Approximating Lipschitz and continuous functions
by polynomials; Jackson's theorem

G. J. 0. JAMESON

Introduction

The celebrated theorem of Weierstrass, dating from 1885, states that
continuous functions can be uniformly approximated by polynomials on any
bounded, closed interval. But just how well can we approximate by
polynomials of a certain degree? Let us introduce some notation to facilitate
the discussion. For an interval I (which will usually be [-1, 1] or [L(/)’ 1)),
denote by C (/) the space of continuous functions on /, and write for
sup{|[f (x) : x e I} (the notation Hf”m is often used). Uniform convergence
of f,, to f (on I) equates to the statement that an - f“ — 0asn — oo
Denote by [1, the space of polynomials of degree not more than n. This is a
linear subspace of C (/) of dimension n + 1. We write

dist (£, 1) = inf {llr - pll : p e TL}.
Since [I, is finite-dimensional, there is a p for which the infimum is
attained, the ‘best uniform approximation’ to f in [, (we will use this fact,
but it is not really essential for our exposition). Our objective is to find
estimations of dist (f , H,,), given information about f.

We shall see that particularly pleasant answers are available for
Lipschitz functions. Recall that a function on R, or an interval I, is
‘Lipschitz’ if there exists M such that |f (x,) — f (x))] < M|x, — x| for all
X1, Xp in I: we denote the smallest such M by Lip (f). Of course, a sufficient
(but not necessary) condition is that f is differentiable, with ||f’ < M.

A neat application of the intermediate value theorem sets a clear limit to
what can be achieved. (There is a slight gain in simplicity by stating it for
n — 1 instead of n.)

Theorem 1: For each n, there is a function f, on [0, 1] such that
Lip(f,) = 1anddist(f,, [T,_1) = 4.

Proof: Define f, as follows:

G
f(£)=( )f0r0<r<n,
n 2n

so that f,(x) is alternately +5- at the points %. Define f,(x) by linear

interpolation between these points. Then f, has gradients £1 on successive
intervals of length %, so Lip (f,,) = 1.

Now suppose that p is a polynomial with Hf,, - p|| < A Thenp(;,—') is
strictly positive for r even and strictly negative for r odd. By the

Check for
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r—1r
-

intermediate value theorem, p has a zero in each interval ( ), hence at

n o n
least n zeros. So the degree of p is at least n. In other words, if p € II,_1,

then ||f, - pll > 5. Equality occurs withp = 0.

If f, is stretched to the interval [—1, 1], the same applies, but Lip ()
becomes 1.

A previous article [1] described the rate of approximation achieved by
the Bernstein polynomials B, (f) derived from a given function f: it was

shown that ”Bn(f) —fH < L;I\)/(_:).

magnitude of dist (f, H,,) for Lipschitz functions is actually O (%), as seen in
Theorem 1. This was proved in 1912 by the American mathematician
Dunham Jackson; his article [2] built on a doctoral thesis written in
Gottingen under the guidance of Edmund Landau. Here we will give an
exposition of this result, which surely deserves to be better known. We
present a clever proof devised later by P. Korovkin [3].

Jackson's theorem actually applies in the first instance to the parallel
problem of approximation to periodic functions by trigonometric
polynomials; of course this is the domain of Fourier analysis. The
connection is easily explained. We denote by C,, the space of all
continuous, 2-periodic functions on R. Of course, to specify such a function
it is enough to give the values on [, —7], necessarily with f (—-7) = f (7).
Denote by 7, the set of all trigonometric polynomials of degree n, i.e.

However, the correct order of

functions of the form aq + z (ak coskt + by sin kt).
k=1
Now given f € C[-1,1], define F € C,, by F(t) = f(cost). Note
that Lip (F) < Lip(f), since |cost, — costy| < |t — 1]. Choose P € T,
such that ||F — P|| = dist (F . Tn). Since F is an even function, we can take

P (¢t) to be of the form 2 a, cosrt, without the sine terms (replace P (¢) by

r=0
1P (1) + 1P (-1)). For each r, there is a polynomial g, of degree r such that
cosrt = g,(cost) (these are the ‘Chebyshev polynomials’, but we do not
need to know anything about them beyond their existence). Let

p(x) =Y a,q,(x): then p e TI, and p(cost) = P(t), so |If - pll = I|F - P,
r=0
hence dist (f, [T,) < dist(F, T,,).

It will help to make sense of the proof of Jackson's theorem if we first outline
the simpler and better known case of modified Fourier series, as given by the
Fejér kernel. The version for Lipschitz functions is both simple and attractive;
surprisingly, it is not mentioned in many books. The method then adapts easily to
continuous functions, using the concept of ‘modulus of continuity’. Similar steps,
but with some extra work, serve to establish Jackson's theorem.
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A final twist is that we can apply Jackson's theorem to deduce
estimations of the rate of convergence of actual Fourier series, showing that
for Lipschitz functions it is similar to the rate for the Fejér kernel. This also
would seem to be not very well known.

The modulus of continuity

This notion will enable us to adapt the results for Lipschitz functions to
the class of all continuous functions.

The modulus of continuity of a function f on an interval [ is the function
wy (0) defined for 0 > 0 by

0 (0) = sup{lf (x2) ~ f ()| : 2,2 € Land]e — x| < 0}
Uniform continuity of f on / equates to the statement that w;(0) — 0 as
0 — 0% Clearly, if Lip(f) = M, then w;(d) < M. If F(t) = f(cost),

then wr(d) < w; (). As an example, if f(x) = [x|*, where 0 < a < 1,
then one can show that w; (0) = 6%

For points further apart, we can estimate V () - f (x1)| as follows.

Lemma 1: For all x;, x, in I, we have

1
If (o) = f x| < ﬁh—xJ+1wﬂm.

Proof: We may assume that x, > x;. Let x, — x; = (k + 0)0, where k is
an integer and 0 < 6 < 1, and let y, = x; + ro for each r. Then

IF o) = fOr-nl < 0p(0) for 1< r <k, and [f (x) = f () < @y (0).
So [f(xz) - f(x1)| < (k + 1)wy (). The statement follows.

The Dirichlet kernel and generalisations

We need some basic notions from Fourier analysis; details can be seen
in many books. For any integrable 2m-periodic function, the Fourier
coefficients are

|ty 1 7
a,(f) = —j f(t) cosntdt,  b,(f) = —j £ (t) sinnt dt.
T Y -n T
We define the function S, (f) (or S,f) by

n

(S) () = ao() + Y, (ax(f) coskx + by (f) sinkx). (1)

k=1
This is the nth partial sum of the Fourier series for f. Clearly S, is a linear
operator mapping C», to T,,, with S,,(f) = f forf e T,: in other words, it is
a projection onto T,,.
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Substituting for a, (f) and b, (f), we see that

(S,£) (x) = i | ;f(r)dr + %kz? | ;f(t)(coskx coskt + sinkx sin kt)dt

1 g
= 5| fOD. -1, )

where D,, is the Dirichlet kernel
D,(t) =} + ) coskt. (3)
k=1

Note that D, (—t) = D, (¢). From (3) it is clear that 1 ff,,Dn (1) = 1. Using
the identity sin (k + 1)z — sin(k — 1)z = 2 cosks sin iz, we find that for
t # 2km,

sin(n + )¢

D, = “)

2 sin 4z
Identity (2) says that S, (f) = f * D,, where the convolution [ * g is
defined for 27-periodic functions by

1 T
(f = g = —_[ fHgk - tdr.
JU ¥ -1

By substituting x — = u and equating the integrals on -z, x — 7] and
[7, x + 7], we see that f « g = g = f for 2z-periodic functions, so we
have equally

1 T
() () = @ * N = J_ﬂf(x — 0D, dt. (5)
From now on we will use the notation D,, * f rather than S, (f).

We now describe a weighted version of this construction. Given non-
negative numbers py ,, let

R() =4+ 3 o coskr (6)
k=1

In the same way as for D,,, we have

(R s f) = Sao(f) + Y, penla(f) coskx + b (f) sinkx).  (7)

k=1

In general, these expressions are no longer partial sums of a series, and
R, = f does not equal f for f € T,: for example, if f(x) = coskx, then
(R, * f)(x) = pyn coskx. Because of the constant term 4, we still have

LT R = 1, (8)
JT ¥ -m

and hence for all x,
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1 g
R+f0) -f@ =] [fa-0-f@lR©Od O

This identity will be the starting point for all our approximation theorems.

Note also that if R, (f) > 0 for all ¢, then (8) implies that ||R, = || < |||l
forallf € C,,.

The Fejér operator

An important special case of the above is the Fejér kernel K, (t) defined
forn > 1by

1
K, = —(Do + D+ ... + Dn—l)
n

(also Ky = Dy = ). This equates to taking oz, = 1 — % in (6). Of course,
this operator actually maps into 7}, _ . Using (4) and the identity
sin?} (k + 1)t — sin? 3kt = sin(k + 1)z sin 3z,

one can show that
(10)

for t # 2km. Also K,(0) = in, so K,(¢t) = 0 for all t. This positivity
allows some estimations that do not work for D,. It has been gained at the
cost of not preserving elements of 7}, _ ;.

We now estimate ||(K,, * f) — ||, first for Lipschitz functions. We apply
formula (9), with R, = K,,. If Lip(f) = M, then |f (x — t) — f (x)| < M | ¢ |. Since
K,(t) = 0, we have

= 1) - £l < f e[ K, (1)t

So we need an estimation of this mtegral. We shall derive one from an
estimate of JZ)’ tD, (t)dt.

Lemma 2: Foreachn > 1,

j:tD,,(t)dr < (1)

S =

Proof: Integrating by parts, we find
7 —% fork odd,
'[0 t cosktdt = (12)

0 fork even.

So, using (3) and picking out the odd terms, we have

n 7 n 2
J.O tDy,_1(t)dt = '[0 tD,, (t)dt = g‘lm
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Denote these integrals by J,,. Since Z 2k 17 = %,

In = zl(Zk— 12

It is easily checked that
2 1 1
< )
2k — 1)? 2k — 2 2k
so by cancellation J, < 3. The statement (both for n even and n odd)
follows.

1 4
—, SO thatf tD, (t)dt >
2n + 1 0 n+
Recall that D, (¢) has positive and negative values: this is not an estimation
of_[ t|D, (1) dt.

Conversely, it is clear that J, >

Write H,, for the harmonic sum 2 Of course, logn < H, < logn + 1.
=17

Lemma 3: Foralln > 1,

n 2L
[ lk.@ar < =, (13)
- n
where
]_[2
Ly = Hyy+ (14)

Proof: This follows at once from (11)and K, = 1(} + D, + ... D,_,).

So we have completed the proof of the following estimation for Lipschitz
functions:

Theorem 2:If f € C,,and Lip(f) = M, then
L,
(&, = ) - 7l < 2m=. (15)
nit

Very few books that I have seen include an explicit statement of
Theorem 2. One that does is [4, p. 49], where it is attributed to Bernstein.

The same reasoning serves to show that the estimate (15) is essentially
optimal:

Example 1. Let f (x) = |x|on [, —x]. Then Lip (f) = 1, and by (9) again,

1 p7
(Ko = ) = £© = — [ 1K, ® ar.
J Y-
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By the remark following Lemma 2, with the term Dy, = } separated out,

7 1 1 H,
— + -+ ... + >
4 3 n+1 n

x 1
[k, > =
0 n

bl

hence (K, * f)(0) — f(0) > 2H”.
nit

With minimal further work, the notion of modulus of continuity enables
us to adapt the reasoning to continuous functions.

Theorem 3: For all f € C,,, with L, as in (14), we have

Ik, = £) - £]| < 3wf(f;—;). (16)

Proof. Again we apply (9) and (13), using Lemma 1 to estimate
[f x = ) = £ (x)|. For anyé > 0,

t
||+1

2L,
(K, #£)0) — f ()] < wf«s) I K, (r)dt < w_,-(é)(% " 1).
Taking & = L,/ (nm), we obtain (16).

This implies uniform convergence of K, * f to f, since a)f(Ln/ nm) = 0
asn —> oo,

Other choices of O deliver variants of (16). For example, the choice
0 = Lgives

2L,
= ) = 7l < o () + 1),
In some cases this gives a stronger bound than (16). However, it does not
imply uniform convergence, because there are continuous functions for
which L,,a)f( ) does not tend to 0.

Note: The more usual proof of uniform convergence for the Fejér operator,
seen in many books, separates the interval [0, 6] and uses (10). With the
notion of wy(d) incorporated, the method leads to an estimate of the
following type, clearly weaker than (16):

6, =) =71 < o) + S5l

Jackson's theorem

We now present Korovkin's method for Jackson's theorem, roughly
following [5, p. 17-24]. Let R, (¢) be as in (6), with p;, to be chosen. We
start with some Lemmas.

n.Z

Lemma 4: We have 1* < ?(1 — cost)forf| < &
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Proof: It is clearly sufficient to prove this for 0 < ¢ < m. By concavity of
the sine function, sins > 2t for 0 < ¢ < 3§, hence ¢ < m sins for
0 <t <mSo

< a7t sin’lr = a2 (1 = cosi).

Lemma 5: If R,(t) > O for all ¢, then

1 7 4
= < —=/1 - pig
- [ R @yar V1= P

Proof: By the Cauchy-Schwarz inequality for integrals, with (8), we have
1 12

ij R (r)ar < (; j;tan (t)dt)m(% fiRn(t)dt)
[ ma]

Recall that f,ﬂT cos’tdt = m and J:, cost cosktdt = 0 for k > 1 and
k = 0. By this, (8) and Lemma 4,

! Jm PR ()dr < T J‘n (1 — cost)R,(t)dt
J Y- 2

2 n
4 T o7 4 T
-z _ = costdr — = .n COSt cos ktdt
2 4 LT > k; J:HPA,

2

T
= = (1 = pu)-
2( pl,n)

The challenge is to choose the p;, in a way that makes R,(#) non-
negative. One way to ensure this is as follows. For any real ¢, (0 < r < n),

n n
irt —irt
Y e[S e
r=0 r=0
n
2
Z ¢, and
r=0

n—k
Pkn = 2 zcrcr+k (k > 1)
r=0

= 0.

n
This equates to 2 Pin cos kt, where pg,
k=0

n
We require po, = 3, hence c; = 1. We will describe Korovkin's
r=0
ingenious choice of c,.
We note in passing that the choice ¢, = c for all r, with (n + e = i,
gives oy, = 1 — p— 1,the Fejér kernel K, , ;.
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Lemma 6: Write =0, Letc, = csin(r + 1)0, for 0 < r < n,

n +

n
with ¢ chosen so that z = 1. Then p;, = cosf,.

r=0
n-1
Proof: Note that p;, = 2 CcCrpq. Write d, = sin(r + 1)0,, and
r=0
n—1
S = d.d, .1, so that ¢, = cd, and p;, = 2¢3S. Since d, .1 = 0, we
r=0

have also S = 2 d,d, ;. Also, substituting s for » + 1 and adding a zero
r=0

term d_,do, we have S = Y d,_1d,. So

s=0
28 = Y d(dioy + dyn).
r=0

Since sin (a + b) + sin(a — b) = 2 sina cosb, we have
d,_1 +d.,1 = sinrf, + sin(r + 2)8, = 2d, cosb,,

hence

S = cosé, idf
r=0

n n
. 2 2 2
Since Z ¢ =c Z d; = },wehavep,, = 2c¢’S = cos@,.
r=0 r=0

We are now ready to state Jackson's theorem for Lipschitz functions.

Theorem 4: With R, defined in this way, if f € C,, and Lip(f) = M, then

2
) = ol < 5 a7)
Proof: By (9),
I 1) = Al < 2 7 R 0y
With ¢, defined as in Lemma 6, we have
1 = pip=1-cos—— = 2sin’—— < 27 (18)

n S .
n+2 2n+4  (2n + 4y

The statement follows, by Lemma 5.

We have actually established the bound Mz sin ( d )
2n + 4

https://doi.org/10.1017/mag.2023.58 Published online by Cambridge University Press


https://doi.org/10.1017/mag.2023.58

282 THE MATHEMATICAL GAZETTE
The version for continuous functions is as follows.

Theorem 5: For all f € C,,, we have

(&, = r) - 7ll < wa(n i 2), (19)
where C = 17’ + 1 (soC < 6).
Proof: By (9) and Lemma 1, for any 6 > 0,
&« - sl < 22" (U4 1R war
By Lemma 5 and (18), we have
IR, = 1) - 7ll < wf«»(ﬁ 1)

Taking 0 = 1/(n + 2), we obtain (19).

Of course, dist(f, T,) < ”(Rn % f) - f” As explained in the
Introduction, the estimations in Theorems 4 and 5 translate without change
to the corresponding problem for ordinary polynomials, thereby achieving
our original objective:

Theorem 6: If f is Lipschitz on [~1,1] with Lip (f) = M, then

Mn?

dist (£, T1,) < .
ist(f, 1) < 5=

(20)

If f is continuous on [—1, 1], then, with C as in Theorem 5,

dist (f, IT,) < wa( iz)
n

While Theorem 6 assures us of the existence of a polynomial
approximating to f as stated, of course it does not deliver anything like an
actual expression for it (in contrast to interpolating and Bernstein
polynomials).

Do stronger conditions on f imply closer approximation by
polynomials? We show that this is indeed the case, in two stages, both using
Theorem 6.

Theorem 7. If f is differentiable and n > 2, then

dist (£, I1,) < dist (f, T, ,).

7T
2n + 4

Proof: Let dist (f, TI,_,) = p. Take p,_; in IT,_, with |[* = p._:l| = p.
Let p, be an indefinite integral of p, _: then p, € Il,and p,” = p,_;. Then
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Lip(f - p,) < I - p,

”f_pn - Qn” <

This proves the result, since p, + g, € II,.

= p. So by (20), there exists g, € II, satisfying
p*
2n + 4

Theorem 8: If f is differentiable and Lip(f) < M, (in particular, if
77l < Ma, then
M2ﬂ4

dist (f, I1,) < Y

Proof: By (20) again,
M2.7T2

dist (7. 11, ,) < .
ist (f )<

The statement follows, by Theorem 7.
Of course, the reasoning can be repeated for higher derivatives.

The Dirichlet kernel: convergence of ordinary Fourier series
There is no future in trying to copy Theorem 2 for the Dirichlet kernel

because J.n |tD, (#)| dt does not tend to zero as n — o. But instead, we can
deduce convergence results for D, from Theorems 4 and 5, as follows. Write
L[ D, @lde = A, Then by (5), [|D, * fIl < allfll for ail f in Cyn.
Since R, * f € T,,wehaveD, = (R, * f) = R, * f, so

(D # ) = R s Al < Dy = = R DIl < allf = R =PI

hence
(D, = 1) = £ll < Dy £) = Ry = A + Ry 5 ) = £l
< (8, + DR, =) -7l

The estimation of A, is quite well known and can be seen in various
books, e.g. [6, p. 212-213]. So we state a version of it here without proof:

Lemma 7: We have

4
—H, + 3.
nz

A, <
So we can deduce at once:
Theorem 9:If f € C,,and Lip(f) = M, then

2M
D, = 1) - £ll < ==

(H, + 7). (22)
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In particular, D,, * f — f uniformly on R.

Forallf € C,,, with C as in Theorem 5, we have

[ <) =71l < ac (%2« 1)

Explicit statements of the estimations in Theorem 9 are not easy to find
in the literature. The traditional proof of uniform convergence for Lipschitz
functions uses some form of the Riemann-Lebesgue lemma applied to (4). A
version can be seen in [7, Theorem 2.5]. Careful scrutiny shows that this

method delivers an estimate of the form || D, -f || L1p -

Comparing (22) with (15), we see that for Lipschltz functlons, the
Dirichlet kernel delivers a rate of convergence similar to the one for the Fejér
kernel. However, in contrast to the Fejér kernel, uniform convergence does
not follow from (23), because H,w(1/(n + 2)) may fail to converge to O (note
the subtle difference between (23) and (16)). Indeed, it has been known for a
long time that there are functions f in C,, for which D, % f does not even
converge pointwise to f: see [7, section 2.5] or [8, p. 161-162].

Example 2: Recall from Example 1 that for f(x) = |x|, we have

||(K,, % f) = f || > % We show that, despite what we have just been

saying, this is a case where D, * f converges more rapidly than K,, * f. By
(12) and the original definition (1), we have

w4 cos(2k — l)x
kz‘l 2k — 1)*

Since (D, * f)(x) converges to f (x), we deduce that

(DZn—l *f)(x) = (DZn *f)(x)

4 i cos(2k — l)x
T (k- 1)

S0, estimating as in the proof of Lemma 2, we have for all x

(D2n *f)(X) -f) =

4 & 1 2 1
(D, # f)(x) — )| < ;kzg,ﬂm < ;Jn < -

Finally, in defence of D,, it should be mentioned that there are other
respects in which the operator S, (f) = D, * f is both natural and optimal.
First, it can be shown that among all projections of C,, onto T, it has the
distinction of being the one with least norm. Secondly, consider the Hilbert
space L, [-z, 7], in which the norm is now defined by

x 12
bl = (5 [ rera

In this space, the functions cos k¢ and sin k¢ form an orthogonal basis of 7.
By standard Hilbert space theory, S, is the orthogonal projection onto 7,
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and S, (f) is therefore the best approximation to f in 7, measured by this
norm.
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Farewell to 259
What a strange heading! Is 259 vanishing? Is 259 in any way special?

Some brief research tells us that 259 = 7 x 37 so it is one of the infinitely
many numbers to carry the label of ‘semiprime’. A little bit more digging
produces 259 = 6° + 6! + 62 + 6° so it is also a bearer of the label ‘repdigit’
(in base 6).

But 259 has extra significance for the MA, as its address for the last
49 (= 7%) years has been 259 London Road, Leicester. However the time has
come to move. From now on, the MA address will be:

The Mathematical Association.
Charnwood Building, Holywell Park,
Loughborough University Science and Enterprise Park,
Leicestershire LE11 3AQ
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