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The solvability for a nonlinear degenerate
hyperbolic—parabolic coupled system
arising from nematic liquid crystals

Yanbo Hu

Abstract. This paper focuses on the Cauchy problem for a one-dimensional quasilinear hyperbolic—
parabolic coupled system with initial data given on a line of parabolicity. The coupled system is
derived from the Poiseuille flow of full Ericksen-Leslie model in the theory of nematic liquid
crystals, which incorporates the crystal and liquid properties of the materials. The main difficulty
comes from the degeneracy of the hyperbolic equation, which makes that the system is not
continuously differentiable and then the classical methods for the strictly hyperbolic-parabolic
coupled systems are invalid. With a choice of a suitable space for the unknown variable of the
parabolic equation, we first solve the degenerate hyperbolic problem in a partial hodograph plane
and express the smooth solution in terms of the original variables. Based on the smooth solution
of the hyperbolic equation, we then construct an iterative sequence for the unknown variable of the
parabolic equation by the fundamental solution of the heat equation. Finally, we verify the uniform
convergence of the iterative sequence in the selected function space and establish the local existence
and uniqueness of classical solutions to the degenerate coupled problem.

1 Introduction

Liquid crystals are a phase of matter intermediate between isotropic fluids and
crystalline solids, which combine typical properties of liquids (flow properties) with
those of solids (anisotropy). These multi-faceted properties make liquid crystal mate-
rials widely used in industry. Microscopically, to generate liquid crystal phase, the
molecules have to be anisotropic, for example, rod-like or disk-like, and therefore
they tend to organize themselves [11, 40]. According to the structure of the constituent
molecules or groups of molecules, liquid crystals have many forms, such as nematic,
smectic, and cholesteric. A liquid crystal is nematic if only long-range orientational
order is present (rod-like molecules tend to align in a common direction), whereas
is smectic if the order is partially positional (molecules are usually in layers). For the
cholesteric liquid crystals, the molecules are aligned parallel to a certain direction,
but this direction changes in space and makes a helix. Nematic liquid crystals are
one of the simplest and most important members of liquid crystals and have been
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extensively studied theoretically, numerically, and experimentally [8, 11, 13, 30, 40].
There are various continuum theories for nematic liquid crystals [35]; we adopt in
this paper the Ericksen-Leslie theory, which is adequate for the treatment of both
static and dynamic phenomena [34]. Macroscopically, the motion of nematic liquid
crystals can be characterized by the coupling of velocity field u for the flow and director
field n for the alignment of the rod-like feature. The governing system is the so-called
Ericksen-Leslie equations [13, 29, 30, 34], which reads that

W (W
- on J ’
11

_ (aw )
pu+VP=V-0-V-|=— ®Vn]|,
Jdvn

V-u=0, |nj=1,

where the notation f denotes the material derivative, that is, f = f; + u- V . In system
(L1), p is the density, P is the pressure, v is the inertial coefficient of n, and A is
the Lagrangian multiplier of the constraint |n| = 1. Furthermore, the function W =
W (n, Vn) is the Oseen-Franck potential energy density

1 1 1
W(n,Vn) = Ekl(v n)?+ Ekz(n~v xn)? + Ek3|n x (V xn)[%,

with elastic constants k; (i =1,2,3), and g and o are, respectively, the kinematic
transport tensor and the viscous stress tensor given by

g=y1N +y,Dn,

o= ocl(nTDn)n @n+aN®n+a3n® N + agD

+as(Dn) ® n + agn ® (Dn),

where N represents the rigid rotation part of director changing rate by fluid vorticity
and D represents the rate of strain tensor expressed as

1 1
N=n- E(Vu— viu)n, D= E(Vu+ v'u).

The material coefficients y;, y, in the expression of g and the Leslie coefficients «; (i =
1,...,6) in the expression of ¢ satisfy some specific relations and inequalities. For the
one-dimensional Poiseuille flows with the following special form [7]

(12)  n(x,t) = (sinf(x,1),0,cos 0(x,1))T, u(x,t)=(0,0,u(x,t))7,

Chen, Huang, and Liu [9] investigated the full Ericksen-Leslie equations (1.1) and
derived the following one-dimensional hyperbolic-parabolic coupled system

v0s + 910 = c(0)(c(0)0x)x — h(0)uy,
pur=a+(g(0)uy +h(0)0;),,
where a is a constant, and

c*(0) = ky cos® 0 + ks sin® 0, h(0) = a3 cos® 6 — a, sin* 6,
a5 —ay . a3 + e 04
= sin* 0+ ——2cos’ 0+ —.

(1.3)

2(0) = a; sin® 6 cos® O +
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For the derivation of (1.3), we refer the reader to the work of Chen, Huang, and Liu
[9]. By choosing appropriate parameters such that 4(6) = g(6) =landv=p=1,a=
0, y1 = 2, system (1.3) reduces to

{9” +260, - c(0)(c(0)0,)x +uy =0,

(14) ur— (uy +64), =0.

We here provide a detailed introduction to the variables in (1.4). t > 0 is the time-
independent variable, x € R is the space-independent variable, the unknown function
0(t,x) € R represents the angle between the director field n and the z-axis, and the
unknown function u(t, x) € R represents the component of flow velocity u along the
z-axis. See (1.2) for the details. The special physical significance of these unknown
variables comes from the plane shear and Poiseuille flow geometries (assuming direc-
tor stays in the x-z plane). Moreover, the first hyperbolic equation in (1.4) (and also
(1.3)) describes the “crystal” property in nematic liquid crystals since it characterizes
the propagation of the orientation waves in the director field, whereas the second
parabolic equation in (1.4) (and also (1.3)) describes the “liquid” property of the liquid
crystals.

When neglecting the fluid effect in system (1.3), it is obtained the well-known
variational wave equation

(1.5) vOit +910; = c(0)(c(8)0x)x =0,

which was introduced by Hunter and Saxton [22] and had been widely studied under
the positiveness condition of the wave speed c. See works on the singularity formations
of smooth solutions [16], on the existence of dissipative weak solutions [42, 43], and
on the well-posedness of conservative weak solutions [2-5]. One may also consult
the works of the related systems of variational wave equations in [6, 18, 44, 45]. On
the other hand, the elastic coefficients k; (i =1,2,3) may be negative in some cases
physically, for example, the bend elastic constant k3 is negative for the twist-bend
nematic liquid crystals (see, e.g., [1,12, 36]), so that the wave speed c(-) may degenerate
at some time. Moreover, the motion of long waves on a neutral dipole chain in the
continuum limit can also be described by a mixed-type equation similar to (1.5) [52].
In [38], Saxton studied the boundary blowup properties of smooth solutions to the
degenerate equation (1.5) with y; = 0 by allowing either k; or ks to be zero. In addition,
equation (1.5) with ¢(0) =6 and y, =0 is corresponded to the one-dimensional
second sound equation which describes the wave of temperature in superfluids (see
[26,27]). Under the initial assumption 8(0, x) > & > 0, they investigated the local well-
posedness and blowup of solutions to the one-dimensional second sound equation.
In [21], Hu and Wang considered the degenerate variational wave equation (1.5) and
discussed the local existence of smooth solutions near the degenerate line.

For the hyperbolic-parabolic coupled system (1.4) with a strictly positive wave
function ¢, the local existence and uniqueness of smooth solutions to its Cauchy
problem can be obtained from the classical results of the general hyperbolic—parabolic
coupled systems by Li, Yu, and Shen [31]. Moreover, the local classical solutions to
the initial-boundary value problems for the general hyperbolic—parabolic coupled
systems were presented in [32, 33, 47]. The global existence of smooth solutions for the
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initial value problems and initial-boundary value problems to a class of hyperbolic-
parabolic coupled systems were established by Zheng and Shen [48, 49, 51]. For
more relevant results about the hyperbolic-parabolic coupled systems, we refer the
reader to, for example, [17, 28, 39, 41, 50] and the references therein. Furthermore, for
system (1.4), Chen, Huang, and Liu [9] shown the cusp-type singularity formations
of smooth solutions in finite time and established the global existence of Holder
continuous weak solutions for its Cauchy problem. Recently, Chen, Liu, and Sofiani
[10] generalized the existence results to the general system (1.3). Some relevant studies
for the full Ericksen-Leslie equations (1.1) were presented among others in [23-25].
To the best of our knowledge, studies on the hyperbolic-parabolic coupled systems
with a degenerate wave speed are still very limited and there is no general theory for
these kinds of problems. Based on an estimate of the solution for the heat equation,
we [19] shown that the smooth solution of (1.4) may break down in finite time even
for an arbitrarily small initial energy under the initial condition ¢(0(0,x)) > 8 > 0.

In this paper, we are concerned with the Cauchy problem for the nonlinear
degenerate hyperbolic—parabolic coupled system (1.4) with initial data given on a line
of parabolicity. More precisely, we consider the local solvability of classical solutions to
(1.4) with the degenerate initial data ¢(6(0, x)) = 0. This type of degenerate problem
is very meaningful and interesting in both mathematical theory and physical appli-
cations. This situation corresponds physically to the case that the orientation wave in
the director field has no potential energy initially. At later times, the orientation wave
converts kinetic energy into potential energy due to the coupling effect of director
field and flow field. Exploring this issue may help us better understand the process of
energy conversion. Mathematically, the solvability of degenerate hyperbolic-parabolic
coupled systems is a fundamental problem for coupled systems. Although there have
been many results on the solvability for the strictly hyperbolic—parabolic coupled
systems and the single degenerate hyperbolic equations, they cannot be applied to
the current degenerate hyperbolic—parabolic coupled problem. In the present paper,
we need to overcome the coupling difficulty of degeneracy on variables at different
scales in terms of technology. In addition, it is also very valuable to investigate how
the unknown function of parabolic equation will be affected by the degeneracy of the
hyperbolic equation.

For the convenience of calculation, we discuss the special wave speed c(6) = 6
here, and a similar result for the general wave speed c(-) with |¢’(-)| > ¢o > 0 can be
established by the mean value theorem in the derivation process. By introducing a new
variable v(t, x)

X
(L6) v(t,x) = f u(t, z) dz,
and hence v; = u, + 6, system (1.4) can be rewritten as in terms of (6, v)

w7) { O+ 0, — 0(00,), = —vs,

V¢ = Vxx = 9[.
We study the Cauchy problem to (1.7) with the following initial data:
(1.8) 0(0,x) =0, 0,(0,x) =6o(x), v(0,x) =vo(x).
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From (1.8), the wave speed is equal to zero on the initial line, then the hyperbolic
equation in (1.7) is degenerate at t = 0. We emphasize that this degenerate Cauchy
problem is not trivial or easy, and it cannot be solved by applying the classical method
for the strictly hyperbolic—parabolic coupled systems (e.g., [31]). The main reason
is that the corresponding system is not a continuously differentiable system by the
degeneracy. Moreover, due to the coupling of hyperbolicity and parabolicity, this
degenerate Cauchy problem can also not be solved directly from the previous strategy
of studying degenerate hyperbolic equations (e.g., [20, 21, 46]) since the scales of the
hyperbolic and parabolic equations are different. In the present paper, we solve the
degenerate Cauchy problem (1.7), (1.8) by the fixed point iteration pattern in two
steps. First, we introduce a suitable function space for the variable v, and establish
the existence of classical solutions for the degenerate hyperbolic system in a partial
hodograph coordinate plane. Here, due to the regularity of variable v, the approach
of solving the current degenerate hyperbolic problem, different from the method in
previous papers [20, 21, 46], is inspired by the work done by Protter [37] for studying
the well-posedness of the Cauchy problem to the second-order linear degenerate
hyperbolic equation. We solve the quasilinear degenerate hyperbolic problem and
derive the uniform estimates of solutions near the parabolic degenerating line in the
partial hodograph plane. By transforming the smooth solution back to the original
coordinate variables, we obtain the information of variable 0 and its corresponding
estimates. Second, we use the fundamental solution of one-dimensional heat equation
to express the variable v and then establish its series of estimates based on the
information of 6. The uniform convergence of the iterative sequence generated by this
pattern is verified in the selected space for a sufficiently small time.
The main conclusion of this paper can be stated as follows.

Theorem 1.1  Suppose that the functions 0y (x) and vo(x) satisfy

Bo(x) e C, wo(x)eCH,

1. ; ;
(19) 180(x)[ 20> 0, |65 <00 (j=0,...,3), p{’| <00 (j=0,...,4),

for all x € R and some positive constant 0. Then there exists a constant § > 0 such that the
degenerate Cauchy problem (1.7), (1.8) admits a unique classical solution on [0, §] x R.

We comment that the technique developed in the paper can be applied to study the
more general hyperbolic—parabolic coupled systems, e.g., system (1.3). With a choice
of a suitable space for the unknown variable u, one can obtain the function 6 and
its properties near the degenerate line by solving the degenerate hyperbolic equation
based on almost the same process. Subsequently, we may utilize the parametrix
method [15] to construct the iterative sequence for the variable u and then show
that it is uniformly convergent in the selected function space. The detailed process
is relatively complicated and will be considered in the future.

The rest of the paper is organized as follows. In Section 2, we reformulate the
problem in terms of new dependent variables and then restate the main result.
Section 3 is devoted to solving the degenerate hyperbolic problem for a given variable
v in a suitable function space. In Section 3.1, we introduce a partial hodograph
coordinate system to transform the hyperbolic equation into a new system with a
transparent singularity-regularity structure. In Section 3.2, we construct an iterative
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sequence generated by the new problem in the partial hodograph plane. Sections
3.3 and 3.4 are devoted to, respectively, establish a series of lemmas for the iterative
sequence and show the existence and uniqueness of smooth solutions for the new
problem. The smooth solution is converted in the partial hodograph plane to that
in the original physical plane in Section 3.5. In Section 4, we explore the local
existence and uniqueness of classical solutions for the hyperbolic—parabolic coupled
problem. In Section 4.1, we present the preliminary results for the one-dimensional
heat equation. Section 4.2 is devoted to constructing an iterative sequence for the
parabolic equation and verifying that it belongs to the selected function space. In
Sections 4.3-4.5, we establish a series of properties for the iterative sequence and its
derivatives in the selected function space, including the regularity and convergence of
the iterative sequence. Finally, in Section 4.6, we complete the proof of Theorem L.1.

2 Reformulation of the problem and the main result

In this section, we reformulate the problem by introducing a series of new dependent
variables and then restate the main result in terms of these variables. We discuss the
case Bp(x) > 6 > 0; the other case 6y(x) < -6 < 0 is analogous.

To handle the term v, in the first equation of (1.7), we introduce

(2.1) R=0;,+00,+v, S=0,-00,+v.
Thus,

R+S R-S
2.2 = -V, Op=—r.
(2.2) 0, 5 Y 0 o]

In terms of variables (v, R, S, 8), system (1.7) can be written as

R+S
Vi = Vxx = -V,
2
R+S-2 R
R;-0R, = h V( -8)- il +v - 0Ovy,
23) R+§162 R
-2v
S+ 08, = (S-R) - + v+ Ovy,
460
R+S
Gt_ hl - V.
2

Corresponding to (1.8), the initial conditions of (2.3) are
(2.4) v(0,x) =vo(x), R(0,x)=8(0,x)=0p(x)+vo(x), 6(0,x)=0.

Furthermore, we introduce the following variables (¥, R, S) to homogenize the
initial data:

Z(t,x) =v(t,x) —vo(x),
(2.5) B(t,x) =R(t,x) = [0o(x) +vo(x)] + 6(t,x),
S(t,x) =S(t,x) = [0o(x) +vo(x)] + 6(t,x).
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Then one has by (2.3) and (2.4)

7(0,x) = R(0,x) = §(0,x) = 6(0,x) =0,
(2.6) (0, %) = 5:(0, %) = 0.

Here, the homogeneous initial values of (R;,S;) come from the equations of (R, S)

in (2.3) and the fact RZ—_GS| = 0|¢=0 = 0. By a direct calculation, we can obtain a new
t=0

system in terms of the variables (7, R, S, 8) as follows:

Vt_vxx:R+S—0—7+00+v(’)’,
_ — R+S—-2v+200 — ~
R, - 0R, - RES=2+200 53 (R_5)+ 00, - o7,
40
2.7) e
's}e’s}:W('sﬂﬁ)qﬁ—@-eengm
6,- 255 9 540,

For the singular Cauchy problem (2.7), (2.6), we have the following.
Theorem 2.1 Assume that the functions vo(x) and 6¢(x) satisfy (1.9) and
(2.8) 0<0<0(x)<0,

for all x € R and two positive constants 0, 0. Then there exists a constant 8 > 0 such that
the singular Cauchy problem (2.7), (2.6) has a unique classical solution on [0, 5] x R.
Moreover, the solution (V, R, S, 0)(t, x) satisfies

[V (t, x)|, 7 (£, x)| < MO(t,x), [R(t,x)|,|S(t,x)| < MO*(t,x),

2. 0
(2.9) %Qt <0(t,x) <20t

for any (t,x) € [0, 8] x R, where M and M are two positive constants.

We shall use the iteration method to show Theorem 2.1, from which and (2.5) one
establishes the existence of classical solutions for the Cauchy problem (2.3), (2.4). Then
Theorem 1.1 can be achieved by the relations in (2.1).

Here, we present the results of our choices of the constants M, M, and 8 for the
reader first, which come from the construction process in Sections 3 and 4. Denote

o - max{%|es<x>|,gugg|eg<x>|,rg$ea"<x>|},

- =
- 2 4 8 — 20y 4 80
K = max 1’7,72’73’90)70)70’70 >
4] 4] 92 02
(2.10) 06" 6 9 6 0
K = max {1, max [0, (x) +vj (x)|, max|0(x) + vy’ (x),
xeR xeR

maxyer [0 (x) + V6"'(x)|}-
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It is noted that K and K are constants depending only on 6, 8, the C* norms of 8 (x),
and the C* norms of v (x). Moreover, we choose

M =16K > 16,
— — — -_— —
(21) M, = max {32K, 12M (1+6)*,320(Cp1 +2Cs 5 + C3,0)},
~ — —~ 2~
M=3M, M= EMO’
and
~ 1 11 51 ¢
(212) 5:min ——, T — =<, —~ (> (S:min —_—, = ==
16M 16KM, M} 20 M,y 16M,y0
In (2.11), Cjg(j 21, > 0) are positive constants that make the following inequality
valid:
o/ x? =B x2
B -z T -
(2.13) |x]| o exp( 4t) < Cjpt 2 exp( 16t)’

which come from the estimates for the fundamental solution of the heat equation.

3 The degenerate hyperbolic problem

In this section, we choose a suitable function space for the variable v and then solve
the degenerate hyperbolic problem for the variables (R, S, 8) (¢, x).
Set

V(t,x) e CL, v, (t,x) e C,, ¥ (t,x) € [0,80] xR
(31)  Z(80) ={V(t,x)| [V] < Mot, [Vi| < Mot ,
|T;t| < MO’ |T;xt| < M0> |T;xx| < MO\/Z

where M, is a positive constant which will be determined in Section 4, and J, is an
arbitrary positive number which may be assumed to be 1. Let vV be any element in (1)
and denote w(t, x) = V(t, x) € C'. We consider the degenerate hyperbolic problem

:W(ﬁ-@“)-(ﬁ-ﬁweeg-ew,

R+S-2v+20,
40

R, - OR,
(3.2) S, +6S, = (S-R)+(R-S)- 00+ 0w,

R+S
Gt: i

-0-7+ 6,

with the homogeneous initial conditions

(3.3) R(0,x) = $(0,x) = 6(0,x) = R,(0,x) = $;(0,x) = 0.
For the Cauchy problem (3.2), (3.3), we have the following theorem.

Theorem 3.1 Let the conditions in Theorem 2.1 hold. Then there exists a constaiitg >0
such that the Cauchy problem (3.2), (3.3) has a unique classical solution on [0, 8] x R.
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Moreover, the solution (R, S, 0)(t, x) satisfies
~ ~ ~ 1 _
(3.4) IR(t, x)|,|S(t, x)| < MO (t, x), Egt < 0(t,x) <26t

for any (t,x) € [0,8] x R, where M is a positive constant.

We show Theorem 3.1 by transforming the problem into a partial hodograph plane
and then returning the solution to the original physical plane.

3.1 The problem in a partial hodograph plane
We introduce the new independent variables
(3.5) T=0(t,x), y=x.
It is easy to calculate the Jacobian of this transformation

o(1,y) R+S

J:= 3(t, x) =Tyx —Tx Yt = 0¢ = - T7-v+ 0,
which, together with (3.1) and (3.3), gives J|;—o = 8¢ > 8 > 0. Furthermore, it acquires
that
R+S _ R-S
(3.6) at:( ; —9—v+90)87, 0= ——0:+0,.

From system (3.2) and the relgtigns in (3.6), we can obtain a closed quasilinear
hyperbolic system in terms of (R, S, t)

X _ tp _RS. 1 (RS RF, 6 __ wty)
Re f+§RJ' =t f+s 4t f+S f+0§T s b
T r T _S-R, 1 (R-8’ _ R5_ 6 w(ty)

(37) ST + fT~S}, =57 + f+7~ a7 + f+~ f+0R TR T,
t; = —L

where f=00(y) - v(t y) — 7. Obviously, system (3.7) has a clear regularity-
singularity structure. The initial values of (R, S, t) are

(3.8) R(0,y) = 5(0,y) = t(0,y) = 0.
It is easily seen that the three eigenvalues of system (3.7) are
T T

3.9 A= A =— Ap=0.
(3:9) f+8 7 f+rR

Moreover, the three characteristics passing through a point (&, ) are defined by

dy.(r:¢n) =
(3.10) { 4 M@ tRO(@y(BEm), e gy =y,
ye(&&n) =1,
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Suppose that M is a sufficiently large positive constant determined later. We first
choose a sufficiently small positive constant §; < 1 such that

_ 2Mo\x 1
(3.11) <=6, M-& <1, (2+ 60)51329.
We use the notation %(8;) to denote the function class which incorporates all con-
tinuously vector functions F = (R, S, ) : [0,0;] x R - R? satisfying the following
properties:

(Py) : (R, S, t)(1, y) are continuous on [0, & ] x R;
(P,): (R,S,£)(0,y) =0, V ycR;

(P3) : |R(t, )|, IS(¢, y)| < M, % <t(t,y) <
forall (7,y) € [0,8,] x R.

(3.12)

If (R, S, ) is an arbitrary element in 3 (4, ), we see by (3.11) and (3.12) that

f+§:90(y)—T;’(t,y)—r+§2Q—Mof—T—|E|

(3.13) 29—1\710-?—1—1\711229—(2]:0+1+1\7[’6])rz;9

and

f+R=00(y)-¥(t,y) -7+ R< O+ Myt +1+|R|

(3.14) 59+(2];4°+1+1\71’51)rg9+;9329.

Similarly, one has

(3.15) %QS_][+§S 20
and
(3.16) %Qs R+S —T—V(t;)’)+90(y)35+%gﬁ2§.

Furthermore, we have by (3.9) and (3.13)-(3.15)

T 2
3.17 T <E
(3.17) 7 9
from which and (3.10) one achieves
f2r 2
(3.18) ly+(1:6,n) = y-(1:6,1)| < 2/0 5 dr= 552.
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3.2 The iterative sequence

For any (&,7) € [0.8;] x R, integrating the differential system (3.7) along the char-
acteristic curves y = y;(1;&, 1) (i = +,0) defined in (3.10), we utilize the boundary
conditions (3.8) to gain a system of integral equations

4. (R=8)
R(& 1) = f{ e

~A(R-8) + A8yt — Aw(t, y) 71 (1, y_(1: &, 1)) d1,
(3.19) S(& ) = fos{sz_TR +B. (R-9)*

4T

+B(R-S) - BO)7 + Bw(t, y)f}(f, y+(:&, 1)) dr,

3
(&) = [ Cry(nén) dr,

where

1 1 1
(3.20) A=——, B=——, C=

f+8 f+R R;S 1=t y) +60(y)

One can apply the integral system (3.19) to construct the iterative sequences. For
any (7,y) €[0,8;] x R, set

T

(3.21 RO (1) =50(ry) =0, ()= T,

from which we define the characteristic curves y = yfo) () = ygo) (r;€,n) (i=4+,0)
for 7€ [0, &] as

dy(o)( ) (1, O, RO, TOY (7, O (1)
(3.22) dr % 4 R

2@ =,
Thus, the functions (R®, SM, tM)(7, y) can be defined as

R<o> _ S<0) (RO _50)y2
RO f + A0
(&) = e
~AO (RO _5)y 4 A(O)G(I)T — Ay (O )1t (1, v (7)) dr,

s _R( R(0) _ $(0)32
629 | 50y - [([TRD o ED-STY
0 2t 4t

T)=1.

+BO(R® -5y _ g™ g7 4 B(O)w(t(o),y)‘r}(r y (1)) dr,

D= [ OO @) b
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where

RO o1
£O + S0’ £(©) + R()
1

- M T-7(10), ) + 60(y)

and O =0,(y)-7(¢t®,y)-7.  After  obtaining  the  functions
(R, Stk t*)(z,y), one gets the characteristic curves y= ylk) (1) =
ygk) (1:&, 1) (i = £, 0) by solving the following ODE equations:

(k)
DD 2 (13t RO50) ()0 (0),

(3.24) dr ¥ (1) = 1.
(k
»&) =,
Hence, we determine the functions (R**D, S+D (kD)) (7 ) by the following
relations:

~ & (RK) (k) (R(F) — g(k))2
R(kﬂ)(f’ ) = [o { 2T A, 4t

AW (R® _gR)y 4 AR g7 A(k)w(t(k),y)r}(r, y ¥ (1)) dr,

629 | oo SR (@950
S (En) = +B o

+BR) (R - §(k)) - B(k)t%r + B(k)w(t(k),y)r}(r, y 0 (1)) d,

3
(D) = [ eW(nP() dr,

where

AV g 1
F0 £ 50 0O 4 RK)
1

ROSG 2 5100, y) + 66(y)

and £ = 0y(y) -v(t®), y) - 7.
We next choose the constants M and & < & to verify the uniform convergence of
the sequences (R(), S0 ¢(K)) (7, y).

ck) =

3.3 Several lemmas
It first follows by the detailed expressions of A, B, C in (3.20) that
1
Az=-A%, Bz=-B’, Cz=Cs= —Ecz,

(326) 4, = 42 Ti(ty), A,=-A*0y- w(t )], Bi=B,(t,y),
-B* [0, -w(t.)], Ce=CWi(ty), Cy=Cw(ty)-06;].

oo
<
Il

https://doi.org/10.4153/50008414X23000640 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000640

The solvability for a nonlinear degenerate hyperbolic-parabolic coupled system 1835

If (R, S, ) (1, y) € 2(8,), we have by (3.13)-(3.16) and (3.26)

2
2
- aslahicablcs < (5)

[\ )
S
SRS

(3.27) e R
blabicd s (3) Fo iabimbic < (5) (1l 5 ur).

Denote 6, = max{maxeg |0y (2)|, max.cr |07 (z)|, max.cr |05’ (z)|} and

>

— 2
(3.28) K = max {1, R

which along with (3.27) give

AL, B|,|A6G], |BOG |, A5, Bzl |CRl. IG5 < K,
(3.29) |Al,|Bi|,|Ce| < KMy,  |Aw|, |Bw| < KMy,
|A,[,|Byl, |Cyl, [(ABg)yl, [(BOG), | <K(1+ Mo1).

We now choose M, M, and § satisfying

T 1 1) ~
(3.30) M=3M, M=16K, §=min{—,——,— ;<01
16M 16KM, M?
such that there hold
-~ 1 e~ 1 —~ /= 1 16
(3.31) M&<—, KMyd< = MVa<1, M < expi—t < —.
16 16 64 15

Hence, if (R, S, 1) (7, y) € £(3), one obtains

<C<

- e 1 _
> OlAd, 8[Bi|. 8IC| < —n [ Awl, [Bw| < K <

SRS

1
20
(3.32) |A|,|B|,]A6g], |BOg|, |As], |Bzl, |Cxl, |Csl < K

IN
SEEEERE

|4, [Byl, ICy 1, [(A85),, (BOG),| < 2K <

Thanks to (3.31) and (3.32), we have the following lemma.

Lemma 3.1 Let the sequences (R%), S, t(X)) be defined in (3.25). For all k > 1, the
following inequalities

(3.33)

hold in [0,8] x R
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Proof We show this lemma by the standard argument of induction. That is, we first
check that each inequality in (3.33) is true for n = 1, then assume that they all hold for
n = k and establish (3.33) for n = k + 1. _

Obviously, the functions (R(®), S(®, ¢(9))(&, ) defined in (3.21) are in £(3), then
we find by (3.32) that

O\\E\

(3.34) <c® ¢ IO IO 05|, 1w (£, y)| <

2
Q’

i =

for I = A, B. It concludes by (3.23) and (3.34) that
~ 4
RO [ fa@8ir AW, i) as
EM M, —,d(2Y
3.35 < —rdr=—8<M&N[Z].
(3.35) 0o 8 750 E;(_%)

The estimate (3.35) is also true for S(V (&, ). For the variable t( (£, 1), one arrives at

(3.36) —£<t("(€ n) = f cO(, y(‘”(r))drsg

Furthermore, applying (3.23) and (3.34) again acquires
R (&) = SU (& m)|
¢
S[O {|A(0)66|T+A(O)w(t(o),y)|r+|B(°)96|T+|B(°)w(t(0),y)|r} dr
M M, —aa(2)
337) < | —rdr=—8<MEY (Z].
(337) fo L Tdr= gt E};(3)

We combine (3.35)-(3.37) to achieve (3.33) for n =1. In addition, the functions
(RW, M MY (&, ) satisfy

(3.38) IRV )], SO (&, )| < 308 = M, £<t“’(f )< 5&

[S~JRS)

which means that (RM,SM, 1MW) (& 5) € £(3).
Suppose that all inequalities in (3.33) hold for n = k. Thus,

J
(339) RO (& )], [S (& m| < ME Y (i) <3ME = ME,

j=0

from which we see that (R%), S(), +(K)) (&, ) € £(5). Therefore, one has by (3.32)

M
(3.40) 1O, 10|, [TFw (1R, y)| < "R
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for I = A, B. In view of (3.25) and (3.40), we employ the induction assumptions to

obtain ‘ '
- i &(2) M1 2\'\?
RED (£ )| < [ LS 2 i 3
| (&) o |2 723 16 4 JZ(:) '
M — & (2Y M M
cmel Ly l+3(M5 +M75 e
16 4 256 48 =0 3
k Y k+1 ]
(3.41) <ME 1+g.z 2 =MEy 2).
3 =\3 <\ 3
j j
The above estimate (3.41) also holds for S+ (&, 5). Moreover, it is easy to find by
(3.40) that
(3.42) 5< (4D (£ = f c® (1, y{9) (1)) dr < %g.

For the term |§(k+1) (& 1) = S+ (&, )|, we proceed by using (3.25) and (3.40) again

|ﬁ(k+l) E’ 71) _ g(k+1) Ea }1)|

k(2 M o1(—& (2V)
z =2\ Mm z 3
L) )
M > ) M}dr
j=0 4
30 1\&(2)) =Lk 2)
3.43 —+ — - <M -1.
= { (s w) 5 () 5 (0)
Combining (3.41)-(3.43) ends the proof of the lemma. [ ]

By virtue of Lemma 3., the functions (R®),S0) t())(& y) are in the
space E(g) for each k > 0. Thus, the estimates in (3.32) are true for the func-
tions (R, S() ()} (k> 0). To derive the uniform convergence of the iter-
ative sequences (R, S0 (kX)) one needs the properties of the sequences

(R(k) Stk t(k))(f, n). We differentiate system (3.25) with respect to # to calculate

(k) (k) k) _ Sy k) _ (k)
Ry -5 (R SUN(R Sy7)
R(k+1) / LS NN Y 24
(&) = + 2T
A(k)(Ry) (k)) +A(k)A(k)S(k) +[A ﬁc)A(tk) —A(k)wtr]ty‘)

(k)
(EQa)  +AP AP + AW gy - Wy)T}y_an(T)(T’ 35 (7)) dr,
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where

RO _Sy
RE-ST) i )" (R® _50) 4 0 r— w(e®, ),
T

(3.44) A%k):_(A(k))Z’ AW — (4025, (1))
A = (A0 - w(t, ),

k
Agl) =

(k) _ k) R _ Uy (R _ (k)

S(k+1)(£ ,1) f SiR (k) ) (R( )—S( ))(Ry —Sy )
27

+ B(k)(ngk) _ S}(]k)) + B§11<)B(~k)§(k) +[B (k)A(k) " B(k)th]tgk)

(EQb)  +BYBYM ~BW () —w,)r } s }1(’)( 7,y (1)) dr,

where

R0 _5Uy
B _(473)+(R(k> SO) g 1+ (1D, )z,
T

(3.45) k k v,
B = (B0)2, B = ()27, (1), ),
BV = —(BM)2[6) - w(t®), )],

and
¢ ~ ~
(EQ.c) t’(1k+1)(§,1,l) = f {Cz(?k)ng) +C§k)S§k) +C£k)t§’k) +C§k)}(r’,7) dr,
0

where
1
¥ = c® - _—(c®)2,
R 5 )

(3.46)
k ~
i = (COPT (W, y), P = (WY [w(tM, y) - 6;].

0
The functions %’7(7) in (EQ.a) and (EQ.b) are

5 (k) T a/l(k)
(3.47) y (T)—exP{f a;(s»)’ik)(s))ds}’
where
(k) -

O AT AN A

(3.48) a/\(k)
_ (k)3 (k (k) ((k k
Sy RO B 5]

Due to (R, S0 +()) ¢ 5(3), for k > 1, it suggests by Lemma 3.1 and (3.27),
(3.30), and (3.32) that
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3—
140 1B < M o 2MT + (16 + [w)r

_ 2~ ~
(3.49) <4M7® + (93| + eMoa)r,
and then
M (2 2 M, M
(k) 4 (k) 72 = X 2
|A11 A»Sv |§4MT 16+(8) (|96|+6M0(S)TS TT +§T,

2
EYi 2= < 2\ -~ 2
|A§f)A(tk) —A(k)wt‘r| < {4M12 + (|6'|+ MO(S)T} . (6) Mo + §M0T
2 16Mt (2 1 -
<M0T{9 62T+( ) (|6 |+ Mo5)}s4KM0634,

2
|A(k)A(k)|<{4MT +(|eo|+ M08) }(z) (|eg|+zzr40’5)
+

<4aM7?

4O - w,) < (|e"| +M0¢5) M

(3.50)

T<

W\E\
00\2\
ME\

We obtain analogously

72 —
M 1
|Bf")B("’| M2, e 1B BX) 1+ By, 1] < "

(3.51) - _
B B < ZT, BX (67— w,)| < %
Furthermore, there also hold
(352) 1) < X o GV IsKMo, |cf) < %
and
(3.53) ‘alik) < S{M(|E(k)| + |§(k)|) +f]\//fo|t(k)| + M}
ay |~ 167 y y 3

For the sequences (ﬁ,gk) , §,(1k) , t,(7k) )(&, 17), we have the following lemma.

Lemma 3.2 For all k > 1, the following inequalities

j
IR (&) (S5 & ) <Mszz(§) :

j=0

Kk pV
19 (&, )| SMEZ(3) ,
=0
j
G50 RO ) -SW (& | <ME Y (i)
=0

hold in [0,8] x R
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Proof The proofis also based on the standard argument of induction. According to
(R, 80, 6) (& 1) €£(5),

we get by (3.53) and (3.47)

N M |oy® M M
3.55 <s-— < —sds; < — .
(3.55) ‘ 5 A o1 (1) < exp [) g Sdsp<exp|—/

One combines (EQ.a), (3.50), and (3.55) to acquire
~ ¢ (0)
ROEn|< [ 104D a0 (65 -l 25 D a
g 0 on
¢E(M M ME? — M$>
S[ {T+T}exp(s)dT§M£2-3exp( J )
0 4 8 16 16 16

J
(3.56) <M le (2) .
=0 \3

The estimate in (3.56) is also valid for the function §£,l)(f, #). For the function
t,(11) (&, 1), it concludes by (EQ.c) and (3.52) that

£ ™ (2)
(3.57) ‘t’sl)(f’rlﬂgjo‘ |C§O)|(T’”)dTSA I\S/IdTSMEZ(;) .
=0

Moreover, for the term |§,(11) (&y) - 32(11) (& n)], it is easy to check that

0 50) 2 M52 725 (2
(3.58) R (&n) =Sy (&m)| < ME - *eXP < M§ Z 5
which along with (3.56) and (3.57) give (3.54) for n = 1.
Let all the inequalities in (3.54) hold for n = k. Then
(3.59) RIS <3m,  [¢0] < 3ME.

Combining (3.53), (3.47), and (3.59) yields

(k) bV
— - — M
(3.60) oA <s9—-6Ms*+ KMy -3Ms + —
oy 16 8
and then
(k) E (M I v
9 (1)| < exp f s| — -6Ms* + KMy -3Ms + — | ds
on 0 16 8
(M —— ~ 1
(3.61) < exp {M&Z( ¢+ KMd + 16)} < MY
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Utilizing the induction assumptions, we have by (EQ.a), (3.50), and (3.61)

o S(1— k(2 M 3Mr _
IRk 1’(f,n)lsfo {ZMTJZ(:)(3) e k. 22( )

9 1 1 1 1
—+ + + +
32 32x16 32x4 4x16 8x

k j k+1 J
<M& Eeﬁ‘§7+ ieﬁg2 Z 2 £M€22 2 .
32 16 =\3 =\3

1841

The above estimate also holds for the function §,(1k+1) (& n). For the term

|§,(7k+1) (&n) - §5k+1) (&, 17)|, we can perform the process as in (3.62) to obtain

s j
(3.63) |R(k+1)(€ ’7) S(k+1)(f ;7)| <M€2{ M6 +geM52 i(;) },
j=0

which, together with the fact 15¢M% <16 by (3.31), leads to

k+ j
(3.64) R (&, ) - S50 (g, )| < E S (2) .

=0 \3

For the function t,(vkﬂ) (& 1), it follows by (EQ.c), (3.52), and the induction assump-

tions that

(M — & (2 k(2 M
(k+1) / M S22 ) V.M
t )| < My 2+ KMy- Mty d
‘11 (€ ’1)| o {16 v j0(3) X2+ KMo Tj0(3) + 8} T

(1 (M KM\ & (2
wel+ (e )Z&(s)}
1 1 k 2 ] o k+1 2 ]
(3.65) <M£{1+(24 2)};(3) }stj;(3).

We combine (3.62), (3.64), and (3.65) to complete the proof of the lemma.
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By means of Lemmas 3.1 and 3.2, one achieves the following lemma.

)
).
)

Proof ~We use again the argument of induction to verify the lemma. It is obvious to
see by the functions (R(®), §(9), #(0)) (¢, ) in (3.21) and (3.33) that the inequalities in
(3.66) are valid for n = 1. Suppose that each inequality in (3.66) holds for n < k — 1. We
shall show that they are true for n = k.

We first estimate the term |t(5*D (&, 1) = t() (& 1)|. In view of (3.25) and (3.32),
we apply the induction assumptions and the fact y&(7) = 7 to find that

Lemma 3.3 Forall k > 0, the following inequalities

RO (&, ) ~ RO (&, )| < MEZ(

W N

(3.66) [SED (& n) = S0 (& )| < ME (

[SSH S}

W

50 (&, 1) - £ (& )| < ME (

hold in [0, 8] x R.

:
|t(k“)(f,f7)—t(k)(f,ﬂ)|sfo |C®) (7,1) - C* D (2, y)| dr

: N ~ N N
< fo {C§| AR® (2, 5) =RV (7,1)| + |C5] - [SP (7, 1) = SE (2, 1)|

+|Ct|'|t(k)(T,7’])—t(k1)(T,71)|} dr
M (2 k-1 L (2 k-1
gf — . M7 X2+ —-Mt| = dr
o |16 3 168 3

Mo 1 2\ [2)\F
s (T D)) )

To derive the difference between RV (&, ) and R (&, 7), we need to first
obtain the estimate of | yEk) (1) - yEk_l)(T)|. By virtue of (3.24), it suggests that for

ref0,8], 5
A0 [ g

(368) =N = ygk b T) / W( }/(k 1)(5)) dS,

from which we see by Lemma 3.1 and (3.15) that

& T(k) T(k) T(k)
k k-
pB (@) - V)< [

£ + S0 [fD 4 5G|
(3.69) <5 f (1 + T 1+ 705 ds,
0
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where

1% =100 (9) - 0V )],
670) T = 6,y (6)) - 5D (5, , D (o),
T~ (60 (5,9 (), 50(9)) =75 D s,y 509,55 ().

For the term Tl(k), one easily finds by the mean value theorem that
(371) T < max |65 - [y (s) =y (5)] < B[y (5) -y (s)|-
For the term Tz(k), we have by Lemma 3.2 and the induction assumptions

T <[8® (5,55 (5)) - 5O (5, y 4 (s))|
+ 5O (5, 5% (5)) = SED (5, y 4D ()

k-1
— _ — 52
(3.72) < 3Msz|y£k)(s) - ygk 1)(s)| + M52(3) .
Similarly, it concludes that for the term T3(k),

15 < (18 (s, 55 ()), 75 () =719 (5,0 (), 57 (9)]
+[(t® (5, 58 ()), y 5 ()) = F(#ED (5, 5D (5)), y 5V ()]
< Mot ™ (5,1 (5)) - [y (5) -y ()]
+ Mo{[t9 (5,9 (5)) = £ (5, y 570 (5)))
|t<k>(s YD () = 18D (5, y 5D (5))])
<M |y(k)(S (k 1)(S)|

k-1
+ M0{3Ms- |y£k)(s) - ygk_l)(s)| +Ms(§) }

— k-1
2Mos  ~ — _ (2
(3.73) :( 04 3M0Ms)|y(k)(s) —yE ()| + M0M5(3) .

Putting (3.71)-(3.73) into (3.69) yields for 7 € [0, &],
@) -y (@)
4 (= —, 2Mys
< 7 fo {(00 +3Ms? + Q"
5\
+ (Ms2 + ]VIoMS)(3) } -sds

N~ ., .~ e~
< f {(K6 +3KM6&® + KMy6* + 3KM0M62)|yEk)(s) - yfk_l)(s)|
0

+ 3]\7[0Ms)|y(k)(s) - ygkfl) (s)|
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5\
+ 2KM0M52(3) } ds
) S\ k!
(3.74) < f |y(k)(s (k 1)(s)| ds + +3K]\710M£3(3) )
Denote

d%® - max |y( )( ) - (k 1)(T)|
7€[0,&]

Then we obtain by (3.74)
k-1
d% < Lao Zegoas(2)
4 3 3
which indicates that
5\ k1
(3.75) d® < KM0M£3(3) .
Analogously, one gets
5\ K1
(3.76) max |y£k)(r) - yfrk_l)(‘r)| <KMME[Z] .
7€[0,¢] 3

We now estimate the difference between R¥+D (£, 77) and R*¥) (&, ). Applying
(3.25) gives

[RED (& 1) - RO (&)

(3.77) < foE {T;k) + T w1 4 (10 4 T8<k>)f} dr,
where
1 = R(k)zs(k\ (@)~ W( SAIONE
1 = B )
e RED=SEDR (¢ oon o),

(3.78) T6(k) = ‘A(k)(ﬁ(k) _ 'Sv(k))(.[) ygk)(.r))

_A(k—l)(ﬁ(k—l) _ g(k—l))(.[, ygkfl)(.r)) )

o ‘A(")Gé(% y® (1)) - AC 6 (1, y (7)),

T ‘A<k>w(t<k>,y)(f, y® (1)) = A% Dy (15D ) (7, y* D (1))
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Thanks to Lemma 3.2 and (3.75), one employs the induction assumptions to arrive at

RO (7, y (1)) = RED (1, y* V(1))

T <
4 27
o k (k- k-
L B0y (@) =80 (0 ()
27

k-1
<3Mrd® + MT(;)
2 KL g [p\K
(3.79) <(1+3KMM&)Mt|Z] <=Mt :
3 96 3
Recalling the expressions of AWM in (3.25) and T1(,§,)3 in (3.70) achieves
k _ k- 4 k k k
40 ()0 (2)) = AV (@) @) < (10 + 1P 4 1)
4 2MoE . 2\
< {(90+3M52 = +3M Mf)d(k) (M§2+A7IOM§)(3) }
4 ]\';I 5 o ~ 2\
s{(60+3M82 —5 +3M0M6) KM062+8+M0}ME(3)
(3.80) <

by the choice of Jin (3.31). Therefore, we can use Lemmas 3.1 and 3.2, the induction
assumptions, (3.75), and (3.80) to estimate the terms Ts(,?,zs' In detail, for the term

T5(k), we have

R(k) _ Q(k)\2
T® < |A® - 4G (R® - §0) 4 |AGD)

47
51 N k (k- k-
X|(R<k>—s<’<>>2<r,y£><r)>—<R<’< D -SU) (1,0 ()]
4t
k-1 v
< 2Kk M 2 BMr)! M1 -6M* - 2rTM
3 4T 16 4t

2\ 3 5L, (2)\""
SS?M()M 6T3(3) + E(1+3EMOM63)M T3(3)

39 s 2\ s 2\
(3.81) <|5KMyé + = + = KM M8 |M 73| = <M 2] .
16 16 3 3

For the term Ték), one obtains
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T6(k) < |A(k) _A(k—1)| . |§(k) _’S“(k)| n |A(k—1)| ’ZTTik)
_ _ B
< ZKMOMf(i)k 1 S3MT o+ M? T+ 3K1\7[om3)(§)k 1
0 i
(3.82) < (6KM0§+ é ; ixﬁoms)szz(i)k . M%Z(i)k |
For the terms T7(k) and Ts(k), we also acquire

T <[40 — AKD| g5 + |A%D|- |65 (y P (1)) - 85y (1))

k-1 —
(1+M0)M§(§) '§o+%'§o'd£k)

and
T <|a® — AGD| (10, 8 (7))
+[AED] (10, 3O (1)) - w (15D, D (1))

k-1
< ZKﬁom(i) 'Mot(k)(‘f, )/Ek)('[))
+K- {]\7[0|t(k) (1, yfk)(r)) — D (e, yfk_l)('r))| + ]’\/Todfk)}

2 k-1 2 ’ k-1
S2K]\7[0M8(3) MO9+KM0{(|t)(,k)|+1)d£k)+MT(3) }

k-1 k-1
(3.84) < {2(10\705)2 +2(KMo8)25 + KMOS}M@) < M() .

Here, the facts My > 1, 16M4 <1, and 16KM05£ 1 are used in the above estimation

processes.
We now insert (3.79) and (3.81)-(3.84) into (3.77) to gain

_ _ 3 o k-1
REo G -1l [ {omm3)

k-1 k-1 k-1
— 2 — 2 5— (2
vl = iy ] +—Mz| = dr
3 3 24 3

k-1
97 1w L i« 2 a2
< {192+4(M6) +3(1\45)+48}1\44,r (3)

https://doi.org/10.4153/50008414X23000640 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000640

The solvability for a nonlinear degenerate hyperbolic-parabolic coupled system 1847

97 1 15 —,(2\"
' A T S v ]
192 4x16> 48 48 3

k-1 k
2 2 EVE<) 2

It is easily checked that the estimate (3.85) is also valid for the term ISC+D (&, ) -
S (& 1)|. The proof of the lemma is finished. ]

3.4 The existence and uniqueness of solutions

According to Lemma 3.3, it is known that the sequences (INQ(k) S, tU)Y (1, y) are
uniformly convergent. We denote the limit functions by (R, S, t) (7, y) which are obvi-
ously continuous. Furthermore, by means of Lemma 3.1, the functions (R, S, t)(7, ¥)

satisfy

<3M7? = M2,

(3.86) _ _ - _
IR(7,y) - S(7. )| < 3M7* = M7?,

for any (7, y) € [0,8] x R. In addition, it is clear that the functions (R, S, )(z, y)
satisty the integral system (3.19) and the boundary conditions

(3.87) R(0,y) = 5(0,y) = (0, ) = 0.

Thus, we have (R, S, ) € 2(9).

Next, we show that the functions (R, S, t)(z, y) possess first-order continuous
derivatives with respect to y. To move forward, one differentiates (3.19) with respect
to # to deduce the following linear system of integral equations:

ﬁ,,(f,n):ff{ﬁy‘gu,q.(E‘@@‘gﬂ

2T
(EQal) _A(R ) + A]]A S + [Al]At AWtT] ty
andy s A =)t 20 1y (1)
n

2T
(EQ.b) +B(R, - S,) + BuBgR, + [BuA, + Bw.t]t,

§n<£,n):[of{§y2‘fy v 5. BEOE-S)

" a
+ByB, - B(6] - wy)T} ygsf) (1, 7. (1)) dr,

¢ ~ ~
(EQ.cl) ty(&n) = /(; {CRrR}, +CgSy + City + Cy}(r, n) dr.
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Here, the coefficient functions in (EQ.al)-(EQ.cl) are given in (EQ.a)-(EQ.c) but with
the limit functions (R, S, t) replacing (R*), S() (k) _get

o(0) g0
(3.88) (R, S8, ) (&,17) =

and construct the iterative sequences (R(k) Sy Stk tf,k))(f, 1) by the integral system

(EQ.al)-(EQ.cl) as follows:
k ~(k 5 k) Sk
{R( ) ) (R—S)(R(J )—SJ(, ))

RED (e = [ :
T
— AR =S + A AgSTE) + [AnA, - Aw,7]tlH)

(k)( )
(EQ.a2) +AnA, + A(0) —wy)T } 5 (1, y_(1)) dr,

S(k+1) f
(&n) = >
+B(R(® -5 + BHB~§<"> + [BuA, + Bw,7]t{")

“7(k) R (k) 7 _ (R _ k)
{ - R, +B(R_S)(Ry -S57)

()
(EQ.b2) +BuBy, — B(0y —wy)T } :1( )(T,y+(r))dr,
(- _
(EQ.2) K (&) = f {cﬁRy‘) +C58) + ) + cy}(r, n) dr,
0
where ) "
dys [fa/\i }
3.89 T) =ex s, y=(s)) ds¢,
359 o) -esp{ [ (9)
and a1 _
== —s[AgS() + 4,180 + 4],
y
(3.90) 210
T; = s[BzR(® + B,tM) + B, .

Since the limit functions (R, S, £)(, y) are in the space %(8), we see that the
coeflicients of system (EQ.a2) and (EQ.c2) still satisfy the estimates in (3.50)-(3.53).
Then we have the following.

Lemma 3.4 The sequences (ﬁf,k), §,(1k), tf,k)) defined by system (EQ.a2) and (EQ.c2)
satisfy the following inequalities:

j
S & )| < ME ( )

56 bem sk (3],
L)

(3.91)
RSO (£,n) - S50 (£, )| < M2

forallk >1andany (&,7) € [0,8] x R.
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Proof We omit the proof here since the process is exactly the same as that of
Lemma 3.2. |

It concludes by (3.91) that
(3.92) RUVE ]S (&) <3M&, |69 (&, )| < 3ME,
which together with (3.89) and (3.90) and the estimates in (3.50)-(3.53) give

(k) M
‘agf Ss(jl\;[-3Msz+161§-3Ms+];4)§Ms,
y
(3.93) ay® £19100
o1 Sexp{fo (s, y:(s)) ds}<e ¢
and then
ay(k) (T) ay(k 1) aA(k) al(k 1)
on on
= 1
304 (5 f 70 L0 en) | g
(3.94) {16 9 68' y lpds
where

T(k) |R(k) R(k D+ |S(k) S(k vl
By utilizing Lemma 3.4 and (3.93) and (3.94), we have the following lemma.

Lemma 3.5 Let the functions (R(k) §1k) t(k)) be defined by the iterative system
(EQ.a2) and (EQ.c2). Then, for all k > 0, thefollowmg inequalities

k

(R (8, ) - RO (&, )| stZ(i) ,

k

(3.99) S0 (6, ) - 19 () < MEZ(?) ,

k
[0 (& ) - £ (& )] < ME(?)

hold in [0, 8] x R.

Proof The proof of the lemma is still based on the inductive method. It is obvious
by Lemma 3.4 that all inequalities in (3.95) are true for k = 0. We assume that each
inequality in (3.95) holds for n = k — 1 and then verify all of them valid for n = k.

For the term |t,(1k+1)(f, n) - t,sk)(f, )|, one obtains by (EQ.c2), (3.52), and the
induction assumptions

¢ ~ ~
06 - e < el R - R

sl B -5 s - - ot ar
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. Eﬂﬁzgkl+MM27k_l 7A77k—1
< -Mrt +KMy-Mrt dr
o |16 3 16
— = < k-1 k
Mé&*  KMod\— (2 —. (2
(3.96) < +—= M S <mEZ) .
24 2 3 3
For the term |1~(,(7k+1) (&) - INI,sk) (& 1)|, one gets by (EQ.a2)
[RED (&) - RV (& )
£ P (k) 9 (k) 9 (k-1)
(3.97) < f | 2= 1 @, 7P| 2= (1) oy "]y,
0 on on on
where
T(k) |§_ §| . T(k)
k k
TI(O ) - 29 +4] —+ |A|T9( )
T 2T
(3.98) +|AnAg] - S - S|+ |ApA, - Aw,r] - [¢§8) - 5V,
pk-1) _ T(k-1) D _q . ptk-1) _ Tlk-1)
R =S R-S§|-|R -S
Tl(lk)z‘ y y |+\A|| | | y y |
2T 27
][R - 50D+ 4 ag]- 5]
(3.99) +|AnA, - Awr] - €D+ |AnA, | + [A(6] - wy)|r.

Recalling the estimates in (3.50) yields
M, M
|A11A§| < TTZ + g’l’, |A11At - AWtT| <

o| |~ )=

(3.100)
|A(B) —wy)| < —,

M
ApA,)| < —r1,
| 1 y| 4
which, together with (3.86), (3.91), (3.98)-(3.99), and the induction assumptions,

arrive at
k-1 — — k-1 2 k-1
1 — (2 M 3M7T* _— ,(2 M (2
T < — oM 2 + 2 2 v ) 222
27 3 16 21 3 8 3
Mzz i 722k—1 1 2k71
+|—T1+ —1| -M1"| = +--Mrt| -
4 8 3 4 3
k-1 k-1
5 1,—, 1, —<\— a— (2
(3.101) <| =+ (M) + — (M6 |Mr| = —Mrz| =
4 2 4 3 32 3
and
Mt> M 3M1*-3M1? M _—
Tl(lk)_377+7.w+7.3]\472
27 16 27 16
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., M\ . —, 1 . — M M
+|—71"+—71|-3M7"+ - -3MT+ —T+—T
4 8 4 4 8
21 17 —= 7 —=\— —
(3.102) <=+ (M8 + = (MJ) | M1 < 3Mr.
8§ 32 32

Moreover, it suggests by (3.94) and the induction assumptions that

8y(_k) (1) ayfk_l) (1)
an an

— k-1 k-1
SV E (M — (2 1 — (2
£eM82[ s{ = -2Ms* = +—-Ms| - ds
0 16 3 166 3

Me 72 2 !
(3.103) <eM? ME 3 .

Putting (3.101)-(3.103) into (3.97) and using (3.93) leads to

[RUD (&) - RP (&)
k-1 k-1
(41— (2 TIR2 — TRz — 2
S/ — M| = ceMO L 3Mr - MO ME 2 dr
o |32 3 3
41 3 — 2\
<| = + M |eMIME =
64 2 3
k-1 k
20 ea— o[ 2 )
3.104 <M 2 <mE 2],
(3.104) 3¢ 3 3 3 3

by the fact e'/%* < 64/63. The estimate of the term |§,(1k+1)(f, n) - §,(1k)(f, 1)| can be
derived similar to (3.104). The proof of the lemma is complete. [ ]

According to Lemmas 3.4 and 3.5, we know that the sequences
(ﬁ,gk),gf,k), t,gk))(f, 1) are uniformly convergent, which means that the functions
(fin, gn’ ty)(&, n) are continuous in [0, §] x R. Furthermore, one also has by (3.91)

(3.105) Ry (& )],y (&) <3ME, |ty (&, )| < 3ME,
' IRy (& 1) =S, (& n)| <3ME.

In addition, we differentiate equations (3.19) with respect to £ to gain

_9q B _ )2 o
Re(Em) = S5+ A (R4£S) ~AR=S) + ABLE— Aw(t, y)E
" foE{RyZ_TSy 4t S)gfy = ARy = §)) + AnAsS,

(3.106) +[AuA — Aw,T]t, + AnA, + A(6) - W),)T} ay(,;g) (r,y_(7)) dr,
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< = oo o

Seen) = SR g B pR_T) - BojE+ Bu(r )¢

2¢ 4¢
E(5,-F, (R-5YR,-5) - - _

+f0 { y21 Z+B zry *~ +B(R, - S,) + BuBzR,
(3107)  +[ByB, + Bw,z]t, + ByB, - B(6} - Wy)‘r} aygéf) (1, 4 (1)) dr,
and
(3.108) te(&n) =C(&n).
The terms ¢y, (7) in (3.106) and (3.107) are given by

0 0 T oA

(3.109) ygic(;) =-A }/;ST) =-A exp{ [E 8; (s, y:(s)) ds}.

In view of the expressions of R ¢and gg in (3.106) and (3.107), we employ the estimates
in (3.86) and (3.105) to find that the functions (ﬁT, Ss, t:)(7, y) are continuous in

[0, 8] x R and satisfy
(3.110) R-(0,y) = S:(0,y) = 0.

All in all, the functions (R, S, t)(7, y) satisfy the integral equations (3.19) and the
homogeneous initial conditions (3.87) and (3.110), and they also own the required
differentiability properties. Therefore, they are a smooth solution to the singular
problem (3.7), (3.8).

In order to verify the uniqueness, we suppose that (R,,S,,t,)(7,y) and
(ﬁb, Sp, t,)(7, y) are two smooth solutions of the problem (3.7), (3.8) and consider
their difference. Denote X =R, —Rp, Y =S, - S, and T = t, — t;. By (3.7), one
derives the equations for (X, Y, T) as follows:

X; - AatXy = (Ag — Ap) TRy +

27
. {(Ra—sa)z “(R, -8+ egr—w(tmy)}(Au ~4p)
47

(R, —S,+Ry -
4t

(3.111) +Ah{ S¢) (X=-Y)-(X-Y)~[w(tary) - w(tw)]},

Y; + BatY, = —(Ba — By) 1Sy, +

ey
47

+(Ry-S,) -0+ w(tu,y)}(Ba -By)

(Ra - Sa + Rb
4T

(112)  + Bh{ = Sb) (X=-Y)+(X-Y)+[w(tary) - W(tb,y)]},
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and
(3.113) Tr=Co =Gy,

where

1 1 1
Aiziﬁ,, Bl’:iﬁ,, Ci: § :gv — >
f,'+S,' fi""Ri %—T—V(ti,y)-Feo(y)

and f; = 69(y) —V(t;, y) — 7 for i = a, b. Performing a direct calculation gets
Ag = Ap == A Ap{[V(ta y) =71, )] + Y},
B, - By = = BaBy{[V(ta> y) = ¥(ts, y)] + X},
Ca = Co == 5 CaCu{ X + ¥ = 2[T(tar ) =711, )1}
Integrating (3.111)-(3.113) from 0 to & and utilizing the estimates (3.86) and (3.105)

and the mean value theorem, we can find that the functions (X, Y, T) satisfy a
homogeneous integral inequality system as the following form

13 _
|X(f,r7)|£f0 {'XZTY|+M*(|X|+|Y|+|T|)}dr,
(3.114) ‘Y(E,n)|£f05{|X_Y| +M*(|X|+|Y+|T|)} dr,

2T

13
|T(€,;1)|§f0 M*(|X] +|Y] +|T]) dr,

for some positive constant M*. One repeats the insertion of the right side of (3.114) to
see that the functions (X, Y, T') must satisfy

14
T|sM*(2),
3

for arbitrary integer ¢ > 1 and some positive constant M. This implies that X (7, y) =
Y(7,y) = T(z, y) = 0. Hence, the smooth solution of the singular initial value prob-
lem (3.7), (3.8) is unique.

XY

>

3.5 The problem in the original plane

Based on the unique smooth solution (R, S, t)(, y) of problem (3.7), (3.8) obtained
in Section 3.4, we establish the existence and uniqueness of smooth solutions for the
initial value problem (3.2), (3.3) in this subsection.

By virtue of (3.86), we know that the functions (R, S, t)(7, y) are in the space £(3),
from which and (3.16) one acquires

(3.115) O<%QSW—T—V(t(r,y),y)+00(y)SZ@,
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for (7, y) € [0, 8] x R. Then we can use (3.5) and (3.7) to construct the functions (t, x)
as follows:

T 1
(Bue6) x=y, t=t(r,y)= / = = ds,
0 RN T (1(s,9), ) + 6o(y)

for any (7, y) € [0, 8] x R. Obviously, by (3.115), the mapping (7, y) = (t, x) is global
one-to-one in the region [0, ] x R. Now, set

(3.117) 8=

i o

Then, for any point (t*, x*) € [0, 8] x R, we see that there exists a unique correspond-
ing point (7*, y*) € [0, 8] x R such that

(3.118) xF =yttt =t(r",y").
Thus, one can define the functions (6, R, $)(#, x) as follows:
(3.119) 0(t*,x*) =1, R(t",x*)=R(t,y"), S(t",x*)=S(z%,y").

In sum, we have obtained the functions (8, R, S)(t, x) in the region [0, 5] x R.
We next verify that the functions defined in (3.119) satisfy the initial value condi-
tions (3.3) and equations (3.2). By means of (3.86) and (3.119), one concludes

(3.120) |R(t,x)

>

S(t,x)| < 3M1* = 3M6?, %Qt < 0(t,x) <20t
from which we get 8(0, x) = R(0,x) = $(0, x) = 0. Moreover, we calculate
Ri(t,x) = R(7, y)14

Rl (R 31500 8000 )
Si(t,x) = S:(1,y)7s

5o KT 1 5a( ) 0

(3.121)

which along with (3.105) and (3.115) achieve ﬁt(O, x) = gt(O, x) = 0. Thus, the func-
tions (6, R, S) (¢, x) satisfy the initial value conditions (3.3). Furthermore, we apply
the fact 7, = (R — S)/27 by (3.6) to arrive at

~ R-S~ ~
Ry = 27 Ry

which combined with (3.121) and (3.7) leads to

2

R-S~ -
-T- o R: +R,

R, -6R, = (W —T=V(t(r, y), y) + Go(y))ﬁr
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~(S-71-7+60)R. - 1R, = (8 +f)(R, - g,IfRy)

:(§+f)(R_S + ! = (R-S)* - R_§+ 96~T— W(t’{)r)

21 f+8§ 4t f+S f+S f+S
_G+H®-3)  ®-5)
2T 4t

2(S+f)(R-8) + (R-8)?
- 46
_R+S-2v+20,
B 46

~(R-8)+ 01— w(t,y)r

—(R-8)+6,0-w(t,x)6

(3.122) (R-S) - (R-S)+ 66, - 6w,

which is the desired equation for Rin (3.2). One can check the other equations in (3.2)
in a similar way. The inequalities in (3.4) come from (3.120). Therefore, the proof of
Theorem 3.1 is completed.

In addition, we check that the following relation holds:

-S
3.123 0= ———.
(3.123) 6

~

To show (3.123), we set ® = R — S — 260, and apply (3.2) to compute

atq) = ﬁt - §t - 29t9x - 299,x
R+S

:[ﬁt-eiix]-[§,+9§x]—z( -0-7+ eo)ex

—20(~05 — T + 0})

:%ﬁf”e"(ﬁ— $) = (R-8)— [R+S5-20-27+26,]6, + 200,
gy [R+S-27+200-40]t @
20 t
Recalling (3.17) gives

[R+S-2v+20,-40]t . 24MOt* + Mot + 26 + 80t
26 - i

< 00,

which, along with (3.124) and the initial condition (®/t)|so = 0, arrives at ® = 0.
Hence, the relation (3.123) holds.
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Finally, for later applications, we summarize some properties for the functions
(0,R, S)(t,x) in the region [0, 8] x R

[R(t,x)],|S(t, x)| < 3M6* < 12M0° 12, %Qt < 0(t,x) < 26t,
|R(t,x) = S(t,x)| < 3M0?% < 12M6 £,
(3.125) IR, (tx)) [Si(t, x)| < 8MB7t, [0,(t,x)| < 26,
R« (£, x)|,[Sx(, x)| < 2402, |0.(t,x)| < 3MOt,
|6x (£, )] < %M@ + ZHZG <3M°60 < 6M 0t.

>

Here, we used the following estimates:

R-S

T=0(t,x) <20t, |0.(t,x)|= s%ﬁr,

R+S

10:(t,x)| =
|§t(t,x)‘ S|§T||9t|> ’gt(t,x)|s|§7||6t|,

_ _ 2
—T-7+6, S3MT2+T+M0~§T+0S29,

- 3__ o~ -
R (1, x)| < M- R:| + R,

St x)] < %MT' |S:] + S,

>

and

[R-§]
2T

R-SP A~ ~
+|A|| | +—||R—S|+|A66|T+|AW|T
4T 2

R:| <|Al7|R,| +

M
<—71-3M1*+
16

sMr M M M —, M M

+7. + . 2 . —_—
2 16 4 32 16 16
— {3M82 3 9(M§)* M 1}

<Mt

16 2 64

4 The hyperbolic—parabolic coupled problem

In this section, we show Theorem 2.1 and then obtain Theorem 1.1 based on the
results established in Section 3. The strategy is to solve the parabolic equation in
(2.7) to construct an iterative sequence for the variable v and then verify the uniform
convergence of the iterative sequence.

4.1 Preliminary results for heat equation

We first introduce some known results for the heat equation. These results can be
found in the many excellent texts (see, e.g., [14]). Let b(¢, x) € C' be a function defined
in the region [0, 8] x R. Here, the positive number 8 is given in Theorem 3.1. Consider
the following initial value problem for the heat equation:

ov o
(4.1) o o =b(t,x),
V(t,x)|t=0 = 0.
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We know that the fundamental solution of the heat equation is

1 x2
4.2 G(t,x) = expy — — (>
that is, G(¢, x) satisfies
oG 3G
(43) E_ﬁ =0, with G(O,X) :60(X),

where 8o (x) is the Dirac function at x = 0. Thus, the smooth solution of problem (4.1)
can be expressed by the fundamental solution

V(t,x):ﬁtAG(t—c,x—z)b(c,z) dzd¢
:fot/H;G(t—c,z)b(c,x—z) dzdg.

Furthermore, the functions vy, Vs, Vxx, and V,; can also be stated as follows:

Tt ) = [ faG(t G X — Z)b(c,z)dzdc
:[0 fRaGgi’Z)b(t—c,x—z)dzdc

t —
:f be(c,x_z) dzdc
o Jr 0z

t
:f fG(t—c,z)bx(c,x—z) dzdg,
o Jr

(4.4)

(4.5)

(4.6) V,(t,x):fot[RG(t—c,z)bc(c,x—z) dade+ [ G(1,2)b(0,x - 2) ds,

t —
’v}x(t,x):f bex(c,x—z) dzdg,

(4.7)
2*G(t -,
(t=cx - Z)[b(c,z)—b(c,x)]dzdc,
0x?2
and
(4.8)
t —
th(t,x):f fmbc(c,x—z) dzdc+fG(t,z)bx(0,x—z) dz.
0o Jr 0z R
We set
1 x?
4.9 H,(t,x)=—t >
(4.9) (t,x) T exp{ 16t}
Then one has
t 4 s
(4.10) fo /RH,,(t—c,z)dzdc—3_ t2 foro<3,
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and

£ 4 30
ftyf]RHU(l‘—c,z)dzdc:3_0)/T foroc <3and0<y<t,
(4.11) -

fi-y 4 —c
f fHo(t—c,z)dzdcs 3)/37 foro>3and0<y<t <t
0 R

o—

The results in (4.9)-(4.11) can be found in [31]. Thus, we obtain for o = 1, 2,

t t
(4.12) f fRHl(t - ¢, z) dzdg = 2t, f [RHz(t -¢,z)dzdg = 4/t
0 0

In addition, it is clear that the following inequality holds

z z
4.13 A -Zt<cC -=h
(4.13) z exp{ 4}_ ;;exp{ 16}

for z > 0, where 8 > 0 is an arbitrary number and Cg is a positive constant depending
only on 8. Then, by (4.2), (4.9), and (4.13), one acquires

(4.14) G(t-¢,z) <H(t-¢,z), |azG(t— c,z)| <H,(t-¢,2),

and

(415) < Cj,ﬁHj+1—ﬁ(t_C>Z)>

2f 'G(t-¢z2)
0zJ

where C; g(j > 1) are positive constants depending only on . The inequalities in (4.15)
can also be found in [31]. Making use of (4.12) and (4.14), we gain

t t —
(4.16) f f |G(t - ¢,2)| dzdg < 21, f f 9G(t-52)
o Jr 0o JR 0z

4.2 The iterative sequence for the heat equation

dzdc < 4V/1.

For any (t,x) € [0, 8] x R, we set
7O (t,x) =0,

which obviously satisfies 7(°) € £(8). Here, the space 2() is defined in (3.1) but with
the number § replacing 8. In view of the results in Section 3, one concludes the
functions (R(®), §(, () (¢, x) for (¢, x) € [0, 8] x R. According to (4.4), we define
the function (V) (¢, x) in the region [0, 8] x R as

t
v<1>(t,x):f [RG(t—q,x—z)b(o)(q,z) dzde
0
t
(4.17) :/0 fRG(t—c,z)b(O)(g,x—z) dzdg,

where

~ RO(t,x) + SO (¢,x)
- 2

bO (1, x) — 0O (£, x) =7V (8, x) + B (x) + v{ (x).
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After determining the function 75 (t,x) in [0, 8] x R, one can achieve the functions
(R SR 9y (¢, x) based on the results in Section 3. Then we define the function
(k1) (¢, x) in the region [0, 8] x R by the following relation:

t
V(k“)(t,x):f fRG(t—c,x—z)b(k)(c,z) dzdg
0

t
(4.18) = / / G(t-g z)b(k)(c,x - z) dzdg,
o JR
where
RM®) (¢, NIt

b (1, ) = K (6%) ; (B%) _ g0 (1, ) 50 (£, x) + B0 (x) + v (x).
Therefore, we have constructed an iterative sequence {7(¥) (¢, x)}.

Denote

K = max {1, max |0 (x) + vy (x)], max |0y(x) + vy (x)],
xeR xeR

(4.19) maﬁgwg(x) + v(')"'(x)|},

which originates from the last two terms in the expression of b(¥). Set
M, = max {321?, M (1+0)%, 320(Cp1 +2C3 15 + Cg,o)},
<1 @
0= min{& =, A}.
My 16M,0
Here, the constant M > 16 is given in (3.30), which depends only on 6 and the C*> norm

of 0 (), 8 is defined in (3.117), and C;,p are presented in (4.15). Then we see by (3.125)
that if (¢, x) € £(8),

(4.20)

|§(t,x)

~ I —~ 1 — 1 ~
|S(tx)| < 3MO% < Myf?, S0t <6(t,x) <26t < 35 Mot
- ~ — 1~
[R(t,x) = S(t,x)| < 3M6* < Mot*, 160,(t,x)| < 25 Mo,

R (1, )|, [Se(t,x)| < Mot,  |[Re(t,x)|,[Sx(t,x)| < 6M 6% < Mot?,

3— 1~ — 1~
6x(62)| < SMO < (Mot [0 (1,%)] < 3M 0 < Mot

(4.21)

For the sequence {7(%) (¢, x)}, we have the following lemma.

Lemma 4.1 For all k>0, there hold v(¥)(t,x) € %(8), that is, the functions
FO (£, x)(k =1,2,...) satisfy V0 (£, x) e C1, 7 (¢, x) € CL, and ¥ (8, x) € [0, 8] x
R
(422) T (1,2)|, [0 (1, x)| < Mot, 79 (8,)| < Mo,

' 7 (1, x)| < Mo, V40 (1, x)| < Mo /2.

Proof We mainly verify that all the inequalities in (4.22) are true for any k > 0. The
proof is also based on the argument of induction.
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Due to 7% = 0 € 3(§), we see by (4.21) that the functions (R(®), S(0), §(®)) (¢, x)
satisfy

(4.23)
_ . 1 1 -
RO (£, x)[,[S©(t, x)| < Mot?, S0t < 0 (£,x) < - Mot,

~ ~ —~ 1 ~ 1~
[RO(£,x) = SO (1, x)| < Mo, |07 (t,x)| < 55 Mo, 109 (¢, x)| < Mot

RO (1,2)|, SO (1,x)| < Mot,  [RO(2,%)], S (2, x)| < Mo,
from which we find that
|b(°)(t,x)|
< RO IS 10001, 101, 2)] + [0 6) v ()

—~ 1 —~ = 1 —~ 1~ 1
(424) < Mot* + =Myt +0+ K < Myd* + —Myd + — M,y < —M,
32 32 16 4

and
6O (1, %)
< RIS 100, )+ 0 )]+ 6430 + 45 )
(4.25) < %1\71052 + 21\7106+ 0+K< 21\710,
60 ()] < B (1) . SR 100 (1,914 50 (1,)
(4.26) <Myd+20+0<30< %1\710 < iz\%.

One combines (4.17) and (4.5)-(4.8) and utilizes (4.24)-(4.26) to arrive at

(4.27)

t lA t

|v<1>(t,x)|gf f|G(t—c,z)|-|b(°)|dzdcgfMof f|G(t—c,z)\dzdc,
o JR 4 0o JR
t IA t

|v§cl>(t,x)|gf /|G(t—c,z)|-|b§°)|dzdc§7M0f f|G(t—c,z)\dzdc,
o JR 4 0o JR
t

x| [ [16(- a2 b dzds+ [ 1G(12)] 6@ (0.x-2) dz

1~ t 1~
< M G(t - ¢ 2)| dzd foGt, dz,
< Mo [ [1G(t-q.2)|dzde+ L3 [ 1G(1.2)|dz
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and
~<l><tx)| [P o g
0z *
1 IG(t-¢,2)
- dzdg,
4 0z 2ds
0G(t—¢,z)
(4.28) T (6,x)| < f f EDN 6 ded
7 x)!_ 12892 o) aza
+fR|G(t,z)|~|b,(c°)(0,x—z)|dz
0G(t-¢,2) 1~ f
<3 5 dzdc+4M0 ]R|G(t,z)|dz.

Making use of (4.16), (4.27), and (4.28), we get
1~ 1~ —~
O ()], P (8, %) < Mo -2t = — Mot < Mot,
1~ 1~ 1 —~ —~
|T/§1)(t,x)| < ZM() -2t + ZMO -2< E(l + 5)M0 < M(),
1~ —~
[T (1, x)| < Mo 4/t = MO\/E,

78 (1, x)| < M0 N M0 2——(1+2\/_)M0<M0,

(4.29)

from which we gain that (4.22) holds for k = 1.
Assume that T/ik) (t,x) € Z(0), that is, (4.22) is true for n = k. Thanks to (4.21), the
functions (R™), S, 9(K)) (¢, x) obtained in Section 3 satisfy

= < S, 1 1
[R®)(t,x)], |S(k)(t x)| < Mot?, S0t < 0 (¢, x) < 25 Mot
(430) 1689 (£,x)| < 32Mo RO (1, x) - 30 (1,x)| < Ty £,
. i«
109 (1) < ~Mot, 0% (1)) < Lo,

I3 S (t,x) < Mot,  [RP)(1,x)|, [S) (1, x)| < Mo 2.

It suggests by (4.30) and the induction assumptions that

—~ 1 ~ —~ ~ 1~
6™ (£,x)| < Moo + 5MO(S + Mpd+K < + Mo,
1~ 1~ —~ ~ 1~
(4.31) b (2, x)| < ngaz + Mod + Myd + K < - M,

—~ _ _ 5.
|b§k)(t,x)| < Myd+20 + My <30+ M, < ZMO'
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Thus, by applying (4.18), (4.5)-(4.8), (4.16), and (4.31), one achieves
t 1 ~ —
R (¢, x)| < f f IG(t - ¢, 2)|- || dzdc < Mo -2t < Mot,
0o JR

t 1~ R
mk“)(t,x)\gf f|G(t—c,z)|-|b£k)|dzdcsZMO-ZtSMOt,
0 R

k
@3z V()
t
g[ A|G(t—c,z)|-|b§k)|dzdc+A|G(t,z)|~\b(k)(O,x—z)|dz
0
5~ 1~ 5 1\~ 5 1\~ —~
SIMy-2t+-My-2<| 28+ = |My<| = + = |My < My,
4 4 2 2 64 2
and
¢ - —
\?fffc“)(t»xnﬁf f %Gt -ez) 60| dzds < Mo/t
0o JRr 0z
7™ ()]
(4.33) ¢ _
<[ [ 96t -—c2) o] deds+ [ 1G(82)]- 68 (0,5~ 2) 2
0o Jr 0z R

5 1~ 1\~ -~
g4M0-4\/Z+4M0-2g(5\/5+2)MogM0.

From (4.32) and (4.33), we acquire ¥(*) (¢, x) € £(8) and then complete the proof of
the lemma. u

By virtue of Lemma 4.1 and (4.21), we find that for any k > 0 and (¢, x) € [0, 8] x R,

R (6, )L, [$ (1, )| < 3M(6))? < Mot?,

1 _ _
~0t < 0W (t,x) <20t < — Mot,
2 32

~ ~ — —~ 1 ~
RO (2,x) =SB (£,x)| < 3M(6F)2 < Mor2, 6 (£,x)] < 53 Vo>
IR (1), S (2, %) < M"i’
RO (8,2)], [S (1, %) < 6M°(6™))? < Mo,

3_ 1 — 1
1005 (¢, x)| < EM<9(") < Mot, 10 (¢, x)| < 3M°P) < LMot

(4.34)

Furthermore, the function 7% (t,x) owns the following regularity.

Lemma 4.2 For any k > 0, the function T/ilfc) (t,x) is uniformly a-Holder continuous

with respect to x, that is, there exists a positive constant C, independent of k such that
for any two points (t,x;) and (t,x,) in [0, 8] x R, there hold for a € (0,1)

(4.35) [0 (1, 20) =789 (, 2)| < Culr - %2
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Proof The proof of the lemma is similar to that of Lemma 3.3 in [31], but we list it
here for the sake of completeness. By means of (4.7) and (4.18), we see that

2
436) D (4x) = f faG(t $X = 2) 40 (¢, 2) - 5O (¢, x)] dede,

dx?
and then for any x; < x2,

FED (4 x) — 5D (£ x,)
[ [ *G(t - C’xl )[b(k)(g z) = b® (¢, x1)] dzdg

am - [ f ot TG 6% 72) 109 (¢ ) — b0 (¢, x3)] ded.

o0x?

Denote y = (x, — x1)2. The proof is divided into two cases: y > tand y < t.
If y > t, we use (4.31), (4.15) with § =1, and (4.12) to estimate (4.37) directly

|“(k+1) (t, %) - ~(k+1)(t x5 )| 9 G(t C’xl z)

oy

< 71\70 / f Cy 1 Hy(t - ¢, z) dzdg
2 0 JR
(4.38)
< 2MOC2 1817 B < 2M0C2)1|x2 - x1|“.

1B |z - x| dzd¢

2
aG(t C,xz Z) 68| |z = xy| dzdg

If y < t, the relation (4.37) can be rewritten as
(4.39) FED (1, 20) = 7D (£,,) = I8 4 10 1 [0 4 (0]

where

*G(t-¢x1 -z
1 [ f¥[b<k>(gz) b (¢, x1)] dzde,
Yy
*G(t - ,x
10 [t f ( c 2~ )[b(k)(gz) b® (¢, x,)] dzde,
y

=y 3*G(t-g,
(k) f [ ( C X2 — )[b(k)(C x;) - b(k)(C,x1)] dzde,

1(k>_ff‘yf aZG(t—C,xl—Z)_aZG(t—c,xz—z)
tJo R ox? ox2
(6% (6,2) - 8™ (¢, :1)] dzds.

For the term I{¥), it concludes by (4.31), (4.15) with 8 = 1, and (4.11) that
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x *G(t-¢,x - 2) k
1< e | 1l xl ded
1 I 1
SZ [ fC21H2(t—C,Z) dZdC M0C21y2
(440) <MOC2 16 |X1 X2| SMOC2’1|X1—X2| .

The estimate (4.40) also holds for the term ng). Furthermore, one acquires by the

integration by parts that ng) = 0. For the term Iik), we use (4.31), (4.15), and (4.11)
again to find

=y r PG(t-¢c,x—-z
|L(1k)| _ 0 %w(k)(c,z) - b (¢,x1)] dzdcdx
x2 iy *G(t-¢,x - 1~
s] / / TG -ex=2)| LG dededx
X1 0 R 2
1~ (X [ty *G(t-¢,x -
< 7Mof f [ IG(t-6x-z) (|z—x|"‘+|x—x1|"‘)dzdcdx
2 x 0 R
t-y
< 2M0[ / f{c3aH4 o t—C,Z)
+ C3)0|X - x1|aH4(t -G Z)} dZdCdx
1/\ 4 3—(4-a)
< Mo Csalta — 21| ———y 7
5 0{ 3,0l%2 = X1 (4_“)_3)’
4 3-4
+C _ 1+{x_7 5
3,00%2 — x1] 4_3)’ }
Csq
(4.41) 2M0( +Cs o)lxz - x|%.

Substituting (4.40) and (4.41) into (4.39) yields
(4.42) [T (1, 21) 7D (£, x,)| < zMO(cz,1 + % + C3,0)|x2 - x|*.
We denote

Co = 21?40(@,1 + f_% + c3,0),

and combine (4.38) and (4.42) to achieve

(4.43) [FEED (2, 21) = 7ED (£,x,)] < Calrr — 22|
which is the desired inequality (4.35). ]

Remark1 The restriction o < 1in Lemma 4.2 is only used in the derivation of (4.41).
Based on Lemma 4.2, we shall show that the functions 7" (t,x)(k=1,2,...) are
uniformly Lipschitz continuous with respect to x by improving the regularity of b
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4.3 The convergence of the iterative sequence (1)

In order to establish the uniform convergence of the iterative sequence {7\¥) (¢, x)},
we need to derive its series of properties in the space Z(38).
By direct calculations, one applies (4.18) and (4.5) to get

[FED (2, x) -7 (£, x)|

¢ 1
(4.44) < /0 fR G(t-¢ Z){Z(T1(2k) + T1(3k)) + T1(4k) + Tl(sk)}(c,x - z) dzdg

and

U (1, ) 70 (1,%)| < fO‘ fR 9G(ta—z G, 2)
(4.45) X {;(Tl(zk) +Ti3) ) + T1(4k) + Tl(sk)}(c,x - z) dzdg,
where

157 (%) =R (1, x) = R* D (1, %)
T (t,x) =|0W (£,x) - 6%V (t,x)

J Tlgk)(t,x) = ‘g(k)(t,x) - ’Sv(kfl)(t,x)|,
k _
> Tl(s )(t,x) = |T/<k)(t,x) — ik 1)(t,x)|.

To estimate Tl(zk_)M, we first recall (3.2) to gain the equations for
(R®), 5 9y (¢,x) in [0, 8] x R

(4.46)
Ef") B B(k)ﬁ,(ck) _ (‘I’(k) _ 1)(§(k) _ g’(k)) + g(k)g(') _ G(k)’i,(ck) =: Fl(k)(t,x),
5 4 gUIZU) _ (w®) _1)(F0 _REY) _ g gt 1 g0 _ BB (1 1),
R(k) L (k)
g - RS gt 500 g, = B8 (1, x),

2
where
RO 4+ 500 _ 250 4 29
(k) _ 0
(4.47) k) = 000
It follows by (4.46) that

(ﬁ(k) _ ﬁ(k—l)) _ Q(k)(ﬁ(k) _ ﬁ(k—l))
t x
_ Fl(k) _ Fl(k_l) 4 (e(k) _ g(kfl))ﬁj(ckfl))
ok (k-1 k) (C(k (k-1
(S( ) _§( ))t +6¢ )(s( ) ))x

_ Fz(k) _ Fz(k‘l) _ (e(k) _ G(k-1))§§k_1),

(600 - g0y — ) _ pkD),
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from which one acquires for any (&,7) € [0,8] xR

T (£ ) < f0£{|pl<k> —Fl(k_l)|+|I~%(ck_l)|T1(4k)}(f,x£k)(t))dt
(4.48) TV (&) < [OE{’FZ(") F&D| 4 S 1)|T(k)}(t xM (1)) dt,
TP (&,1) < fof IER — FED (1) dt,
where x k)(t) X k)(t & 1)(t € [0, &]) are provided by
dxik)((iz;; 51 _ L0 (1, x® (1, m)),

(&g = 1.

Performing direct calculations achieves

|F(k) F(k 1) |F(k) F(k 1)|

(|\I—’(k)| +1)(T(k) + T(k)) |9(k 1)|T(k)
(4.49) RO S 100 L (191 ) T,

k k- L, (k k k k
9 )< L0 10y 10 1

where
Tl(ék):|37)(ck)_;§k—1)|’ T(k) |\1;(k) gy k-1)|

Moreover, thanks to (4.34) and Lemma 4.1, we can get a more precise estimate for o)

— 1 ~ — —~ 1 ~ —~
60 - (Motz + 32M0t+M0t) < egk) < 0() + (M()l’2 + 32M0t+M0t),

and thus

17

90—*M0t<8(k)<00+ M()t
16 16

and then

17 ~ 17 —~
4.50 0ot — — Mot? < 0%F) < 0ot + — Mo t>.
( ) of == Mo of + Mo

It suggests by (4.34) and (4.50) that

4t{0o - T Mot} 2t 2(8y — Mqt)
1 2M,

451 <4200

(4.51) T

)| < 200 +2Mot? + 2Mot 1 . T Mo + Mot + My

Furthermore, for the term T1(7k), we obtain
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T 4 70 Lo [RED 4 5D _g5(kD) 4 9|

(k) 12 )
Ty < 40(k) " 46(k) g(k-1) Ty
L (k) (k) (k) 2Mo8% +2Mo8 +20
< TQt(Tu + Ty +2T57) + o Ty
L) B, o)y, 30 )
(4.52) < @ Ty ' + T +2T5 ) + 0’ Ty~

by 8Myd<0<0. Putting (4.51) and (4.52) into (4.49) and applying (4.34) again yield

k k-1)| |\ 35(k-1)(k k k=D 4 stk
[EE — BV [RED|T, [P0 — D) 4 50070

k k = =
) TE + 7P +(2M0 o1, Mod

k) Ry, Lo (k)
2 9 Y )(le + T )+33M0tTl6

Mot Mo6 - 1, _
+ TOTI(Sk) + (3 6209 + 01 + g(Mo(S)Z +M08)Tl(4k)

Ty + Ty 3M 4M,6
e € R R Ry i)

2t [’} 6?
M08 ]\7[08 k k
( 32 + Q )(Tl('5)+Tl(6))

(k) (o)
T,  + T 1 (%) k k 1 k (k)
R o 1 nLZ(S(T12 +T1<3)+T1(4))+Z(T1(5)+T16 ).

We insert (4.53) and (4.49) into (4.48) to see that

TS (&), TS (1)

(4.53)

3 T(k) i T(k) 1 1
(454) < fo {12 et E(Tl(z’" + TP 1) + Z(Tlg@ + Tl(é"))} di
and
&
k k k k k
(4.55) T1(4 )(f>’7) < /(; {(Tl(z )+ T1(3 )+ T1(4 )) + T1(5 )}(t)ﬂ) dt.

Based on (4.54) and (4.55), we can show the following lemma.

Lemma 4.3 Foranyk >1and (& 1) €[0,0] xR, z'legk)(f, n) and T1(6k)(€, 1) satisfy

k-1
(4.56) T8 (& 1), T (&) < Mof(i) ,

then there hold

k-1
(4.57) T (&), TS (&), T (6) < zMOsZ(ﬁ) .
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Proof By (4.34) and the definitions of Tl(zli)l 4 in (4.45), we first find that

—~ 1 ~
(4.58) 176, 50 (§m) <2808, 10 () < Mok
Substituting (4.58) into (4.55) and utilizing the assumptions in (4.56) give
*) oo 1o o (2)
Ty (£,f1)gf AMot* + — Myt + Mot| = (t,n)dt
0 16 3
46 1 12\
4. 8L Y2 e <o
(459) ‘[3+32+2(3) ] o8 <2Mo¢

We now put the estimates (4.58) and (4.59) into (4.54) and apply the assumptions
in (4.56) to deduce

T (&), TS (1)

<f52]\71t+132]\71t2+12]\71t2k_1dt
= Jo T 48 I

k-1 k-1
aes L tme(?) <[P () e
One also has by (4.59)
£ k-1
Ty (8 Mot? + Mot{ 5
u (&n) < . 6Mot” + Mot (t,n) dt
k-1 k-1
2\ N <[00 1(2) o

Inserting the estimates of Tl(zk_)14 in (4.60) and (4.61) into (4.54) and (4.55) and using
the assumptions in (4.56) again arrive at

T (&), TS (6.1)
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k-1 D) k-1
T(k)(fq)< { [ () ]M0t2+1\710t(3) }dt

and

2 oesef o ey
) 2B e

We next repeatedly substitute the new obtained estimates of T; (2 )14 into (4.54) and
(4.55) to get for arbitrary integer £ > 1,

T (&), T (&), T (&)

3\ 1 &3V 2\ - L,
(4.64) g[(4) -2+2]§(4) (3) ]MOE.

It follows by the arbitrariness of ¢ that

T (En), T (&), TP (6.7)
j P k-1 ) k-1
(4.65) Z( )() M0£232A710£2(3) ,

which finishes the proof of the lemma. [ ]

By virtue of Lemma 4.3 and (4.44) and (4.45), we can achieve the following lemma.
Lemma 4.4  Let the iterative sequence {V\¥)} be defined by (4.18). Then, for all k > 0,
the following inequalities

k
—~ 2
(4.66) [FED (8, x) =50 (£,5)], [7FD (1, x) -5 (£,x)| < Mot(3)

hold for (t,x) €[0,08] x R.

Proof We show the lemma by using the argument of induction again. Obviously, the
results of Lemma 4.1 and the fact 7(°) (¢, x) = 0 indicate that (4.66) is valid for k = 0.
Now, suppose that all inequalities in (4.66) are true for n = k. Recalling the

definitions of Tl(Sk) and Tl(ék), the induction assumptions mean that

k-1

_ (2
T (t,x) = |“<")(t,x)—$‘"1)(t,x)|sM0t(3) ,
(4.67) Ko
0003 = 310 05) -7 )] < ()

from which and Lemma 4.3 one has

k-1
~ 2
(4.68) ﬂfknx%ﬂ?Nnx%ﬂfknx)sﬂwﬁ{s) ,
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for any (t,x) € [0,8] x R. Inserting (4.67) and (4.68) into (4.44) and (4.45) and
making use of (4.16) give

[FED (1, x) =78 (£, x)|

. k-1
Sfo fG(t—c,z){ALIVIOcZ(i) +J\7[0c(§) }(c,x—z) dzdg
< (4t* +t) MO() f fG(t—c,z) dzd¢

2

2 2 k-1 k
(4.69) < (4f* + t)M0(3) 2t < (887 + 28)M0t(3) < Mot()

and

[ (1,2) =789 (1,0)|

S/o‘t/]R {4M0C2(2)k_1+M0q(§)k_l}(c,x—z) dzdg

< (4t +t)M0( ) BG(t q,z)

8G(t— 6 2)

dzdc¢

k-1
£(4t2+t)]\710(3) 4\/Z<(168\/5+4\/_)M0t( )
k
(4.70) Sﬁot(i) ,

by the choice of § in (4.20). We combine (4.69) and (4.70) to complete the proof of
the lemma. [

4.4 The improved regularity of the iterative sequence

In this subsection, we improve the regularity of the function T/ﬁi)(t, x) with
respect to x, which will be used to establish the uniform convergence of sequences

{(A{k)ﬁﬁ),?}éi))(t, x)} in the space 2(4).
Integrating system (4.46) along the characteristic curves xfk) (t)(i =+,0) and
differentiating the resulting with respect to #, we deduce for any (&, 7) € [0,5] xR,

; aka) ax£k>

(t, 2 (1)) at,

(k) (k)
F
ax; (620 (1)) dt

(4.71)

(k)
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where xik) (1) = xik)(t; &, 1) are determined by (4.48), and

axl) Lok (oK)
(4.72) = exp 0.7 (s, 2.7(s)) ds .
on 3
From (4.71), one obtains for any (&, 11), (&, 72) € [0, 8] x R,
~ B ¢ 9 or®
k K —
0= R0 ) R 19|20 %
(4.73) o £ 95K *) oo
ISk 5% > -
1= B m) - SPEm)l < [0 5| 1 S|
where

oF™M oF()
9 = [P0 58 0) - 2560

0x
(k) (k)
(k) _ | 9% (6) ox_ (k)
LY = |——(tx2"(t¢ -——(Lx27 (66, >
=) - 500 k)|
9FLH) 9FLH)
B = [P e s6) - 2o s )|
ax®) axk)
Iy - ?1<t,x$"><t;£,m>>—*(r,xi"><t;f,n2)>“

on

We point out by the estimate 0%’:7) in (4.34) that there is no need to consider the

difference between 0,(1]() (& m1)and 9,(7k) (&, 172). One performs direct calculations and
uses (4.34) and (4.72) to achieve

(k) &1 oo
(4.74) ‘axi §exp(f 1Mosds)§eM°8
on o 4
and
ax(k) ax(k)
S 6xP(Em) - S (6 (56 m)
n n
1l 1910 (k)
< exp [O ZMosds ft |9m|-|xi (s:&m) —x, (s;f,ﬂ2)|ds
1 o 2 —~
(4.75) < ZeMNzMMOEZDS‘),
where

D = e 58 1) x5 ).

Recalling the definitions of xik) (t;&, 1) in (4.48) and utilizing (4.34) get
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O (8 m) -2 (58 )]

<l e [ 109 (x5 m)) 05,60 (516, ma))] ds

§ k k
<lm=nal+ [ 109 ¢ (s Em) - 2 (51 12)] s
1~
<= maf+ gMoszik),
for any t € [0, &], from which one finds that

(4.76) D <2l - nal.
We put (4.76) into (4.75) to gain

(4.77) 19,10 < Se Mo Mo &y — 15| < *M Em — nal.

Moreover, by applying (4.20), (4.34), (4.51), and Lemma 4.1, one computes
‘an(“ (R - ’s“<k>>e§">|)

ox g(k)

oF)
dx

< O IR -5+

Bk) | (k) _ (k)
Rx + Sx - 2Vx + 266 (E(k) _ §(k))
46(%)

+16$9]165 + 7L | + 0|6 - 7H)|
1 2M _ — 2Mot? + 2Mot +20; ——
< =+ 220281y 12 + 2- (30061)2 | + 2O T AMOET S0 sy
26008 2
+ 2M0t2 + 3M§t(60 + Mot) + 251’(@0 + Mo\/Z)
(1 2M,yd
< +

RO -5

2

18 3o _
Mot + — Mot | + =M 0t + 26 Myt
12 16

+ 3M6t(116M + ]\7[06) + 26t(116M + ]\7[0\/5)

1 1 1 —~ 1 —~  3Mot Mot 1
Y 4M0t+*Mot+*Mot 0 + 0 + =Myt
8 16 16 8x12 8x16 8

(4.78) < 3Mot.

To estimate I; (k) , we rewrite the term F, (k )

(k)
(4.79) LI; (¥® —1)(RE -5y 4 — 9<k)(R(")+S<")) o7 4 1),
X

where ¥(¥) is defined in (4.47) and
1) = 29 (902 1 gR) g7 1 29 g7 — 295 (R).

Here, we used the relation 6% = (R) — 56y /26(K) by (3.123). Note that the term
I l(lk ) is differentiable with respect to x. Doing a direct calculation and employing (4.20),
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(4.34), (4.51), and Lemma 4.1 arrive at

R + 3 o3P 126y
49(k)

2Mot? + 2Mpt + 20, 1 2M,\ 3—
< T + + -—-M
416t

[¥:9] <

+ |\I,l(k)| .

1 My6*> Myd 6y 3— 3Myd—\ 2M M
(4.80) <( 07 2,2 + 20 )s

“i\7e TTg e TdM e M

and

a1
ox

= ‘ —2¢) (90)2 — 49 B gRIgk) 1 gk g

+300000 + 200007 —20()FR) _ 29(R)5 (k)

[
+ 90, MOt + 60, M0t + 12M 0Myt> + 6MOMot\/7
16Myd

AM , —— 1 2Mo\ — a1 -
St(3M6t)2+4(2t+o)'3M0t'6M20t+32M000t

—3—=2
<72M 0 t+

— 32 1 ~ = — 22— —2— —~
OM O t+ 5 Mobit + 156, M 0t + 18M Mo t\/t

1~ 1 —~ 1 — 1~ 1~ 1~
481) < -M3t+—M3*t+—M>*t+ —Mt+—M>*t < =~ M?t,
(481 80 Ted O 1e2 0T g 0T g0 T g0

by the choice M, > 24M2§ in (4.20). We combine (4.79)-(4.81) and apply (4.34),
(4.76), and Lemmas 4.1 and 4.2 to achieve

1
M < (|\y<’<>| +1+ 2|e§k>|)(1§"> +19)
10O TR (x5 (58 m)) -0 (6.4 (5, m2)|
PO (158 m)) - O (1,2 (66 m2)) |- R - 519

1 ~ ~
+ 108 (6210 (6.6m)) = 089 (6,61 (66, 72)) |- [RE + 57

+]0® (¢, * O (56m)) - 00 (1,59 (¢, 12))| - 73|

k k k k
1P (120 (56 m)) - 180 (6.5 (58 1))
1 3M .
S(Zt+90)(I§k)+lék))+29cl/2t |7’]1—7’]2|

1~ 1~ 1~ 1~
(4.82) +(4M§t+ EM§t3+EM§t\/;+ zMgt)lm—nzL
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Here, we chosen « = % in Lemma 4.2 and then

—

2561/2 = 4§M0(C2,1 + ZCS)% + C3,0) < gMé

If |1 — #72] < 1, then one obtains by (4.82)

1 3M _
910 < (Zt + 6)0)(1:5,") + 1) 4 32t/ — 1

3 —~
(4.83) < E(Ig") + 1)+ 32t/ - 1.

Now, we put (4.74), (4.77), (4.78), and (4.83) into (4.73) to find that if |5; — 72| < 1,

4 3 = = 1 ~ —~
Iék),lék) < [ {€M°8 (Iék) + Iék)) + (EMO‘S + ZMOSZ)M(Z)t |111 - 1’[2|} dt
0

4t
&4 1{16 1~ —~
gf — (P 1y de+ | 2+ - Moo |MEE [ -
o 5t 2\15 " 4
&4 —~
(4.84) gfo 5(Ig")+1§"))dt+M§£2 lm - 12,

by the fact 15¢M0%" < 16,
In view of (4.84), we have the following lemma.

Lemma 4.5 'The functions INQ,(Ck)(t, x), ggk)(t,x), and 749 (t,x)(k=0,1,...) are
uniformly Lipschitz continuous with respect to x. More precisely, there hold for any k > 0
and any two points (t,x1), (t,x2) € [0,8] xR,

|§)(ck)(t, xl) - Ii}(ck)(t, X2)|, |§§k)(t,x1) - :S:(‘k)(t,xZ)| < 5M§t2|x1 —x2|,

(4.85) ot
|’17)(Cl;)(t, xl) —ﬁﬁ)(t,xzﬂ < Mot‘* |x1 —x2|.

Proof We first show that the functions ﬁ,sk)(f, 1) and §,sk) (&n)(k=0,1,...) are
uniformly 1/2-Hélder continuous with respect to #. For any two numbers 7y, 175, if
|11 — #12| > 1, then one acquires by (4.34)

(RO (&) = RO (& m2) | [SY9 (6 m) = §§° (&)
(4.86) <2MoE <2MoE /| - 2.

If |11 — 2| < 1, then the inequality (4.84) is valid. Due to the definitions of Iék) and
Iék) in (4.73), we get

189,189 < 2, 8 < M2E2.

Inserting the above into (4.84) leads to
§4 —~
Iék)’lék) < /0 5 2Mgt dt + Mg/ |m - na
4 —~
(4.87) < gM§£2+M§£2\/|;71—;12|.
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We put (4.87) into (4.84) again to arrive at
(4.88) 1$9, 10 <( ) M2£2+Z( )W)fz |1 = 112].

Repeating the above insertion process yields

0 (4 i _
(4.89) 19,189 <y (5) Mo&/Im ~ 12| = SMg &/ I = nal.
=0
One combines (4.86) and (4.89) to achieve for any (&, 1), (&, 72) € [0,8] xR

[RED (& m) = RO (En)b [0 (6 m) = S§0 (6 2)|
(4.90) <SMGE/Im - nal.

Next, we prove that T/',(Cfc)(t,x)(k =0,1,...) are uniformly Lipschitz continuous
with respect to x. Recalling (4.7) and (4.18) gives

t — —
(4.91) 7 (4, x) = [ / IG(E=6x=2) iy (¢ ) dade,
o Jr ox

from which one has

~(k) ) f fazG(t G, X — Z)b(k)(c,z) dzdg
2
(4.92) f I PCU=6X=2) 1) (¢ 1) - b0 (6, x)] dede.

dx2
Here, the term b,(ck) is

(k) (k)
Ry /(t,x)+ Sy ' (t,x
b,(ck)(t,x) = ( )2 (t,x)

(4.93) -0 (8, x) + 05 (x) + vy (x),

-6 (1,x)

which satisfies by (4.34) and (4.90)
68 (£,x1) - b (£, x,))
< V20811091 151 2] 4 /250 Vs -

+5M22\/|x; — x| + \/2|66(x) +vy'(x)]- \/|9”(x +vg" (%) |x1 — x2
V2

< (5M§62+4M08+\/§M()8Z +2k\) |X1-X2|

1~
(494) < gMo |X1 - X2|.

Putting (4.94) into (4.92) and making use of (4.10) yield
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~ [t *G(t—¢ x -
’ ¥ (1,x)| < Mof f I6(t-cx-2) V|x — 2| dzdg
o Jr
1~ 1~ 4 3*% —~ 1
4.95 ngffH,t— ,2) dzdc = ~ M, - - Mott,
(4.95) 800R§(C)C803—2

which implies that the function W (t, x) satisfies
(4.96) T (£,50) =0 (¢, x2)| < Mot |xy - xs-

Finally, we verify that the functions R(k)(f n) and S k)(f n)(k=0,1,...) are
uniformly Lipschitz continuous with respect to #. By using (4.96), we re-estimate the

terms ng) and ng) in (4.82) and (4.83) to see that for |1, — 5| < 1,

1 3M,
1§"),I§k>é(2t 90)(I(k) +109) + 2 WMot Mot = 1)

1~ 1~ 1~ 1~
+ (4M§t+ §M§t3 + EM(Z)t\/;+ 2M(2)t)|171 - 12
3 —~
(4.97) < o (B 1) + Mgty = o)
from which the terms I gk) and [ ék) in (4.84) can be improved to
&4 —~

(4.98) 10,109 ¢ fo 5(Ig") + 1) dt + M2E |y — na).
Based on (4.98), one employs the same argument as (4.89) to gain

w o S g v
(4.99) V.Y <3 (5) M2En1 - 1| = 5MEE |y - 112,

=0

for |1 — #2| < 1. Combining (4.90), (4.99), and (4.96) finishes the proof of the lemma.
]

4.5 The convergence of the iterative sequence (I1)

In this subsection, we continue the discussion of Section 4.3 to establish the properties
for the sequences {(N( ),“ﬁ) R )(t,x)} in the space 2(9).
We first apply (4.18), (4.6)-(4.8), and (4.34) to deduce

T (8,x) -7 (1, %))

(4.100) f / G(t—g, z){ (T(k) + T(k)) + Tz(é() + Tz(lk)}(c,x - z) dzdg,

T (8,x) -7 (£,%)|

(4.101) f / aG(t C’Z)

{ (T(k) Tl(gk)) + Tz((f) + Tz(lk)}(c,x —z) dzdg
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and

|ﬁ(k+1)(t x) -7 (g, x)|

AG(t - ¢,
(4102) f A Cz){ (T + Téf’)”ﬂ‘)+Tfé"}(c,x—z)dzdc,
where
TS (1,x) =R (£,2) - RED (1,0), - [5®(,
k k— ~(k
T3 () =00 (1,0) - 657V (1, - [P0 (1,x) -
k =~ ~ ~
T (£,x) =|R® (1, x) - - 59 (1,2) -

T (8, x) =[60) (1, ) - 6% (1, x)|.
Recalling the system (4.46) arrives at

T (63) < B = 0 o IR~ DRED)
-1 (k-1
<|FY = F* ]+ 00 T + [REV 10

14 >
(4.103) T (1, x) < [FR) - FFD| 4 | - gl gD
<|FV - F<"‘”| +100| ) + ST,

0 (1) = [F9) -

from which and (4.53) and (4.49), we get

k) (k)
T Ty " + T I OB
tx) < T 1 1
(t,x) 12t 45( + T3+ Thy )
# (187 + 1) + 00|,
<k> (k)
(4.104) ™, x) < 2 * T (T(k)+T(k)+T(k))
2t 48

+—(T(k) + TR 4 19®| P,
T8 (1,x) < = (T(k) + T+ 18P+ T,

One utilizes Lemmas 4.3 and 4.4, (4.104), and (4.34) to acquire

k-1
(k) — 2 Mot k
T (t,x)§4M0t(3) - R N

k-1
~ (2 M t
T (1, x) < 4M0t(3) 3; o,
(4.105)

k-1 k-1
— 2 — 2
Tz((f)(t,x) < (45+1)M0t(3) SZMOt(3) ,

k-1
(k)(t x)<Mt( ) .
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We have by putting (4.105) into (4.100) and (4.102)

" R k-1
|v§"“>(t,x)—a“>(t,x)|gf fRG(t—C,z){6M0q(§)
0

Mo
+Tz(lk) - (T(zk) + Tz(;())}(c,x - z) dzdg,
-1

faf3)

In order to proceed with the verification, it is necessary to estimate the terms

U (1, x) ~ 78 (1) < aG(t 6 2)

(4.106)
T(k) OC(T(k) Tz(f))}(c,x—z) dzdg,

P () -7 ()| < [ [

1
+5(T2(2k) + T + Tz(f)}(c,x - z) dzdg.

aG(t c,z)

TZ(Zk )23)2 4+- Recalling system (4.71) leads to

; x| Jar*Y

k k - k
3 ox'F) aF(k 1)

k k k

3
P < [T an

where
k-1)

8F() JF!
1) = |5 (620 (0) - = — (6,7 (1)

ap” F{D
T = | (0 <8 (1)) - oy e gy

aF(k) a (k 1)
k

1) = | () -

n

tn)‘

o |ox® k ax D k-
Ty = |5~ (r,x@(t))— (L)
h on

9 (kD
T = |25 (O (1)) - 2 o (b SIONE

on
We first remember (4.74) and (4.78) to obtain
CI (0| opt-D |
(4.108) 9% " < eMod” ) , oF, < 3Myt.
on 0x 0x
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Next, we are going to estimate the terms T2(5 )29 For the term T2(7k ), it follows directly
by Lemma 4.4 that

~(k ~(k
(k) _ Ry + 53
27 2
>(k-1) | (k-1
~ R; +8y
2

— 640~ 4 eg)

_ 0}(116—1) _'1‘;}(1](—1) + 66)

(k) (k)
T (b)) + Ty’ (Bn) ok -
2B e ) (6 + 7P () - T ()

® (k) k-1
t, T t, —~ 2
(4.109) <L '7); » (L) Tz(f)(t,ry)+M0t(3) :

A

For the terms Tz(:zzg, one recalls the definitions of anxik) in (4.72) to achieve
3
. (f’ik)(s,xi“(s)) 00D (5, (s>>) &

<ot [ E{T;’Q(s x9(5)) +1070 (5, x5 (5)) - 0D (5, ”<s>>|}
(4.110)
< Mod’ fo {T(k)(s X k)(s)) |Q(k 1)|~|x k)(s) x (k= 1)(s)|} ds.

T, T < Mo

Moreover, it concludes by the definitions of x; )(t &, 1) in (4.48) that

00+ [0 s s 80))
o=@ 5 [0 (s (s 6 s,

from which and (4.34) and Lemma 4.3 one has
£
B0 =200 < [T10W (0 (5)) - 00D (5,28 (5))] s
< f {T"% 2 () + 105 9 (s) —xi"-“(sn} ds
0

& - 2 k=
(4.111) < fo {2M052(3)

Thus, we find by (4.111) that

1
1 ~
+ Moslxl () (5) — x (D (s)|} ds.

k-1
_ _ (2

(4.112) AL = max [x{F (1) - V(1) £MOE3() .
te[0,£] 3
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Putting (4.112) into (4.110) and using (4.34) again yield

4
TZ(:),T(k)S My$? /(; {Tz(k)(s xk)(s))+ Mos A(k)}d
o, £ 1 - P k-1
(4.113) < eMod fo Tz(f)(s,xik)(s))ds+4M§£5(3) .

Finally, we estimate Tz(sk ) by re-expressing it as

oF™® E(ED
T < |20 (160 (1) - (1,69 (1))
aF(k—l) (k—l)
B (91 - T (128D (1))
k k-1
(4.114) R S

Recalling the expression of axFl(k) in (4.79) and making use of (4.34) and (4.51) arrive
at

1 1~ —~
149 < (101 100110+ 70) o JRED 0]
/D D] ) D] g0 ) 5
+ A1 100 - 0%+ 1 — 17|

1 2M 1 —
< (21‘ + To +1+ Mot)(Tz(zk) + T 20, 2w R - pD)

(4.115) + Mot? T2(4) + 20170 — kD) MO\/ZTI(Z‘) + |Il(1k) - Il(lk_l)|.

By the expressions of w(k) in (4.47) and I(k) in (4.79), we employ Lemmas 4.3 and 4.4
and (4.22), (4.34), and (4.51) again to gain

|\I/(k) _ \I/(k—l)|
(|R® 4 SR _o5(k) £ 29,  R*-D 4 gk-1) _o55(k-1) } 29,
- 46(k) - 46(k-1)
k k k k
TI(Z )+ T1(3 )+ 2T1(5 ) Tk 1)| ( :
40(k) o(k)
aity (2 k_1+21\71 o2 o 2,2 -
0 0 = 0
3 3 1 2M, 3
< +| =+
20t 2t 0 30t
— k-1 k-1
3+28 8Myd\—~ (2 4 (2
4.116 < + Moyl - < =Myl -
ano (2 EE)(3) < gm(3)
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and
I = 0] < 2J0® P - w4 oy D] (602 - (D)
+102]-10% — 01| 1 2(165] + [7]) - |9%) — 9D
+ 20 D] [ - D)
k-1
o2 2a (2 1 2M, )
<2(3MOt)* - — Mol = o = CMOLT
iy m(2) oo+ ) e
+ 8o T1(4k) + 2(60 + Mot)Tz(f) +6MOt- Tl(sk)
Y52 .2 k-1 — 1
 OMie 2\ (1 2Mo8) Mo (k>+00 TE
6 \3 2 '] 3
k-1
M n 1= = (2
+2(16+1)T2(4)+4M0t-M0t(3)
2 k-1
(k)
4.117 < fM T Mot )
i 6T 5 °(3)

One inserts (4.116) and (4.117) into (4.115) to get

k 2My 1 k k
T3(0) < (2t+9 +1+ SMOt)(TZ(Z) + T8

k-1
— 4~ (2 = o
vaf 3o(3) o BT+ B A

k-1 k-1
—~ —~ 2 k) 2
+ MoVt Mot 2 +—MT( + 2 Mt
0\/_ 0 (3) 6 0 P 0(3)

1 3M 2
< =0 (T(Zk)+T2(k))+ M T2(4)+ Mot
2% 8 3
(4.118) +20t[tH) —’17,(6’;‘1>|.

k-1

In addition, for the term T3(1k_1) , we also use the expression of d Fl(k_l) asin (4.79) to
derive

_ 1
T3(1k D < (|‘I’(k‘1)| +1+ 2|6,(Ck_1)|)
x {|§§k-“(nx£">(t)> - RED (1,65 (1))

(k- k (k- k—
+ S (£, x5 (1)) - SED (1, £ 1)(t))|}

+ [REFD S D (1, O (1)) @D (4, 8D (1)

1~ ~ _
+ £|R,(ck‘1) + SED1 0% (1,28 (1)) - 0% (1,57 (1))
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# 06D (020 (1) - 7D (6270 (1))
|~(k71)| . |9(k71)(t, xEk)(t)) - H(kfl)(t, x 1)(t))|
@n9)  +[r{ TV (6xM () - 1EV (625 (1)

Thus, it suggests by Lemma 4.5, (4.34), (4.80), (4.81), and (4.112) that

_ 1 3M — _
T < (Zt + =" 0 ) A0M2EAY 23 - [P |AR)
—~ 1 ~ —~ 1
+ Mot? 10D a0 4 35 Mot Mot NG

k-1)

(
1 (k) |0l k
+ZMOt-|9§k D|aM ¢ ’3x NS

—

o 30ME . My o~ , 1
S{5M§t+ 90 +2M0t2'87:+M0t2'ZM0t

1 ~5 1 1=~ 1 ~ 1~, (k)
+ — Myttt + —Mot- —Mot + =Myt A
32000 T4 T Ty 0} *

16 4 4 32

k-1 k-1
— 2 1~ (2
(4.120) < 8M; f%() < Mot(3) .

k-1
S{5+30+1+182 \/5+16+}M2t M053(3)

3 4

One puts (4.118) and (4.120) into (4.114) to deduce

k-1
3M 2
TE < =+ 2|18 + ("))+—M TS + Mot
2t 3
(4.121) +20t[0) - ’foi )
The above estimate is also true for the term Tz(ﬁk ).

We now combine (4.107)-(4.109), (4.113), and (4.121) and apply the fact 15¢M0%° < 16
to find that

& = 1 3M 1 ~
k k k k k
Tz(z)(£>”l)rT2(3)(£”’l) < /0 eMo? {(21‘ 90)(T( ) Tz(3))+ EM0T2(4)

k-1
7 (2 -
+ 4M0t(3) +20t[70 —Tzfc’;l)|} dt
k-1
€ ( os ff 1~y .s(2
+ | 3Mot M”/ TP ds+ - 28| 2 dt
fo O{e o T dsr Mol

16 réf1 (k) (k) 6(1 ~ 3~ , § (k)
<2 T+ 1Oy de+ 2~ Mo+ M / T g4y
15 Jo (Zt 16t)( 5 ) At o Mot S Mol ) ) T
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k-1
_ ré 4 = — 2
+40 / (R — 5D dr + (15 + M(Z,ES)MOEZ(?,)
0

£ 4 1 - = _
< {5t<T§2") #T0) + M5y + 407 7S 1>|} dt

(4.122)

k-1
+ M0£2(§)

and (k) (k) k-1
ST, (t, T, (t, —~ (2
Tz(f)(f,q)gf { 2 ( 11); 2 ( 11)+T2(f)(t,,7)+M0t(3) }dt
0
e (7 t, k) t, —~ 2\
(4123) Sfo { 5 ( ’7)*2‘ 5 (t1) +T2(f)(t,l1)}dt+MOEZ(3) )

Based on (4.122) and (4.123), we have the following lemma.

Lemma 4.6 Foranyk >1and (&, 1) € [0,8] xR, sz/f/,;)(E, 1) satisfies

k-1
B ~ 2
(4.124) [ (&.1) =74, l>(¢:”,11)|SM0\/73(3) >
then there hold .
— 2\
s TP . T <2ie(3)

Proof The proof of the lemma is similar to that of Lemma 4.3. According to the
definitions of Tz(zk_)2 4> we first see by (4.34) that

—~ 1 ~
(4.126) ) (6, Ty (6n) <2808, 1.0 (6n) < S Mok,

which along with (4.123) gets

.~ 1~ —~ _
Tz(f)(f,ﬂ)sfo {2M0t2+2Mot}dt+M0£2§2MOEZ.

Thus,
(4127) T3 (&), T (&), TR (6 ) < 288,
Next, in view of (4.122) and the assumption (4.124), one has
(4 1 —~
k k k k k
O 16 < [ 1) L)
0 5t 10
B 5\F1 5\ k1
+40t'Mo\/?(3) }dt+Mofz(3)
k-1
4 k 1 = (k = 2
(4.128) sfo {St(T2(2)+T2(3))+IOMOT2(4) de+ 2008 S )
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by the fact 01/8 < 1. We substitute (4.127) into (4.128) and (4.123) to obtain by Myd <1
that

k-1
~ (2
T (&), T (&,1) < f { - 4M, £ +EMO Mot }dt+2M0£2(3)

—~ k-1
4 Med\ —~ . o~ f2
e - 2M, 2M, —
(5 + 30 ) o€+ & 3
5 , , 2 k-1
(4.129) <% 2MoE + 2MyE
and
£ P k-1
Tz(f)(f,q)gf {21\7Iot2+21\710t2} dt+1\7Io£2(3)
0
4 ) k-1 5 k-1
(4.130) :3M0$3+M0£2(3) <z 2M0E2+2M0£2( ) .
Hence, it follows by (4.129) and (4.130) that
k-1
—~ 5 2
(4.131) Tz(z’"(&n),Tz(a")(f,n),Tz(f)(f,n)s2M052[6+(3) ]

Moreover, putting (4.131) into (4.128) and (4.123) again yields

T (6.1), oy (8.1)

2
(4.132) < 2M, &2 [( 2) +

S0 ]

and
(& )<[ abig2] 2 + (2 . dt + My é&* .
24 (6 7] CL 3 0
k-1 k-1
o) one)
oI5V L5V /(2)!
(4.133) <2Moé& [(6) +§)(6) (3) ]
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One combines (4.132) and (4.133) to acquire

T (6,0), T (&1), TSP (&)

(4.134) gzﬁofz[(z)2+§(z)j(§)kl].

Therefore, by repeating the above process, we can achieve

T (&6,0), TP (&), TS (&)

=l & (s 2\
(4.135) SZMO'SZ[(6) +,§0(6) (3) ]

for arbitrary integer £ > 1. Due to the arbitrariness of ¢, it concludes by (4.135) that

T (&), T (6 0), TS (&)

0o (5\/[7\F! 5\ k1
(4.136) szMOfZZ() () :121?4052() ,
Z\6) \3 3
which ends the proof of the lemma. [ ]

By virtue of (4.106) and Lemma 4.6, we have the following lemma.

Lemma 4.7 Let the iterative sequence {V1¥)} be defined by (4.18). There hold

>

T (£, x) - 79 (£,x)

X

k
~ (2
00 -7 0] < 1)
(4.137)

k
—~ 2
!ﬁmuww%uﬂsmﬁ@y
forallk >0and (t,x) €[0,8] xR.
Proof The proof of the lemma is still based on the method of induction. Noting
the initial iterative function (%) (¢, x) = 0, it is easy to see by Lemma 4.1 that all

inequalities in (4.137) are true for k = 0.
Now, assume that (4.137) holds for n = k. Thus,

k k-1
789 (8, %) =75 (1,x),

k-1
_ ~ (2
7)o ) < ()
(4.138) e
() -5 )| < T3]

from which and Lemma 4.6 one has for n = k and (¢, x) € [0, §] x R that

k-1
_ (2
(4.139) T (,x), T (,%), T (£, x) < 12M0t2(3) .
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We insert (4.139) into (4.106) and apply (4.16) to get
; _g\F!
|,17§k+1)(t,x) _;,fk)(t,x)| < f fRG(t— g,z){6M0g(3)
0

k-1 = k-1
~ (2 M — 2
+M0() +OCZ4M0§2(3) }dZdC

3 64
, R L 5\F1
< f ‘[RG(t -¢,z)dzdg- {6M06+ Mgy + M§83}(3)
0
3 2\ o\ \E
(4.140) <2t- =Myl - <36 Myl = <Myl=1),
2 3 3 3

k k ‘
P 0 -7 )< [

k-1 — k-1
—~ [2 M()C = 9 2
+ Mgl = + ——-24M - dzd
0(3) 64 06 3 9

k-1
9G(t=62)| 4 4. {6]\7108 + Mo+ 1\“4353}@)

0G(t-¢,2)
0z

_ P k-1
6Mog g

0z
k-1 k-1
5 (2 )
<aVt- M| =] <5V -Ml=
(4.141) <L (? k71<1\71 2 k
. = 0 3 = 0 3 >

and

VLD (1, x) - 70 (£, %))
" _ R k-1 _ k-1
s/ f aG(tC’Z){ZMoc(Z) +24M0q2(2) }dqu
o JRr 0z 3 3
" _ . P k-1
sf f dzdc~{2M06+24M062}()
0o JR 3

2 k-1 2 k-1
g4\/2-31ﬁ06(3) :125-M0ﬂ(3)

0G(t-¢,2)
0z

3 S\E 5\ K
(4.142) <= MVt 2] <MVt =] .
8 3 3
By (4.140)-(4.142), the proof of the lemma is finished. [ |
4.6 The solutions of the hyperbolic—parabolic coupled problem

In this subsection, we complete the proof of Theorem 2.1 and then obtain Theorem 1.1.
Thanks to Lemmas 4.4 and 4.7, one finds that the iterative sequence {7(¥)} defined by
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(4.18) satisfies concurrently

k
—~ 2
[FED (1, x) =50 (£,5)], [7EFD (1, x) -5 (£, %) gMot(3) ,

<M(2)k
= oy 5 >
3

k
—~ 2
|§§§+1)(t,x) —Tzf{’;)(t,x)‘ < MO\/E(3) ,

(4.143) [

for all k > 0 and (¢,x) € [0, 8] x R. It follows by (4.143) that the iterative sequence
{v(®)(t,x)} is uniformly convergent in the space (). We denote the limit function
by ¥(t, x), which satisfies the following properties by Lemma 4.1:

<M0t <MO)
|Vx¢(t x)| < MO; |Vxx(t X)l < MO\/_

(4.144) Y (t,x)€[0,0] xR
From (4.144), we know that the limit function ¥(t, x) is in the space 2(8). Based on
this limit function v(¢,x) € 2(J), the degenerate hyperbolic problem (3.2), (3.3) is
solved by Section 3 to get the variables (R, S, 8)(t,x). It is clear that the functions
(%, R, S, 0)(t, x) satisfy the initial value conditions (2.6) and the last three equations
in (2.7). Furthermore, due to the construction of the sequence {¥(¥)} in (4.18), the
limit function ¥(t, x) obviously satisfies the integral equation

v(t,x)
t R+S _
(4.145) :fo [RG(t—c,x—z){ 3 —9—v+90+v6'}(c,z) dzdg.

By combining the integral equation (4.145) and the regularity of v(¢, x) in (4.144), we
see that the function V(t, x) satisfies the first differential equation in (2.7). Therefore,
the functions (7, R, S, 8)(t, x) are the classical solution to the singular Cauchy prob-
lem (2.7), (2.6). In addition, we set

then apply (4.144) and Theorem 3.1 to acquire

Mo(t,x), |R(t,x)], |§£t,x)| < MO?(t,x),

v(t,x)| <
4.14
(4.146) 30t < 0(t,x) <26,

for any (t,x) € [0, 8] x R, which are the desired inequalities in (2.9). This ends the
existence proof of Theorem 2.1.

Next, we consider the uniqueness by estimating the difference of solutions. Assume
that v,,v, are any two elements in the space 2(8) and (V,,R,, S, 0, )(t x),
(vb,Rb,Sb, 0, )(t, x) are two solutions of (2.7). Set (¥, R, S, 8) (£, x) = (v, — vb,R -
Ry, Sa - Sp, 0, — 0,) (1, x). Performing direct calculations, the functions (7, R, S, 8)
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satisfy the following homogeneous integral inequality system:

(4.147)
el < [ f 6= o J0RI B+ 1+ Bl (6 -2) e,
et )7L PSR 8 - azas

&)< /0 {'R' '7 5 (R B+ @)+ {7+ D f

2t
sceni< [ (BBl L mem )+ L m)
— O~~~
BEnis [ {|R|+|S|+|e|+|ﬂ}(r,n>dt.

Here, we omit the derivation process of system (4.147), since it is very similar to that of
equations (4.44) and (4.45), and (4.54) and (4.55). According to the facts v, vj, € Z(6),
one employs (4.144) and (4.34) to achieve that the difference functions (7, R,S,0)
satisfy

[(t,x)|, [P (£, x)| < 2Mot,

4.148 -~
( ) < 2Mot?,

¥ (t,x) €[0,8] x R

Making use of (4.148) at the first step and then repeating the insertion of the right side
of (4.147), we can find that the functions (7, R, S, §) must satisfy the inequalities of

the forms
_ 2\
<M'|-1,

for arbitrary integer ¢ >1and some positive constant M*. It is obvious by (4.149) that
there holds 7= R = S = § = 0, which yields the uniqueness of classical solutions of
Cauchy problem (2.7), (2.6). Hence, the proof of Theorem 2.1 is completed.

Based on Theorem 2.1 and the transformation (2.5), one obtains the existence and
uniqueness of classical solutions for the Cauchy problem (2.3), (2.4). Finally, by the
relation 6, = (R - §)/26 in (3.123) and the transformation (2.1), it concludes that
the two problems (2.3), (2.4) and (1.7), (1.8) are equivalent. Therefore, we complete
the proof of Theorem L.1.

(4.149)
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