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EXISTENCE AND BOUNDEDNESS OF

PARAMETRIZED MARCINKIEWICZ INTEGRAL WITH

ROUGH KERNEL ON CAMPANATO SPACES

YONG DING, QINGYING XUE and KÔZÔ YABUTA

Abstract. Let g(f), S(f), g∗
λ(f) be the Littlewood-Paley g function, Lusin

area function, and Littlewood-Paley g∗
λ function of f , respectively. In 1990

Chen Jiecheng and Wang Silei showed that if, for a BMO function f , one of
the above functions is finite for a single point in Rn, then it is finite a.e. on Rn,
and BMO boundedness holds. Recently, Sun Yongzhong extended this result
to the case of Campanato spaces (i.e. Morrey spaces, BMO, and Lipschitz
spaces). One of us improved his g∗

λ result further, and treated parametrized
Marcinkiewicz functions with Lipschitz kernel µρ(f), µ

ρ
S(f) and µ

∗,ρ
λ (f). In

this paper, we show that the same results hold also in the case of rough kernel
satisfying Lp-Dini type condition.

§1. Introduction

In this note we study the existence and boundedness property of param-

etrized Marcinkiewicz functions with rough kernel, on Campanato spaces.

First, we recall the definition of Littlewood-Paley’s functions (generalized

ones) in the n-dimensional Euclidean space Rn (n ≥ 2).

Let ψ be a function ψ on Rn such that there exist positive constants

C0, C1, δ, η and γ satisfying

(i) ψ ∈ L1(Rn) and
∫

Rn ψ(x) dx = 0;

(ii) |ψ(x)| ≤ C0(1 + |x|)−n−δ;

(iii) |ψ(x + h) − ψ(x)| ≤ C1|h|γ(1 + |x|)−n−η for |h| ≤ |x|/2.

For this ψ, we define Littlewood-Paley’s g, Lusin’s area functions and

Littlewood-Paley’s g∗λ function as follows. Here and hereafter, ψt(x) de-
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notes t−nψ(x/t).

g(f)(x) =

(
∫ ∞

0

|ψt ∗ f(x)|2
t

dt

)1/2

,

S(f)(x) =

(
∫

Γ(x)
|ψt ∗ f(y)|2 dy dt

tn+1

)1/2

,

where Γ(x) = {(y, t) ∈ Rn+1
+ ; |x− y| < t}.

g∗λ(f)(x) =

(
∫

R
n+1
+

( t

t+ |x− y|
)λn

|ψt ∗ f(y)|2 dy dt
tn+1

)1/2

where λ > 1. Lp boundedness of these operators are known like as the

classical Littlewood-Paley’s g-functions. That is, g and S are Lp bounded

for 1 < p <∞, and g∗λ is Lp bounded for 1 < p <∞ if λ > max{1, 2/p} (see

for example Torchinsky [21, pp. 309–318]). Here and hereafter, the letter

C denotes a constant depending on main parameters and may vary at each

occurrence.

Stein’s generalization of the Marcinkiewicz function is as follows [17]:

Let Ω(x) be a function on Rn which satisfies the following two conditions:

(i) Ω(x) is homogeneous of degree zero and continuous on the unit sphere

Sn−1, and satisfies for some 0 < β ≤ 1

|Ω(x′) − Ω(y′)| ≤ C|x′ − y′|β, x′, y′ ∈ Sn−1.

(ii)
∫

Sn−1 Ω(x′) dσ(x′) = 0, where dσ is the surface Lebesgue measure on

Sn−1.

Define µ(f)(x) by

µ(f)(x) =

(
∫ ∞

0

|ψt ∗ f(x)|2
t

dt

)1/2

,

where ψ(x) = Ω(x)
|x|n−1χ{|x|≤1}.

In their work on Marcinkiewicz integral, A. Torchinsky and S. Wang

[22] introduced the Marcinkiewicz functions µS(f) and µ∗λ(f) corresponding

to the S function and g∗λ function. They gave Lp boundedness of µS(f) and

µ∗λ(f) for p ≥ 2. On the other hand, in the connection of µ(f) a pa-

rametrized Marcinkiewicz function µρ(f) was considered by L. Hörmander

https://doi.org/10.1017/S0027763000025691 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000025691


PARAMETRIZED MARCINKIEWICZ INTEGRAL WITH ROUGH KERNEL 105

[11]. It corresponds to the case ψ(x) = Ω(x)|x|ρ−nχ{|x|≤1}. Thus, Sakamoto

and Yabuta have considered in [28] parametrized µρ
S(f) and µ∗,ρλ (f), where

ψ(x) = Ω(x)|x|ρ−nχ{|x|≤1}, for ρ ∈ C with Re ρ = σ > 0. Introducing

these parametrized operators and using a Hilbert space valued version of

the complex interpolation theorem of analytic families of operators, they

could show that in the case n ≥ 3, µS(f) and µ∗λ(f) are Lp bounded for

p > 2n/(n + 2) and λ > max{1, 2/p}, respectively. Lp boundedness for

parametrized operators µρ
S(f) and µ∗,ρλ (f) are well discussed in [16], [28],

and further developed by many authors. Recently we have shown the Lp

boundedness under weaker condition on kernels than Lipschitz smoothness.

To state it, we introduce the following smoothness for kernels. Let ωq(δ) be

the Lq modulus of continuity of Ω (1 ≤ q <∞), defined by

ωq(δ) = sup
|γ|≤δ

(
∫

Sn−1

|Ω(γx′) − Ω(x′)|q dσ(x′)

)1/q

,

where γ is a rotation on Sn−1, and |γ| = supx′∈Sn−1 |γx′ − x′|. If ωq(δ)

satisfies
∫ 1

0

ωq(δ)

δ
dδ <∞,

we say that Ω satisfies Lq-Dini condition. If ωq(δ) satisfies

∫ 1

0

ωq(δ)

δ
(1 + | log δ|)β dδ <∞,

we say that Ω satisfies Lq-log β-Dini condition. If ωq(δ) satisfies

∫ 1

0

ωq(δ)

δ1+β
dδ <∞,

we say that Ω satisfies Lq-β-Dini condition.

Lp boudedness results are as follows.

Theorem A. (i) Let σ > 0, max
{

1, 2n
n+2σ

}

< p < 2, and λ > 2/p.

Let Ω ∈ L2(Sn−1) satisfy the cancellation condition
∫

Sn−1 Ω(x′) dσ(x′) = 0
and L2-log β-Dini condition for some β > 1. Then, there exist C1, C2 > 0,
independent of f , such that

‖µρ
S(f)‖p ≤ C1‖µ∗,ρλ (f)‖p ≤ C2‖f‖p.
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(ii) Let σ > 0, 2 ≤ p < ∞, and λ > 1. Let Ω ∈ L log+ L(Sn−1) satisfy

the cancellation condition
∫

Sn−1 Ω(x′) dσ(x′) = 0. Then, there exist C1,

C2 > 0, independent of f , such that

‖µρ
S(f)‖p ≤ C1‖µ∗,ρλ (f)‖p ≤ C2‖f‖p.

(See [8] for the proof of Theorem A (i) and [6] for the proof of Theo-

rem A (ii).)

As for µρ, we have

Theorem B. Let σ > 0, 1 < p < ∞. Let Ω ∈ H1(Sn−1) (the Hardy

space on Sn−1) satisfy the cancellation condition
∫

Sn−1 Ω(x′) dσ(x′) = 0.
Then, there exists C > 0, independent of f , such that

‖µρ(f)‖p ≤ C‖f‖p.

(See [4] for the proof of Theorem B in the case ρ ≡ 1. The proof of

Theorem B for ρ ∈ C with σ > 0 can be obtained by the same way as in

[4].) We note the following:

Lipα(Sn−1) (0 < α ≤ 1)  Lq(Sn−1) (q > 1)  L log+L(Sn−1)

 H1(Sn−1).

It is also known that, if Ω ∈ L1(Sn−1) satisfies L1-Dini condition, then

Ω ∈ L log+L(Sn−1), see [1].

We recall also the definition of Campanato spaces [14].

Definition 1.1. For 1 ≤ p < ∞ and −n/p ≤ α ≤ 1, the Campanato
space Eα,p is defined by the set of functions for which

‖f‖Eα,p = sup
x0∈Rn

sup
B

1

|B|α/n

(

1

|B|

∫

B
|f(x) − fB|p dx

)1/p

<∞,

where B moves over all balls centered at x0, and fB is the average of f over
B, (1/|B|)

∫

B f(t) dt.

It is known that for 0 < α ≤ 1, Eα,p = Lipα: the Banach space of

Lipschitz continuous functions of exponent α, and the norms are equivalent.

If α = 0, Eα,p coincides with BMO: the space of functions of bounded mean

oscillation. And if α < 0, Eα,p is equivalent to the Morrey space Lp,n+pα. It

is also easily checked that ‖f‖α,p ≤ C supB infa∈C |B|−α/n
(

|B|−1
∫

B |f(x)−
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a|p dx
)1/p

(−n/p ≤ α ≤ 1), and hence these norms are equivalent. We note

that balls can be replaced by cubes with sides parallel to the coordinate

axes and the norms are equivalent.

In 1984, Wang Silei [24] showed that the BMO boundedness of Little-

wood-Paley’s g-function follows from its finiteness on a set of positive mea-

sure. Since then, many authors considered such problems in BMO, Lipschitz

spaces, and Morrey spaces i.e. in Campanato spaces. In 1990, Wang Silei

and Chen Jiecheng [25] showed that the BMO boundedness follows from

its finiteness at only one point for Littlewood-Paley’s g-function, Lusin’s

area function and Littlewood-Paley’s g∗-function, and Marcinkiewicz func-

tion. Recently, Sun Yongzhong [20] improves and extends their results to

the case of Campanato spaces. Further, one of us [29] improves Sun’s result

and also treats the case of parametrized Marcinkiewicz integrals. In this pa-

per, we improve the results in [29], i.e. we treat parametrized Marcinkiewicz

integrals with more rough kernels.

Our results are as follows, where ρ ∈ C and Re ρ = σ.

Theorem 1. Let σ > 0, and suppose that Ω ∈ Lq(Sn−1) and satis-

fies Lq-log 1-Dini condition for some q > 1 and the cancellation condition.

Then, if f ∈ BMO(Rn) and µρ(f)(x) is finite for a point x0 ∈ Rn, it follows

µρ(f)(x) <∞ a.e. on Rn, and there is a constant C independent of f , such

that

‖µρ(f)‖BMO(Rn) ≤ C‖f‖BMO(Rn).

Theorem 2. Let σ > 0, and suppose that Ω ∈ L1(Sn−1) and satisfies

L1-β-Dini condition for some 0 < β ≤ 1 and the cancellation condition.

Then, if f ∈ Lipα(Rn) for 0 < α < β and µρ(f)(x) is finite for a point

x0 ∈ Rn, it follows µρ(f)(x) < ∞ a.e. on Rn, and there is a constant C
independent of f , such that

‖µρ(f)‖Lipα(Rn) ≤ C‖f‖Lipα(Rn).

Theorem 3. Let σ > 0, 1 < p < ∞ and −n/p ≤ α < 0. Moreover,

suppose Ω ∈ Lp′(Sn−1) and satisfies Lp′-Dini condition and the cancellation

condition. Then, if f ∈ Eα,p and µρ(f)(x) is finite for a point x0 ∈ Rn, it

follows µρ(f)(x) <∞ a.e. on Rn, and there is a constant C independent of

f , such that

‖µρ(f)‖Eα,p ≤ C‖f‖Eα,p .
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Theorem 4. Let σ > 0, and suppose that Ω ∈ Lq(Sn−1) for some

q > 1 and satisfies the cancellation condition. Then, if f ∈ BMO(Rn) and

µρ
S(f)(x) is finite for a point x0 ∈ Rn, it follows µρ

S(f)(x) <∞ a.e. on Rn,

and there is a constant C independent of f , such that

‖µρ
S(f)‖BMO(Rn) ≤ C‖f‖BMO(Rn).

Theorem 5. Let σ > 0, 0 < α < 1, and suppose that Ω ∈
L log+L(Sn−1) and satisfies the cancellation condition if 0 < α < 1/2,
and Ω ∈ L1(Sn−1) and satisfies L1-β-Dini condition for some 0 < β ≤ 1
and the cancellation condition if 1/2 ≤ α < 1. Then, if f ∈ Lipα(Rn) for

0 < α < 1/2 or 1/2 ≤ α < min{β, σ} and µρ
S(f)(x) is finite for a point

x0 ∈ Rn, it follows µρ
S(f)(x) < ∞ a.e. on Rn, and there is a constant C

independent of f , such that

‖µρ
S(f)‖Lipα(Rn) ≤ C‖f‖Lipα(Rn).

Theorem 6. Let 1 < p < ∞, −n/p ≤ α < 0. Suppose the number σ
and the kernel Ω satisfy one of the following conditions:

(i) σ > −α, max
{

1, 2n
n+2σ

}

< p, Ω ∈ Lmax{2,p′}(Sn−1) and Ω satisfies

the cancellation condition. In the case p < 2, Ω moreover satisfies L2-log β-

Dini condition for some β > 1.

(ii) σ > n/2, Ω ∈ L2(Sn−1) and Ω satisfies L2-log β-Dini condition for

some β > 1 and the cancellation condition.

Then, if f ∈ Eα,p and µρ
S(f)(x) is finite for a point x0 ∈ Rn, it follows

µρ
S(f)(x) <∞ a.e. on Rn, and there is a constant C independent of f , such

that

‖µρ
S(f)‖Eα,p ≤ C‖f‖Eα,p .

Theorem 7. Let σ > 0, λ > 1, and suppose that Ω ∈ Lq(Sn−1) for

some q > 1 and satisfies the cancellation condition. Then, if f ∈ BMO(Rn)
and µ∗,ρλ (f)(x) is finite for a point x0 ∈ Rn, it follows µ∗,ρλ (f)(x) < ∞ a.e.
on Rn, and there is a constant C independent of f , such that

‖µ∗,ρλ (f)‖BMO(Rn) ≤ C‖f‖BMO(Rn).

Theorem 8. Let σ > 0, 0 < α < 1, and suppose that Ω ∈
L log+L(Sn−1) and satisfies the cancellation condition if 0 < α < 1/2,
and Ω ∈ L1(Sn−1) and satisfies L1-β-Dini condition for some 0 < β ≤ 1
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and the cancellation condition if 1/2 ≤ α < 1. Suppose that f ∈ Lipα(Rn)
for 0 < α < 1/2 or 1/2 ≤ α < min{β, σ} and µ∗,ρ

λ (f)(x) is finite for a point

x0 ∈ Rn, λ > λ0, where λ0 = 1 for 0 < α < 1/2, and λ0 = 1 + 2α/n for

1/2 ≤ α < 1. Then µ∗,ρλ (f)(x) < ∞ a.e. on Rn, and there is a constant C
independent of f , such that

‖µ∗,ρλ (f)‖Lipα(Rn) ≤ C‖f‖Lipα(Rn).

Theorem 9. Let 1 < p < ∞, −n/p ≤ α < 0. Suppose the positive

numbers σ, λ and the kernel Ω satisfy one of the following conditions:

(i) σ > −α, max
{

1, 2n
n+2σ

}

< p, λ > max{1, 2/p}, Ω ∈ Lmax{2,p′}(Sn−1)
and Ω satisfies the cancellation condition. In the case p < 2, Ω moreover

satisfies L2-log β-Dini condition for some β > 1.

(ii) σ > n/2, λ > 2, Ω ∈ L2(Sn−1) and Ω satisfies L2-log β-Dini

condition for some β > 1 and the cancellation condition.

Then, if f ∈ Eα,p and µ∗,ρλ (f)(x) is finite for a point x0 ∈ Rn, it follows

µ∗,ρλ (f)(x) < ∞ a.e. on Rn, and there is a constant C independent of f ,
such that

‖µ∗,ρλ (f)‖Eα,p ≤ C‖f‖Eα,p .

To prove the above theorems we use the following key lemmas.

Lemma 1.1. Let 1 ≤ p < ∞. If δ > 0 and −n/p ≤ α < min{1, δ/p},
then there exists C > 0 such that for any ball B = B(x, r) and any f ∈ Eα,p

(
∫

Rn

|f(y) − fB |p
(r + |y − x|)n+δ

dy

)1/p

≤ Crα−δ/p‖f‖Eα,p .

This can be proved easily by modifying the proof of Lemma 2.3 in

[9]. We need also the following lemma, which is an extension of the result

obtained by Kurtz and Wheeden in 1979 [13], and whose proof is found in

[8].

Lemma 1.2. Let 1 ≤ q < ∞ and ρ = σ + iτ (σ, τ ∈ R) with σ > 0.
Suppose that Ω is homogeneous of degree zero and satisfies the Lq-Dini

condition. Then, there exists C > 0 such that for any R > 0 and |y| < 1
2R,

(
∫

R<|x|<2R

∣

∣

∣

∣

Ω(x− y)

|x− y|n−ρ
− Ω(x)

|x|n−ρ

∣

∣

∣

∣

q

dx

)1/q

≤ C(1 + |τ |)Rn/q−(n−σ)

{

‖Ω‖Lq(Sn−1)
|y|
R

+

∫ |y|/R

|y|/2R

ωq(δ)

δ
dδ

}

,
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where C is independent of R and y.

We shall use the following elementary lemma, whose proof we omit.

Lemma 1.3. (1) Let σ > 0. Then there exists C > 0 such that

∫ t

t−r
sσ−1 ds ≤ Crtσ−1, 0 < r < t.

(2) Let σ ≤ 0 and a > 1. Then there exists C > 0 such that

∫ t

t−r
sσ−1 ds ≤ Crtσ−1, 0 < ar < t.

In the next section, we prepare several lemmas to prove Theorems 1–9,

and in Section 3, we shall prove them. Lemmas 2.1, 2.2, 2.3 are for the

proofs of Theorems 1, 2, 3. Lemmas 2.4, 2.5, 2.6 are for the proofs of

Theorems 4, 5, 6. And Lemmas 2.7, 2.8, 2.9, 2.10, 2.11, 2.12 are for the

proofs of Theorems 7, 8, 9.

§2. Lemmas

In this section, r is a temporarily fixed positive number. For a ball

B = B(x0, r) and a function f we set always f1 = f4B, f2 = (f(y)−f4B)χ4B

and f3 = (f(y) − f4B)χ(4B)c . To proceed as in the proof of Theorem 3 in

Yabuta [29], we introduce auxiliary operators depending on r as follows.

Relating to µρ(f), we define the following.

Definition 2.1.

µρ
0(f)(x) =

(
∫ r

0

∣

∣

∣

∣

1

tρ

∫

|y−x|≤t

Ω(y − x)

|y − x|n−ρ
f(y) dy

∣

∣

∣

∣

2dt

t

)1/2

,

and

µρ
∞(f)(x) =

(
∫ ∞

r

∣

∣

∣

∣

1

tρ

∫

|y−x|≤t

Ω(y − x)

|y − x|n−ρ
f(y) dy

∣

∣

∣

∣

2 dt

t

)1/2

.

Relating to µρ
S(f), we define the following.

Definition 2.2.

µρ
S,0(f)(x) =

(
∫ r

0

∫

|u−x|≤t

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2du dt

tn+1

)1/2

,
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and

µρ
S,∞(f)(x) =

(
∫ ∞

r

∫

|u−x|≤t

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2du dt

tn+1

)1/2

.

Relating to µ∗,ρλ (f), we define the following.

Definition 2.3.

µ∗,ρλ,0(f)(x)

=

(
∫ r

0

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2
( t

t+ |u− x|
)λndu dt

tn+1

)1/2

,

µ∗,ρλ,∞(f)(x)

=

(
∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2
( t

t+ |u− x|
)λndu dt

tn+1

)1/2

,

µ∗,ρλ,0,0(f)(x)

=

(
∫ r

0

∫

|u−x|≤8r

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2
( t

t+ |u− x|
)λndu dt

tn+1

)1/2

,

and

µ∗,ρλ,0,∞(f)(x)

=

(
∫ r

0

∫

|u−x|>8r

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2
( t

t+ |u− x|
)λndu dt

tn+1

)1/2

.

First, we prepare three lemmas to prove Theorems 1, 2, and 3.

Lemma 2.1. Let 1 ≤ p < ∞. Let Ω ∈ Lp′(Sn−1),
∫

Sn−1 Ω(x) dσ(x) =
0, −n/p ≤ α < 1, and ρ = σ + iτ (σ > 0, τ ∈ R). Then, if f ∈ Eα,p and

µρ(f)(x0) < +∞ for some x0 ∈ Rn, there exists C > 0 such that for any

ball B = B(x0, r)

µρ
∞(f2)(x0) ≤ C(µρ(f)(x0) + ‖Ω‖Lp′ (Sn−1)r

α‖f‖Eα,p).

In the case 0 < α < 1, Ω ∈ Lp′(Sn−1) and ‖Ω‖Lp′ (Sn−1) can be replaced

by Ω ∈ L1(Sn−1) and ‖Ω‖L1(Sn−1).
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Proof. By assumption we have

(
∫ 2r

r

∣

∣

∣

∣

1

tρ

∫

|y−x0|≤t

Ω(y − x0)

|y − x0|n−ρ
f(y) dy

∣

∣

∣

∣

2 dt

t

)1/2

≤ µρ(f)(x0) < +∞.

Hence, for some r ≤ t0 ≤ 2r we get

r

t0

∣

∣

∣

∣

1

tρ0

∫

|y−x0|≤t0

Ω(y − x0)

|y − x0|n−ρ
f(y) dy

∣

∣

∣

∣

≤ µρ(f)(x0).

Since, in the above integral, the integration domain is contained in |y−x0| ≤
4r, we see, using the cancellation property of Ω, that the above integral is
equal to

∫

|y−x0|≤t0

Ω(y − x0)

|y − x0|n−ρ
(f(y) − f4B)χ4B dy.

Hence
∣

∣

∣

∣

∫

|y−x0|≤t0

Ω(y − x0)

|y − x0|n−ρ
(f(y) − f4B)χ4B dy

∣

∣

∣

∣

≤ Crσµρ(f)(x0).

Thus for t > r we have
∣

∣

∣

∣

∫

|y−x0|≤t

Ω(y − x0)

|y − x0|n−ρ
f2(y) dy

∣

∣

∣

∣

≤
∣

∣

∣

∣

∫

|y−x0|≤t0

Ω(y − x0)

|y − x0|n−ρ
f2(y) dy

∣

∣

∣

∣

+

∫

t0<|y−x0|<min{t,4r}

|Ω(y − x0)||f(y) − f4B |
|y − x0|n−σ

dy

≤ Crσµρ(f)(x0) + Crσ−n

∫

|y−x0|<4r
|Ω(y − x0)||f(y) − f4B| dy

≤ Crσµρ(f)(x0) + Crσ−n

(
∫

|y−x0|<4r
|Ω(y − x0)|p

′
dy

)1/p′

×
(

∫

|y−x0|<4r
|f(y) − f4B|p dy

)1/p

≤ Crσµρ(f)(x0)

+ Crσ−nrn/p′‖Ω‖Lp′ (Sn−1)

(
∫

|y−x0|<4r
|f(y) − f4B|p dy

)1/p

≤ Crσµρ(f)(x0) + C‖Ω‖Lp′ (Sn−1)r
σ+α‖f‖Eα,p .
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Therefore we have

µρ
∞(f2)(x0) =

(
∫ ∞

r

∣

∣

∣

∣

1

tρ

∫

|y−x0|≤t

Ω(y − x0)

|y − x0|n−ρ
f2(y) dy

∣

∣

∣

∣

2dt

t

)1/2

≤ Crσ(µρ(f)(x0) + ‖Ω‖Lp′ (Sn−1)r
α‖f‖Eα,p)

(
∫ ∞

r

dt

t2σ+1

)1/2

≤ C(µρ(f)(x0) + ‖Ω‖Lp′ (Sn−1)r
α‖f‖Eα,p).

In the case 0 < α < 1, for |y − x0| < 4r and |z − x0| < 4r, we have
|y − z| ≤ |y − x0| + |x0 − z| < 8r, and hence

|f(y) − f4B | =

∣

∣

∣

∣

1

|4B|

∫

4B
(f(y) − f(z)) dz

∣

∣

∣

∣

≤ ‖f‖Lipα

1

|4B|

∫

4B
|y − z|α dz ≤ C‖f‖Lipα

rα.

Thus,

∫

t0<|y−x0|<min(t,4r)

|Ω(y − x0)||f(y) − f4B|
|y − x0|n−σ

dy

≤ C‖f‖Lipα
rα

∫

|y−x0|<4r

|Ω(y − x0)|
|y − x0|n−σ

dy

≤ C‖f‖Lipα
rα‖Ω‖L1(Sn−1)r

σ.

Hence, pursueing the rest process in the above proof, we obtain the desired
conclusion.

Lemma 2.2. Let Ω ∈ L1(Sn−1) and ρ ∈ C. Then, for any f ∈
L1

loc(R
n), for any ball B = B(x0, r) and any x ∈ B

µρ
0(f3)(x) = 0.

Proof. For |x − x0| ≤ r and |x − y| ≤ t ≤ r, we have |x0 − y| ≤ 2r,
and hence the integration domain with respect to y has no intersection with
the support of f3 in the expression of µρ

0(f3). So, we have µρ
0(f3) = 0 for

x ∈ B.

Lemma 2.3. Suppose one of the following three conditions is satisfied :

(i) σ > 0, α = 0, Ω ∈ Lq(Sn−1) and Ω satisfies Lq-log 1-Dini condition

for some q > 1 and the cancellation condition.
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(ii) σ > 0, 0 < β ≤ 1, 0 < α < min{σ, β} ≤ 1, 1 ≤ p < ∞,

Ω ∈ L1(Sn−1) and Ω satisfies L1-β-Dini condition and the cancellation

condition.

(iii) σ > 0, 1 < p < ∞ and −n/p ≤ α < 0. Moreover, suppose

Ω ∈ Lp′(Sn−1) and satisfies Lp′-Dini condition.

Then there exists C > 0 such that for any ball B = B(x0, r) and any

f ∈ Eα,p satisfying µρ
∞(f3)(x0) < +∞, it holds

µρ
∞(f3)(x) < +∞ and |µρ

∞(f3)(x) − µρ
∞(f3)(x0)| ≤ Crα‖f‖Eα,p

for any x ∈ B.

Proof. For any x ∈ B we have

|µρ
∞(f3)(x) − µρ

∞(f3)(x0)|

≤
(

∫ ∞

r

∣

∣

∣

∣

1

tρ

∫

|y−x|<t

Ω(y − x)f3(y) dy

|y − x|n−ρ

− 1

tρ

∫

|y−x0|<t

Ω(y − x0)f3(y) dy

|y − x0|n−ρ

∣

∣

∣

∣

2 dt

t

)1/2

≤
(

∫ ∞

r

(

1

tσ

∫

|y−x|<t
|y−x0|≥t

|Ω(y − x)f3(y)| dy
|y − x|n−σ

)2 dt

t

)1/2

+

(
∫ ∞

r

(

1

tσ

∫

|y−x|≥t
|y−x0|<t

|Ω(y − x0)f3(y)| dy
|y − x0|n−σ

)2 dt

t

)1/2

+

(
∫ ∞

r

1

t2σ

(
∫

|y−x|<t
|y−x0|<t

∣

∣

∣

∣

Ω(y − x)

|y − x|n−ρ
− Ω(y − x0)

|y − x0|n−ρ

∣

∣

∣

∣

|f3(y)| dy
)2 dt

t

)1/2

=: I1(x) + I2(x) + I3(x).

(i) In this case, E0,p = BMO (1 ≤ p <∞), and the norms are equivalent.
Take a positive constant η with 0 < η < q ′ − 1. For y ∈ (4B)c, |y − x| < t,
x ∈ B, we have t > |y−x0|− |x−x0| > 3r. Noting this, we get by Hölder’s
inequality, Lemma 1.3 and Lemma 1.1
∫

|y−x|<t
|y−x0|≥t

|Ω(y − x)f3(y)| dy
|y − x|n−σ

≤
(

∫

max{3r,t−r}<|y−x|<t

|Ω(y − x)|q dy
|y − x|(n−σ)q−(n+η)q/q′

)1/q(∫

Rn

|f3(y)|q
′
dy

|y − x|n+η

)1/q′
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≤ ‖Ω‖Lq(Sn−1)

(
∫ t

max{3r,t−r}
s(n+η)q/q′−(n−σ)q+n−1 ds

)1/q

‖f‖BMOr
−η/q′

≤ C‖Ω‖Lq(Sn−1)‖f‖BMOr
−η/q′r1/qtη/q′−1/q+σ.

Thus, we have, noting η/q′ − 1/q = (η − (q′ − 1))/q′ < 0,

I1(x) ≤ C‖f‖BMOr
−n/q′+1/q

(
∫ ∞

3r
t2η/q′−2/q−1 dt

)1/2

≤ C‖f‖BMO.

Similarly, we have the same estimate for I2(x).
As for I3(x), we have by Minkowski’s inequality and Hölder’s inequality

I3(x) ≤
∫

Rn

∣

∣

∣

∣

Ω(y − x)

|y − x|n−ρ
− Ω(y − x0)

|y − x0|n−ρ

∣

∣

∣

∣

|f3(y)|
(

∫ ∞

r
χ|y−x0|<t

dt

t2σ+1

)1/2

dy

≤ C

∫

|y−x0|>4r

∣

∣

∣

∣

Ω(y − x)

|y − x|n−ρ
− Ω(y − x0)

|y − x0|n−ρ

∣

∣

∣

∣

|f3(y)|
|y − x0|σ

dy

=
∞
∑

j=2

∫

2jr≤|y−x0|<2j+1r

∣

∣

∣

∣

Ω(y − x)

|y − x|n−ρ
− Ω(y − x0)

|y − x0|n−ρ

∣

∣

∣

∣

|f3(y)|
|y − x0|σ

dy

≤
∞
∑

j=2

(
∫

2jr≤|y−x0|<2j+1r

∣

∣

∣

∣

Ω(y − x)

|y − x|n−ρ
− Ω(y − x0)

|y − x0|n−ρ

∣

∣

∣

∣

q

dy

)1/q

×
(

∫

2jr≤|y−x0|<2j+1r

|f3(y)|q
′

|y − x0|q′σ
dy

)1/q′

.

Now, since α = 0 and f ∈ BMO, we see easily

(

1

|2j+1B|

∫

2jr≤|y−x0|<2j+1r

|f3(y)|q
′

|y − x0|q′σ
dy

)1/q′

≤ 1

(2jr)σ

(

1

|2j+1B|

∫

2j+1B
|f(y) − f4B|q

′
dy

)1/q′

≤ C
‖f‖BMO

(2jr)σ
j ≤ C‖f‖BMOr

−σ2−jσj.

Hence, using Lemma 1.2, we get

I3(x) ≤ C

∞
∑

j=2

(2jr)n/q−(n−σ)

(

‖Ω‖Lq(Sn−1)
|x− x0|

2jr
+

∫

|x−x0|

2jr

|x−x0|

2j+1r

ωq(δ)

δ
dδ

)

× ‖f‖BMO2−jσr−σ(2jr)n/q′j
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≤ C‖f‖BMO

∞
∑

j=2

(

‖Ω‖Lq(Sn−1)2
−jj + j

∫

|x−x0|

2jr

|x−x0|

2j+1r

ωq(δ)

δ
dδ

)

≤ C‖f‖BMO

(

‖Ω‖Lq(Sn−1) +

∫ 1

0

ωq(δ)

δ
(1 + | log δ|) dδ

)

.

Summing up the estimates for I1(x), I2(x), I3(x), we obtain the desired
estimate in the case (i).

(ii) In this case, Eα,p = Lipα (1 ≤ p <∞), and the norms are equivalent.
For |y − x0| ≥ 4r and |z − x0| < 4r, we have |y − z| ≤ |y − x| + |x −
x0| + |x0 − z| ≤ |y − x| + 5r, and hence we have |f3(y)| ≤ |f(y) − f4B | ≤
5 · 2α‖f‖Lipα

(|y − x|α + rα). Also, |y − x| < t and |y − x0| ≥ t > r implies
t− r ≤ |y−x0|− |x0 −x| ≤ |x− y| < t. So, for I1 we have using Lemma 1.3

I1(x) ≤ C‖f‖Lipα

(
∫ ∞

r

(

1

tσ

∫

|y−x|<t
|y−x0|≥t

|Ω(y − x)|(|y − x|α + rα) dy

|y − x|n−σ

)2 dt

t

)1/2

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα

(
∫ ∞

r

(

1

tσ

∫ t

t−r

(sα + rα)sn−1 ds

sn−σ

)2 dt

t

)1/2

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα

(
∫ ∞

r

(

1

tσ
(rtσ+α−1 + rαrtσ−1)

)2 dt

t

)1/2

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα
rα.

Similarly, we can get the same estimate for I2(x).
As for I3(x), we see easily as before that |f3(y)| ≤ C‖f‖Lipα

tα for
|y − x| < t, |y − x0| < t and t > r. Using Lemma 1.2 we have

J(r, t) :=

∫

|y−x|<t
|y−x0|<t

∣

∣

∣

∣

Ω(y − x)

|y − x|n−ρ
− Ω(y − x0)

|y − x0|n−ρ

∣

∣

∣

∣

|f3(y)| dy

≤ C‖f‖Lipα
tα

∫

4r<|y−x0|<2t

∣

∣

∣

∣

Ω(y − x)

|y − x|n−ρ
− Ω(y − x0)

|y − x0|n−ρ

∣

∣

∣

∣

dy

≤ C‖f‖Lipα
tα

[log2
t
r
]+1

∑

k=2

∫

2kr≤|y−x0|<2k+1r

∣

∣

∣

∣

Ω(y − x)

|y − x|n−ρ
− Ω(y − x0)

|y − x0|n−ρ

∣

∣

∣

∣

dy

≤ C‖f‖Lipα
tα

[log2
t
r
]+1

∑

k=2

(2kr)n−(n−σ)

(

‖Ω‖L1(Sn−1)
r

2kr
+

∫ r/(2kr)

r/(2k+1r)

ω1(δ)

δ
dδ

)

≤ C‖f‖Lipα
tα

[log2
t
r
]+1

∑

k=2

rσ

(

‖Ω‖L1(Sn−1)2
(σ−1)k + 2(σ−β)k

∫ 2−k

2−k−1

ω1(δ)

δ1+β
dδ

)

.
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To continue estimating J(r, t), we treat the following four cases.

(a) σ > 1. Since σ > 1, we see that

[log2
t
r
]+1

∑

k=2

(2(σ−1)k + 2(σ−β)k) ≤ C
(( t

r

)σ−1
+

( t

r

)σ−β)

,

and hence we have

J(r, t) ≤ C‖f‖Lipα
(rtσ+α−1 + rβtσ+α−β).

Thus, noting α < β ≤ 1, we have

I3(x) ≤ C‖f‖Lipα

(
∫ ∞

r
(r2t2α−2 + r2βt2α−2β)

dt

t

)1/2

≤ C‖f‖Lipα
rα.

(b) σ = 1. In this case, we have

J(r, t) ≤ C‖f‖Lipα
tαrσ

(

‖Ω‖L1(Sn−1) log2
t

r
+

( t

r

)σ−β
∫ 1

0

ω1(δ)

δ1+β
dδ

)

≤ C‖f‖Lipα
tαrσ

(

log2
t

r
+

( t

r

)σ−β)

.

Thus, noting α < β ≤ 1, we have

I3(x) ≤ C‖f‖Lipα

(
∫ ∞

r
t2α

(

(r

t

)2σ
log2

2

t

r
+

(r

t

)2β
)

dt

t

)1/2

≤ C‖f‖Lipα
rα

(
∫ ∞

1

( 1

s2σ−2α+1
log2

2 s+
1

s2β−2α+1

)

ds

)1/2

= C‖f‖Lipα
rα.

(c) 0 < β < σ < 1. In this case, we have

J(r, t) ≤ C‖f‖Lipα
tαrσ

(

‖Ω‖L1(Sn−1) +
( t

r

)σ−β
∫ 1

0

ω1(δ)

δ1+β
dδ

)

.

Thus, noting α < β < σ, we have

I3(x) ≤ C‖f‖Lipα

(
∫ ∞

r
t2α

(

(r

t

)2σ
+

(r

t

)2β
)

dt

t

)1/2

≤ C‖f‖Lipα
rα

(
∫ ∞

1

( 1

s2σ−2α+1
+

1

s2β−2α+1

)

ds

)1/2

= C‖f‖Lipα
rα.
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(d) 0 < σ ≤ β ≤ 1 and σ < 1. In this case, we have

J(r, t) ≤ C‖f‖Lipα
tαrσ

(

‖Ω‖L1(Sn−1) +

∫ 1

0

ω1(δ)

δ1+β
dδ

)

.

Thus, noting α < σ, we have

I3(x) ≤ C‖f‖Lipα

(
∫ ∞

r
t2α

(r

t

)2σ dt

t

)1/2

≤ C‖f‖Lipα
rα

(
∫ ∞

1

1

s2σ−2α+1
ds

)1/2

= C‖f‖Lipα
rα.

Summing up the estimates for I1(x), I2(x), I3(x), we obtain the desired
estimate in the case (ii).

(iii) Take a positive constant η with 0 < η < p − 1. For y ∈ (4B)c,
|y−x| < t, x ∈ B, we have t > |y− x0| − |x−x0| > 3r. Noting this, we get
by Hölder’s inequality, Lemma 1.3 and Lemma 1.1

∫

|y−x|<t
|y−x0|≥t

|Ω(y − x)f3(y)| dy
|y − x|n−σ

≤
(

∫

max{3r,t−r}<|y−x|<t

|Ω(y − x)|p′ dy
|y − x|(n−σ)p′−(n+η)p′/p

)1/p′(∫

Rn

|f3(y)|p dy
|y − x|n+η

)1/p

≤ ‖Ω‖Lp′ (Sn−1)

(
∫ t

max{3r,t−r}
s(n+η)p′/p−(n−σ)p′+n−1 ds

)1/p′

‖f‖Eα,prα−η/p

≤ C‖Ω‖Lp′(Sn−1)‖f‖Eα,prα−η/pr1/p′tη/p−1/p′+σ.

Thus, we have, noting η/p− 1/p′ = (η − (p− 1))/p < 0,

I1(x) ≤ C‖f‖Eα,prα−η/p+1/p′
(

∫ ∞

3r
t2η/p−2/p′−1 dt

)1/2

≤ C‖f‖Eα,prα.

Similarly, we have the same estimate for I2(x).
As for I3(x), we have by Minkowski’s inequality and Hölder’s inequality

I3(x) ≤
∫

Rn

∣

∣

∣

∣

Ω(y − x)

|y − x|n−ρ
− Ω(y − x0)

|y − x0|n−ρ

∣

∣

∣

∣

|f3(y)|
(

∫ ∞

r
χ|y−x0|<t

dt

t2σ+1

)1/2

dy

≤ C

∫

|y−x0|>4r

∣

∣

∣

∣

Ω(y − x)

|y − x|n−ρ
− Ω(y − x0)

|y − x0|n−ρ

∣

∣

∣

∣

|f3(y)|
|y − x0|σ

dy
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=

∞
∑

j=2

∫

2jr≤|y−x0|<2j+1r

∣

∣

∣

∣

Ω(y − x)

|y − x|n−ρ
− Ω(y − x0)

|y − x0|n−ρ

∣

∣

∣

∣

|f3(y)|
|y − x0|σ

dy

≤
∞
∑

j=2

(
∫

2jr≤|y−x0|<2j+1r

∣

∣

∣

∣

Ω(y − x)

|y − x|n−ρ
− Ω(y − x0)

|y − x0|n−ρ

∣

∣

∣

∣

p′

dy

)1/p′

×
(

∫

2jr≤|y−x0|<2j+1r

|f3(y)|p
|y − x0|pσ

dy

)1/p

.

Now, since α < 0 and f ∈ Eα,p, we see easily

(

1

|2j+1B|

∫

2jr≤|y−x0|<2j+1r

|f3(y)|p
|y − x0|pσ

dy

)1/p

≤ 1

(2jr)σ

(

1

|2j+1B|

∫

2j+1B
|f(y) − f4B|p dy

)1/p

≤ C‖f‖Eα,prα−σ2−jσ.

Hence, using Lemma 1.2, we get

I3(x) ≤ C

∞
∑

j=2

(2jr)n/p′−(n−σ)

(

‖Ω‖Lp′ (Sn−1)

|x− x0|
2jr

+

∫
|x−x0|

2jr

|x−x0|

2j+1r

ωp′(δ)

δ
dδ

)

× ‖f‖Eα,p2−jσrα−σ(2jr)n/p

≤ Crα‖f‖Eα,p

∞
∑

j=2

(

‖Ω‖Lp′ (Sn−1)2
−j +

∫

|x−x0|

2jr

|x−x0|

2j+1r

ωp′(δ)

δ
dδ

)

≤ Crα‖f‖Eα,p

(

‖Ω‖Lp′ (Sn−1) +

∫ 1

0

ωp′(δ)

δ
dδ

)

.

Summing up the estimates for I1(x), I2(x), I3(x), we obtain the desired
estimate in the case (iii).

Next, we prepare three lemmas for the proofs of Theorems 4, 5, and 6.

As for µρ
S,∞(f2) we have

Lemma 2.4. Let ρ = σ + iτ with σ > 0 and τ ∈ R.

(a) Let max
{

1, 2n
n+2σ

}

< p < +∞ and −n/p ≤ α < 0. Moreover,

Ω ∈ Lp′0(Sn−1) for p0 = min{p, 2}. Then, for any f ∈ Eα,p, any ball

B = B(x0, r) and any x ∈ Rn

µρ
S,∞(f2)(x) ≤ C‖Ω‖

Lp′
0(Sn−1)

rα‖f‖Eα,p .

https://doi.org/10.1017/S0027763000025691 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000025691


120 Y. DING, Q. XUE AND K. YABUTA

(b) Let 1 ≤ p < ∞, α = 0 and Ω ∈ Lq(Sn−1) for some q > 1. Then,

for any f ∈ Eα,p, any ball B = B(x0, r) and any x ∈ Rn

µρ
S,∞(f2)(x) ≤ C‖Ω‖Lq(Sn−1)‖f‖Eα,p .

(c) Let 1 ≤ p < ∞, 0 < α < 1, and Ω ∈ L1(Sn−1). Then, for any

f ∈ Eα,p, any ball B = B(x0, r) and any x ∈ Rn

µρ
S,∞(f2)(x) ≤ C‖Ω‖L1(Sn−1)‖f‖Eα,prα.

Since one can prove this lemma more easily than the corresponding

lemma for µ∗,ρλ,∞(f2)(x), we omit the proof of this lemma.

Lemma 2.5. Let Ω ∈ L1(Sn−1), ρ ∈ C. Then, for any f ∈ L1
loc(R

n),
for any ball B = B(x0, r) and any x ∈ B

µρ
S,0(f3)(x) =

(
∫ r

0

∫

|u−x|≤t

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2 du dt

tn+1

)1/2

= 0.

Proof. For |x − x0| ≤ r, |u − x| ≤ t ≤ r and |u − y| ≤ t ≤ r, we
have |x0 − y| ≤ |x0 − x| + |x− u| + |u− y| ≤ 3r, and hence the integration
domain with respect to y has no intersection with the support of f3 in the
expression of µρ

S,0(f3). So, we have µρ
S,0(f3) = 0 for x ∈ B.

Lemma 2.6. Suppose one of the following five conditions is satisfied :

(i) σ > 0, α = 0, 1 ≤ p <∞. Moreover, Ω ∈ Lq(Sn−1) for some q > 1
and satisfies the cancellation condition.

(ii) σ > 0, 0 < β ≤ 1, 0 < α < min
{

1/2, min{β, σ}
}

, and 1 ≤ p < ∞.

Moreover, Ω ∈ L1(Sn−1) and satisfies the cancellation condition.

(iii) σ > 0, 0 < β ≤ 1, 1/2 ≤ α < min{β, σ}, and 1 ≤ p < ∞. More-

over, Ω ∈ L1(Sn−1) and satisfies L1-β-Dini condition and the cancellation

condition.

(iv) max
{

1, 2n
n+2σ

}

< p < +∞, −n/p < α < 0, and σ > −α. More-

over, Ω ∈ Lp′0(Sn−1) and satisfies the cancellation condition, where p0 =
max{2, p}.

(v) 1 < p <∞, −n/p ≤ α < 0, and σ > n/2. Moreover, Ω ∈ L2(Sn−1)
and satisfies L2-log β Dini condition for some β > 1 and the cancellation

condition.
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Then there exists C > 0 such that for any ball B = B(x0, r) and any

f ∈ Eα,p satisfying µρ
S,∞(f3)(x0) < +∞, it holds

µρ
S,∞(f3)(x) < +∞ and |µρ

S,∞(f3)(x) − µρ
S,∞(f3)(x0)| ≤ Crα‖f‖Eα,p

for any x ∈ B, where f3(x) = (f(x) − f4B)χ(4B)c .

Since one can prove this lemma more easily than the corresponding

lemma for µ∗,ρλ,∞(f3)(x), we omit the proof of this lemma.

Finally, we prepare six lemmas for the proofs of Theorems 7, 8, and 9.

Lemma 2.7. Let ρ = σ + iτ (σ > 0, τ ∈ R), and λ > 1.

(a) Let max
{

1, 2n
n+2σ} < p < +∞ and −n/p ≤ α < 0. Moreover,

Ω ∈ Lp′0(Sn−1) for p0 = min{p, 2}. Then, for any f ∈ Eα,p, any ball

B = B(x0, r) and any x ∈ Rn

µ∗,ρλ,∞(f2)(x) ≤ C‖Ω‖
Lp′

0 (Sn−1)
rα‖f‖Eα,p .

(b) Let 1 ≤ p < ∞, α = 0 and Ω ∈ Lq(Sn−1) for some q > 1. Then,

for any f ∈ Eα,p, any ball B = B(x0, r) and any x ∈ Rn

µ∗,ρλ,∞(f2)(x) ≤ C‖Ω‖Lq(Sn−1)‖f‖Eα,p .

(c) Let 1 ≤ p < ∞, 0 < α < 1, and Ω ∈ L1(Sn−1). Then, for any

f ∈ Eα,p, any ball B = B(x0, r) and any x ∈ Rn

µ∗,ρλ,∞(f2)(x) ≤ C‖Ω‖L1(Sn−1)‖f‖Eα,prα.

Proof. Proof of (a).
(i) The case 0 < σ < n and max

{

1, 2n
n+2σ

}

< p < +∞. Since the
support of f2 is contained in 4B = {|y − x0| < 4r} we see easily

∣

∣

∣

∣

∫

r<|y−u|≤t

Ω(u− y)f2(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

≤
(

∫

r<|y−u|≤t

|Ω(u− y)|p′χ4B

|u− y|p′(n−σ)
dy

)1/p′(∫

|y−x0|≤4r
|f(y) − f4B|p dy

)1/p

≤ C‖Ω‖Lp′ (Sn−1)

(
∫ min{t,|u−x0|+4r}

max{r,|u−x0|−4r}
s−(n−σ)p′+n−1 ds

)1/p′

rα+n/p‖f‖Eα,p

≤ C‖Ω‖
Lp′

0 (Sn−1)

(

rmax{tn−(n−σ)p′−1, rn−(n−σ)p′−1}
)1/p′

rα+n/p‖f‖Eα,p .
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In the last inequality, we use the fact: Lp′0(Sn−1) ⊂ Lp′(Sn−1) by p′0 ≥ p′

and ‖Ω‖Lp′ (Sn−1) ≤ C‖Ω‖
Lp′

0 (Sn−1)
. In the case n − (n − σ)p′ − 1 ≥ 0, we

have max{tn−(n−σ)p′−1, rn−(n−σ)p′−1} = tn−(n−σ)p′−1, and hence

(
∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

r<|y−u|≤t

Ω(u− y)f2(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2
(

1 +
|u− x|
t

)−λndu dt

tn+1

)1/2

≤ C‖Ω‖Lp′(Sn−1)‖f‖Eα,pr
α+ n

p r
1

p′

×
(

∫ ∞

r

∫

Rn

(

1 +
|u− x|
t

)−λn du

tn
dt

t
2n(1− 1

p′
)+ 2

p′
+1

)1/2

≤ C‖Ω‖Lp′(Sn−1)‖f‖Eα,pr
α+ n

p
+ 1

p′

(
∫ ∞

r

dt

t
2n(1− 1

p′
)+ 2

p′
+1

)1/2

≤ Crα‖Ω‖
Lp′

0 (Sn−1)
‖f‖Eα,p .

And in the case n − (n − σ)p′ − 1 < 0, we have max{tn−(n−σ)p′−1,
rn−(n−σ)p′−1} = rn−(n−σ)p′−1, and hence

(
∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

r<|y−u|≤t

Ω(u− y)f2(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2
(

1 +
|u− x|
t

)−λndu dt

tn+1

)1/2

≤ C‖Ω‖Lp′(Sn−1)‖f‖Eα,pr
α+ n

p r
1

p′ r
n
p′
−(n−σ)− 1

p′

×
(

∫ ∞

r

∫

Rn

(

1 +
|u− x|
t

)−λn du

tn
dt

t2σ+1

)1/2

≤ C‖Ω‖Lp′(Sn−1)‖f‖Eα,prα+σ

(
∫ ∞

r

dt

t2σ+1

)1/2

≤ Crα‖Ω‖
Lp′

0 (Sn−1)
‖f‖Eα,p .

So, we need only to show

I :=

(
∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|y−u|≤r

Ω(u− y)f2(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2
(

1 +
|u− x|
t

)−λndu dt

tn+1

)1/2

≤ Crα‖Ω‖
Lp′

0 (Sn−1)
‖f‖Eα,p .

Since p > 2n
n+2σ , we have

n

2(n− σ)
−

(

1 − n

n− σ

(

1 − 1

p

)

)

=
n+ 2σ

2p(n− σ)

(

p− 2n

n+ 2σ

)

> 0.
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So, we take p0 = min{2, p} and choose a real number a so that

min

{

1,
n

2(n− σ)

}

> a > 1 − n

(n− σ)p′0
, where

1

p0
+

1

p′0
= 1.

Then, noting 0 < (n− σ)(1 − a)p′0 < n we have by Hölder’s inequality

∣

∣

∣

∣

∫

|y−u|≤r

Ω(u− y)f2(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

≤
(

∫

|y−u|≤r

|Ω(u− y)|p′0 dy
|u− y|(n−σ)(1−a)p′0

)1/p′0
(

∫

|y−u|≤r

|f2(y)|p0 dy

|u− y|(n−σ)ap0

)1/p0

≤ C‖Ω‖
Lp′

0 (Sn−1)
r

n
p′
0

−(n−σ)(1−a)
(

∫

|y−u|≤r

|f2(y)|p0 dy

|u− y|(n−σ)ap0

)1/p0

.

Hence by Minkowski’s inequality (2/p0 ≥ 1) and by using 2a(n − σ) < n
we get

I/‖Ω‖
Lp′

0 (Sn−1)
≤ Cr

n
p′
0

−(n−σ)(1−a)

×
(

∫ ∞

r

(
∫

4B

(
∫

|y−u|≤r

(

t
t+|u−x|

)λn
du

|u− y|2(n−σ)a

)p0/2

|f2(y)|p0 dy

)2/p0 dt

t2σ+n+1

)1/2

≤ Cr
n
p′
0

−(n−σ)(1−a)
r

n
2
−(n−σ)a

(
∫ ∞

r

(
∫

4B
|f(y) − f4B|p0 dy

)2/p0 dt

t2σ+n+1

)1/2

≤ Cr
n
p′
0

+n
2
−(n−σ)

r
α+ n

p0 ‖f‖Eα,p0 r−σ−n
2 ≤ Crα‖f‖Eα,p .

(ii) The case σ ≥ n. In this case we see easily

∣

∣

∣

∣

∫

|y−u|≤t

Ω(u− y)f2(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

≤ tσ−n

∫

|y−u|≤t
|Ω(u− y)||f2(y)| dy

≤ tσ−n

(
∫

|y−u|≤t
|Ω(u− y)|p′ dy

)1/p′(∫

|y−x0|≤4r
|f(y) − f4B|p dy

)1/p

≤ Ctσ−n+n/p′‖Ω‖
Lp′

0 (Sn−1)
rα+n/p‖f‖Eα,p .
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Using this, we get

µ∗,ρλ,∞(f2)(x)/(‖Ω‖
Lp′

0 (Sn−1)
‖f‖Eα,p)

≤ Crα+n/p

(
∫ ∞

r

∫

Rn

t
2(−n+ n

p′
)
(

1 +
|u− x|
t

)−λndu dt

tn+1

)1/2

≤ Crα+n/p

(
∫ ∞

r

(
∫

Rn

(

1 +
|u− x|
t

)−λndu

tn

)

dt

t
2n(1− 1

p′
)+1

)1/2

≤ Crα+n/p r
−n(1− 1

p′
) ≤ Crα.

Proof of (b). In this case, Eα,p = BMO (1 ≤ p <∞), and the norms are
equivalent. Choose a positive number q0 such that q0 ≤ q and (n−σ)q0 < n.
Then, using the Hölder inequality, the increasingness of sn−(n−σ)q0 and the
decreasingness of s−1, we have

∣

∣

∣

∣

∫

r<|y−u|≤t

Ω(u− y)f2(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

≤
(

∫

r<|y−u|≤t

|Ω(u− y)|q0χ4B

|u− y|(n−σ)q0
dy

)1/q0
(

∫

|f2(y)|q
′
0 dy

)1/q′0

≤ C‖Ω‖Lq0 (Sn−1)

(
∫ min{t,|u−x0|+4r}

max{r,|u−x0|−4r}
s−(n−σ)q0+n−1 ds

)1/q0

‖f‖BMOr
n/q′0

≤ C‖Ω‖Lq0 (Sn−1)‖f‖BMOr
n/q′0 tn/q0−(n−σ)

(
∫ min{t,|u−x0|+4r}

max{r,|u−x0|−4r}
s−1 ds

)1/q0

≤ C‖Ω‖Lq0 (Sn−1)‖f‖BMOr
n/q′0 tn/q0−(n−σ)(8r · r−1)1/q0

≤ C‖Ω‖Lq(Sn−1)‖f‖BMOr
n/q′0 tσ−n/q′0 .

Hence

(
∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

r<|y−u|≤t

Ω(u− y)f2(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2
(

1 +
|u− x|
t

)−λndu dt

tn+1

)1/2

≤ C‖Ω‖Lq(Sn−1)‖f‖BMOr
n/q′0

×
(

∫ ∞

r

(
∫

Rn

(

1 +
|u− x|
t

)−λn du

tn

)

t−2n/q′0
dt

t

)1/2

≤ C‖Ω‖Lq(Sn−1)‖f‖BMOr
n/q′0 r−n/q′0 ≤ C‖Ω‖Lq(Sn−1)‖f‖BMO.
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Further,
∣

∣

∣

∣

∫

|y−u|≤r

Ω(u− y)f2(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

≤
(

∫

|y−u|≤r

|Ω(u− y)|q0χ4B

|u− y|(n−σ)q0
dy

)1/q0
(

∫

|f2(y)|q
′
0 dy

)1/q′0

≤ C‖Ω‖Lq0 (Sn−1)r
σ−n+n/q0‖f‖BMOr

n/q′0

≤ C‖Ω‖Lq(Sn−1)‖f‖BMOr
σ.

Hence,

(
∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|y−u|≤r

Ω(u− y)f2(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2
(

1 +
|u− x|
t

)−λndu dt

tn+1

)1/2

≤ C‖Ω‖Lq(Sn−1)‖f‖BMOr
σ

(
∫ ∞

r

(
∫

Rn

(

1 +
|u− x|
t

)−λndu

tn

)

t−2σ dt

t

)1/2

≤ C‖Ω‖Lq(Sn−1)‖f‖BMO.

This completes the proof of (b).

Proof of (c). In the case 0 < α < 1, we have Eα,p = Lipα (1 ≤ p <∞),
and the norms are equivalent. And we have as before |f2(y)| ≤ C‖f‖Lipα

rα

for y ∈ 4B. Choose a positive number γ such that γ < min{1, σ}. Then,
as in the proof of (b), we have

∣

∣

∣

∣

∫

r<|y−u|≤t

Ω(u− y)f2(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

≤ C‖f‖Lipα
rα

∫

r<|y−u|≤t

|Ω(u− y)|χ4B

|u− y|n−σ
dy

≤ C‖f‖Lipα
rα‖Ω‖L1(Sn−1)

∫ min{t,|u−x0|+4r}

max{r,|u−x0|−4r}
s−(n−σ)+n−1 ds

≤ C‖f‖Lipα
rα‖Ω‖L1(Sn−1)t

σ−γ

∫ min{t,|u−x0|+4r}

max{r,|u−x0|−4r}
sγ−1 ds

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα
rα+γtσ−γ .

The rest of the proof proceeds in the same line as in the proof of (b). We
omit the details.

As for µ∗,ρλ (f2), we need
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Lemma 2.8. Let 1 ≤ p < ∞. Let Ω ∈ L1(Sn−1), ρ = σ + iτ (σ >
0, τ ∈ R), λ > 1 and −n/p ≤ α < 1. Then, for any f ∈ L1

loc(R
n), any ball

B = B(x0, r) and any x ∈ B

µ∗,ρλ,0,∞(f2)(x) = 0.

Proof. For |y − x0| ≤ 4r, |y − u| ≤ t ≤ r and |x − x0| ≤ r, we have
|u−x| ≤ |u−y|+|y−x0|+|x0−x| ≤ 6r, and hence the integration u-domain
of the above integral is empty.

Next we investigate µ∗,ρ
λ (f3).

Lemma 2.9. Let ρ = σ + iτ (σ > 0, τ ∈ R).

(a) Let max
{

1, 2n
n+2σ

}

< p < ∞, p0 = min{2, p}, and Ω ∈ Lp0
′
(Sn−1).

Suppose λ > max{1, 2/p} and −n/p ≤ α < 0. Then, for any f ∈ Eα,p, for

any ball B = B(x0, r) and any x ∈ B

µ∗,ρλ,0(f3)(x)

=

(
∫ r

0

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2
( t

t+ |u− x|
)λndu dt

tn+1

)1/2

≤ Crα‖Ω‖
Lp′

0 (Sn−1)
‖f‖Eα,p .

(b) Let 1 ≤ p < ∞, α = 0, λ > 1, and Ω ∈ Lq(Sn−1) for some q > 1.
Then, for any f ∈ Eα,p, for any ball B = B(x0, r) and any x ∈ B

µ∗,ρλ,0(f3)(x) ≤ Crα‖Ω‖Lq(Sn−1)‖f‖Eα,p .

(c) Let 1 ≤ p < ∞, 0 < α < 1, λ > 1 + 2α/n, and Ω ∈ L1(Sn−1).
Then, for any f ∈ Eα,p, for any ball B = B(x0, r) and any x ∈ B

µ∗,ρλ,0(f3)(x) ≤ Crα‖Ω‖L1(Sn−1)‖f‖Eα,p .

Proof. Proof of (a).
(i) The case 0 < σ < n and max

{

1, 2n
n+2σ

}

< p < +∞. Take p0 and a
as in the proof of Lemma 2.7. Then, by Hölder’s inequality we have

∣

∣

∣

∣

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

≤
(

∫

|y−u|≤t

|Ω(u− y)|p′0 dy
|u− y|(n−σ)(1−a)p′0

)1/p′0
(

∫

|y−u|≤t

|f3(y)|p0 dy

|u− y|(n−σ)ap0

)1/p0

≤ C‖Ω‖
Lp′

0(Sn−1)
tn/p′0−(n−σ)(1−a)

(
∫

|y−u|≤t

|f3(y)|p0 dy

|u− y|(n−σ)ap0

)f/1p0

.
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Hence using Minkowski’s inequality (2/p0 ≥ 1) and then noting |u − x| ≥
|y−x0|− |y−u|− |x0−x| > 1

4 (|y−x0|+ r) for |u−y| ≤ t ≤ r, |y−x0| > 4r
and |x0 − x| ≤ r, we have

µ∗,ρλ,0(f3)(x)/‖Ω‖
Lp′

0 (Sn−1)

≤ C

(
∫ r

0

(
∫

Rn

(
∫

|y−u|≤t

|f3(y)|p0 dy

|u− y|(n−σ)ap0

)2/p0 du
( t+|u−x|

t

)λn

)

× t
2n
p′
0

−2(n−σ)(1−a)−2σ−n−1
dt

)1/2

≤ C

(
∫ r

0

(
∫

(4B)c

(
∫

Rn

χ|y−u|≤t

|u− y|2(n−σ)a

du
( t+|u−x|

t

)λn

)p0/2

|f3(y)|p0 dy

)2/p0

× t
2n
p′
0

−2(n−σ)(1−a)−2σ−n−1
dt

)1/2

≤ C

(
∫ r

0

(
∫

(4B)c

(
∫

Rn

χ|y−u|≤t du

|u− y|2(n−σ)a

)p0/2 |f3(y)|p0 dy

(r + |y − x0|)p0λn/2

)2/p0

× t
λn+ 2n

p′
0

−2(n−σ)(1−a)−2σ−n−1
dt

)1/2

≤ C

(
∫ r

0

(
∫

(4B)c

|f(y) − f4B|p0 dy

(r + |y − x0|)p0λn/2

)2/p0

tn−2(n−σ)a

× t
λn+ 2n

p′
0

−2(n−σ)(1−a)−2σ−n−1
dt

)1/2

≤ C

(
∫ r

0
t
λn+ 2n

p′
0

−2(n−σ)−2σ−1
dt

)1/2

r
α−(

p0λ
2

−1) n
p0 ‖f‖Eα,p0

≤ Cr
1
2
(λn+ 2n

p′
0

−2n)
r
α−λn

2
+ n

p0 ‖f‖Eα,p0 ≤ Crα‖f‖Eα,p .

We have used here λn− 2n
p0
> 0, α <

(

λ
2 − 1

p0

)

n and Lemma 1.1.

(ii) The case σ ≥ n. In this case, we take p0 = min{2, p} and a = 0.
Then the reasoning in the step (i) still works.

Proof of (b). In this case, Eα,p = BMO (1 ≤ p < ∞), and the norms
are equivalent.

If |u − x| ≤ 2r, |x − x0| ≤ r and |u − y| ≤ t < r, we have |y − x0| ≤
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|x0 − x| + |x− u| + |u− y| < 4r, and hence

µ∗,ρλ,0(f3)(x) =

(
∫ r

0

∫

|u−x|>2r

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2

×
( t

t+ |u− x|
)λndu dt

tn+1

)1/2

.

Now choose the smallest integer j0 satisfying 2j0t ≥ |u − x0| + 4r so that
B(u, 2j0t) ⊃ 4B. Choose also the smallest integer j1 satisfying B(x0, 2

j1+2r)
⊃ B(u, 2j0t). Notice that j0 ≥ j1. Then, we get

|fB(u,t) − f4B| ≤
j0

∑

j=1

|fB(u,2j−1t) − fB(u,2j t)| + |fB(u,2j0 t) − fB(x0,2j1+2r)|

+

j1
∑

j=1

|fB(x0,2j+1r) − fB(x0,2j+2r)|

≤ C(j0 + 1 + (j1 + 2))‖f‖BMO ≤ C‖f‖BMO

(

1 + log
|u− x0| + 4r

t

)

.

Choose positive numbers γ and q0 such that 2γ < λn−n and 1 < q0 ≤ q, and
(n−σ)q0 < n. Then, noting 1+ log |u−x0|+4r

t ≤ 1+C log |u−x|
t ≤ C

( |u−x|
t

)γ

for |u− x| > 2r > 2t, we have
∣

∣

∣

∣

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

≤
(

∫

|y−u|≤t

|Ω(u− y)|q0 dy

|u− y|(n−σ)q0

)1/q0
(

∫

|y−u|≤t
|f(y) − f4B|q

′
0χ(4B)c dy

)1/q′0

≤ C‖Ω‖Lq0 (Sn−1)t
σ−n+ n

q0

{(
∫

|y−u|<t
|f(y) − fB(u,t)|q

′
0 dy

)1/q′0

+ |fB(u,t) − f4B |
(

∫

|y−u|<t
dy

)1/q′0
}

≤ C‖Ω‖Lq(Sn−1)t
σ
( |u− x|

t

)γ
‖f‖BMO.

Therefore

µ∗,ρλ,0(f3)(x) ≤ C‖Ω‖Lq(Sn−1)‖f‖BMO

(
∫ r

0

∫

|u−x|>2r

( t

|u− x|
)λn−2γ du dt

tn+1

)1/2
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≤ C‖Ω‖Lq(Sn−1)‖f‖BMO

(
∫ r

0
tλn−2γ−n−1 dt

∫

|u−x|>2r

du

|u− x|λn−2γ

)1/2

≤ C‖Ω‖Lq(Sn−1)‖f‖BMO.

Proof of (c). Since 0 < α < 1, Eα,p = Lipα (1 ≤ p < ∞), and the
norms are equivalent. For y ∈ (4B)c, x ∈ B, z ∈ 4B and u ∈ Rn, we have
|y−z| ≤ |y−x|+|x−x0|+|x0−z| ≤ |y−x|+5r and |y−x| ≥ |y−x0|−|x0−x| ≥
4r − r = 3r, and hence |y − z| ≤ 8

3 |y − x| ≤ 8
3(|y − u| + |u− x|).

Thus, we have

|f3(y)| ≤
1

|4B|

∫

4B
|f(y) − f(z)| dz ≤ C‖f‖Lipα

(|y − u| + |u− x|)α,

and hence
∣

∣

∣

∣

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

≤ C‖f‖Lipα

∫

|y−u|≤t

|Ω(u− y)|(|y − u| + |u− x|)α dy

|u− y|n−σ

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα

∫ t

0
(s+ |u− x|)αsσ−1 ds

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα
(t+ |u− x|)αtσ.

Thus, noting λn− 2α > n and α > 0 we have

µ∗,ρλ,0(f3)(x) ≤ C

(
∫ r

0

(
∫

Rn

(t+ |u− x|)2α
( t

t+ |u− x|
)λndu dt

tn+1

)1/2

≤ C

(
∫ r

0

(
∫

Rn

(

1

1 + |u−x|
t

)λn−2α du

tn
t2α−1 dt

)1/2

≤ Crα‖Ω‖L1(Sn−1)‖f‖Lipα
.

Lemma 2.10. Let 1 ≤ p < ∞. Let Ω ∈ L1(Sn−1), ρ = σ + iτ (σ >
0, τ ∈ R), λ > 1, and 0 < α < 1. Then, for any f ∈ Eα,p, for any ball

B = B(x0, r) and any x ∈ B

µ∗,ρλ,0,0(f3)(x) ≤ Crα‖Ω‖L1(Sn−1)‖f‖Eα,p .
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Proof. In this case, Eα,p = Lipα (1 ≤ p < ∞), and the norms are
equivalent. So, for y ∈ (4B)c we have |f3(y)| = |f(y) − f4B | ≤ |f(y) −
f(x0)| + |f(x0) − f4B | ≤ ‖f‖Lipα

(|y − x0|α + rα) ≤ C‖f‖Lipα
|y − x0|α.

For |x − x0| ≤ r, |u − y| ≤ t ≤ r and |u − x| ≤ 8r, we have |y − x0| ≤
|y − u| + |u− x| + |x− x0| ≤ 10r, and for |x− x0| ≤ r, |u− y| ≤ t ≤ r and
y ∈ (4B)c we have |u− x| ≥ |y − x0| − |u− y| − |x0 − x| > 1

2 |y − x0| > 2r.
Hence we have

µ∗,ρλ,0,0(f3)(x)

≤ C

(
∫ r

0

∫

2r<|u−x|≤8r

∣

∣

∣

∣

1

tσ

∫

|y−u|≤t
4r<|y−x0|≤10r

|Ω(u− y)||y − x0|α
|u− y|n−σ

dy

∣

∣

∣

∣

2

×
( t

t+ 2r

)λndu dt

tn+1

)1/2

‖f‖Lipα

≤ C

(
∫ r

0

∫

2r<|u−x|≤8r

∣

∣

∣

∣

1

tσ

∫

|y−u|≤t

|Ω(u− y)|rα

|u− y|n−σ
dy

∣

∣

∣

∣

2

tλnr−λndu dt

tn+1

)1/2

× ‖f‖Lipα

≤ C

(
∫ r

0
r2α−λnrntλn−n−1 dt

)1/2

‖Ω‖L1(Sn−1)‖f‖Lipα

≤ Crα‖Ω‖L1(Sn−1)‖f‖Lipα
.

Lemma 2.11. Suppose one of the following five conditions is satisfied :

(i) σ > 0, λ > 1, α = 0, 1 ≤ p <∞. Moreover, Ω ∈ Lq(Sn−1) for some

q > 1 and satisfies the cancellation condition.

(ii) σ > 0, 0 < β ≤ 1, 0 < α < min{1/2, min{β, σ}}, 1 ≤ p < ∞, and

λ > 1. Moreover, Ω ∈ L1(Sn−1) and satisfies the cancellation condition.

(iii) σ > 0, 0 < β ≤ 1, 1/2 ≤ α < min{β, σ}, 1 ≤ p < ∞, and

λ > 1 + 2α/n. Moreover, Ω ∈ L1(Sn−1) and satisfies L1-β-Dini condition

and the cancellation condition.

(iv) max
{

1, 2n
n+2σ

}

< p < +∞, −n/p < α < 0, σ > −α and λ > 1.

Moreover, Ω ∈ Lp′0(Sn−1) and satisfies the cancellation condition, where

p0 = max{2, p}.
(v) 1 < p < ∞, −n/p ≤ α < 0, σ > n/2, and λ > 2. Moreover,

Ω ∈ L2(Sn−1) and satisfies L2-log β Dini condition for some β > 1 and the

cancellation condition.
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Then there exists C > 0 such that for any ball B = B(x0, r) and any

f ∈ Eα,p satisfying µ∗,ρλ,∞(f3)(x0) < +∞, it holds

µ∗,ρλ,∞(f3)(x) < +∞ and |µ∗,ρλ,∞(f3)(x) − µ∗,ρλ,∞(f3)(x0)| ≤ Crα‖f‖Eα,p

for any x ∈ B, where f3(x) = (f(x) − f4B)χ(4B)c .

Proof. Let x ∈ B. Then, we see easily

|µ∗,ρλ,∞(f3)(x) − µ∗,ρλ,∞(f3)(x0)|

≤
(

∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2

×
∣

∣

∣

∣

(

1 +
|u− x|
t

)−λn
−

(

1 +
|u− x0|

t

)−λn
∣

∣

∣

∣

du dt

tn+1

)1/2

≤
(

∫ ∞

r

∫

|u−x0|>8r

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2

×
∣

∣

∣

∣

(

1 +
|u− x|
t

)−λn
−

(

1 +
|u− x0|

t

)−λn
∣

∣

∣

∣

du dt

tn+1

)1/2

+

(
∫ ∞

r

∫

|u−x0|≤8r

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2

×
∣

∣

∣

∣

(

1 +
|u− x|
t

)−λn
−

(

1 +
|u− x0|

t

)−λn
∣

∣

∣

∣

du dt

tn+1

)1/2

=: I1 + I2.

(i) In this case, E0,s = BMO (1 ≤ s <∞), and the norms are equivalent.
Firstly we note that for α = 0

(
∫

|y−x0|≤R
|f3(y)|s dy

)1/s

≤ C‖f‖BMOR
n/s log

R

r
(R > 4r).

This can be seen like as in Lemma 2.3. Choose q0 > 1 such that q′0 >
max

{

q′, n
σ ,

2
λ−1+ 1

n

}

. Then, since |y − x0| ≤ |y − u| + |u− x0| ≤ t+ |u− x0|

https://doi.org/10.1017/S0027763000025691 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000025691


132 Y. DING, Q. XUE AND K. YABUTA

for |y − u| < t, we get by using the Hölder inequality
∣

∣

∣

∣

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

≤
(

∫

|y−u|≤t

|Ω(u− y)|q0

|u− y|q0(n−σ)
dy

)1/q0
(

∫

|y−x0|≤t+|u−x0|
|f3(y)|q

′
0 dy

)1/q′0

≤ C‖Ω‖Lq0 (Sn−1)t
σ−n+n/q0‖f‖BMO(t+ |u− x0|)n/q′0 log

(t+ |u− x0|)
r

.

By the mean value theorem, we get
∣

∣

∣

∣

(

1 +
|u− x|
t

)−λn
−

(

1 +
|u− x0|

t

)−λn
∣

∣

∣

∣

≤ C
|x− x0|

t

(

1 +
|u− x0|

t

)−λn−1
,

for |u− x0| > 8r and x ∈ B. Hence, we have

I1 ≤ C‖Ω‖Lq0 (Sn−1)‖f‖BMO

(
∫ ∞

r

∫

|u−x0|>8r
t−2n/q′0(t+ |u− x0|)2n/q′0

× log2 (t+ |u− x0|)
r

r

t

(

1 +
|u− x0|

t

)−λn−1 du dt

tn+1

)1/2

≤ C‖Ω‖Lq0 (Sn−1)‖f‖BMO

(
∫ ∞

r
r

(
∫

Rn

(

1 +
|u− x0|

t

)−λn−1+2n/q′0

× log2 (t+ |u− x0|)
r

du

tn

)

dt

t2

)1/2

≤ C‖Ω‖Lq0 (Sn−1)‖f‖BMO

(
∫ ∞

r
r
(

log2 t

r
+ 1

)dt

t2

)1/2

≤ C‖Ω‖Lq(Sn−1)‖f‖BMO.

As for I2, since t+ |u− x0| ≤ 9t for |u− x0| ≤ 8r and t > r, we have, using
the mean value theorem,

∣

∣

∣

∣

(

1 +
|u− x|
t

)−λn
−

(

1 +
|u− x0|

t

)−λn
∣

∣

∣

∣

≤ C
|x− x0|

t
.

Hence, we obtain

I2 ≤ C‖Ω‖Lq0 (Sn−1)‖f‖BMO

(
∫ ∞

r

∫

|u−x0|≤8r
t−2n/q′0 t2n/q′0

r

t
log2 t

r

du dt

tn+1

)1/2

≤ C‖Ω‖Lq(Sn−1)‖f‖BMO.

https://doi.org/10.1017/S0027763000025691 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000025691


PARAMETRIZED MARCINKIEWICZ INTEGRAL WITH ROUGH KERNEL 133

Thus, we obtain the desired estimate in the case (i).

(ii) In this case, 0 < α < 1/2, and Eα,p = Lipα (1 ≤ p < ∞), and the
norms are equivalent. Let x ∈ B.

For t > r, y ∈ (4B)c, |y − u| < t, z ∈ 4B and u ∈ Rn, we have
|y− z| ≤ |y− u|+ |u− x0|+ |x0 − z| ≤ C(t+ |u− x0|), and hence |f3(y)| ≤
C‖f‖Lipα

(t+ |u− x0|)α. So, we have

∣

∣

∣

∣

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα
(t+ |u− x0|)αtσ.

We get, as in the estimate for I1 in the case (i),

I1 ≤ C

(
∫ ∞

r

∫

|u−x0|>8r

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2

× |x− x0|
t

(

1 +
|u− x0|

t

)−λn−1 du dt

tn+1

)1/2

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα
r1/2

×
(

∫ ∞

r

∫

|u−x0|>8r

(

1 +
|u− x0|

t

)−λn−1+2α du dt

tn+2−2α

)1/2

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα
r1/2

×
(

∫ ∞

r

(
∫

Rn

(

1 +
|u− x0|

t

)−λn−1+2α du

tn

)

dt

t2−2α

)1/2

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα
rα.

In the above, we have used α < 1/2.

Next, for |u − x0| ≤ 8r and t > r, we have t + |u − x0| ≤ 9t, and so,
|f3(y)| ≤ C‖f‖Lipα

tα. Hence, we obtain, as in the estimate for I2 in the
case (i),

I2 ≤ C‖f‖Lipα

×
(

∫ ∞

r

∫

|u−x0|≤8r

∣

∣

∣

∣

1

tσ

∫

|y−u|≤t

|Ω(u− y)|tα
|u− y|n−σ

dy

∣

∣

∣

∣

2 |x− x0|
t

du dt

tn+1

)1/2

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα
r1/2

(
∫ ∞

r

∫

|u−x0|≤8r
t2α du dt

tn+2

)1/2

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα
rα.
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Thus, summing the estimates for I1 and I2, we have

|µ∗,ρλ,∞(f3)(x) − µ∗,ρλ,∞(f3)(x0)| ≤ Crα‖Ω‖L1(Sn−1)‖f‖Eα,p for any x ∈ B.

(iii) Also, in this case, Eα,p = Lipα (1 ≤ p < ∞), and the norms are
equivalent. Let x ∈ B. Using the expression

µ∗,ρλ,∞(f3)(x)

=

(
∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|x−u−y|≤t

Ω(x− u− y)f3(y)

|x− u− y|n−ρ
dy

∣

∣

∣

∣

2
( t

t+ |u|
)λndu dt

tn+1

)1/2

,

we see that

|µ∗,ρλ,∞(f3)(x) − µ∗,ρλ,∞(f3)(x0)|

≤
(

∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|x−u−y|≤t

Ω(x− u− y)f3(y)

|x− u− y|n−ρ
dy

− 1

tρ

∫

|x0−u−y|≤t

Ω(x0 − u− y)f3(y)

|x0 − u− y|n−ρ
dy

∣

∣

∣

∣

2
(

1 +
|u|
t

)−λndu dt

tn+1

)1/2

≤
(

∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|x−u−y|≤t
|x0−u−y|>t

Ω(x− u− y)f3(y)

|x− u− y|n−ρ
dy

∣

∣

∣

∣

2
(

1 +
|u|
t

)−λndu dt

tn+1

)1/2

+

(
∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|x0−u−y|≤t
|x−u−y|>t

Ω(x− u− y)f3(y)

|x0 − u− y|n−ρ
dy

∣

∣

∣

∣

2
(

1 +
|u|
t

)−λndu dt

tn+1

)1/2

+

(
∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|x0−u−y|≤t
|x−u−y|≤t

(

Ω(x− u− y)

|x− u− y|n−ρ
− Ω(x0 − u− y)

|x0 − u− y|n−ρ

)

f3(y) dy

∣

∣

∣

∣

2

×
(

1 +
|u|
t

)−λn du dt

tn+1

)1/2

=: L1 + L2 + L3.

For y ∈ (4B)c, z ∈ 4B, and u ∈ Rn, we have |y−z| ≤ |y−x+u|+|u|+|x−z| ≤
|y− x+ u|+ |u|+ 5r, and hence |f3(y)| ≤ C‖f‖Lipα

(|y − x+ u|+ |u|+ r)α.
Thus for L1, we have using Lemma 1.3

∣

∣

∣

∣

1

tρ

∫

|x−u−y|≤t
|x0−u−y|>t

Ω(x− u− y)f3(y)

|x− u− y|n−ρ
dy

∣

∣

∣

∣

≤ C‖f‖Lipα
t−σ

∫

|x−u−y|≤t
|x0−u−y|>t

|Ω(x− u− y)|(|y − x+ u|α + |u|α + rα)

|x− u− y|n−σ
dy
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≤ C‖f‖Lipα
t−σ‖Ω‖L1(Sn−1)

∫ t

t−r
sσ−1(sα + |u|α + rα) ds

≤ C‖f‖Lipα
‖Ω‖L1(Sn−1)t

−σrtσ−1(tα + |u|α + rα)

≤ C‖f‖Lipα
‖Ω‖L1(Sn−1)rt

−1(tα + |u|α).

Hence we obtain

L1 ≤ C‖f‖Lipα
‖Ω‖L1(Sn−1)

×
(

∫ ∞

r

∫

Rn

r2t−2(t2α + |u|2α)
(

1 +
|u|
t

)−λndu dt

tn+1

)1/2

≤ C‖f‖Lipα
‖Ω‖L1(Sn−1)r

(
∫ ∞

r

(
∫

Rn

(

1 +
|u|
t

)−λn+2α du

tn

)

dt

t3−2α

)1/2

≤ C‖f‖Lipα
‖Ω‖L1(Sn−1)r

α.

Similarly, we obtain the same estimate for L2. We turn to the estimate
for L3. Since {|x0 − u − y| ≤ t, |x − u − y| ≤ t} ⊂ {4r < |x0 − u − y| ≤
2t} ∪ {|x0 − u− y| ≤ 4r} and {|x0 − u− y| ≤ 4r} ⊂ {|x− u− y| ≤ 5r} for
x ∈ B, we see

L3 ≤
(

∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

4r<|x0−u−y|≤2t

∣

∣

∣

∣

Ω(x− u− y)

|x− u− y|n−ρ
− Ω(x0 − u− y)

|x0 − u− y|n−ρ

∣

∣

∣

∣

× |f3(y)| dy
∣

∣

∣

∣

2
(

1 +
|u|
t

)−λndu dt

tn+1

)1/2

+

(
∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|x0−u−y|≤4r

∣

∣

∣

∣

Ω(x0 − u− y)

|x0 − u− y|n−ρ

∣

∣

∣

∣

|f3(y)| dy
∣

∣

∣

∣

2

×
(

1 +
|u|
t

)−λndu dt

tn+1

)1/2

+

(
∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|x−u−y|≤5r

∣

∣

∣

∣

Ω(x− u− y)

|x− u− y|n−ρ

∣

∣

∣

∣

|f3(y)| dy
∣

∣

∣

∣

2

×
(

1 +
|u|
t

)−λndu dt

tn+1

)1/2

=: L31 + L32 + L33.

In this case, we have as before |f3(y)| ≤ C‖f‖Lipα
(|y− x+ u|+ |u| + r)α ≤
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C‖f‖Lipα
(t+ |u|)α. Hence, if σ > 1, as in the proof of Lemma 2.3, we have

∣

∣

∣

∣

1

tρ

∫

4r<|x0−u−y|≤2t

∣

∣

∣

∣

Ω(x− u− y)

|x− u− y|n−ρ
− Ω(x0 − u− y)

|x0 − u− y|n−ρ

∣

∣

∣

∣

|f3(y)| dy
∣

∣

∣

∣

≤ C‖f‖Lipα
(t+ |u|)αt−σ

×
∫

4r<|x0−u−y|≤2t

∣

∣

∣

∣

Ω(x− u− y)

|x− u− y|n−ρ
− Ω(x0 − u− y)

|x0 − u− y|n−ρ

∣

∣

∣

∣

dy

≤ C‖f‖Lipα
(t+ |u|)αt−σrσ

(

( t

r

)σ−1
+

( t

r

)σ−β
)

≤ C‖f‖Lipα
(1 + |u|/t)αtα

(

r

t
+

(r

t

)β
)

.

Thus, noting β > α and λn > n+ 2α, we have

L31 ≤ C‖f‖Lipα

(
∫ ∞

r

(
∫

Rn

(

1 +
|u|
t

)−λn+2α du

tn

)

(r2

t2
+
r2β

t2β

) dt

t1−2α

)1/2

≤ C‖f‖Lipα

(

r2r2α−2 + r2βr2α−2β
)1/2 ≤ C‖f‖Lipα

rα.

The other three cases σ = 1, 0 < β < σ < 1, and 0 < σ < β ≤ 1 and σ < 1
are treated in the same way as in the corresponding cases in Lemma 2.3,
respectively.

As for L32, we have as above |f3(y)| ≤ C‖f‖Lipα
(t + |u|)α. Using this

and noting α < σ and λn > n+ 2α, we get

L32 ≤ C‖f‖Lipα

(
∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|x0−u−y|≤4r

∣

∣

∣

∣

Ω(x0 − u− y)

|x0 − u− y|n−ρ

∣

∣

∣

∣

(t+ |u|)α dy

∣

∣

∣

∣

2

×
(

1 +
|u|
t

)−λndu dt

tn+1

)1/2

≤ C‖f‖Lipα
‖Ω‖L1(Sn−1)

(
∫ ∞

r

∫

Rn

t−2σr2σ(t+ |u|)2α
(

1 +
|u|
t

)−λndu dt

tn+1

)1/2

≤ C‖f‖Lipα
‖Ω‖L1(Sn−1)r

σ

(
∫ ∞

r

(
∫

Rn

(

1 +
|u|
t

)−λn+2α du

tn

)

dt

t1+2σ−2α

)1/2

≤ C‖f‖Lipα
‖Ω‖L1(Sn−1)r

σr−(2σ−2α)/2 = C‖f‖Lipα
‖Ω‖L1(Sn−1)r

α.

Similarly we get the same estimate for L33. Summing up the estimates for
L31, L32, L33, we obtain the desired estimate for L3. Finally summing up
the estimates for L1, L2, L3, we get

|µ∗,ρλ,∞(f3)(x) − µ∗,ρλ,∞(f3)(x0)| ≤ C‖f‖Lipα
rα.
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(iv) Using the Minkowski inequality and the cancellation property of Ω
we see

|µ∗,ρλ,∞(f3)(x) − µ∗,ρλ,∞(f3)(x0)|

≤
(

∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)(f(y) − f4B)

|u− y|n−ρ
dy

∣

∣

∣

∣

2

×
∣

∣

∣

∣

(

1 +
|u− x|
t

)−λn
−

(

1 +
|u− x0|

t

)−λn
∣

∣

∣

∣

du dt

tn+1

)1/2

+

(
∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f2(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2

×
∣

∣

∣

∣

(

1 +
|u− x|
t

)−λn
−

(

1 +
|u− x0|

t

)−λn
∣

∣

∣

∣

du dt

tn+1

)1/2

≤
(

∫ ∞

r

∫

Rn

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)(f(y) − fB(u,t))

|u− y|n−ρ
dy

∣

∣

∣

∣

2

×
∣

∣

∣

∣

(

1 +
|u− x|
t

)−λn
−

(

1 +
|u− x0|

t

)−λn
∣

∣

∣

∣

du dt

tn+1

)1/2

+
√

2(µ∗,ρλ,∞(f2)(x) + µ∗,ρλ,∞(f2)(x0))

=: J1 + J2.

Now, we note that for α < 0 and non-negative integer j

(
∫

|y−u|≤t/2j

|f(y) − fB(u,t)|p dy
)1/p

≤ C‖f‖Eα,ptα+ n
p 2−j(α+ n

p
).

This can be seen like as in Lemma 2.3. So, choosing a non-negative number
γ satisfying n/p− σ < γ < α+ n/p, we have by Hölder’s inequality
∣

∣

∣

∣

∫

|y−u|≤t

Ω(u− y)(f(y) − fB(u,t))

|u− y|n−ρ
dy

∣

∣

∣

∣

≤
(

∫

|y−u|≤t

|Ω(u− y)|p′

|u− y|(n−σ−γ)p′
dy

)1/p′(∫

|y−u|≤t

|f(y) − fB(u,t)|p
|u− y|pγ

dy

)1/p

≤ C‖Ω‖Lp′ (Sn−1)t
σ+γ−n+ n

p′

( ∞
∑

j=0

∫

t

2j+1 <|y−u|≤ t

2j

|f(y) − fB(u,t)|p
|u− y|pγ

dy

)1/p

≤ C‖Ω‖Lp′ (Sn−1)t
σ+γ−n

p

( ∞
∑

j=0

1

( t
2j+1 )

pγ

∫

|y−u|≤ t

2j

|f(y) − fB(u,t)|p dy
)1/p
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≤ C‖Ω‖Lp′(Sn−1)‖f‖Eα,ptσ+α.

Hence, as in the proof of I1 in the case (i)

J1 ≤ C‖Ω‖Lp′ (Sn−1)‖f‖Eα,p

(
∫ ∞

r

∫

|u−x0|>8r
t2α r

t

(

1 +
|u− x0|

t

)−λn−1 du dt

tn+1

+

∫ ∞

r

∫

|u−x0|≤8r
t2α r

t

du dt

tn+1

)1/2

≤ C‖Ω‖Lp′ (Sn−1)‖f‖Eα,p

(

r

∫ ∞

r

∫

Rn

(

1 +
|u− x0|

t

)−λn−1 du

tn
dt

t2−2α

+ r

∫ ∞

r
Crn dt

tn−2α+2

)1/2

≤ C‖Ω‖Lp′ (Sn−1)‖f‖Eα,prα.

As for J2, we have by Lemma 2.7 (a)

J2 ≤ C‖Ω‖
Lp′

0(Sn−1)
‖f‖Eα,prα.

Thus, we have the desired estimate in this case (iv).

(v) We use the expression in (iii), and estimate L1, L2, L3. For |x −
u − y| ≤ t and |y − x0| > 4r, we see t + |u| ≥ |x − u − y| + |u| ≥ |x −
y| ≥ |x0 − y| − |x0 − x| ≥ 3

4 |y − x0|. Choose η > 0 such that 0 < η <
min{1/2, λ/2−n, σ−n/2}. Then, by the Minkowski inequality, Lemma 1.3
(noting σ − n/2 > 0) and Lemma 1.1 we have

L1 ≤
(

∫ ∞

r

∫

Rn

(

1

tσ

∫

t−r<|x−u−y|≤t

|Ω(x− u− y)f3(y)|
|x− u− y|n−σ

dy

)2

×
( t

t+ |u|
)2n+2η du dt

tn+1

)1/2

≤
∫

Rn

(
∫ ∞

r

∫

t−r<|x−u−y|≤t

|Ω(x− u− y)|2
|x− u− y|2n−2σ

( t

|y − x0|
)2n+2η du dt

tn+2σ+1

)1/2

× |f3(y)| dy

≤
∫

Rn

(
∫ ∞

r

∫

t−r<|x−u−y|≤t

|Ω(x− u− y)|2
|x− u− y|2n−2σ

du dt

t2σ−n−2η+1

)1/2 |f3(y)|
|y − x0|n+η

dy

≤ C‖Ω‖L2(Sn−1)

∫

Rn

(
∫ ∞

r

∫ t

t−r
s2σ−n−1 ds

dt

t2σ−n−2η+1

)1/2 |f3(y)|
|y − x0|n+η

dy

https://doi.org/10.1017/S0027763000025691 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000025691


PARAMETRIZED MARCINKIEWICZ INTEGRAL WITH ROUGH KERNEL 139

≤ C‖Ω‖L2(Sn−1)

∫

Rn

(
∫ ∞

r
rt2σ−n−1 dt

t2σ−n−2η+1

)1/2 |f3(y)|
|y − x0|n+η

dy

≤ C‖Ω‖L2(Sn−1)r
η

∫

Rn

|f3(y)|
|y − x0|n+η

dy ≤ C‖Ω‖L2(Sn−1)‖f‖Eα,prα.

We have used above the fact ‖f‖Eα,1rα ≤ ‖f‖Eα,prα for p > 1.
Similarly we have the same estimate for L2.
Next, we estimate L31, L32, L33. To estimate L31, we choose γ > 0

such that 1 < γ < β, and note that for |x0 − u− y| < 2t and |y − x0| > 4r,
we have t+ |u| ≥ (|x0 − u− y| + |u|)/2 ≥ |x0 − y|/2 ≥ 2r, and so

( t

t+ |u|
)λn

≤ C
( t

t+ |u|
)2n

(

1 + log t
r

1 + log t+|u|
r

)2γ

≤ C
( t

|y − x0|
)2n(

1 + log
t

r

)2γ(

1 + log
|y − x0|

r

)−2γ
.

(This follows from an elementary inequality
(

log e1/γt
r

)

/
(

log e1/γs
r

)

> tγ/sγ

for 0 < r < t < s and γ > 0).
Hence, using the Minkowski inequality we get

L31 ≤ C

∫

Rn

(
∫ ∞

r

1

t2σ

∫

4r<|x0−u−y|≤2t

∣

∣

∣

∣

Ω(x− u− y)

|x− u− y|n−ρ
− Ω(x0 − u− y)

|x0 − u− y|n−ρ

∣

∣

∣

∣

2

× t2n
(

1 + log
t

r

)2γ du dt

tn+1

)1/2 |f3(y)|
|y − x0|n logγ |y−x0|

r

dy.

Now, using an elementary inequality
∫ ∞
A

logb

s1+a ds ≤ C logb A
Aa for A ≥ 1, a, b >

0 (This can be seen by integrating by parts [b]+1-times if b is not an integer
and b-times if b is an integer) and Lemma 1.2, we obtain

(
∫ ∞

r

1

t2σ

∫

4r<|x0−u−y|≤2t

∣

∣

∣

∣

Ω(x− u− y)

|x− u− y|n−ρ
− Ω(x0 − u− y)

|x0 − u− y|n−ρ

∣

∣

∣

∣

2

× t2n
(

1 + log
t

r

)2γ du dt

tn+1

)1/2

≤
(

∫

4r<|x0−u−y|

∣

∣

∣

∣

Ω(x− u− y)

|x− u− y|n−ρ
− Ω(x0 − u− y)

|x0 − u− y|n−ρ

∣

∣

∣

∣

2

×
∫ ∞

|x0−u−y|/2

(1 + log t
r )2γ

t2σ−n+1
dt du

)1/2
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≤
(

∫

4r<|x0−u−y|

∣

∣

∣

∣

Ω(x− u− y)

|x− u− y|n−ρ
− Ω(x0 − u− y)

|x0 − u− y|n−ρ

∣

∣

∣

∣

2

× (1 + log |x0−u−y|
r )2γ

|x0 − u− y|2σ−n
du

)1/2

≤
( ∞

∑

k=2

∫

2kr≤|x0−u−y|<2k+1r

∣

∣

∣

∣

Ω(x− u− y)

|x− u− y|n−ρ
− Ω(x0 − u− y)

|x0 − u− y|n−ρ

∣

∣

∣

∣

2

× (1 + log |x0−u−y|
r )2γ

|x0 − u− y|2σ−n
du

)1/2

≤
∞

∑

k=2

(
∫

2kr≤|x0−u−y|<2k+1r

∣

∣

∣

∣

Ω(x− u− y)

|x− u− y|n−ρ
− Ω(x0 − u− y)

|x0 − u− y|n−ρ

∣

∣

∣

∣

2

×
(1 + log |x0−u−y|

f r)2γ

|x0 − u− y|2σ−n
du

)1/2

≤ C

∞
∑

k=2

(1 + (k + 1) log 2)γ

(2kr)σ−
n
2

(2k+1r)
n
2
−(n−σ)

×
(

‖Ω‖L2(Sn−1)
|x− x0|

2kr
+

∫

|x−x0|

2kr

|x−x0|

2k+1r

ω2(δ)

δ
dδ

)

≤ C

∞
∑

k=2

(

‖Ω‖L2(Sn−1)
(1 + k)γ

2k
+

(1 + k)γ

(1 + k)β

∫

|x−x0|

2kr

|x−x0|

2k+1r

ω2(δ)

δ
(1 + | log δ|)β dδ

)

≤ C

(

‖Ω‖L2(Sn−1) +

∫ 1

0

ω2(δ)

δ
(1 + | log δ|)β dδ

)

.

Hence, we have

L31 ≤ C

∫

Rn

|f3(y)|
|y − x0|n logγ |y−x0|

r

dy

≤ C
∞
∑

k=2

∫

2kr≤|y−x0|<2k+1r

|f(y) − f4B | dy
|y − x0|n logγ |y−x0|

r

≤ C
∞
∑

k=2

1

rn2nkkγ

∫

|y−x0|<2k+1

|f(y) − f4B | dy

≤ C
∞
∑

k=2

1

rn2nkkγ
‖f‖Eα,1rα(2k+1r)n ≤ C

( ∞
∑

k=2

1

kγ

)

‖f‖Eα,prα.
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In the fourth inequality in the above, we have used the inequality

(
∫

|y−x0|≤R
|f3(y)|p dy

)1/p

≤ C‖f‖Eα,prαRn/p.

As for L32, we have, in the same way as in the estimate for L1,

L32 ≤
(

∫ ∞

r

∫

Rn

(

1

tσ

∫

|x0−u−y|≤4r

|Ω(x0 − u− y)f3(y)|
|x0 − u− y|n−σ

dy

)2

×
( t

t+ |u|
)2n+2η du dt

tn+1

)1/2

≤
∫

Rn

(
∫ ∞

r

∫

|x0−u−y|≤4r

|Ω(x0 − u− y)|2
|x0 − u− y|2n−2σ

( t

|y − x0|
)2n+2η du dt

tn+2σ+1

)1/2

× |f3(y)| dy

≤
∫

Rn

(
∫ ∞

r

∫

|x0−u−y|≤4r

|Ω(x0 − u− y)|2
|x0 − u− y|2n−2σ

du dt

t2σ−n−2η+1

)1/2 |f3(y)|
|y − x0|n+η

dy

≤ C‖Ω‖L2(Sn−1)

∫

Rn

(
∫ ∞

r

∫ 4r

0
s2σ−n−1 ds

dt

t2σ−n−2η+1

)1/2 |f3(y)|
|y − x0|n+η

dy

≤ C‖Ω‖L2(Sn−1)r
η‖f‖Eα,1rα−η ≤ C‖Ω‖L2(Sn−1)‖f‖Eα,prα

Similarly we get the same estimate for L33. Summing up the estimates for
L31, L32, L33, we obtain the desired estimate for L3. Finally summing up
the estimates for L1, L2, L3, we get

|µ∗,ρλ,∞(f3)(x) − µ∗,ρλ,∞(f3)(x0)| ≤ C‖f‖Eα,prα.

Lemma 2.12. Let λ > 1, 1 ≤ p <∞, 0 < α < min{1, (λ−1)n/2+1/2},
and Ω ∈ L1(Sn−1). Then there exists C > 0 such that for any ball B =
B(x0, r) and any f ∈ Eα,p satisfying µ∗,ρλ,0,∞(f3)(x0) < +∞, it holds

µ∗,ρλ,0,∞(f3)(x) < +∞ and

|µ∗,ρλ,0,∞(f3)(x) − µ∗,ρλ,0,∞(f3)(x0)| ≤ Crα‖Ω‖L1(Sn−1)‖f‖Eα,p

for any x ∈ B.
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Proof. For x ∈ B we see easily

µ∗,ρλ,0,∞(f3)(x) ≤
(

∫ r

0

∫

|u−x0|>8r

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2

×
(

1 +
|u− x|
t

)−λndu dt

tn+1

)1/2

+

(
∫ r

0

∫

|u−x|≤9r

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2

×
(

1 +
|u− x|
t

)−λndu dt

tn+1

)1/2

.

We see by Lemma 2.10 (its variant replaced 8r by 9r) that the second term
in the right-hand side of the above inequality is bounded by Crα‖Ω‖L1(Sn−1)

‖f‖Eα,p . Hence, we have

µ∗,ρλ,0,∞(f3)(x) ≤ Crα‖Ω‖L1(Sn−1)‖f‖Eα,p + µ∗,ρλ,0,∞(f3)(x0)

+

(
∫ r

0

∫

|u−x0|>8r

∣

∣

∣

∣

1

tρ

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

2

×
∣

∣

∣

∣

(

1 +
|u− x|
t

)−λn
−

(

1 +
|u− x0|

t

)−λn
∣

∣

∣

∣

du dt

tn+1

)1/2

= Crα‖Ω‖L1(Sn−1)‖f‖Eα,p + µ∗,ρλ,0,∞(f3)(x0) + I, say .

As in the proof of Lemma 2.9 (c), we have for every 0 < t < r and u ∈ Rn

with |u− x0| > 8r

∣

∣

∣

∣

∫

|y−u|≤t

Ω(u− y)f3(y)

|u− y|n−ρ
dy

∣

∣

∣

∣

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα
(t+ |u− x0|)αtσ

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα
|u− x0|αtσ.

By the mean value theorem, we get

∣

∣

∣

∣

(

1 +
|u− x|
t

)−λn
−

(

1 +
|u− x0|

t

)−λn
∣

∣

∣

∣

≤ C
|x− x0|

t

(

1 +
|u− x0|

t

)−λn−1
≤ C

|x− x0|tλn

|u− x0|λn+1
.
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Hence, we have

I ≤ C

(
∫ r

0

∫

|u−x0|>8r

(

1

tσ
‖Ω‖L1(Sn−1)‖f‖Lipα

|u− x0|αtσ
)2

× |x− x0|tλn

|u− x0|λn+1

du dt

tn+1

)1/2

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα
r1/2

×
(

∫ r

0

(
∫

|u−x0|>8r
|u− x0|2α−λn−1 du

)

tλn−n−1 dt

)1/2

≤ C‖Ω‖L1(Sn−1)‖f‖Lipα
rα.

Thus, we have

µ∗,ρλ,0,∞(f3)(x) ≤ µ∗,ρλ,0,∞(f3)(x0) +Crα‖Ω‖L1(Sn−1)‖f‖Eα,p for any x ∈ B.

Reversing the roles of µ∗,ρ
λ,0,∞(f3)(x0) and µ∗,ρλ,0,∞(f3)(x), we have

µ∗,ρλ,0,∞(f3)(x0) ≤ µ∗,ρλ,0,∞(f3)(x) +Crα‖Ω‖L1(Sn−1)‖f‖Eα,p for any x ∈ B,

and hence we have

|µ∗,ρλ,0,∞(f3)(x) − µ∗,ρλ,0,∞(f3)(x0)| ≤ Crα‖Ω‖L1(Sn−1)‖f‖Eα,p for any x ∈ B.

§3. Proofs of Theorems 1–9

Now, we will prove the theorems.

Proof of Theorem 1. We follow the ideas by Kurtz [12] and Sun [20].
Let r > 0 and B = B(x0, r). Set f1 = f4B, f2 = (f − f4B)χ4B and
f3 = (f − f4B)χ(4B)c . Then, f = f1 + f2 + f3 and µρ(f1) = 0.

By assumption, µρ(f)(x0) <∞. So, we have µρ
∞(f)(x0) ≤ µρ(f)(x0) <

∞. Using Lemma 2.1 we have µρ
∞(f3)(x0) ≤ µρ

∞(f)(x0)+µρ
∞(f2)(x0) <∞.

Hence by Lemmas 2.2 and 2.3 (i) we have for x ∈ B

µρ(f3)(x) ≤ µρ
0(f3)(x) + µρ

∞(f3)(x) ≤ Crα‖f‖BMO + µρ
∞(f3)(x0) <∞,

and

|µρ(f3)(x) − µρ(f3)(x0)| = |µρ
∞(f3)(x) − µρ

∞(f3)(x0)| ≤ C‖f‖BMO.
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Using L2-boundedness of µρ (Theorem B) we have ‖µρ(f2)‖L2 ≤ C‖f2‖L2 ,
and from this it follows that µρ(f2)(x) <∞ for almost all x ∈ B. Thus, we
have µρ(f)(x) ≤ µρ(f2)(x) + µρ(f3)(x) < ∞ for almost all x ∈ B. Since r
is arbitrary, we see that µρ(f)(x) <∞ for almost all x ∈ Rn.

Let E = {x ∈ Rn ; µρ(f)(x) <∞}. We have only to show that for any
ball B = B(x0, r) with center x0 ∈ E,

∫

B
|µρ(f)(x) − (µρ(f))B | dx ≤ C|B|‖f‖BMO.

Set f = f1 + f2 + f3 as above. Noting µρ(f1) = 0, and using ‖µρ(f2)‖L2 ≤
C‖f2‖L2 ≤ C|B|1/2‖f‖E0,2 ≤ C|B|1/2‖f‖BMO and the above inequality for
µρ(f3), we have

1

|B|

∫

B
|µρ(f)(x) − (µρ(f))B | dx ≤ 2

|B|

∫

B
|µρ(f)(x) − µρ(f3)(x0)| dx

=
2

|B|

∫

B
|µρ(f2 + f3)(x) − µρ(f3)(x) + µρ(f3)(x) − µρ(f3)(x0)| dx

≤ 2

|B|

∫

B
|µρ(f2)(x)| dx +

2

|B|

∫

B
|µρ(f3)(x) − µρ(f3)(x0)| dx

≤ C

(

1

|B|

∫

4B
|f2(x)|2 dx

)1/2

+ C‖f‖E0,1 ≤ C‖f‖BMO.

This completes the proof of Theorem 1.

Proof of Theorem 2. The proof is the same as that of Theorem 1. We
use Lemmas 2.1, 2.2, 2.3 (ii) and Theorem B. We note that, since Ω sat-
isfies L1-β-Dini condition, it satisfies L1-Dini condition and hence Ω ∈
L log+ L(Sn−1)  H1(Sn−1). So, we can use Theorem B.

Proof of Theorem 3. The proof is the same as that of Theorem 1. We
use Lemmas 2.1, 2.2, 2.3 (iii), and Theorem B.

Proof of Theorem 4. The proof is the same as that of Theorem 1. We
use µρ

S,0 and µρ
S,∞, Lemmas 2.4, 2.5, 2.6 (i), and Theorem A (ii) (p = 2).

Proof of Theorem 5. The proof is the same as that of Theorem 1. We
use µρ

S,0 and µρ
S,∞, Lemmas 2.4, 2.5, 2.6 (ii), (iii) and Theorem A (ii)

(p = 2). In the case 1/2 ≤ α < 1, as is noted in the proof of Theorem 2, we
see Ω ∈ L log+ L(Sn−1), and we can apply Theorem A (ii).
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Proof of Theorem 6. (i) Since Eα,p = Lp(Rn) for α = n/p, by Theo-
rem A we have only to treat the case n/p < α < 0. So, the proof is the
same as that of Theorem 1. We use µρ

S,0 and µρ
S,∞, Lemmas 2.4, 2.5, 2.6

(iv) and Theorem A.

(ii) The proof is the same as the above case (i). We use 2.6 (v) in place
of 2.6 (iv). Note that if 1 < p < 2, the condition σ > n/2 implies 2n

n+2σ < 1,
and so we can apply Theorem A.

Proof of Theorem 7. The proof is the same as that of Theorem 1. We
use µ∗,ρλ,0 and µ∗,ρλ,∞, Lemmas 2.7, 2.9 (b), 2.11 (i), and Theorem A (ii) (p = 2).

Proof of Theorem 8. We follow the proof of Theorem 1 by modifying
it. Let r > 0 and B = B(x0, r). Set f1 = f4B , f2 = (f − f4B)χ4B and
f3 = (f − f4B)χ(4B)c . Then, f = f1 + f2 + f3 and µ∗,ρλ (f1) = 0.

(i) The case 0 < α < 1/2. By assumption, µ∗,ρ
λ (f)(x0) < ∞. So,

we have µ∗,ρλ,∞(f)(x0) + µ∗,ρλ,0,∞(f)(x0) ≤ 2µ∗,ρλ (f)(x0) < ∞. Using Lem-

mas 2.7 and 2.8 we have µ∗,ρ
λ,∞(f3)(x0) + µ∗,ρλ,0,∞(f3)(x0) ≤ µ∗,ρλ,∞(f)(x0) +

µ∗,ρλ,0,∞(f)(x0)+µ
∗,ρ
λ,∞(f2)(x0)+µ

∗,ρ
λ,0,∞(f2)(x0) <∞. Hence by Lemmas 2.10,

2.11 and 2.12 we have for x ∈ B

µ∗,ρλ (f3)(x) ≤ µ∗,ρλ,0,0(f3)(x) + µ∗,ρλ,0,∞(f3)(x) + µ∗,ρλ,∞(f3)(x)

≤ 3Crα‖f‖Eα,p + µ∗,ρλ,0,∞(f3)(x0) + µ∗,ρλ,∞(f3)(x0) <∞,

and

|µ∗,ρλ (f3)(x) − µ∗,ρλ (f3)(x0)| ≤ |µ∗,ρλ,0,0(f3)(x) − µ∗,ρλ,0,0(f3)(x0)|
+ |µ∗,ρλ,0,∞(f3)(x) − µ∗,ρλ,0,∞(f3)(x0)| + |µ∗,ρλ,∞(f3)(x) − µ∗,ρλ,∞(f3)(x0)|

≤ 4Crα‖f‖Eα,p .

Using Lp-boundedness of µ∗,ρ
λ (Theorem A) we have ‖µ∗,ρ

λ (f2)‖Lp ≤
C‖f2‖Lp , and from this it follows that µ∗,ρ

λ (f2)(x) < ∞ for almost all
x ∈ B. Thus, we have µ∗,ρ

λ (f)(x) ≤ µ∗,ρλ (f2)(x) + µ∗,ρλ (f3)(x) < ∞ for
almost all x ∈ B. Since r is arbitrary, we see that µ∗,ρ

λ (f)(x) < ∞ for
almost all x ∈ Rn.

The rest of the proof is the same as that of Theorem 1. We omit it.

(ii) The case 1/2 ≤ α < 1. In this case, the proof is simpler than
the case (i), and the same as that of Theorem 1. We use µ∗,ρ

λ,0 and µ∗,ρλ,∞,
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Lemmas 2.7, 2.9 and 2.11 (iii). As is noted in the proof of Theorem 5, we
see Ω ∈ L log+ L(Sn−1), and we can apply Theorem A (ii). This completes
the proof of Theorem 8.

Proof of Theorem 9. (i) The proof is the same as that of Theorem 6
(i). We use µ∗,ρλ,0 and µ∗,ρλ,∞, Lemmas 2.7, 2.9, 2.11 (iv), and Theorem A.

(ii) The proof is the same as the above case (i). We use 2.11 (v) in
place of 2.11 (iv). Note that if 1 < p < 2, the condition σ > n/2 implies

2n
n+2σ < 1, and so we can apply Theorem A.
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Kôzô Yabuta
School of Science and Technology

Kwansei Gakuin University

Gakuen 2-1

Sanda, Hyogo 669-1337

Japan

yabuta@ksc.kwansei.ac.jp

https://doi.org/10.1017/S0027763000025691 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000025691

