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EXISTENCE AND BOUNDEDNESS OF
PARAMETRIZED MARCINKIEWICZ INTEGRAL WITH
ROUGH KERNEL ON CAMPANATO SPACES

YONG DING, QINGYING XUE anp KOZO YABUTA

Abstract. Let g(f), S(f), gx(f) be the Littlewood-Paley g function, Lusin
area function, and Littlewood-Paley g3 function of f, respectively. In 1990
Chen Jiecheng and Wang Silei showed that if, for a BMO function f, one of
the above functions is finite for a single point in R™, then it is finite a.e. on R™,
and BMO boundedness holds. Recently, Sun Yongzhong extended this result
to the case of Campanato spaces (i.e. Morrey spaces, BMO, and Lipschitz
spaces). One of us improved his g3 result further, and treated parametrized
Marcinkiewicz functions with Lipschitz kernel p’(f), po(f) and p3?(f). In
this paper, we show that the same results hold also in the case of rough kernel
satisfying LP-Dini type condition.

§1. Introduction

In this note we study the existence and boundedness property of param-
etrized Marcinkiewicz functions with rough kernel, on Campanato spaces.
First, we recall the definition of Littlewood-Paley’s functions (generalized
ones) in the n-dimensional Euclidean space R" (n > 2).

Let ¢ be a function ¢ on R™ such that there exist positive constants
Co, C1, d, n and ~ satisfying

(i) v € LY(R™) and [, ¢(z) dz = 0;
(it) (@) < Co(L+ |z[)"*
(iii) [(z +h) — ()| < Cr|p]" (1 + |z|) "7 for [h] < |2|/2.

For this 9, we define Littlewood-Paley’s g, Lusin’s area functions and
Littlewood-Paley’s g3 function as follows. Here and hereafter, 1;(x) de-
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notes t =" (x/t).

9(f)(x) = (/O“’ Mdt>1/z’

1/2
st = ([ s sl )

where T'(z) = {(y,t) € R |z — y| < t}.

\n du di\ 12
o(f)(z) = (/Rwr1 (m) e+ f(y)]? ti/Jrlt)

where A > 1. LP boundedness of these operators are known like as the
classical Littlewood-Paley’s g-functions. That is, g and S are LP bounded
for 1 < p < 0o, and g3 is LP bounded for 1 < p < oo if A > max{1,2/p} (see
for example Torchinsky [21, pp. 309-318]). Here and hereafter, the letter
C denotes a constant depending on main parameters and may vary at each
occurrence.

Stein’s generalization of the Marcinkiewicz function is as follows [17]:
Let Q(x) be a function on R™ which satisfies the following two conditions:

(i) Q(=) is homogeneous of degree zero and continuous on the unit sphere
S™~1 and satisfies for some 0 < < 1

Q@) - QY) < Cla’ =7, 2’y e s

(i) [guo1 Q(a) do(a") = 0, where do is the surface Lebesgue measure on
Sl

Define ju(f)(x) by

une = ([ Mcxt)m,

t

_ Q=)
where ¢(2) = TE=rX{jz1<1}-
In their work on Marcinkiewicz integral, A. Torchinsky and S. Wang
[22] introduced the Marcinkiewicz functions ps(f) and p3(f) corresponding
to the S function and g} function. They gave LP boundedness of pg(f) and
px(f) for p > 2. On the other hand, in the connection of u(f) a pa-
rametrized Marcinkiewicz function p”(f) was considered by L. Hérmander
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[11]. Tt corresponds to the case ¢ (z) = Q(z)|z[*~"X{|z<1}- Thus, Sakamoto
and Yabuta have considered in [28] parametrized p%(f) and py”(f), where
Y(z) = Qx)|z[P7"X{jz)<1}, for p € C with Rep = o > 0. Introducing
these parametrized operators and using a Hilbert space valued version of
the complex interpolation theorem of analytic families of operators, they
could show that in the case n > 3, us(f) and p3(f) are LP bounded for
p > 2n/(n +2) and A > max{1,2/p}, respectively. LP boundedness for
parametrized operators pg(f) and py”(f) are well discussed in [16], [28],
and further developed by many authors. Recently we have shown the L?
boundedness under weaker condition on kernels than Lipschitz smoothness.
To state it, we introduce the following smoothness for kernels. Let wy(d) be
the L? modulus of continuity of Q (1 < ¢ < o), defined by

@)= sup ([ 10tre) ~ o pranta)

lvl<é
where 7 is a rotation on S"71, and |y| = supycgn1 [y2’ — 2’| If wy(d)
satisfies )
)
/ wq_() dd < o0,
o O

we say that ( satisfies L?-Dini condition. If wy(9) satisfies
twg(9)
/ qT(l + |log 8)? dé < oo,
0

we say that Q satisfies L?-log 5-Dini condition. If w,(d) satisfies

! wq(6)
S1+8

dd < oo,

we say that () satisfies L9-3-Dini condition.

LP boudedness results are as follows.

THEOREM A. (i) Let o > 0, max{1, -2%-1 < p < 2, and X\ > 2/p.
Let Q € L*(S"™1) satisfy the cancellation condition [g,—, Q(z')do(z') = 0
and L?-log 3-Dini condition for some 3 > 1. Then, there exist C1, Cy > 0,
independent of f, such that

15 (Dllp < Cullx” (Nl < Call flp-
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(i) Let 0 > 0,2 <p < oo, and A > 1. Let Q € Llog™ L(S™ ') satisfy
the cancellation condition [g,_, Q(a')do(z') = 0. Then, there exist Cy,
Cy > 0, independent of f, such that

5 (Dllp < Crllx (Dl < Call flp-

(See [8] for the proof of Theorem A (i) and [6] for the proof of Theo-
rem A (ii).)
As for p”, we have

THEOREM B. Let o >0, 1 < p < co. Let Q € H(S"!) (the Hardy
space on S"1) satisfy the cancellation condition [4, . Q(z")do(z') = 0.
Then, there exists C > 0, independent of f, such that

112Dy < ClLF -

(See [4] for the proof of Theorem B in the case p = 1. The proof of
Theorem B for p € C with ¢ > 0 can be obtained by the same way as in
[4].) We note the following:

Lip, (8" 1) (0 <a <1) ¢ L9(S" 1) (¢ > 1) ¢ LlogTL(S™ ™)
g Hl(Snfl)'

It is also known that, if Q € L!(S"!) satisfies L'-Dini condition, then
Q € Llog™L(S™1), see [1].
We recall also the definition of Campanato spaces [14].

DEFINITION 1.1. For 1 < p < o0 and —n/p < a < 1, the Campanato
space £%P is defined by the set of functions for which

1 1 1/p
a,p = _ | — _ pd

ro€ER™ B

where B moves over all balls centered at xq, and fp is the average of f over

B, (1/|B)) [, £(t) dt.

It is known that for 0 < o < 1, £“? = Lip,: the Banach space of
Lipschitz continuous functions of exponent «, and the norms are equivalent.
If a =0, £%P coincides with BMO: the space of functions of bounded mean
oscillation. And if a < 0, £P is equivalent to the Morrey space LP" TP, Tt
is also easily checked that || f||a,p < Csuppinf,cc |B|_O‘/”(|B|_1 S lf(x)—
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al? dx) e (—n/p < a < 1), and hence these norms are equivalent. We note
that balls can be replaced by cubes with sides parallel to the coordinate
axes and the norms are equivalent.

In 1984, Wang Silei [24] showed that the BMO boundedness of Little-
wood-Paley’s g-function follows from its finiteness on a set of positive mea-
sure. Since then, many authors considered such problems in BMO, Lipschitz
spaces, and Morrey spaces i.e. in Campanato spaces. In 1990, Wang Silei
and Chen Jiecheng [25] showed that the BMO boundedness follows from
its finiteness at only one point for Littlewood-Paley’s g-function, Lusin’s
area function and Littlewood-Paley’s g*-function, and Marcinkiewicz func-
tion. Recently, Sun Yongzhong [20] improves and extends their results to
the case of Campanato spaces. Further, one of us [29] improves Sun’s result
and also treats the case of parametrized Marcinkiewicz integrals. In this pa-
per, we improve the results in [29], i.e. we treat parametrized Marcinkiewicz
integrals with more rough kernels.

Our results are as follows, where p € C and Rep = o.

THEOREM 1. Let 0 > 0, and suppose that Q € LI(S" ') and satis-
fies Li-log 1-Dini condition for some q > 1 and the cancellation condition.
Then, if f € BMO(R™) and p”(f)(x) is finite for a point xo € R", it follows
wP(f)(z) < oo a.e. on R™, and there is a constant C independent of f, such
that

112 (F)llBmorny < CllfllBMO®RR)-

THEOREM 2. Let o > 0, and suppose that Q € LY(S™1) and satisfies
L'-B-Dini condition for some 0 < B < 1 and the cancellation condition.
Then, if f € Lip,(R™) for 0 < o < B and pP(f)(z) is finite for a point
xo € R"™, it follows pP(f)(zr) < oo a.e. on R™, and there is a constant C
independent of f, such that

142 (F)ILip, ) < Cll fllLip, &)

THEOREM 3. Let 0 > 0,1 < p < oo and —n/p < a < 0. Moreover,
suppose §) € Lp,(S”_l) and satisfies L' -Dini condition and the cancellation
condition. Then, if f € E*P and pP(f)(x) is finite for a point xo € R™, it
follows pP(f)(x) < oo a.e. on R", and there is a constant C independent of
f, such that

[1”(H)llger < C[flger.
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THEOREM 4. Let 0 > 0, and suppose that Q € L(S"1) for some
q > 1 and satisfies the cancellation condition. Then, if f € BMO(R") and
pe(f)(z) is finite for a point xg € R™, it follows pZ(f)(x) < co a.e. on R™,
and there is a constant C' independent of f, such that

s (F)llBMmom@n) < CllfllBMOE®n)-

THEOREM 5. Let ¢ > 0, 0 < a < 1, and suppose that €
LlogTL(S™Y) and satisfies the cancellation condition if 0 < a < 1/2,
and Q € LY(S") and satisfies L*-3-Dini condition for some 0 < 3 < 1
and the cancellation condition if 1/2 < a < 1. Then, if f € Lip,(R") for
0<a<1/2o0r1/2 <o < min{f,o} and pi(f)(x) is finite for a point
zo € R™, it follows ps(f)(x) < oo a.e. on R™, and there is a constant C
independent of f, such that

116 (F)lILip, @&n) < Cll fllLip, ®n)-

THEOREM 6. Let 1 <p < oo, —n/p < a < 0. Suppose the number o
and the kernel € satisfy one of the following conditions:

(i) 0 > —a, max{1, ni’;g} < p, Qe L2 (Sn=1) and Q satisfies
the cancellation condition. In the case p < 2, £ moreover satisfies L?-log 3-
Dini condition for some 3 > 1.

(ii) o > n/2, Q € L3S ) and Q satisfies L?-log 3-Dini condition for
some (3 > 1 and the cancellation condition.

Then, if f € EYP and p(f)(z) is finite for a point xog € R™, it follows
e (f)(z) < oo a.e. on R™, and there is a constant C' independent of f, such
that

s (Fllgar < Cllfllgar-

THEOREM 7. Let 0 > 0, A > 1, and suppose that Q € Li(S™ 1) for
some q > 1 and satisfies the cancellation condition. Then, if f € BMO(R"™)
and p\*(f) () is finite for a point xy € R™, it follows py*(f)(x) < oo a.e.
on R™, and there is a constant C independent of f, such that

37 () lemo@ny < Cllf lBmo®n)-

THEOREM 8. Let ¢ > 0, 0 < a < 1, and suppose that €
LlogTL(S™ ') and satisfies the cancellation condition if 0 < a < 1/2,
and Q € LY(S") and satisfies L*-B-Dini condition for some 0 < 8 < 1

https://doi.org/10.1017/50027763000025691 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025691

PARAMETRIZED MARCINKIEWICZ INTEGRAL WITH ROUGH KERNEL 109

and the cancellation condition if 1/2 < o < 1. Suppose that f € Lip,(R™)
for0<a<1/20r1/2 <a<min{B,0} and p\*(f)(z) is finite for a point
xo € R", A > Ao, where \g =1 for 0 < a < 1/2, and A\g = 1 + 2a/n for
1/2 < a < 1. Then p\*(f)(z) < oo a.e. on R™, and there is a constant C
independent of f, such that

1237 () Lip, &) < Cll lLip, -

THEOREM 9. Let 1 < p < oo, —n/p < a < 0. Suppose the positive
numbers o, A and the kernel Q) satisfy one of the following conditions:

(i) o > —a, max{l, ni’éa} < p, A>max{1,2/p}, Q € Lmax{2p'}(gn-1)
and ) satisfies the cancellation condition. In the case p < 2, Q) moreover
satisfies L?-log 3-Dini condition for some (3 > 1.

(i) ¢ > n/2, A > 2, Q € L3S"Y) and Q satisfies L?-log 3-Dini
condition for some 8 > 1 and the cancellation condition.

Then, if f € E*P and p\*(f)(x) is finite for a point xo € R™, it follows
w7 (f)(z) < oo ae. on R™, and there is a constant C independent of f,
such that

1157 (F)llgar < C|lfllgan-

To prove the above theorems we use the following key lemmas.

LEMMA 1.1. Let1 <p<oo. If § > 0 and —n/p < a < min{1,d/p},
then there exists C' > 0 such that for any ball B = B(x,r) and any f € EXP

(/ (|f<y> Isl” dy) " < O .
Rn

Pt ly—al)

This can be proved easily by modifying the proof of Lemma 2.3 in
[9]. We need also the following lemma, which is an extension of the result
obtained by Kurtz and Wheeden in 1979 [13], and whose proof is found in

[8].

LEMMA 1.2. Let 1 < g < oo and p = o + it (0,7 € R) with o > 0.
Suppose that € is homogeneous of degree zero and satisfies the L9-Dini
condition. Then, there ezists C > 0 such that for any R > 0 and |y| < iR,

q 1/q
U, )
R<|z|<2R

lyl/R
< C(l + |7')Rn/q_(n_a){”QHL‘I(S’”—I)M _|_/ wq_@d5}7
R Jyjer 0

Qz-y)  Qz)
jz —ylrmr fafrr
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where C' is independent of R and y.
We shall use the following elementary lemma, whose proof we omit.

LEMMA 1.3. (1) Let 0 > 0. Then there exists C > 0 such that

t
/ s“Hds<Crt°t, 0<r<t.
t

-r

(2) Let 0 <0 and a > 1. Then there exists C > 0 such that

t
/ s“Hds < Crt°l, 0<ar<t.
t

-r

In the next section, we prepare several lemmas to prove Theorems 1-9,
and in Section 3, we shall prove them. Lemmas 2.1, 2.2, 2.3 are for the
proofs of Theorems 1, 2, 3. Lemmas 2.4, 2.5, 2.6 are for the proofs of
Theorems 4, 5, 6. And Lemmas 2.7, 2.8, 2.9, 2.10, 2.11, 2.12 are for the
proofs of Theorems 7, 8, 9.

§2. Lemmas

In this section, r is a temporarily fixed positive number. For a ball

B = B(xg,r) and a function f we set always f1 = fap, fo = (f(y)— faB)x4B
and f3 = (f(y) — faB)Xx@B)e- To proceed as in the proof of Theorem 3 in
Yabuta [29], we introduce auxiliary operators depending on r as follows.
Relating to pu”(f), we define the following.

v

(/Too tlp /Iy:v|<t %f(y) dy

Relating to p(f), we define the following.

1 Qu—y)fy)
tP /|y—u|§t ’u - y’nfp !

DEFINITION 2.1.

H () t

2 11\ 1/2
" .

2dt>1/2

1 Qy — )
T IR

—z|<t |y - J‘i’nip

and

1o (f) ()

DEFINITION 2.2.

Hsolf)(@) = </0T/|u—x|§t

2 du dt\ '/
thrl ’
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and

00 = ([ Jfr e

Relating to p\”(f), we define the following.

2 du dt\/?
tn—f—l :

DEFINITION 2.3.

MAo(f
" 2 n du di\ V2
(I, / J# e e ] ) )
,Uo\oo(f)(
-fw | ndudt\'?
(/ /n 12 /y u|<t ’(5_ y’n 5/ 4 <t+”lj_x’)>\ fgit) ’
Nxoo( (z)
Qu-yfw) Pt \wdudt)'?
<//|u z|<sr|t /y ul<t |Zj—?j/|" py a <t+|U—$’> tif“) ’
and
lu)\Ooo (f)(x)

2

<// / Uu—y)fy) , ( t )/\ndudt)lﬂ
|lu—z|>8r tP ly—u|<t |u_ |n ’ Y t—|—|u—x] ¢t '

First, we prepare three lemmas to prove Theorems 1, 2, and 3.

LEMMA 2.1. Let 1 < p < oo. Let Q € LP'(S"!) )s Jgn-1 Qz)do(x) =
0, n/p<a<l,and p=oc+ir (0>0,T€]R) Then if fe&E* and

wP(f)(xo) < +oo for some xg € R™, there exists C > 0 such that for any
ball B = B(xg,r)

HE(f2)(w0) < C(uP (F) (w0) + 19 ot o1y [ e ):

In the case 0 < a < 1, Q € L (S™ 1) and 121 157 (gn—1y can be replaced
by Qe LY(S™ 1) and ||| 1 (gn-1y.
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Proof. By assumption we have

2r
1 Q(y — 20)
(/ —p/ ﬁf(y) dy
ot ly—zo|<t |y - $0|
Hence, for some r <ty < 2r we get

- EQ:EQf@M#SH%ﬂ@M
ly

to —wo|<to 1Y — To|" P

2t
t

1/2
) < w(£)(z0) < +oo.

-
to

Since, in the above integral, the integration domain is contained in |y—zg| <
4r, we see, using the cancellation property of €2, that the above integral is
equal to

/ M(f(y) — faB)XaB dy.

—:Eo‘Sto ’y - $0‘" P

Hence

‘/y wol<to \y My~ o) (f(y) = f1B)xaB dy‘ < Cro P (F) (a).

_wo‘n P

Thus for ¢t > r we have

‘/y @ol<t |y—ﬂ?0|" )” Pty )dy'
l@ 9Qlﬂiﬁ@ﬂ4

:Eo‘Sto |y - $0|n P

+/ 1y — xo)llf(y) — f4B!

to<|y—zo|<min{t,4r} |y - $0|n 7

< Cropf(f) (o) + CT""/ 2y — zo)[|f(y) — fapldy
ly—zo|<4r

) 1/p
< Cropf(f)(xo) + Cro" (/I » 1Q(y — o) [P dy>
y—xo|<4r
1/p
_ P
X </y_$o<4r |f(y) — faBl y>
< Cr7uP(f)(wo)

1/p
+ OO nyn/p HQ”LP’(S"—I) </| 1) = fas’ dy>
y

—zo|<4r

< Crou () (wo) + Ol o sno1yr” | flgor-
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Therefore we have

ets)an) = ([
o g >1/2

< CTU(Np(f)(xO) + HQ”LP'(S"—l)TaHf”ga’p) (/ t20+1

< O (F)(o0) + 1l o gy [ f wr)-

2@ 1/2
t

T R L

—xo|<t ‘y - wo’n—p

In the case 0 < a < 1, for |y — xo| < 4r and |z — xg| < 4r, we have
ly — 2| < |y — xo| + |xo — 2| < 8r, and hence

) — fas| = '@ | - s

1
<1 b g / =217 s < Cl g, ™

Thus,
/ 26 —2llf W) — fisl
to<|y—zo|<min(t,4r) ly — zo|"—C
Qy —x
<Clifhy,re [ Bl
ly—zo|<4r ‘y - wO’

< C”f”Lipa"”aHQ”LI(Sn—l)TU.

Hence, pursueing the rest process in the above proof, we obtain the desired
conclusion. []

LEMMA 2.2. Let Q € LY(S"!) and p € C. Then, for any f €
(R™), for any ball B = B(zg,r) and any x € B

ug(fs)(x) = 0.

Proof. For |z — x| <7 and |z —y| <t < r, we have |zg — y| < 2r,
and hence the integration domain with respect to y has no intersection with
the support of f3 in the expression of uf(f3). So, we have uf(f3) = 0 for
x € B. U

Ll

loc

LEMMA 2.3. Suppose one of the following three conditions is satisfied:
(i) o>0,a=0,0¢eLIS" ) and Q satisfies L9-log 1-Dini condition
for some ¢ > 1 and the cancellation condition.
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(i) o >0,0< B <10 < a<mn{r,f} <1, 1 < p < o0,
Q € LY(S™1) and Q satisfies L'-3-Dini condition and the cancellation
condition.

(iii) 0 >0, 1 < p < o0 and —n/p < a < 0. Moreover, suppose
Q e LY (8" ) and satisfies L' -Dini condition.

Then there exists C > 0 such that for any ball B = B(zo,r) and any
f € EYP satisfying pbho(f3)(zo) < +oo, it holds

1o (f3)(x) <400 and  [ug(f3)(x) — plo(f3)(xo)| < Cre fllgar

for any x € B.

Proof. For any x € B we have

|18 (f3) () — 18 (f3) (o)
<1 Qy — ) f3(y) dy
= (/r P /yx<t |y - $|n—p

~ 1/ Uy — w0) f3(y) dy | @)1/2
P ly—zo|<t ’y - ﬁUo‘”_p t

</Oo(i/ ’Q(y_x)f?)(y)‘dy)Q @)1/2
r to Jly—z|<t ‘y — x‘nfa t
|y*IQ|>t
|Q(y - xo)fg(y)| dy)Q @)1/2
t

* /1
i </r (t_" /yx|><tt y— 0|7

> 2 1/2
" </ e >\dy) %)

IN

|

ly—ol
1 / Qy—=z)  Qy — o)
t27 i ly—al"=r |y — @ r

ol<t
=: Il(I)‘l—IQ(.%‘)—f—Ig( )

(i) In this case, £ = BMO (1 < p < o), and the norms are equivalent.
Take a positive constant 7 with 0 <n < ¢’ — 1. For y € (4B)¢, |y — z| < t,
x € B, we have t > |y — xo| — |z — xg| > 3r. Noting this, we get by Holder’s
inequality, Lemma 1.3 and Lemma 1.1

1Q(y —2)f3(y)| dy

ly—=z|<t —x|no
ly—zo|>t v |

< < / 2y — @)1 dy >1/q ( / @)l dy)l/q
N max{3r,t—r}<|y—z|<t |y - Jj’(nia)q*(nJﬂ?)q/ql R™ ‘y - x’nJrn
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t 1/q
< HQHLq(snl)</ . }s(””)‘”q ‘(”“’)q+”—1ds> 11 lBvor—"
max{3r,t—r

< Ol gasns) I lonior™/4 ¥/ sg0/d =1/,

Thus, we have, noting /¢’ —1/q=(n—(¢' —1))/¢’ <0,

00 1/2
Il(rr)SCHfHBMor‘”/q'“/q< / t%/q’—”q—ldt) < Ollf 3o
3

T

Similarly, we have the same estimate for Is(x).
As for I3(x), we have by Minkowski’s inequality and Holder’s inequality

L e )|f<n<jmxyﬂmqp%qfﬂdy

ly —z["=F |y —xo|"P
<c Qy—=2)  QUy—=0) | [f3)
ly—xo|>4r ly — x0|°

el e Ty ol
_i/ Ay—=z) Ay — o)
=2 20r<|y—wo|<29t1r

e e Ty ol
(/2]r<|y zo|<2i+1y

Qy—z)  Qy—=0)
q 1/q'
" </ sl dy) '
2ir<|y—zo|<2it1lr ’y - wO’q g

=P Ty =zl
Now, since @ = 0 and f € BMO, we see easily

1 /
< 1 O dy> .
‘2J+IB’ 2ir<|y—mo|<2i+1r ‘y - xo‘q 7

, 1/¢
! ( = |f(y) — faB|? d?/>

[f3(v)]

ly — x0|”

q 1/q
dy>

Mg

<
T (27)7 \|27F1B| Jyitip

|l fllBMmO . Go—jo
SCW < O fllBmor™727775.

Hence, using Lemma 1.2, we get

- lz—zg|
n T — X 20r W, 5)
Z /q (HQHLq(Snl) ’ 2j7a ’ + /x—xo q(g d5>

:2 2J+1,

X || fllmmo2 777 (27
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lz—zq]

- i Tr o wel(0
=2 Paae

L wg(6
< vt (I92zsisrsy + [ <571+ Do) ao).

Summing up the estimates for I1(x), Ia(x), Is(x), we obtain the desired
estimate in the case (i).

(ii) In this case, E*P = Lip,, (1 < p < 00), and the norms are equivalent.
For |y — xg| > 4r and |z — xo| < 4r, we have |y — 2| < |y — x| + |z —
xo| + |xo — 2| < |y — | + 5r, and hence we have |f3(y)| < |f(y) — fap| <
529 flluip, (ly — z|* +r). Also, |y — x| <t and |y — x¢| >t > r implies
t—r <|y—mzo|—|zo— x| < |r—y| <t. So, for I} we have using Lemma 1.3

* /1 Qy — 2)|(|ly — = 4+ r*) dy \*dt 1/2
1) 2l ([ (3 [, Bt )ty ot

ly—z0|>t

© /1 [t (8% r¥)snLds A
< 1oy I, ([ (3 [ EHEE YD)

< CHQHLl(Sn*l)”fHLipa (/ (t‘f( toto=l 4 popgo— )) 7)
< O g g1y 1 f llLip, 7

Similarly, we can get the same estimate for Is(x).
As for I3(x), we see easily as before that |f3(y)| < C| f||Lip,t* for
ly —z| <t, |y —xo| <tandt>r. Using Lemma 1.2 we have

Qy—=z)  Qy—m0)

Tty i= [ |t~ i () dy
ly—zo|<t
Qly —x Qy —x
< Cll i, [ woz)  SHy-m)
47‘<|y—;to|<2t |y_$| |y_$0|
[logy 2]
Qy — =z Qy — =
< Cl i, Z N b-o)  M=n)
2kr<|y—zo|<2ktir ‘y—.ﬁ‘ ‘y—.f()‘
[10g2;]+1 /(2%7)

T s 5)
< Ol fIlip. t° ok yyn= Q 1 pgn1)— / il d5>
<Clflum,t® 3 @0 (e

[1032%]4'1 92—k w (5)
. «a o o—1)k o—PB)k 1
e SR (T R A X)L
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To continue estimating J(r,t), we treat the following four cases.
(a) o > 1. Since o > 1, we see that

3 e+

]+1(2(a1)k N 2(07@]{) . C((E)U_l N (E)a—ﬂ)’

T T

[log,

k=2
and hence we have
J(r,t) < C||fllLip, (rt7 o7t 4 pPpoto=hy,
Thus, noting a < 8 < 1, we have

00 - . dt 1/2
(a) < O, ([~ 02022 4 2028 T < O,

r

(b) o0 = 1. In this case, we have

a,.o t t\o—8 lw )

< Ol i, 1 (1o £+ (£)7).

Thus, noting a < 8 < 1, we have

00 N r 20 t r\ 28\ dt 1/2
@) <l ([ 22((5) v 1+ (5)7)F)

< C|fluip.. Tl 25+# ds
= Lipq, | \520-2a+1 0825 T 95 50T

= C|IflLip, ™

1/2

(¢) 0 < B <o < 1. In this case, we have

o o t\o=B [Lw(s
T(r,t) < C||fllLip,t°r <||Q||L1(5n_1)+<;> /0 ﬁig) d5>.

Thus, noting o < 8 < o, we have

I3(z) < C||f|lLip, </roo t2a((%>2" n G)?ﬂ) %>1/2

<C of [~ ! : d v
< Ol flluip, 7 ) (820—2a+1 +52,@—2a+1) o

= C| flluip, -
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(d)0<o<pB<1ando < 1. In this case, we have

o o Loy (6
J(r,t) < O fllLip, t*r <||Q||L1(Sn_1) + i 5L(rﬂ) d5>.

Thus, noting o < o, we have

1e) < s, ([~ (5) 7Y

00 1 1/2
< Olhin, ([ gz ds) = €l

Summing up the estimates for I1(x), Ia(x), Is(x), we obtain the desired
estimate in the case (ii).

(iii) Take a positive constant n with 0 < n < p—1. For y € (4B)¢,
ly —x| <t,x € B, we have t > |y — x¢| — |z — zo| > 3r. Noting this, we get
by Holder’s inequality, Lemma 1.3 and Lemma 1.1

/ Qy — ) f3(y)| dy
ly—z|<t ly — z|r—o

ly—zo| >t
< ( / 2y — )l dy )”p ( / Fs(y >|pdy)1/p
N max{3rt—r}<|y—z|<t ]y - %’("7U)p/7(n+n)p//p |y - $|n+77
t 1/p'
< 1900 5 | s o=t 501 ) s
max{3r,t—r}

< CHQ”LP/(Sn—l) ||f|’ga,pro‘*n/Prl/P/tﬁ/Pfl/p/Jro.

Thus, we have, noting n/p—1/p' = (n—(p—1))/p <0,

L(z) < C|[f||gpron/r+1/e </
3

T

1/2
t277/P*2/p -1 dt> < CHnga,p’l”a.

Similarly, we have the same estimate for Is(x).
As for I3(z), we have by Minkowski’s inequality and Holder’s inequality
Qy—z)  Qy—m0)

00 ar \?
I < _ —-— d
3(37) > /]R" ‘y_x‘n_p ‘y xO‘n o ’f ( )’(/r Xy xo<tt20+1) Y

<C Qy—x)  Qy—=z0) | |f5(y)l
ly—zo|>4r| Y — 2["7P |y — 20| P ||y — 207
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_i/ Qy—=z)  Qy—=) | |fs(v)]
= Jvrsly—aol<aitir|ly — 2P0y — @0l TP [y — 2ol
<i</ s dy)l/p
- j=2 \J2Ir<|y—zo|<2tir ly — " |y —xo|"P

P 1/p
" (/ |f3(y)] de> '
2ir<|y—zo|<2itir |y - $0|p

Now, since a < 0 and f € £YP, we see easily

( 1 mmw@fp
|23+IB| 2ir<|y—zo|<2itir |y — zo[P”

1/p
»1 ( »1 ‘f(y)_f4B‘pdy>

(2r)7 \[ZF1B] Jaivip
< C”f”ga,pTaiogijU.

IN

Hence, using Lemma 1.2, we get

i n/p HQ” ’.CL‘ — I’O’ + 2]'920‘ wp/(5) ds
LP(S"=1) " oj, lz—ag| 1)

- oL,

X || fllgaw2r =0 27y

lz—zq|

N 0 . 20r W /(5)
< Cr ||f”ga,p Z(HQ”LP/(Snl)Q J —|—/sz . p5 —d(5>

7j=2 2j+1,

Lo (6
< vl lens (I + [ 52 a5).
0

Summing up the estimates for I;(x), I2(z), I3(z), we obtain the desired
estimate in the case (iii). 0

Next, we prepare three lemmas for the proofs of Theorems 4, 5, and 6.
As for pf . (f2) we have

LEMMA 2.4. Let p=o0+it witho >0 and 7 € R.

(a) Let max{l,niza} < p < 400 and —n/p < a < 0. Moreover,
Q € LPo(S™ 1Y) for py = min{p,2}. Then, for any f € E“P, any ball
B = B(zg,r) and any v € R"

o 12)(@) < CIO g g 7l
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(b) Let 1 < p < oo, a =0 and Q € LIS 1) for some q¢ > 1. Then,
for any f € EYP, any ball B = B(xg,r) and any x € R"

115 00 (f2) () < ClIQ Lagsn—1)lI f g

() Let 1 <p < o0, 0 <a<l1,and Q€ LY(S" ). Then, for any
fe&YP, any ball B = B(xg,r) and any z € R"

1S 00 (f2) () < ClIQ[ L1 (5m—1)[| fllgewr.

Since one can prove this lemma more easily than the corresponding
lemma, for ;i\ (f2)(x), we omit the proof of this lemma.

LEMMA 2.5. Let Q € LY(S"™ 1), p € C. Then, for any f € L{ (R"),
for any ball B = B(xg,7) and any x € B

Qu—y)f3(y)
MSO Us)lz (/ /u z|<t| t? /y u<t  |u—y|mr a

Proof. For |z — x| < r,ju—z| <t <rand|u—yl <t <r we
have |zg — y| < |zo — x| + |z — u| + |u — y| < 3r, and hence the integration
domain with respect to y has no intersection with the support of fs in the
expression of g (f3). So, we have uf (f3) = 0 for z € B. 0

2dudt\'?
tn+1 o

LEMMA 2.6. Suppose one of the following five conditions is satisfied:

(i) o>0,a=0,1<p<oco. Moreover, Q € L4(S" ) for some ¢ > 1
and satisfies the cancellation condition.

(i) 0 >0,0<B<1,0<a<min{l/2, min{B,0}}, and 1 < p < co.
Moreover, Q2 € LY(S™™1) and satisfies the cancellation condition.

(iii) 0 >0,0< <1,1/2 <a<min{f,0}, and 1 < p < co. More-
over, Q € L'(S™1) and satisfies L'-3-Dini condition and the cancellation
condition.

(iv) max{l,%} <p<+oo, —n/p < a <0, and ¢ > —a. More-
over, € LPo(S™ 1) and satisfies the cancellation condition, where py =
max{2,p}.

(v)1<p<oo, —n/p<a<0,and o >n/2. Moreover, Q € L?(S" 1)

and satisfies L?-log 3 Dini condition for some (3 > 1 and the cancellation
condition.
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Then there ezists C > 0 such that for any ball B = B(xo,r) and any
f € EXP satisfying ugy’oo(fg)(a:o) < 400, it holds

1o oo(f3)(x) < +o0 and  |pG (fs)(x) — 1§ o (f3)(x0)| < CT||fllger
for any x € B, where f3(x) = (f(x) — faB)X@uB)e--

Since one can prove this lemma more easily than the corresponding
lemma for 4\ (f3)(x), we omit the proof of this lemma.
Finally, we prepare six lemmas for the proofs of Theorems 7, 8, and 9.

LEMMA 2.7. Letp=o+ir (0 >0, 7 €R), and A > 1.
(a) Let max{l,niga} < p < 400 and —n/p < a < 0. Moreover,
Q € LPo(S™ ) for pg = min{p,2}. Then, for any f € EP, any ball
B = B(xg,r) and any z € R"

B (F2)(@) < CIIR g g1y s

(b) Let 1 < p < 00, a =0 and Q € LI(S™ 1) for some ¢ > 1. Then,
for any f € EYP, any ball B = B(xg,r) and any x € R"

oo (f2) (@) < CllQ|Lasn-1) [ fllear-

() Let 1 <p<oo,0<a<l,and Q€ LY(S" Y. Then, for any
fe&EYP any ball B = B(xg,r) and any x € R"

3o (f2)(x) < ClIQI L (sm1) | fllgawr®.

Proof. Proof of (a).
(i) The case 0 < o < n and max{l,ni—ga} < p < 4o00o. Since the

support of fy is contained in 4B = {|y — xg| < 4r} we see easily

/r<|y—u|§t (’U—y’)ff’) y‘

1w — y) P xan )Up/ (/ 1/p
< / T X4B g, F) — fasl? dy
( r<ly—ul<t Ju—yP'n=o) ly—zo| <dr

/

min{t,|lu—=zo|+4r} , L 1/p
s0||numf<sn—1>(/ s ds) PP g

max{r,|lu—zo|—4r}

/ / 1/ /
< CI9 gy (rmass{n= =W = ot =) e e,

LP6 (Snfl)
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In the last inequality, we use the fact: LPo(S"~') c L' (8™ 1) by pf > p
and |||, (S" 1y < C’||QHLP0 S" 1y In the case n — (n —o)p’ — 1 > 0, we

have max{t"~ (=2 _l,r”_(” op'=1y — ¢gn=(n=o)'~1 "and hence

(/TOO/” t%/r<yu|<t$ Y

+n 1
< C”QHLP/(S"—l | £llganr®™ e ¥’

\u—x\ —An dy, dt 1/2
n ) e 2n(l= )+ 241

1/2
a+ﬂ+i/ 0 dt
< Cl gy | flleerr2 e (/r g2n(l= )+l

< C’I”QHQHLI%(S”_I) ”f”ga,p.

|u — |\~ dudt 1/2
t ) n+1

(1+

And in the case n — (n — o)p’ — 1 < 0, we have max{t"*(”*")p/*l,

/ !
pn—(n—o)p = rr=(=o)P' =1 and hence

L L, e

L _(n—g)-2
< C”Q||Lp/(5n—1)Hf||ga,p?” P ro pp ( ) P
S ]y e de \Y?
. r n( + t ) n 20+1
oo 0 gt 1/2
< C”QHLP,(Snfl)Hf”ga,pr + (/T tQUT)

< Ol g vy |l

|u — x|\~ dudt 1/2
t ) n+1

(1+

Jun

So, we need only to show

I_</ /n t/’/y ul<r (|u— !)T{QE))dy

< CrQ g gy Il

(1+

|lu — x|\ —Andudt 1/2
t ) tn+l

Since p > +2 , we have

2(%—0)_<1_n20<1_%)> _2;(;—2(;)@_71—21—”20) > 0.
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So, we take pg = min{2, p} and choose a real number a so that

1 1
n where — + — =1.

n
mndl, —s>a>1— —-—,
{ 2(n—0)} (n—o)py po P

Then, noting 0 < (n — 0)(1 — a)p{, < n we have by Holder’s inequality

/ym Hu—y)hy) dy‘

lu — y["=P

<</“ 2 — )| dy >”%(/’ _Jﬁ4@E2@_>”m
< y—ul<r U — y’(n—a)(l—a)p() ly—ul<r lu — y|(n70')apo

2 —(n—o)(1—a Po 1/po
<ol o ></| AR
Y

/ T
LPo(Sn—1) —ul<r |u _ y’(nfa)apo

Hence by Minkowski’s inequality (2/po > 1) and by using 2a(n — o) < n
we get

—(n—0o)(1—a)

1190 sy < C17%

t An
> Tay) du\Po/? 2/po 1/2
X M o) P dy ot

r 4B \J|y—u|<r |u — yIQ(”—")a $20+n+1

. 00 2/po 1/2
Tf(nfo')(lfa) n_(n_a)a dt
< CrPo T2 ( ) </ <AB‘f(y)_f4B’pO dy) t2a+n+1>

N4 (p— n
T (n U)ra—’—POHnga,poTiUf% < CT‘aHf”ga,p.

(ii) The case o0 > n. In this case we see easily

[ 9@;g2£@d4gtvn/ 9(u — y) | faly) dy
ly—ul <t vt

|u — y|"=r

1/p 1/p
o—n B o B )
<o (f el i) ([ 1)~ sl)

< G IR g gyl
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Using this, we get

i (F2) (@) /I Loty gy 1 fllger)
7 1/2
a+n/ n+ |U - $| An duy dit
([ L) s
— 2|\~ du dt 1/2
< a+n/p ’u I” ot
=Cr (/ (/n<1+ ) 2n(- 1)

1
< Crotn/p rin(k?) < Cr*.

Proof of (b). In this case, E*P = BMO (1 < p < 00), and the norms are
equivalent. Choose a positive number gg such that ¢y < g and (n—o)gp < n.
Then, using the Holder inequality, the increasingness of s~ ("=9)% and the
decreasingness of s~1, we have

Qu —y)faly) dy‘

lu —y|"=r

r<|y—u|<t

Q= y)|*xap , | PN
= (/r<|yu|<t |u — y|(n=0)40 dy /|f2(y)| o dy

min{t,|lu—xo|+4r} 1/q0 )
< CHQHLqO(Snl)(/ g~ (n=0)go+n—1 ds> HfHBMO?”n/qO

max{r,|u—zo|—4r}

, min{t,|u—xo|+4r} 1/q0
< C||| oo (5m-1y || f [lBrnaor™ D ¢/ 0= (n=0) (/ st ds)

max{r,|lu—zo|—4r}

< Cl|Q| oo (sn1) | f Imaaor™ %o /0= 0=0) (8. =1 a0

< CJQ| pagsn—) |1 f [Braor™ % ¢77/%.,

Hence

(LI Ly S ol

< C”QHL‘Z(S"—l)HfHBMOT n/40

o lu — [\ A du oy g dt 1/2
X(/T (/n(1+ t ) )t t

< ClIl gagsn—) 1 fllsneor™ 4 r=/% < CQ|agsn1llf BMO-

lu — 2| —/\ndudt>1/2
(1+557)
t n+1
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Further,

‘/y ul<r Iu—y|)7{2(p) y‘

Q(u — y)|9 1/q0 / 1/d,
= (/ - | |@f - yﬁya?ff dy) ( [ 1% dy)
y—u|<r

< C)|Q pao(gn-1yr || fllBror™ 9

< Ol agsn-—)ll fllBMOT.
Hence,

Qu—-y)faly) ,
(/ /n P /y ul<r lu — ]HQp
< Ol pagsn—ll flIBMOTT </roo </Rn (1 n \ugx\>/\n%>t_2a%)1/2

< C1|9Q La(sn—1)ll flIBMO-

(1 N lu — x’>)\nctigit>l/2

This completes the proof of (b).

Proof of (c). In the case 0 < o < 1, we have £*P = Lip,, (1 <p < o0),
and the norms are equivalent. And we have as before |fa2(y)| < C|| f|Lip, 7
for y € 4B. Choose a positive number v such that v < min{1,0}. Then,
as in the proof of (b), we have

/ Qu—y)fa(y) dy'
r<ly—u|<t ’u - y’n—p

Q(u —
<Clflp,re [ e mhan g,

r<|ly—u|<t ’u - y’n 7
min{¢,|lu—zo|+4r}

< CHfHLipara||Q||L1(Sn—1)/ S*(nfa)+nfl ds

max{r,|u—zo|—4r}
min{t,lu—xo|+4r}
S CHfHLlpara”QuLl(Sn1)to-’Y/ S’Yil ds

max{r,|lu—xo|—4r}

< Ol g sn-1) I f luip, v 7777

The rest of the proof proceeds in the same line as in the proof of (b). We
omit the details. []

As for 1) (f2), we need
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LEMMA 2.8. Let1 < p < oo. Let Q € LY(S"1), p = o+ it (0 >
0,7€R), A\>1and —n/p < a < 1. Then, for any f € LL _(R™), any ball
B = B(xg,r) and any x € B

130,00 (f2)(@) = 0

Proof. For |y —xo| < 4r, |y —u| <t < r and |z — x| < r, we have
lu—z| < |u—y|+|y—z0|+|xo—2x| < 6r, and hence the integration u-domain
of the above integral is empty. 0

Next we investigate py"(f3).

LEMMA 2.9. Let p=o+it (0 >0, 7 € R).

(a) Let max{1, %} < p < oo, pp = min{2,p}, and Q € LP'(S71).
Suppose A > max{1,2/p} and —n/p < a < 0. Then, for any f € E*P, for
any ball B = B(xo,r) and any x € B

M)\o f3

-(f / =l

< CTO[|’QHLI>6(S7L—1) ”f”gaw.

( t )Andudt 1/2
t+|u—x)/

(b) Let 1 <p<oo,a=0,\>1, and Q € LI(S"Y) for some ¢ > 1.
Then, for any f € E¥P, for any ball B = B(xo,r) and any x € B

H(fs)(@) < CreQlgagsny | fllees-

() Let 1 <p<oo,0<a<1, A>1+2a/n, and Q € L1(S"1).
Then, for any f € E*P, for any ball B = B(xo,r) and any x € B

i) ) < CreQl sl fllges-

Proof. Proof of (a).
(i) The case 0 < ¢ < n and max{1, ni’éa} < p < +oo. Take pp and a

as in the proof of Lemma 2.7. Then, by Holder’s inequality we have

/ Qu — y)ff(y) dy
y—ul<t  |u—y["?
< ( / [2(u — y)irb dy )1/% ( / P dy )/
= \Jy-ujze [u — y| o) ly—ul<t [u — y|(m=o)apo

fn
<CNQ o, £/ (n=0)(1=0) sl dy T
LPo(sn—1) ly—u|<t ‘u _ y’(nfo')apo
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Hence using Minkowski’s inequality (2/po > 1) and then noting |u — x| >

ly — zo| — |y —u| — |x0—x|> iy —xol+7) for lu—y| <t <7, |y —a0| > 4r
and |zg — x| < r, we have

BB @190 o

<[ (L) i)

n—o a g—n— 1/2
—( Y(1—a)—2 1dt>

tP

/ /pO
X\y u|<t Po 2
( (4B)C Rn |U y| (n ) (t ))\n ‘ 3( )’ d

1/2

tp —2(n—0o)(l—a)—20—n— ldt

" Xjy- u\<tdu PR fsydy NP
S C 2 An/2
o \Jupye \UJrn [u— y|2(n=2) (r + |y — wo|)porn/

n+2% —2(n—o)(1—a)—20—n— 1/2
,\+ —2(n—0)(1—a)—2 1dt>

Xt

< C</T </ ‘f(y) — f4B’pO dy )2/p0tn—2(n—a)a
- 0 \Jupye (r+ |y — xo|)porn/2

An—i—i—g —2(n—o)(l—a)—20—n—1 dt)1/2

Xt

T An4+2r _9(n—o)—20—1 1/2 _ (PO _{yn
SC(/t"% (=) ”dQ P 0 | g
0

$On+2t—2m) 4 An
Or? AT T f o < Or| fllges.

1

2n by
We have used here An — Sy > 0, a < (5 -

)n and Lemma 1.1.

(ii) The case o > n. In this case, we take pg = min{2,p} and a = 0.
Then the reasoning in the step (i) still works.

Proof of (b). In this case, E*P = BMO (1 < p < o0), and the norms
are equivalent.

If jlu—z| <2r, |x —x] <rand |u—y| <t <r, wehave |y — zo| <
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|zo — x| + | — u| + |u — y| < 4r, and hence

,u)\o (/ /|u z|>2r| TP /y u|<t (’U—yf)ggf() )dy‘

><< t )/\ndudt 1/2
t+u—az|/ trtl '

Now choose the smallest integer jo satisfying 270t > |u — x| + 4r so that
B(u,2°t) D 4B. Choose also the smallest integer j; satisfying B(xq, 2/t +2r)
D B(u,2°t). Notice that jo > j1. Then, we get

Jo
Bty — FaBl D B0 — el + 1 Buaion — F(re2i+2n)]
=1

Ji
+ Z ’fB(aco,25+1r) - fB(acO,2j+2r)’

Jj=1

. . u — xg| + 4r
< Clia-+ 1+ (G + D) lasio < Clflvio 1+ tog =222,

Choose positive numbers v and ¢ such that 2v < An—nand 1 < ¢y < ¢, and
(n—o0)go < n. Then, noting 1+logw <1+Clog ‘utx‘ < C('u x')
for |u — x| > 2r > 2t, we have

[ duuuo,)
ly—u|<t |’LL - ’n P
O(u — q0 (] 1/q0 , 1/q}
< (/ %) </ |f(y) = faBl™XaB)e dy>
y—ul<t [ — Y| qo ly—u|<t
o—n+-- / 1
< st ™5 { [ Saen i)
y—u|<t

1/qg
+ [ fBut) — fB] </ d?/) }
ly—u|<t

) If lexio-

|u — x|
t

< CII pagsnnt

Therefore

£ \AMn=2v du dt\ "/
) tn+1

KB (f3)(@) < Ol pagsnas uanMo( I

u— :v\>27‘ u - I”
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" n—2 1 du 1/2
< Cllagsm o ([ P2t /| )

u—x|>2r ‘u - w‘)\n tl
< Cl|Q La(sn—1)llf IBMmo-

Proof of (¢). Since 0 < o < 1, £*P = Lip, (1 < p < o0), and the
norms are equivalent. For y € (4B)¢, x € B, z € 4B and u € R", we have
ly—z| < ly—a|+|z—z0|+|z0—2| < [y—2|+5r and |y—z| = |y—zo|—|zo—2| =
4r —r = 3r, and hence |y — 2| < 8|y — 2| < B(ly — u| + [u — ).

Thus, we have

< _ _
1501 < g7 [ 1) = 11z < Ol (=l + )™

Qu—y)f3(y)
d
‘/y u|<t |u_y’n r Y

Q%= 9)[(ly —ul + Ju— 2])°
< Cl iy, | -
ly—u|<t |’LL y|

t
SCHQ”Ll(S"—l)HfHLipa/O (s 4 |u—z)*s" ds

< Cll Lr(sn—n 1 fllip, (¢ + |u = 2[)*°

and hence

Thus, noting An — 2a > n and a > 0 we have

r t M dy dt \V?
*,0 < . 2a
i@ <o [([ e u-s) (mu_x,) )
T An—2a 1/2
0 1+ |“ ad tn

=< C?"“HQHLl(sH)HfHLipa-

O

LEMMA 2.10. Let 1 < p < oco. Let Q € LY(S" V), p =0 +ir (0 >
0,7 €R), A\>1, and 0 < a < 1. Then, for any f € E*P, for any ball
B = B(xg,r) and any v € B

100 (f3) (@) < CrofQ pa(sn—1) | fllewr-
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Proof. In this case, E*P = Lip, (1 < p < o0), and the norms are
equivalent. So, for y € (4B)° we have |f3(y)| = [f(y) — faB| < [f(y) -
f(@o)l + 1f(wo) = fasl < [flluip, (ly — 20l* + %) < Cl[fl|Lip, [y — zol*.
For |z —xo| < r, lu—y| <t <rand |u—z| < 8r, we have |y — zg| <
ly —u| + |u — x| + |z — x| < 10r, and for |z —zo| <7, [u —y| <t <r and

€ (4B)¢ we have |u —z| > |y — 20| — |u — y| — |20 — 2| > F|ly — zo| > 2r.
Hence we have

HAoo(f:S
Ly 20— plly —ol” , P
ly—u|<t lu —y|n—e 4

([ /
2r<|u— x|<8r dr<|y—=0|<10r
t \Mdudt\Y?
(%) tT) £ i,

r 1 Oy — a
o[t 22
0 2r<|u7x|§8rt ly—u|<t |u_y|

X[ flLip,,

r 1/2
< C (/0 T2a7)\nr"t)\nfn*1 dt> ||Q||L1(5n—1) Hf”Lipa

< Cr|Q| pr sy 1 f llLip,, -

t)\n —An dudt >1/2

tn+1

a

LEMMA 2.11. Suppose one of the following five conditions is satisfied:

(i)oe>0,A>1,a=0,1<p<oo. Moreover, Q€ LI(S"™1) for some
q > 1 and satisfies the cancellation condition.

(i) 0 >0,0<8<1,0<a<min{l/2, min{f,0}}, 1 < p < oo, and
A > 1. Moreover, Q € L'(S"™ 1) and satisfies the cancellation condition.

(iii) o >0,0< B <1,1/2 <a < min{f,0}, 1 <p < o0, and
A > 1+ 2a/n. Moreover, Q € L1(S™1) and satisfies L'-3-Dini condition
and the cancellation condition.

(iv) max{l,nilga} <p<4oo, —n/p<a<0,0>—aand X > 1.
Moreover, 2 € LPo(S"™1) and satisfies the cancellation condition, where
po = max{2,p}.

(V) 1 <p<oo, —n/p < a <0, 0 >n/2, and X > 2. Moreover,
Q€ L2(S™ ) and satisfies L?-log 3 Dini condition for some (3 > 1 and the
cancellation condition.
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Then there ezists C > 0 such that for any ball B = B(xo,r) and any
[ € EXP satisfying p\”_(f3)(wo) < 400, it holds

oo (f3)(x) < 400 and |puyE (f3)(z) — pyG (f3)(wo)| < Cro| fllews

for any x € B, where f3(z) = (f(x) — faB)X@uB)e-

Proof. Let x € B. Then, we see easily

135 (f3) (@) — 1135 (fs) (o))

(/ NI =

|lu — z| |u — o]\ =7 | dudt 1/2

(1+ t ) <1+ t ) gl

T
|u— ac0|>8r ly—u|<t ‘u_ ‘ —r

(1l ’U—JCo’)”\" dudt)'/?

t t tn+1

(] / Qu=y)fi) , I
|u— :vo\<87‘ ly—u|<t ’u_ ’n r

lu —x[\ A |u — xo|\ | dudt 1/2

<|(+=7) - ()

=: 11 + I.

(i) In this case, £%* = BMO (1 < s < 00), and the norms are equivalent.

Firstly we note that for « =0

1/8 R
([ inelda) <clflmoros (> )
Y—xo|>

This can be seen like as in Lemma 2.3. Choose gop > 1 such that g,
max{¢, 2, ﬁ} Then, since |y — zo| < |y —u| + |u — zo| <t + |u — z0|
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for |y — u| < t, we get by using the Holder inequality

/y—UISt % y‘

Q(u —y)|® 1/q0 ) 1/q}
- </| - M,%dy) ( / B dy)
y-ulst y ly—xo|<t4|u—zo|
(¢4 |u— 2o])
.

< O[] a0 (g1t | fllmmo (¢ + [u — 2o])™/ % log

By the mean value theorem, we get

|u—:1:|>—/\n ( |u — x|
1 (14 ol
‘( T L

| g ol mal (g eyt

for |u — xg| > 8 and = € B. Hence, we have

I < O] ao (sn—1) | fllBMO (/ / | 72090 (¢ + |u — zo))2"/%
u—xo|>8r

—xn—1dy dt \ />
)ty

x 1
og ;

ot al)r ) o=
r
< ‘u _ wO’) An—1+2n/q(,

scmmmyﬂwmw(

o (t+ |u— o)) |u—a:0| >d )1/2
x log? =

1/2
<cmmmmlwmm(/ g2 L +1) )

< Ol a¢sm—1) | fl[B7O-
As for Iy, since t + |u — zo| < 9t for |u — x| < 8r and t > r, we have, using

the mean value theorem,

) gy

Hence, we obtain

<C’$_x°’

o0 —on/d" .2n/q. t dudt 1/2
I < C”Q||Lq0(5”—1)||f”BMO </ / £ g2 /thl g2 th)

rJ|u—zo|<8r

< Ol pa(sn—1) | fllBMO-
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Thus, we obtain the desired estimate in the case (i).

(i) In this case, 0 < a < 1/2, and £*P = Lip,, (1 < p < o0), and the
norms are equivalent. Let z € B.

Fort > r,y € (4B)% |y —u| < t, z € 4B and u € R", we have
ly — 2| <y —ul + [u— 20| + [w0 — 2] < C(t + |u — x0|), and hence |f3(y)| <
C|| fllLip, (t + |u — zo|)*. So, we have

Ou —
/ y Qu—y)f3(y) dy‘ < O prgn-1y [ fllLip,, (E + |u — z0])*t7
y—u|<t

lu — y|"=P

We get, as in the estimate for 7 in the case (i),

neo([7f e L e

]:):—:Jco] |u — xo|\ ~A—1dudt 1/2
( t ) trtl

1+

< Ol (sn—1) | flleip, "/

X </ / \U—xo!)*M*H?a du dt )1/2
|lu— :vo\>87‘ t gnt2-2a

SCIIQHLl(sn IIfHLlpa
y ’u_x()’)—)\n—l—i—Qad_u dt \/?
t tn ) $2—2a
< CIIQHLl(sn—l)IIfHLipa re.

In the above, we have used av < 1/2.

Next, for |u — x| < 8r and t > r, we have t + |u — xzo| < 9¢, and so,
If3(y)] < O fllLip,t“. Hence, we obtain, as in the estimate for I3 in the
case (i),

I < Ol fllLip,

%0 1 Q(u — y)|te
Ay
r Ju—z0|<8r lad ly—u|<t ‘u - y’n 7

00 1/2
< Ol aggn—1) I fllLip, '/ (/ / ﬂadu_d;)
* r Ju—zo|<8r tnt

< Ol pr(sn-) 1 flLip,

% |z — 0| dudt 1/2
t n+1
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Thus, summing the estimates for I; and I, we have
1350 (f3) (@) — Y0, (f3)(@0)| < Cr| U r(gn-1y | fllgar for any = € B.

(iii) Also, in this case, £*P = Lip, (1 < p < 00), and the norms are
equivalent. Let x € B. Using the expression

/ Oz —u—y)fs(y) dyr( " )/\ndudt>1/2
|z—u—y|<t ‘J} —u- y’n—p t+ ”U,‘ tntt ’

(/ /n

we see that

135 (f3) (@) — 1132, (fs) (o))
Uz —u—y)f3ly)
( /” P \/|:E u—y|<t |I —u-— y|nfp a

_ 2 Qo —u—1y)f3(y) dy‘ (1+M) Mdudt)l/2
P |zo—u—y|<t |x0 —u—- y|”_p g+l

. ( /r°° / ! ﬁmms Qe —u—y)fs(y) dy‘ (14 1y A”M)”

[z —u—y[rr g+l
N <l Q(ac—u—y)f3(y)d 2(1+M)Mdudt 1/2
o Jgn |t Jo—u—yl<t " Jzg —u—ynr Y t fn+1
|le—u—y|>t

2

o 1 Qx —u—y) Qxo—u—1y)
- - d
! (/ Jola /||<\ —u— g o —u—ypr O
r—u—y|<

X (1 + M)‘A” du dt>1/2

t i+l
=:L1+ Lo+ Ls.
Fory € (4B)¢, z € 4B, and u € R™, we have |y—z| < |y—z+u|+|u|+|z—z| <

|y — @ +u| + |u| + 5r, and hence [f3(y)| < Cl|fl|Lip, (ly — = +u| + |u| + r)*.
Thus for L1, we have using Lemma 1.3

iy A —u—9)fsy)
tP Jlz—u—yl<t |x —u —y|?P Y

|zo—u—y|>t
_ 2@ —u—yl(ly = +u* +[u]* +7%)
< ip. 177

< O flluip, t /x u—y|<t |z —u—yn—e “

|zo—u—y|>t
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t
< Ol flluip,t 120l 1 (sn1) / ST + ul® + 1) ds
t—r

< O flluip, 190 1 sn-1yt = Trt7 =1t + [u|* + %)
< Clf lip, I L sn-1yrt =t + [ul®).

Hence we obtain

Ly < Ol flluip, 1201z (g1

1/2
2,-2/,20 2a [u[\ = dudt
(/ /n £2(82 4 | )(1+ ) e
ul\ M2 dy  dt \Y?
< i Wl ([ ([ (14570 2 )

< Cllf llip, 120l 1 (smryr

Similarly, we obtain the same estimate for Ly. We turn to the estimate

for Ls. Since {|lzg —u—y| <t Jx —u—y| <t} C{dr < |zg—u—y| <

2t} U{|zg —u—y| <4r} and {|xzg —u—y| < 4r} C {Jx —u —y| < 5r} for
T € B, we see

Iy < <// Qrz—-—u—y)  YUzo—u-—y)

n [z —u—y|"=r |zo —u—y|"7P

P [l’r<|ac0 —u—y|<2t

<l (1+1)7 *"jggt)”z
(L il ety ay|
(1B Mfﬁﬁt)m
VN R N = |

t tn+1
= L31 + L32 + L33.

X (1 + M)_A”dUdt)l/Q

In this case, we have as before | f3(y)| < C||fl|Lip, (|y — = 4 u| + |u| 4 )¢
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C|| fllLip, (t + [u])®. Hence, if o > 1, as in the proof of Lemma 2.3, we have

i/ Qx —u—y) Qxo—u—1y)
tr dr<|zo—u—y|<2t

o —u—y["=P Jwo —u—y[r
< Ol llLip,, (& + [u])* ™7

>< /
dr<|zo—u—y|<2t

< )£ lip, (¢ + WD“””(G)U_I " (E)M)

r

< Clflhan, (0 /e (54 (5)):

\fs(y)!dy‘

Qz—u—y)  Qzo—u—y)
lz—u—y["r |z —u—y[rr

dy

Thus, noting 8 > a and An > n + 2a, we have

o0 |u|\ —An+2adu 2 20N dt 1/2
L < CHfHLipa (/ </Rn (1 + T) t_” (t_2 + tQ_/@) —t1_20‘

— — 1/2
< O Fllp, (27272 4+ 12720 2) 2 < O 1, 7

The other three cases c =1,0< <o <l,and0<o<f<land o<1
are treated in the same way as in the corresponding cases in Lemma 2.3,
respectively.

As for Lz, we have as above |f3(y)| < C||f||Lip, (t + |u])*. Using this
and noting o < o and An > n + 2a, we get

& 1
L3y < C||fl|Lip, (/ / t_/’/
r JR» |zo—u—y|<4r

1 ||\ = du dt 1/2
< ( +T> gt

Q(ﬂﬁo—u—y) 2

|rg —u — y|"=r

(t + [u))* dy

[ o2 oy luly o dude)
gcufumpauﬂuﬂ(sn1)(/ /Rnt 22y fufe (14 ) AL

of [ u|\ —Ant2a dy dt 1/2
< Ui, I ([ ([ (14 50 )

< Ol i, 19| 1 (gm-1yrr= 77292 = || fl|Lip,, Q] 1 5n-1)r*.

Similarly we get the same estimate for Ls3. Summing up the estimates for
Lsi1, Lso, Lss, we obtain the desired estimate for L3. Finally summing up
the estimates for L1, Lo, L3, we get

1320 (F3)(@) = 15 (Fs) (o) < O fllip, 7™
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(iv) Using the Minkowski inequality and the cancellation property of

we see
136 (F3)(@) = 35 (f3) (o))
-y (fy) — fap) , |
(/ /n tP /y ul<t e |3)_(y(fi_p B2 dy
(1+ \u—w\)—x\n_ <1+ ‘u—l'o‘)—)\n duit)m
t t tn
Qu —y)fo(y)
(/ /n tﬂ/y ul<t lu—y ‘n2p dy‘
(o ey )
h Qu—y) () = Fon) |, |
= (/7‘ /n tlf’/w_ugt - ?‘Ju_;/‘np Blut) d?/‘
X (1+ |uza:|>/\n_ <1+@>M Cj:it>l/2

+ V203 (f2) () + 135 (f2) (20))
=:J1 + Jo.

Now, we note that for & < 0 and non-negative integer j

(/ 1f(W) = fBuy
ly—u|<t/2i

This can be seen like as in Lemma 2.3. So, choosing a non-negative number
~ satisfying n/p — o0 < v < a+ n/p, we have by Holder’s inequality

/ Qu—y)(fy) = [Buy) a
ly—u|<t

lu —y|"=P

] —_ NP 1/p' _ P 1/p
< (/ 12w — y)] / dy) (/ |f(y) = fBubl dy)
ly—u|<t ‘u - y’(n—a—w)p ly—u|<t ’u - y’]ﬂ

1F (W) = Faal? |, \'*
< Ol Lyt gy 7T ( / L dy
190l (-1, > PSR o v

S e 1 1/p
< CHQ”LP’(Sn—l)t A ( 7 )PW / < |f(y) - fB(u,t) |p dy>
y—U_g

j=0 (2]+1

1/p n
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S CHQHLP’(Snfl)Hnga,th+a.

Hence, as in the proof of I; in the case (i)

T |u — xo|\ ~An—1dudt
J1 < CIU ;0 an— o t2a_<1 )
1 ” ||Lp (5 I)Hng ’ <\/r ‘/U_£E0|>87’ t * t tnt+l

+/°°/ 2SQOév”dudt)l/Q
r J|u—zo|<8r tgntl

o |lu — x|\ —An—1du dt
< sy llens (v [ [ (14 B2

00 da \?
—I—r/r Crnitn—2a+2>

< CHQHLPI(Snfl)Hnga,P’f'a.
As for Jy, we have by Lemma 2.7 (a)

J2 < C||Q”Lp6(Sn—1)||f”£a’pra-

Thus, we have the desired estimate in this case (iv).

(v) We use the expression in (iii), and estimate L, Lo, L3. For |z —
u—y| <tand |y — x| > 4r, wesee t + |u| > |z —u—y|+ |ul > |z —
yl > |zo — y| — |zo — 2| > 3|y — 2|. Choose n > 0 such that 0 < n <
min{1/2,A\/2—n,o0—n/2}. Then, by the Minkowski inequality, Lemma 1.3
(noting 0 —n/2 > 0) and Lemma 1.1 we have

RGN === )

( t >2n+277 du dt>1/2

t+ |u| L
</ </°°/ \Q(:Jc—u—y)\2< ¢ )2n+2n du dt >1/2
T e \Ur Sicrclpmu—yl<t [T —u = y2720 Ny — x| gnt2otl
% | f3()| dy

. > Qa—u—y)? dudt " |fs0)]
> — 2 — o|2n—20 $20—n—2n+1 _ n+mn Y
R \Jr Ji—r<|z—u—y|<t ‘J} u | t ‘y $0’

dt \"?_|fs(v)
20’ n—1
< C”Q||L2(Sn . / </ /t . ds t20—n— 217+1> |y _ $O|n+n
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00 it \" 1)
20—n—1 3y
< CHQHLQ(Snfl) /R" (/r rt t2a—n—2n+1) ’y _ xo‘n—f—n d

1f3(y)] a
n A U N
< C||Q”[2(Sn—1)’l” /n Y o[ dy < C||9Q| [Q(Sn—l)H flleanr®.

We have used above the fact || f|ga,17* < ||f]|ganr® for p > 1.

Similarly we have the same estimate for Lo.

Next, we estimate L3y, L3o, L33. To estimate Ls;, we choose v > 0
such that 1 < < (3, and note that for |zg — u —y| < 2t and |y — x¢| > 4r,
we have t + |u| > (Jxo —u —y| + |u[)/2 > |0 — y|/2 > 2r, and so

() <lit) " ()
t+ |ul t+ |ul (1+lo t+'u>

t 2n 2y — —2y
C(7> (1 + log —) (l—i-log M) .
ly — @o| r r

(This follows from an elementary inequality (log el Wt) / (log #) > t7/s7
for 0 <r<t<sand~y>0).
Hence, using the Minkowski inequality we get

1
Ly <C (/ oy /
R \Jr t dr<|zo—u—y|<2t

)%dudt)l“ f3(v)]
ly —

IN

IN

Qz-u-—y) Qao—u-y |

[z —u—y["P  ro—u—ylr

x 2" (1 log
+ g+l zo|" log” ly==zo| ivO\

Now, using an elementary inequality fjo ;(f—iz ds < CIOE;ZA forA>1,a,b>
0 (This can be seen by integrating by parts [b] 4 1-times if b is not an integer
and b-times if b is an integer) and Lemma 1.2, we obtain

1
o
r dr<|zo—u—y|<2t

Qz-u-—y) Qao—u-y |

[z —u—y["r |zo—u—y"P

2y du dt \ /2
2
(1o t) 70
<</ Qe—-—u—y)  Qzo—u—y) 2
B dr<|zo—u—y| ‘J} _u_y|n—p ‘xO _u_y’n—p
00 141 t\2y 1/2
X / (d+1logy)7 i ;1) dt du)
wo—u-yl/2 T
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4r<|zo—u—y|

(1+log |107Tufy| )27 1/2
_ _ 20—n du
|zo —u —y|

0
k=2 2kr<|zo—u—y|<2ktir

(1+log |107Tufy| )27 1/2
w0 —u—yPo

</2kr§:vo—u—y|<2k+17‘

1 + log [Zo=u=vl,y2y 1/2
( ) du>

[zo —u — gyl

Qz-u—y)  Qap—u-—y) |

[z —u—y["r o —u—yl"mr

Qe —u—y) Qao—u-—y) |’

lt —u—y|"P  |zg—u—y[rr

Qu—u—y) Qzp—u—y) [

AN
e

|z —u—y[" P |z —u—y["P

X

o0

Z 1+ k+1 10g2) (2k+1,r)%—(n—a)

2

|lz—zq|

r—x ke wal(6
x (|muL2<sn1>' e [ s
PRI,
00 |z—2q]
14+ k)7 1+ k 2k wa(d
< O3 (105 Ut o B [ 20 g )
k=2 ok+1,.

L wo(8
< C<”QHL2(S7L—1) —I—/O 2; )(1 + | log (5\)ﬁ d5>.

Hence, we have

o Hwl
R |y _ $O|n log’Y yr—o
<COO/ |f(y) — faBldy
B b=V 2Fr<|y—mo|<2FF+1r ly — xo|™ log” ly=zol :vo\

1
<C —_— — d
< gm | )= sl

< Cl; Tmonk oy | fllganr (2k+1r) < C(Z k:_7> | fllgepr.
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In the fourth inequality in the above, we have used the inequality

1/p
([ iswpar) <clslseorerer
ly—zo|<R

As for Lgs, we have, in the same way as in the estimate for Ly,

Loy < ( / / ( / [0 —u =) f3(v)| dy)2
n lwo—u—y|<ar  |To —u—y|""7
t 22 dudt\Y?
x (m) W)

/ (/ / (xo_“—y)P( t >2n+2n du dt )1/2
R™ |zo—u—y|<4r |$0—U—y|2"*2‘7 |y—gj0| tnt2o+1

x | f3(y)| dy

/ / / Qo —u—y)I? __dudt " _|f0)
R" lwo—u—y|<dr [T0 — u — y[?720 g2omn=20E L Jo fy — gt

4r 1/2
. dt f3(y)]
20—n—1
<l [ (7] s )

< O 2 sy | flgen ™™ < CIQ p2gsn ) | lewar®

Similarly we get the same estimate for Ls3. Summing up the estimates for
L3y, Lsa, Lss, we obtain the desired estimate for L. Finally summing up
the estimates for Ly, Lo, L3, we get

1350 (f3) (@) — 132 (f3) (o) | < Ol fllgorr.
O
LEMMA 2.12. LetA >1,1<p< 00,0 < a<min{l,(A-1)n/2+1/2},

and Q € L'(S™1). Then there exists C > 0 such that for any ball B =
B(xg,7) and any f € EP satisfying ,ui’ﬁ o (f3)(z0) < +00, it holds

“:7,g,oo(f3)($) < +oo and
30 oo (£3) (@) = 136 o (f3)(20)] < CTQ L1 (s0-1) | f |

for any x € B.
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Proof. For x € B we see easily

002 ([l L s o

x (1 4 lu — $|)_>‘”dudt>1/2

t tn+1
</ /u x\<9r

/y u|<t (|u—y|)7{3£ )dy‘

1 |lu — x|\ —Andudt 1/2
< (1 t ) )

We see by Lemma 2.10 (its variant replaced 8r by 9r) that the second term
in the right-hand side of the above inequality is bounded by Cr[|€|| 11 (gn-1)
|| f|lger. Hence, we have

Hx0,00(f3)(@) < CT QUi (snn) | fllear + 135 o0 (f3) (20)

(/ /u wo|>8r| 1P /y ul<t (\U— ’)53’(’ )dy‘

x| (1+ ’u_x’) ~(1+ ‘“_"EO’)*M

t t
= Cr|Q| L1 (sn—1) | fllear + pYG 0o (f3)(z0) + 1, say.

dudt\"?
thrl

As in the proof of Lemma 2.9 (c), we have for every 0 <t < r and u € R"
with |u — xo| > 8r

[ TR iy < 1l o+ = o)
y u

< Ol (sn—n) [ flLip,, [u — z0l*27.
By the mean value theorem, we get

(1 By ey

as—x()]( ]u—xd)*)\"*l \x—wo\t)‘”
14+ — <(U———F—.
t + t ‘u _ wo‘)\n-i-l

<C’
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Hence, we have

2
r<o( [ (1M 1l e - ol
|lu—ax0|>8r

|z — 2o[t" dudt 1/2
’u _ $0’>‘n+1 tn+1

< Ol 1 sl fllip, 7

r 1/2
% </ </ |’LL — 2a—An—1 du> t)xn—n—l dt)
0 |u—xo|>8r

< Ol pr(sn-1) [ fllLip,

Thus, we have
130 00 (3)(@) < 1035 oo (f3)(@0) + CT¥(| L1 (5n-1) || fllgar for any z € B.

Reversing the roles of u\0 . (f3)(x0) and pyf  (f3)(x), we have

1000 (f3)(0) < 13 oo (f3)(@) + CT Q| L1 (sn-1)l| flleer for any 2 € B,

and hence we have

|13,0,00 (£3) (%) = 1130 o0 (f3) (x0) | < CTQ| 1 (501 | f [l for any x € B.
O

§3. Proofs of Theorems 1-9

Now, we will prove the theorems.

Proof of Theorem 1. We follow the ideas by Kurtz [12] and Sun [20].
Let » > 0 and B = B(xg,7). Set fi = fap, fo = (f — f4B)X4B and

(
f3=(f = faB)x@p)e- Then, f = fi+ fo+ f3 and pf(f1) =
By assumption, u”(f)(z) < co. So, we have u5(f)(zo) < P (f)(zo) <

c0. Using Lemma 2.1 we have 15 (f3)(z0) < pbo (f) (o) + pho (f2)(m0) < 0.
Hence by Lemmas 2.2 and 2.3 (i) we have for z € B

1P (fs) (@) < pg(fa) (@) + pbo(f3)(x) < Crl|fllBmo + pho(fs)(x0) < 00

and

1P (f3) (@) = p(f3) (o) = |15 (f3) (%) — e (f3)(20)| < ClflIBMO-
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Using L2-boundedness of p” (Theorem B) we have ||u?(f2)|lz2 < C|lf2llr2,
and from this it follows that p”(f2)(x) < oo for almost all x € B. Thus, we
have p?(f)(z) < pP(f2)(z) + pP(f3)(z) < oo for almost all x € B. Since r
is arbitrary, we see that u”(f)(z) < oo for almost all x € R™.

Let E ={z € R"; p”(f)(z) < co}. We have only to show that for any
ball B = B(x,r) with center z¢ € F,

/B [P (f)(@) = (1 (f)) Bl de < C|B|| fllBnmo-

Set f = f1+ fo + f3 as above. Noting p”(f1) =0, and using ||u”(f2)]|r2 <
Cllf2llrz < C|B]1/2Hf||go,2 < C|B|1/2Hf||BMo and the above inequality for
w2 (f3). we have

1 0 )
71, W) — 0 (sl < [ 100) = (o)l
— % /B WP (fa + f3)(x) — P (f3) (@) + pP(f3)(x) — P (f3)(z0)| da

S’iﬁ/ | (f2)(x)| da + ]B‘/"u (f3)(x) — pP(f3)(x0)| da

1/2
= C<’B\ / ‘fQ(w)lQ dw) + C|fllgor < C|f[BMmO-

This completes the proof of Theorem 1. 0

Proof of Theorem 2. The proof is the same as that of Theorem 1. We
use Lemmas 2.1, 2.2, 2.3 (ii) and Theorem B. We note that, since {2 sat-
isfies L'-3-Dini condition, it satisfies L'-Dini condition and hence €
Llogt L(S™ 1) ¢ H'(S"1). So, we can use Theorem B. U

Proof of Theorem 3. The proof is the same as that of Theorem 1. We
use Lemmas 2.1, 2.2, 2.3 (iii), and Theorem B. 0

Proof of Theorem 4. The proof is the same as that of Theorem 1. We
use pe o and pf o, Lemmas 2.4, 2.5, 2.6 (i), and Theorem A (ii) (p = 2). []

Proof of Theorem 5. The proof is the same as that of Theorem 1. We
use (g, and pg ., Lemmas 2.4, 2.5, 2.6 (ii), (iii) and Theorem A (ii)
(p =2). In the case 1/2 < a < 1, as is noted in the proof of Theorem 2, we
see Q € Llog™ L(S™ 1), and we can apply Theorem A (ii). U
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Proof of Theorem 6. (i) Since £*P = LP(R") for a« = n/p, by Theo-
rem A we have only to treat the case n/p < a < 0. So, the proof is the
same as that of Theorem 1. We use Ng’,o and u’é,oo, Lemmas 2.4, 2.5, 2.6
(iv) and Theorem A.

(ii) The proof is the same as the above case (i). We use 2.6 (v) in place
of 2.6 (iv). Note that if 1 < p < 2, the condition o > n/2 implies niga <1,
and so we can apply Theorem A.

Proof of Theorem 7. The proof is the same as that of Theorem 1. We
use py0 and p\? | Lemmas 2.7, 2.9 (b), 2.11 (i), and Theorem A (ii) (p = 2).
0

Proof of Theorem 8. We follow the proof of Theorem 1 by modifying
it. Let » > 0 and B = B(xo,’l”). Set f1 = fap, fo = (f - f4B)X4B and
f3=(f = faB)X@p)e- Then, f = f1+ fo+ f3 and py*(f1) = 0.

(i) The case 0 < a < 1/2. By assumption, pu\”(f)(z0) < oo. So,
we have p3% (f)(z0) + 1135 o (f)(x0) < 2037 (f)(w0) < co. Using Lem-
mas 2.7 and 2.8 we have 13?7 (f3)(20) + 130 o0 (f3)(20) < 132 (f)(20) +

u§’787m(f)(xo)+u;’7&(f2)(xo)+u:’7’())700(f2)(x0) < oo. Hence by Lemmas 2.10,
2.11 and 2.12 we have for z € B

iy (fs) (@) < 130.0(f3) (@) + 135 oo (F3)(2) + 1135 (f3) (@)
< 3CT|flleer + 130 00 (f3)(@0) + 135 (f3) (w0) < 00,

and

153 (fs) () — 13 ) o)l < K3 o) @) = 3 o) o)
3 ) (2) = 13 ) w0) + [152 (F) (@) = 3 () o)
< ACT| fllgar.

Using LP-boundedness of py” (Theorem A) we have [|u\”(f2)llzr <
C||follLr, and from this it follows that py”(f2)(z) < oo for almost all
z € B. Thus, we have p\”(f)(z) < py?(f2)(x) + py’(f3)(z) < oo for
almost all € B. Since r is arbitrary, we see that p\”(f)(z) < oo for
almost all z € R™.

The rest of the proof is the same as that of Theorem 1. We omit it.

(ii) The case 1/2 < a < 1. In this case, the proof is simpler than
the case (i), and the same as that of Theorem 1. We use py and p)” |
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Lemmas 2.7, 2.9 and 2.11 (iii). As is noted in the proof of Theorem 5, we
see 2 € Llog™ L(S™!), and we can apply Theorem A (ii). This completes
the proof of Theorem 8. [

Proof of Theorem 9. (i) The proof is the same as that of Theorem 6
(1). We use py0 and p)”_, Lemmas 2.7, 2.9, 2.11 (iv), and Theorem A.

(ii) The proof is the same as the above case (i). We use 2.11 (v) in
place of 2.11 (iv). Note that if 1 < p < 2, the condition ¢ > n/2 implies

nig ~ < 1, and so we can apply Theorem A. 0
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