Proposition 2.2 in the first equality and Proposition 2.3 in the second
inequality. Hence, inequality (29) follows by taking the limit as n goes to the infinity.
To show inequality (31), take a finite measurable partition P such that

hy (") < h,(Y", P)+ 1. (33)
For each P € P, chose Cp C P compact such that
1

u(P\Cp) < (34)

2N(P)log N(P)’

where N (P) is the cardinality of P. Since X = (J;2 C1, u(X) =1, and C; C Cj4; for
each [, it follows that

lim u(C)) = 1. (35)
[—00
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Thus, we can choose [ such that

1
X\() ——— 36
HENED = SN Py log NOP) (36)
and define
ch=Ccpna. (37)
It follows that
R(P\Cp) = (P N (Cp))
= u(PN(CpNCHY)
= p(PN(Cp) U(C))
= u((PN(Cp)°)U(PN(CH))
< u(PN(Cp)°) + n(PN(C°)
< n(P\Cp) + n(X\Cp)
1
S (38)
N(P) log N(P)
Defining
Pl = U P\Ch, (39)
PeP
it follows that
Phy< ——. 40
u( )_logN(P) (40)
Define the following measurable partition:
P ={CL:PePyU(P) (41)
and the strongly admissible cover
A={(CLuP :PeP). (42)
We claim that
H,(PIP) < 1. (43)
In fact, first note that M(P|Cé,) = 1 for every P € P. Thus,
H, ) (P) =0 (44)

and therefore, by the definition of conditional entropy and by Proposition 2.1, it follows
that

Hy (PIP) = w(P)YH,,( piy(P)
< u(P") log N(P)
<1. 45)
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We claim that
N(P)) <2/ N(A), (46)
where A/ is the strongly admissible cover given by the following subsets:

(ChUPHNY(Ch UPHN- Nyl U P, @7)

with P; € P for each i, and Plj is the measurable partition given by the following subsets:
Yony"(pn---ny Um0y, (48)

where Y; = Cé,i or ¥; = P! for each i. Let m be the cardinality of P and A C {1, ..., m}J
such that its cardinality is N (A/) and that

X =J@h uPhn.nyUmhcy,  uPh, (49)
rEA '

where A = (Ao, ..., Aj_1). Consider the map f : A x {0, 1 — 7?/ given by

fOLx)=Yony " (¥ Nn---ny"U=D;_) (50)
with
C! , X =1,
y, = P (51)
Pl, x; =0,

where x = (xq, ..., xj_1). Since

X = U £, x) (52)

r€A, xe{0,1}J

and since Plj is a partition, it follows that the image of f contains every non-empty element

of Plj , which implies the inequality (46). Now consider the strongly admissible cover of
C; given by

A ={CLuP)NC : PeP) (53)
We claim that
N(A)) < N(AD), (54)
where Alj is the strongly admissible cover given by the following subsets:

(CRpUPHNCHN--- Ny "I~V U PHNC, (55)
with P; € P foreachi. Let A C {1, ..., m}/ such that its cardinality is N (A,j ) and that

¢ =Jucp, uPhncyn--.n xp*"(f*‘>((clpsi_1 uPHnaoy, (56)
SeA !

where § = (o, ..., d;—1). Consider themap g : A — A/ given by
g(®) = (Cﬁl,(50 uPhHn...n W"U*”(clpaj_lu Ph. (57)
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Since Cj C P! and since C; is ¥"-invariant, it follows that C[ C g(8) for each § and that

C = ( U g(8)> N (58)

seA
Hence,
x=cucicl e (59)
seA
showing inequality (54). Taking the logarithm of inequalities (46) and (54), dividing by /,
and taking the limit as / tends to infinity, it follows that
hu (Y™, P < h(¥", A) + log(2)
< h(¥lg,, A) + log(2)
< h(Y ) + log(2). (60)

From inequalities (33), (43), (62), and Proposition 2.1, it follows that
hy(W") < hy (Y™, P)+ 1
<h, (", P)+ H,(PIP) + 1
<h,",P)+2

< h(¥lg,) +log(2) + 2. (61)
To prove that
llim h(¥lc,) = sup hy () (62)
—> 00 "

for each ¢ > 0, there exists [ such that
. g
lim h(¥|c) < h(Wlc) + = (63)
[— o0 2

and, by the variational principle of entropy for compact spaces, there exists a 1/ |c,-invariant
Radon probability measure p; such that

Bl < b (Wle) + 5. (64)
Considering the following i -invariant Radon probability measure © given by
n(A) = u (AN Gy, (65)
it follows that
hy (W) = hy, (Ylc)- (66)

By the previous inequalities, it follows that
lim h(¥lc) < hu(¥) +¢
[—o0

<sup h, () +&. (67)
In

Since ¢ is arbitrary, we obtain inequality (62). O
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Recall that the definition of the recurrent set of ¢ : ¥ — Y is given by
Ry ={y €Y :y"(y) — y for some ny — o0o}. (68)

COROLLARY 2.8. Let Y be a separable metric space and  : Y — Y be a continuous
map. If there exists X C Y such that Ry C X and

oo
x=Ja, (69)
1=0

where each Cy is a r-invariant compact subset and C; C Cyy1 for each I, then
sup hy (Y) = lim h(¥|c,), (70)
w"w =00
where the supremum is taken over all v -invariant Radon probability measures |1 on X.

Proof. For each yr-invariant Radon probability measure w, we have that

hu () = n(Xhuy (Wlx) + XAy (W lyx)- (71)

Since ’RWY\ y = ¥, by the Poincaré recurrence theorem, it follows that j1y\x = 0 and thus
that by, (¥ly\x) = 0. Hence,

hu(Y) < huy(Wlx) (72)
and thus it follows that
sup iy, (¥) = sup hyy (Ulx), (73)
w ux
and the result follows from Theorem 2.7. O

3. Preliminaries on Lie theory

In this section, we collect the main concepts and results, and prove some new ones, about
Lie theory that are used in the final section. Given a Lie group G with Lie algebra g, the
connected component of the identity of G is denoted by G¢. The center of g is given by

3@ ={H cg:[H,X]=0,forall X € g}, (74)

which is an ideal of g (see Lemma 11.1.1 of [6]), and the derived algebra [g, g] is the
subalgebra generated by the subset

(X, Y]: X,Y € g}. (75)
Given a subgroup H C G, the centralizer of a subgroup H in G is given by
Z(H,G)={geG:ghg ' =h,forallh € H} (76)
and the normalizer of a subgroup H in G is given by

N(H,G)={geG:gHg ' = H}. (77)
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The adjoint representation of G is the map given by Ad(g) = d(C,)1, where Cy(h) =
ghg ™! is the conjugation by g € G. They are related by the following formula:

exp(Ad(g)X) = g exp(X)g ™" (78)

for all g € G and all X € g, where exp : g — G is the exponential map of G. The proof
of the following result can be found in §9.5 of [6], specially using Theorem 9.5.4 and
Example 9.5.6 of [6].

PROPOSITION 3.1. If T is a torus, then T ~ R"/Z" and the group of the automorphisms
of T is isomorphic to the discrete Lie group GL(n, Z).

The proof of the following proposition can be found in Theorem 6.1.18 and
Lemma 12.2.1 of [6].

PROPOSITION 3.2. Ifgis afinite-dimensional Lie algebra and H € g is a regular element,
then the centralizer h of H in g is a Cartan subalgebra of g. If g is a compact Lie algebra,
then a subalgebra t C g is a Cartan subalgebra if and only if it is maximal abelian.

The proof of the following result can be found in Theorem 4.5 of [1].

PROPOSITION 3.3. A semi-simple (diagonalizable over the complex numbers) automor-
phism ¢ of a semi-simple Lie algebra g fixes a regular element H € g.

The proof of the following proposition can be found in Corollary 12.2.11 and
Theorem 12.2.2 of [6].

PROPOSITION 3.4. Let K be a compact connected group and ¥ be its Lie algebra. If T is
a maximal torus, then Z(T, G) = T. A subalgebra t C ¢ is maximal abelian if and only if
it is the Lie algebra of a maximal torus of G. For two maximal tori T and Z, there exists
heK suchthat T = hZh™".

The proof of the following result can be found in item (iii) of Theorem 14.1.3 of [6].

PROPOSITION 3.5. Let H be a Lie group with a finite number of connected components
and K C H be a maximal compact subgroup. Then, given U C H a compact subgroup,
there exists h € Hy such that hUh™' C K.

As far as we know, the following theorem is new. It is analogous for compact
disconnected Lie groups of a result that says that every element in a compact connected
Lie group is conjugated to an element of a fixed maximal torus (see Proposition 3.4).

THEOREM 3.6. Let K be a compact Lie group and T C K be a maximal torus. Then
N(T, K)o =T and, for every g € K, there exists h € Ko such that hgh_1 € N(T, K).

Proof. Consider the map 6 : N(T, K)o — Aut(T), given by 0(g) = C¢|r. Since 6 is
continuous and N (T, K)q is connected, it follows that the image Im(0) is also connected.
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Since Aut(T) is discrete and Idr = 6(1) € Im(0), it follows that Im(0) = {Id7}. This
implies that N(T', K)o C Z(T, K). Since N(T, K)o C Ky, it follows that

N({T,K)yCcZ(T,K)NKy=Z(T,Kp) =T, (79)

where we used Proposition 3.4 in the last equality. However, it is immediate that T C
N(T, K)o.

For the second claim, let g € K and note that, since K is compact, its Lie algebra € is
reducible. Thus,

tE=3® @[t ¢, (80)

where () is the center of £ and s = [, €] is a semi-simple ideal of €. Since K is compact,
it follows that Ad(g) is a semi-simple automorphism of s. By Proposition 3.3, there exists
a regular element X € s such that Ad(g)X = X. By Proposition 3.2, the centralizer f of
X in s is a Cartan subalgebra of s, such that Ad(g)h = b. Hence, 3 = 3(£) @ b is a Cartan
subalgebra of € such that Ad(g)3 = 3. Denoting Z = (exp(3)), it follows that

8Zg ' = glexp(3))g " (81)
= (exp(Ad(g)3))
= {exp(3))
=Z. (82)

By Propositions 3.2 and 3.4, we have that Z is a maximal torus of K¢ and there exists
h € Ko such that T = hZh~". It follows that

h'Th=2 (83)
=gzg™!
=gh 'Thg™!, (84)
which implies that
hgh™'T(hgh™H) ' =T, (85)
showing that hgh™! € N(T, K). O

COROLLARY 3.7. Let H be a Lie group with a finite number of connected components,
K C H be a maximal compact subgroup, T C K be a maximal torus, and X be the union
of all compact subgroups of H. Then,

X=[J gNT.K)g™". (86)
g€H)

Proof. By Proposition 3.5, given U C H a compact subgroup, there exists & € Hy such
that AtUhR~! C K. Thus, for each u € U, we have that huh—! € K. By Theorem 3.6, there
exists k € Ko such that khuh™'k~' € N(T, K), which implies that u € gN (T, K)g~!,
where g = h~'k~! € Hy. O
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4. Topological entropy of powers
The first result of this main section determines the topological entropy of powers on
compact Lie groups whose connected component of the identity is a torus.

PROPOSITION 4.1. Let N be a Lie group with a finite number of connected components
such that No = T is a torus and ¥ : N — N be the power map with exponent k. Then,

h(y) = dim(T) log(k), (87)
where dim(T') is the dimension of T.

Proof. Consider the map W : N/T — N/T, given by W(r(g)) = w(¥(g)), where
m : N — N/T is the canonical projection. Since we have the following sequence:

.. CWXG/T) CW(G/T)C G/T (88)

and since G/T is finite, there exists j such that W(I') =" if I' = WJ/(G/T). Since I'
is finite, it follows that W[ is a bijection of I' and hence there exists a minimal natural
number n such that W"|r = Idp. Furthermore, we have that Ry C I', which implies that
Ry C 7~ 1(I"), since 7(Ry) C Ry by the definitions and by the continuity of the maps.
Since 7 ~1(I") is closed, it follows that R_w c 7~ 1(I"). We have that

h(¥) = h(¥lz,)

=h(Wl-1r))
= %hw”u-l(r)). (89)
If A is any subset of N such that 7 is a bijection between A and I', then
') = eT. (90)
geA

which is a disjoint union. Since W"|r = Idr, it follows that ¥"(gT) = gT for g € A,
which implies, by Proposition 2.6, that

1
h(y) = — max h(¥"lg1). 1)

However, we have that

Y (gt) = (gn)*
= gtgtgt - - - gLgigt
— gk gl K k=1 g2k gk =2 3K (362102 6=

=" 1)K () - - P2 ()P (01, (92)

lrgt

where ¢ : T — T is the automorphism given by ¢ (1) = g~ 'rg. Since ¥" (gt) € gT, it
follows that g € g7 and hence g*"~! € T. Thus, it follows that

gy (gn) = ¢ o), (93)
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where
o) =" " () - 2P (1) (94)
is an endomorphism of 7. In fact, we have that
p(tin) = ¢~ "\(nn) - - PR tin)d ()N
=" Lt T (1) - - PR P ()P ()P ()12
=" L) - Q2PN T (1) - PP )P ()0
= p(1)e(12), (95)

where we used that T is abelian. By the conjugation given in equation (93) and by
Proposition 2.5, it follows that

h(Y"|gr) = h(Lgrn-1 0 ¢)

= h(p)
=) loglal, (96)
A
where the summation is taken over all eigenvalues A of d¢; satisfying |A| > 1. Since
dor = def' "+ +def + dgy +1d, o7
it follows that
A= P2 p 1, (98)

where p is an eigenvalue of d¢;. We claim that ¢ has finite order. In fact, consider
the homomorphism 6 : N — Aut(T), given by 6(g) = Cg|7. Since € is continuous, T
is connected, Aut(T') is discrete, and 6(1) = Idy, it follows that T C ker(6). Thus, we
can consider the induced homomorphism ® : N/T — Aut(T), given by O (7 (g)) = 0(g).
Since N /T is finite, it follows that Im(®) is finite, which implies that ® (7 (g)) = 0(g) =
¢ has finite order. It follows that |p| = 1 and thus

<ol ol ol L= k" (99)

By equation (96), it follows that

h("gr) < dim(T) log(k"). (100)
By equation (91) and since (1) = Idr, it follows that
1
h(y) = — max h(y"|g7) = dim(T) log(k), (101)
n geA
completing the proof. O

The next result shows that the recurrent set of powers on a Lie group G lies inside the
union of all compact subgroups of G.

PROPOSITION 4.2. Let G be a Lie group and W : G — G be the power map with exponent
k. Then Ry, C X, where X is the union of all compact subgroups of G.
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Proof. If g € Ry, then there exists n; — oo such that "/ (g) — g. Defining m; =
ki — 1, it follows that

g =g = yri(g)g! > 1, (102)

since ¥ (g) = gk"j . Now let A be the closure of the subgroup generated by g. It follows
that A is a closed abelian subgroup of G. Hence, Ag = V x T, where V is an euclidean
space and 7 is the maximal torus of A. Since g”/ — 1, there exists N such that gV € Ao.
Thus, gN =exp(Y 4+ Z), with Y € v and Z € t, where v and t are the Lie algebras
of respectively V and T. Writing m; = Ng; +rj, where 0 <r; < N, it follows that
qj — oo. Thus,

g" = (gM)1g" = exp(q;Y) exp(q; Z)g". (103)
We have that
N—-1
exp(q;2)g" € | J (0 x T)g", (104)
r=0

which is compact. Thus, there exists a subsequence exp(q;; Z)g'" — h and hence
exp(q;¥) = 8" (exp(q; 2)g") ™" — b7l (105)

Since gj, — oo, this implies that ¥ = 0, which implies that gV =exp(Z) €0 x T and
that g~V = exp(—Z) € 0 x T. Hence,

N-1
Ac |J 0xny, (106)
r=—N+1
showing that A is compact. O

The next result shows that the computation of the topological entropy of powers on Lie
groups with a finite number of connected components reduces to the computation on Lie
groups whose connected component of the identity is a torus.

PROPOSITION 4.3. Let H be a Lie group with a finite number of connected components,
Y : H — H be the power map with exponent k, K C H be a maximal compact subgroup,
X be the union of all compact subgroups of H, and

o
Hy = U By, (107)
=0
where each B; is a compact subset and B; C By for each l. Then,
o0
x=Ja. (108)
=0
where
C = eNT, K)g™ (109)
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is a Wy-invariant compact subset and C; C Cj41 for each I, and

h(¥) = h(Y|n K))- (110
Proof. Since ¢ : B x N(T, K) — Cj, given by c(g,t) = gtg~! is a continuous and
surjective map and since B; x N(T, K) is compact, it follows that C; is compact. We
also have that C; C Cy4 for each [, since By C Bj4 for each [, and that C; is ¥ -invariant,
since

v = v@eNT, K)g™

8<B;

= J ey WN(T, K))g™!

gEB;
c | eNT, K)g™!
gEB;
=C. (111)

By Corollary 3.7, we have that

X={J eNT. K)g™", (112)
g€Hy

which implies that

o0
X = U U gN(T, K)g™! (113)
=0 geB
since
o
Hy =) Bi. (114)
=0
By Propositions 2.4, 4.2, and Corollary 2.8, it follows that
h(¥) =sup hy,(Y) = lim h(¥c). (115)
" [—o0
We also have that
V(c(g, 1) =c(g, ¥ (@), (116)

which means that the map c is a semi-conjugation between the map v|c, and the map W :
By x N(T,K)— By x N(T, K), given by W(g, t) = (g, ¥(¢)). Since c is a continuous
and surjective map and since B; x N(T, K) is compact, it follows that

h(WIna.x) <h(Wlc)

< h(¥)
=h(¥InT.K))> (117)
showing that
h(¥lc,) = h(¥Ina.k)) (118)
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and thus that

h(¥) = h(¥InT.K))> (119)

where we used equation (116). O]
The next result shows how to reduce the general case to the previous one.

PROPOSITION 4.4. Let G be a Lie group and v : G — G be the power map with exponent
k. Then,

h(y) = sup h(¥n), (120)

where the supremum is taken over all open subgroups H of G with a finite number of
connected components.

Proof. Since G has a countable number of connected components, it follows that the
family of all open subgroups H of G with a finite number of connected components is

also countable, given by {Hy, Hi, Ha, . . ., Hy, . . .}. We also have that
o0
Xg = U Xu,, (121)
n=0

where X and X g, are the union of all compact subgroups of respectively G and H,. By
Proposition 4.3, we have that

o0
xu, =JCt (122)
=0

where each C}' is a ¥-invariant compact subset and C;' C C}', | for each /. Hence,

o0
xe = (123)
=0
where
I
a=Jcr (124)
n=0

is a Y-invariant compact subset and C; C Cj4 for each [, since
Cln - Cr’;lax{l,n} - Cmax{l,n}~ (125)

Now, for each [, we can write

l J
U H, = U Gi, (126)
n=0 i=0

where {Go, G1, ..., G} is a family of disjoint connected components of G. There exists
a positive integer m such that " (G;) = G; for each i. Thus,
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Y™y w) = h(lﬁmlu.fzo G,

= max h(y"|g,)
i=0,....j

< max h(¥"™ 1, (127)

ooyl

where we used Proposition 2.6 in the second equality. Hence,

1
hly  w) = ;h(‘ﬂm'ufmo H,)

IA

1
— max h(Y"|g,)
m n=

yeensl

= h
nr:I})?'.).(.,l Wln,)

sup h(V|w). (128)
H

IA

Therefore,
h(¥) = lim h(¥|c,)
[— o0
511_13.10 h“”'uﬁ,:o H,)
sup h(Y¥|g)
H

h(¥), (129)

IA

IA

where we used Proposition 4.2 and Corollary 2.8 in the first equality. O

Now the main theorem of the paper follows immediately.

THEOREM 4.5. Let G be a Lie group, T be a maximal torus of G, and  : G — G be the
power map with exponent k. Then,

h(y) = dim(T) log(k), (130)
where dim(T) is the dimension of T.

Proof. Immediate consequence of Propositions 4.1, 4.3, and 4.4. O
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