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WHITEHEAD PRODUCTS IN THE COMPLEX
STIEFEL MANIFOLDS

by YASUKUNI FURUKAWA
(Received 5th January 1982)

1. Introduction

The complex Stiefel manifold W, ,, where n=k=1, is a space whose points are
k-frames in C". By using the formula of McCarty [4], we will make the calculations of
the Whitehead products in the groups n, (W, ,). The case of real and quaternionic will be
treated by Nomura and Furukawa [7]. The product [[#],j,1] appears as generator of
the isotropy group of the identity map of Stiefel manifolds. In this note we use freely the
results of the 2-components of the homotopy groups of real and complex Stiefel
manifolds such as Paechter [8], Hoo-Mahowald [1], Nomura [5], Sigrist [9] and
Nomura-Furukawa [6].

2. Preliminaries

We identify W, , with SU(n)/SU(n—k) in the usual way, and consider the boundary
homomorphism A:7, . (W, ,)on(SU(n—k)) in the homotopy sequence of a fibration
SU(n)—» W, . A homomorphism Pj is defined by requiring that the diagram

r+1(W © ———"nrnn 2k+1(SZ" 2"“)

\ J

n(SU(n—k))

commutes where J, is given by the McCarty product [4], J.(y)=<y,12n-2x+1 for
yen(SU(n—k)). Since the inclusion j,_,:S*""2**'>W, . is SU(n—k)-equivariant, we
have

Lemma 1. Let aewn, (W, Then we have [aji_1lan-2641]1= tjx-1Pil@)=
+ji - EJiA(o), where i: SU(n—k)— R, _ 5, is the map into the group of rotations.
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Proof. By McCarty [4], we have
Lot ji—1t2n-26+1]= £ A0 fyo112p- 241D
= k1A% 12,3441
=+ ji-1Pi(®)
= Fji-1JA)
= +j,_,EJiA(0).
The following diagram commutes;

i Dak+i-1
Ty 1(Vzn,2k)_’ 7Tr+1(V2n+1,2k+z) nr+1(V2n+l.2k+l- )

S*T \I‘JZk-H £l \P2k+l—-1

s 1(Wad) M toms o ——————|— W2 5
nr(SU(n_k))—’nr(RZn—Zk) ‘nr(RZn—2k+l) (11)

where s, i, and h are the inclusions and p,,,,_, is the projection. Denote by s, a cross

section of a fibration W,,,ki» $2»~ 1 if it exists and [y] an element of the group =, (W, )

such that g.[y]=y for an element yen,(S*"~'). For the real Stiefel fibration

Vz,,,k—el—»SZ"“, we use the same notations. For m<2k, there is the commutative

diagram;

s
Ty I(VI/n,k) —* Tt 1(V2n, 2

o I

T+ 1(s2n—l)an+ 1(V2n,m)' (12)m

Let Ay y:7, 4 (W, - 1= (S*""2**1) denote the boundary homomorphism in the
homotopy sequence of a fibration §2"~2k+1 i1

the following :

W, :— W, -, For A,_,, we have

Lemma 2. (i) Let aen/ (S*"~2). Then A, (Ee)=0 for n even, A,(Ea)=1,,_ s for n odd.

(ii) Let n be even, then A,j.Ea=n,,_sa for aen 4, A,5,Ey=+b,(vy,_s+a,)y for
2n—-2
yem2"2,

(iii) Let n be odd, then A,j.Eax=0 for aen? %, A{jin,7} = —a(v+a,)ymod a,(2v

+o,)y, where a,=(12,(n—3)/2), b,=(12,n/2).
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3. Whitehead products in = (W ) for n odd

For the homotopy groups of W,,, see [6] and [9]. Let n be odd. The group
Tan—1(W, 2)=Z is generated by [2:] with q,.[21]=2u.

Theorem 3. We have [[21],j,15,-3]=0.

Proof. Let k=2, I=1 and r=2n—2 in (1.1). Since the group my,— ;(Vap+1,5)=2Z4 is
generated by i,v, we have p,n,,_ (V2,44 5)=0. This implies

[[2].j112,-31= i1 EJIAL2]
= 1 j1Papaiss,[21]
=0.
The 2-component of the group n,, (W, ,) is Z; generated by [v].

Theorem 4. We have [[v].jilz,—3]= £jEP4[vV]#0 for n=1mod4, and O for
n=3mod4.

Proof. Let k=2, I=4 and r=2n+1 in (1.1). The group 7,,+(Vana)=Z,+Z; is

generated by i;v? and [v], so we may set s, [v]=[v] modi;v? by (1.2),. By Lemma 1, we
have )

(V] j1t2a-3]= £j1P7p7ias,[V]

= 1 j,EP,[V]
= 1j P3[v].
Consider the commutative diagram
_ E
w1l — ]
RSN
Nan-3+ Nan-2 Nan—2e
I S
"4:—2_—E_’7f4:—1

If n=3mod 4, we have

— gk —_ _—
ENgn32PaSat2n 1 =020 2P4Sal2n+1=PsSaNsns 1 =EPsssn

for  Pusqiyni€m3®Z2. This  shows that 75, 3.P4S4l2041 =PsSslansy,  SINCE
E:n2"~3—n2"-2 is the monomorphism. Since i,[v] =i,55n we have

P3[vyn-11=PsssNaa+1 €ImageA,.
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Therefore [[v],j,12,-31=0.

If n=1mod4, we have 0#[v,1,,_,]=E3P,[v] and H,P,[v]=v? by [3]. This shows
EP,[v]¢ImageE> The unstable parts Zg+Z,, of the group n2"-% which is generated
by P,s4t and [v,1,,_,] vanish by n%,_,, since Hs[15,43, 13,431 =i154% implies P,s,n=0.
Therefore the unstable element P,[v] does not lie in #,,_3.n2"-2=1Image A,. This
shows that

[[v}jit2n—3l= £ ji1 P3[v]#0.

The 2-components of the group =,,.s(W, ,) is Z,+ Zg generated by [v]v? and [ne].

Theorem 5. We have [[nel,ji13,-3]= +4j,Ps[c] for n=1mod4 and n=27mod 64,
[[nel,j1t2,-3]1=0 otherwise.

Proof. Let k=2, I=5 and r=2n+7 in (1.1). The group m,,,5(Vana)=Z,+2Z, is
generated by [v]v? and [#e], so we may set s,[ne]=[ne] in (1.2),. By the result of the
groups My, 4+8(Va,+5,) for k=8 and 9, we have the following:

[[wel, jit2n-31= £ 4j1Pssso for n=3mod 4,
[[7el,j112.-3]= +4jPs[o] for n=1mod 4.
If n=3mod4, except n=27mod 64, the relations

H12P112n+9=li7850' (/1=0, 1, 2,4)

lead to [[7¢],/112n-3]=0.

4. Whitehead products inn (W ) for n even

Let n be even. The group n,,_ (W, 3)=Z is generated by [(12/b,)1].
Theorem 6. The nontrivial Whitehead product [[(12/b,)1],j,12,—5] is equal to
1j2P3[N3a-3] for n=2mod4, +j,Pu[n,,_,] for n=4mod8, +j,Psssiy,—y for n=0

mod 8, respectively.

Proof. Let k=3, /=1 and r=2n-2 in (1.1). In (1.2), the group n,,_ (Van6)=Zg+Z
is generated by i,[n] and [2:] (or sgt,,-, for n=0 mod 4), so we may set

5. [(12/b,)11=(6/b,)[21]mod 4i,[n] for n=2mod4,
5.[(12/b,)1]=(12/b)sg12,—, mod 4i,[#] for n=0mod4.

If n=2mod4, the relations E?P;[n3,_3]1=[n%12,-31=E®P,[n%], H,P;[n*]=¢2,-10
and 2i,[n]=—2i,[21]=i3[n*] in n,,_,(Van+1,¢) imply that Ps;[#?] is the unstable
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element 2P,[n]=—2P4[2i] of the group n3%"3=G,,_,+Zg, where Zg is generated by
P.[%] (cf. [10]). Thus ,

[[(12/b)1], jat2n—s]= £ j2PePeii2[21]
= 1 j,P3[n*1mod j,2P,[#*] =0,

since 2P;[n*]eImA,.
Now the unstable parts Z,+Z, of the group n3*~% (cf. [10]) are generated by
Py5,M3,-3 and [n%,12,—4]. So we have

’12n—5‘ni::"}¢ Ps[ﬂz]

because of 7;,_5:P85:M2n—3=Po[nIn*=2P5[n*]. Hence P;[n*]}¢ImageA,. Thus
J2P3[n*1#0.
For the case n=4mod8, the relations E3P,[n,,_,]1=[7,13,-2]=E"Pg[n] and

H,Pg[n]=no show that the element P,[n] is the unstable element 2Psssi,,_, of the
2n-5

group nat 3=G,,_,+Z,s where Z,¢ is generated by Psssi,, 4 (cf. [10]). So
N2n—seTan—3 9 Paln]

SINCE 773, 5+P 252120 -3= P3[n1n* =8Psss15,_ 1.
An argument similar to the above one shows that +b,v,,_sn25-2% P,[n]. Therefore
we may conclude that

[E(12/b,)1, 212051 = L j2PePsii 2561
= 1 j,PePsiz[n]
= 1j2P4n]
#0mod4j,P,[n]=0,

since 715, sm3n-334P,[n].
If n=0mod 8, the relations

n2n—5‘P2s2’72n—3=P2[n]’72=4p4["]=8P5s512n—1

imply PsSsiy,_y €02, ssn2"24%. Assume that Psssieb,v,,_smar_2. Then we have a

contradiction

0+ Psssn=n%,_7Pssst€nt,1b,vs, _sn3n -5 =0.
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Hence
[[(12/b,)1). 72220 5] = £ j2PePei1S6?
=+ j,PsS51
#0mod 4j,P,4[n]=0.

We know that the 2 components of the group m,,(W, ) is Z,+Zg where Z, is
generated by [#].

Theorem 7. [[#n],j,12,-5]1=0.

Proof. Let k=3, I=1 and r=2n—1 in (1.1). In the case n=0mod4, the group
Ton(Van6)=Z2+Z,+2Z,+2Z, is generated by isv?, i,[v],i,[n]n and sefz,—;, S0 we may
set

s [n]1=56M2,— 1 mod isv>.

In the following diagram, E is monomorphism

2n—4
Tan—6
*
Han— 5« 1 Nan-6
2n—S5 2n—4
Tan—-6—F > Nan-5

so the relations
Enyy-s5ePaSalan—1=Nn-6PaSal2n—1 =PaSaNon— 1 =EPsSsN2,—4
imply PS5z, 1 €M2n-seTin—¢. Thus
[[7]). j2120-51= 1 j2PePeisSeM
= 1j,Psssn
=0mod0.

If n=2mod4 the group n,,(Va,6)=2Z4+Z,+2Z, is generated by i,[v],i,[n]n and [1],
so we may set

se[n]=[n] modisv2.

Because of i [n]=HgP1lz,¢1 in 7;(V3n+1.6) the relations Ps[n,,_]=Psi;[#]=0 hold.
Therefore

[[”],jZIZn—SJ = i]2P5[7]] =0
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We know that the group 7;,4:(W, 3)=Z4,.2+Z16, Where the first component is
generated by [(2/(b,, 2))v].

Theorem 8. We have [[(2/(b,,2))v],j212,— 5] =0, where the indeterminacy is j,[0,15,_5]
when nz2mod 8.

Proof. Let k=3, I=1 and r=2n+1 in (1.1). In the case n=2mod4, the group
nz,,+2(l/'2,,,6)=Z4_+ Z,+Z, is generated by i,s,0,i3[v?] and [21]v, so we may set

5,[2v1=[21]vmod i,s,0, 2i3[v*]

by (1.2),. Since EP,[vZ,_,J=0[v%15,_41=E3P,[v*] and H,P,[v*]=v* hold, P,[v*] is
the unstable element Ps[21]v of the group n3_3. By

2n—2 3.2n—5
-*—-anZn—S‘n4n—4 B i_bnv2n-5‘E Tan—7
_ * 2n—35

= +b,vi,_ 1Man-7

3vi,-,Ps[21]

=Ps[21}v,

we have P,[v3,_,]=Ps[2i]JvelmageA,. Thus
[[(2v],j212n-s]= 1 j2Pepeis[21]vmod j, Pepeiss,o

= +j;Pepeialv’]

= 1j,P,[v*]

=0mod j,[a,15,-5]
Especially in the case n=2mod 8, we have [ag,1,,-5]=0.

Let n=0mod4. Since the 2 components of the group 7,,,,(Vane) is Z4+Z4+Zg
generated by iys,0,i5[v2] and s¢v, we have
s,[V1=se¢vmodi,s,o, 2i5[v?].
If n=4mod 8 we have
[[v].J2t2n-35]= T j2PsSsVan-1

=0mod j,[o,15,-5],
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since HgP 15,43 =i35sv implies Psssv=Pgizssv=0. If n=0mod8, n=24, the relations
igg=1i,s5v and [0, 1,5,-5]%#0 (cf. [3]) imply

0# Psssvan— 1 =[0,120_ 51 byan_ semin_3.
Hence
[[v],j2t2n-5]= £j2PsSsvan-1
=0mod j,[a,15,-5]-

Let (I m)=1/(l, m), where (I, m) is the greatest common measure of the integers | and m.
We have 1'C2,,+6(VV,,,3)=216(4:1,")+ 22(4:1,")"‘ Zz, Where Zlﬁ(4:b,,) iS generated by [0'].

Theorem 9. We have [[6],jsi2,-5]=0 for n=0, 6mod8, [[c],j,12,-5]1=
4 j,Psss0,,- 1 0 for n=4mod 8 (the indeterminacy is j,[(,1,,-5s] when n=60mod 64),
(0], j212n-51= £ j2Ps[02,-1]#0 for n=2mod8.

Proof. Let k=3, I=3 and r=2n+5 in (1.1). For the case n=0mod4, the group
Ton+6(Vane)=Zs+2Zg+Z,¢ is generated by i;[V], i;[n]o and s¢0, so we may set
s [o]=s60.

If n=0mod 8 we have

[[o],j2t2n-s1= £j2PsS502,-1
EomOdeI:C’ 12n—5]=0’

since H,,P 1,,,,=1i,550 implies Ps556,,-,=0 and [{,1,,_5]=8Pss56 =0.
If n=4mod 8, we have

(o), j212s-5]= £j2Ps5503, -1 modj5[(, 15, 5]1=0
by [{,15,-s1=8Pss56=0 (except [{,1;,-5]#0 when n=60mod 64). Since E*Pss556,,_;
=[0,15,-1] =E"Pgsgo and H,Pgsgo =0 hold, Pssso is the unstable element.
Assume that Pss50,,_ 1€ +b,v,,_ 527" 2, then we have

2n-2 _ 2n~-1
EPs5505,-1€ 1b,van-goEngy ™ “= 2 b,von—asmanti

. . L E - _ _
by the isomorphism 72"~ 2> n3";1. By the map E*: 727, {—n2";1, we have

0#[0,12,-,1] =E4P55502n— 1
€ + E(byVan—asTtins1)

_ * 2n—1
=1bvn+ 1 Man+1-
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Here the unstable part Zg of the group n27;] generated by P,[n] (cf. [10]) vanishes by
b,via+ 1, since +b,vi, 4 Paln]= £ Py(b,[n]v) and [nlvensns6(Van+3,4)=Z,+Z,. This is
a contradiction.

Similarly assume Pss50,,_; €7,,- s+72"~ 4. This leads to a contradiction as follows;

0#E7Ps[0']EE4(’12n—5'7'5‘2tr4)=’7:n+3E37ti: 4

where the group =2r;} is stable. These show Pssso,,-,¢ImageA,, therefore
J2Ps5502,-1F0.
In the case n=2mod4, the group 7,,.¢(Vane)=Zs+Z4+Z5, is generated by
i;[v],i,[n)o—4[c] and [a], so we have
s,[ol=[c]lmodi,s,(.

If n=6mod 8, we have
[[o].j2t2n-s1= £ j2Ps[62,-1]=0
because the relation H,,P,1,,, ;=i;[0] +i3sv implies
Ps[6]=—PgSgVvy,+3
-5

* 2n
€ ib"V4,,_37T4,,_3

C +b,v,y,_smin~2,

If n=2mod 8, we have
(ol j212n-s1= £ j2Ps[020-1]-
Assume Ps[c,,_ ;1€ £b,v,,_smin~ 2, then we have

EP[0,,_,]1€ +b,vy,_sEnit~?

— 2n—1
= 3b,Vn-arTin+1

by the isomorphism E:n3"~2—n2", ! Here the unstable part Z,¢ of the group n2";}
vanishes by v%, ., since

+0,E>Vn_4ePsSslans 3= 2 DV2041PsSs12n43
= +b,Psssv
= 1 b,Pgi;ssv
=1 b,PgHgP 15,44

=0.
This contradicts E*Ps[a,,.1=[0,15,-,1%#0.
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Assume that Ps[c,,_;]1€9,,-s»nir~*. Since the relations

4. 2n~4 __ _ % 3.2n—4 * 2n-1
ENgn-sTan  =NZns3E"n4n " CNins3Mansa

hold and the unstable part Z, of the group n3";} vanishes by 5%, ,; we have a

contradiction to E’Pgfo]=[0,1,,-,]1#0. Therefore Ps[o,,_,]¢ImageA,. Hence,
J2Pslo2n-11#0.

5. Whitehead products in = (W ) for n odd
Let n be odd. The group =n,,_,(W, 3)=Z is generated by {(24/a,)1].

Theorem 10. [[(24/a,)1].j;12,—5]1=0.

Proof. Let I=1, k=3 and r=2n—2 in (1.1). Since 73,-;(Van+1,7)=0 we obtain the
result.

We know the 2 components of the group n,,,,(W, 3)=Z4, 2+ Z16, Where the first
component is generated by [(2/(a,, 2))v].

Theorem 11. We have [[(2/(a,,2)V],j2120—5]1= £ j2Ps[V2a—1]#EO0mod j, [0, 13,-5],
j2P2[V2] ian3m0d4, EOInOde[aa 12n—5]’j2P2[V§n—4] lanlmOd‘i

Proof. Let /=1, k=3 and r=2n+1 in (1.1). In the case n=1mod4 the group
Tant2(Van6) =2, +Z,+Z,+Z,+ Z, is generated by isv,ise, iys,0,i3[v?] and [21]v, so we
may set

se[2v]=[21]vmod isV,ise, iys5,0,i3[v?]
in (1.2),. Thus

[[2v],j2t2n-s]1= £ j2Pepsii[21]v

=0mod j,[0, 15,-5], j2P2[V3a—a]

because of i,[2i1]v=0modigV,igt,iss,0,i[v2]. Assume that P,[v3,_,]€a,v,,_s«min_3.

Then we have the relations

M- aP2 [V 1= P,[v:In=Pe[nIn*=[e, 12,- 51 #0.

This contradicts #%,_,a,V2,_s2"-2=0. Therefore 0+ P,[v3,_,]¢ImageA,, so
joP,[v?]#0. A similar argument shows that j,[0,15,-5]#0 by n¥,_4[0,12._5]
=[n0,12,-s1#0.

In the case n=3mod4, the group n,,,,(Vane)=Z,+Z,+Z,+2Z,+Zg is generated
by isv,isE, i45,0,i3[v*] and [v], so we may set

s,[v]1=[vImodisv,ise, iss,0,i5[v*]
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in (1.2),. Since the unstable parts Z,+Z, of the group n2"-2 generated by P,s;l5,-,
and [#,1;,-,] (cf. [10]) vanish by the map a,v,,_ s+ so the unstable elements Ps[v,,- ],
P,0,,_s and P,[v3,_,] do not lie in Image A,. Thus

[[v],jat2n-51= £ j2Pepsis[V]
=+j2Ps[vyy-1]
#0mod j,[o, 12,,_5],j2P2[v2].

We know the 2 components of the group 7,4¢(W, 3)=Z16w:a)t L2, 4> Where
Z6(:a, 1s generated by [24].

Theorem 12, [[20],j,15,-5]=0.

Proof. Let I=1, k=3 and r=2n+5 in (1.1). Since 7,,,6(Van+1,7)=0, the result
follows.
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