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Abstract

A subset of positive integers F is a Schreier set if it is nonempty and |F| < min F' (here |F]| is the cardinality
of F). For each positive integer k, we define kS as the collection of all the unions of at most k Schreier sets.
Also, for each positive integer n, let (kS)" be the collection of all sets in kS with maximum element equal
to n. It is well known that the sequence (|(1S)"|)f,°:1 is the Fibonacci sequence. In particular, the sequence
satisfies a linear recurrence. We show that the sequence (|(kS)"|); , satisfies a linear recurrence for every

positive k.
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1. Introduction

A subset F of positive integers is called a Schreier set if it is nonempty and |F| < min F
(here |F] is the cardinality of the set F)). Let S denote the family of all Schreier sets and
S" the set of Schreier sets F with max F' = n. The family S, which we call the Schreier
Jamily, was introduced in the 1930s in a seminal paper of Schreier [10]. In that paper,
Schreier solved a problem in Banach space theory posed by Banach and Saks. It is now
well established that Schreier sets and their generalisations have deep connections to
the norm convergence of convex combinations of weakly null sequences [1, 2, 9] and
are thus of fundamental importance in Banach space theory.

In this paper, we focus on the combinatorial properties of Schreier sets. Recently,
counting various generalisations of Schreier sets has attracted attention (see [3, 5, 6, 7].
Research in this direction began with the simple observation by an anonymous blogger
that (|S"]);, is the Fibonacci sequence. This fact follows from the observation that the
set of elements of S" which contain n — 1 can be put in bijection with S"~!, and the set
of elements of S" not containing n — 1 can be put in bijection with 8"~2. The blogger
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was later revealed to be Alistair Bird who discovered this connection while writing his
PhD thesis in Banach space theory.

It is natural to ask if, for various modified Schreier families, the analogous sequence
(counting members with a fixed maximal element) is a linear recurrence sequence. A
natural and nontrivial modification of S is to fix natural numbers p and ¢ and consider
the family

Spq ={F SN:gminF > p|F|}.

In [3], Beanland et al. proved that the sequence (|SZ)q|);°:] is a linear recurrence
sequence and gave a compact recursive formula (building on the earlier work [8]).

We write N for the set of all positive integers and we refer to members of N as
natural numbers. We consider, for each natural number £, the set &S of all subsets of N
that can be written as a union of at most £k many Schreier sets. These sets were recently
studied in a Banach space theory context in [4] by the first and third authors.

We prove that for each k the sequence {|(kS)"|};” | satisfies a specific recurrence
relation that is generated by the Fibonacci recurrence in a natural way. In order to
describe these recurrences we recall a few basic notions. A sequence (a,),. | satisfies
the linear recurrence with coefficients ¢y, cx_1,...,co (we assume that ¢, # 0) if for
eachn € N,

CkQnk + Ch—1@nik—1 + -+ + C1Auy1 + Coa, = 0.
The characteristic polynomial of the linear recurrence is given by
px) = ck)fc + ck_lxk_1 + -4+ X + Cp.

We now introduce a sequence of polynomials (pi(x));Z, that will enable us to state
our main result. Let py(x) = x — 1. This is the characteristic polynomial of the constant
sequence. Suppose that p,(x) has been defined for some nonnegative integer k, and let

Pk+1(x) 1= pr(x(x = 1)).
Below we have computed py(x) for each k € {1, 2, 3}:

(1) p1(x) =x(x—1)—1 = x> —x — 1, the characteristic polynomial of the Fibonacci
recursion;

2) P =rx-1) —xx-D)-1=x" -2 +x-1;

B) p3x) =28 —dx7 +4x® 428 -5t + 23 + 2 —x - L

Notice that pi(x) has degree 2*. For all natural numbers k and 7, set Sk = |[(kS)"]. We
can now state our main theorem.

THEOREM 1.1. For each k € N, the sequence (si,),., satisfies the linear recurrence
with characteristic polynomial py(x).

Unlike the proof in the k = 1 case, our proof for general k is quite involved and
requires connecting the sequences (si-1,1),.,; With (s¢,);”, in a nonobvious but elegant
way. In addition, we obtain an interesting corollary to the proof of Theorem 1.1. In
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[3] Counting unions of Schreier sets 21

order to state it, we need some more notation. For two sets E, F C N, we write E < F'if
max E < min F. We say that sets Ey, ..., E,, € N are successive if Ey < E; < -+ < E,,.
A set F € S is called a maximal Schreier set if |F| = min F. Furthermore, F € kS is a
maximal k-Schreier set if it can be decomposed as the disjoint union of k successive
maximal Schreier sets. Let Rg,n C (kS)" be the collection of all maximal k-Schreier

: 0 ._ |40
sets in (kS)" and Ten = Iﬂk’n .

COROLLARY 1.2. For each k € N, the sequence (r,(()n);'l"=1 satisfies a linear recurrence
with characteristic polynomial py(x).

2. Notation and overview of the proof of Theorem 1.1

Let F € N. We will inductively define a subset E(F) of F for each k € N. Let E|(F)
be the initial segment of F that is a maximal Schreier set, and if no such set exists, let
E|(F) = F. Assuming E;(F) has been defined for some positive integer k, let

k
Eea(P) = EiF | EP)
i=1

Observe that E|(F), E»(F), ... is a partition of F into consecutive Schreier sets, where
all nonempty sets are maximal except possibly for the last nonempty one.

Letk € Nand F € kS. Let di(F) be the greatest nonnegative integer  so that there is
asetG CNwithF < G,|G|=dand F U G € k8. If no such d exists, we let di(F) = oo.
Note that

(1) di(F) < oo if and only if Ex(F) # 0;
(2) F is a maximal k-Schreier set if and only if di(F) = 0.

For each n, k € N and d, we define
RE, ={F € (kS)' : dy(F)=d} and r{, :=IR,|I.

Also, let r‘,in :=0 for all k,n € Z,d € Z U {0} such that the value was not defined
above. As a visual aid see the initial values of r,‘in for k € {1,2} in Table 1.

For example, for the k = 1 table, the value r(l’n is the cardinality of the set of all F’ so
that max F = n and F is a maximal Schreier set (that is, min F' = |F|). For the second
column, the value rin is the number of sets F with max F' = n so that F U {n + 1} is
a maximal Schreier set. For the k = 2 table, the value r;’n is the number of sets F
so that F = Fy U F, with F| < F,, F| being a maximal Schreier set, max F, = n, and
F, U {n + 1} being a maximal Schreier set. For example

rhe = IRLgl = {{1,3,6),(1,4,5,6),(2,3,4,5,6})| = 3.
We now record a few observations regarding the above tables.

(O1) Each entry below the first two main diagonals is computed by adding the
entry directly north to the northeast entry. We call this the Pascal-like property.
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TABLE 1. The left table contains initial values of (r‘l[_”); the right table contains initial values of (r‘z/ﬂ).

k=1 k=2
n\d 01 2 3 456 7 - n\d 0 1 2 3 4 5 6 7
1 1 1 0
2 01 2 0 1
31 01 31 0 1
4 1 1 01 4 1 1 0 2
5 211 01 5 2 1 2 03
6 32 11 01 6 3 3 2 3 05
7 53 21101 7 6 5 5 350 8
8 85 3 2 1101 § 11 10 8 8 5 8 0 13

Consequently, the two main diagonals determine the rest of the table. Note also that
the second main diagonal is constantly zero; we will show that this holds in general
(Lemma 5.2).

(02) Due to the Pascal-like property of the tables, if the first two main diagonals satisfy
the same recursion, each diagonal satisfies that recursion. Moreover, we can express
each term of the diagonal in terms of the first column and use this to compute the
recursion for the first column (Lemma 4.1 and Figure 2).

(O3) In the k = 2 table, the sequence starting at the second entry of the main diagonal
is equal to the partial sums of the first column of k = 1 (Lemma 5.1). Consequently,
these sequences satisfy the exact same recursions. In this case, both sequences satisty
the Fibonacci linear recurrence.

Taken together, these observations outline an inductive process to compute all of the
entries in the tables up to any given k. As we can see from the k = 1 table, the sequence
(r?’n);": , satisfies the Fibonacci recursion. As we mentioned in the introduction, the
sequence (s1,,),., also satisfies the Fibonacci recursion. This led to the conjecture that
this holds for each k, namely, that (r,(()’n o, and (sg,),>, satisfy the same recursion
relation. We verify this in the affirmative. The main step is to note and prove that for

all natural numbers k, n, we have
Skn = 25kn-1 = Ty 2.1)

3. Initial values of the sequences

This section contains several computations related to the initial values of the
sequences we are considering.
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[5] Counting unions of Schreier sets 23

LEMMA 3.1. Forallk € Nwithk > 2 and foreachn € {1, ...,2F — 2}, we have r,?,n =0.
Moreover,

2k—1

0 _ 0 _ Ak=1 _ 0 _
Neoiog = Lo 1y =2 Lo res —( )

) + 2K,

PROOF. Since {1,...,2% — 1} is a maximal k-Schreier set, no proper subset can be a
maximal k-Schreier set. This proves that for each n € {1,.. ., 2k — 2} we have r]?n =0

and r]? s = 1. The equality r}?zk = 2k1 _ 1 follows from the fact that {1, ...,2%} \ {n}
k

1s a maximal k-Schreier set for each n € {2"‘1 +1,...,2% = 1}, and every such set is

of this form. To compute rg »i,q» One can easily check that any set F € Rg 5y Das
initial segment {1, ..., 2%} and is made by either deleting two numbers from the set
{21 +1,...,2%} or deleting one number from {2872 + 1,...,2¢1}. o

The next lemma follows trivially from Lemma 3.1. For all n, k € N, set

n

- 0
tin 1= Z i

i=1

LEMMA 3.2. Forallk € Nwithk > 2 and for eachn € {1,...,2* — 2}, we have ten = 0.
Moreover,

2
Troroy = 1, Ty ok = 2k_1, Teokyy = 2k_1 + ( ) + 2k_2.

2

LEMMA 3.3. For all k€N and for each n€{l,...,2K~1}, we have Skn = o1
Moreover,

k_ k —
=211 s =20 25+,

PROOF. Fix k € N. The set {1,...,2% — 1}is a maximal k-Schreier set. Therefore, every
subset of {1,...,2K — 1} is a k-Schreier set. Consequently, for eachn € {1,..., 2k — 13,
we have sy, = 2" On the other hand, {1,..., 2%} is not a k-Schreier set, but each of
its proper subsets is k-Schreier. Thus, s o = 22~ — 1

We compute sy o« 1. We will show there are exactly 2k 4+ 1 subsets of {1,...,2F + 1}
with maximum element 2% + 1 that are not in kS. Let F be such a set and assume the
case that F # {1,...,2F +1}.

First observe that {l,...,2'} C F. Indeed, if this were not the case, then
min Ey(F) > 2!, which implies that max E;(F) > 2f + 1. Hence, since F ¢ kS,
max F > 2X + 1, which is a contradiction. Therefore, min E;(F) = 2", and since
2k — 1 <max Ex(F) <2+ 1, it follows that F={1,...,28+1}\{n} for each
ne {2k 4+ 1,...,2%. Including the case that F ={1,...,2¥+ 1}. We have a total
of 2F + 1 many such sets. This is the desired result. ]
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For each k € N, define (df.‘)l.zio by

2k
i) = " di.
i=0

LEMMA 3.4. Letk € N withk > 2. Then
k 2+t k=2 k k-1 k
d2k_2=( , )—2 cod =2 d =1

PROOF. We proceed by induction on k. Since p(x) = x* — 2x* + x — 1, the base case
k =2 holds. Fix some integer k with k > 3 and assume the identities hold for k — 1.
Let m = 2%=!. Then

(X)) = pro(x(x = 1) = X"(x = )" = %1;/”“()5 — e

By inspection of the leading coefficients and using the binomial theorem, we have

pr() = 2" — ™ 4 ((’;1) _ g)xszz e

This completes the inductive step of the proof. ]

The next lemma verifies that the recursions are satisfied for the initial 2¢ + 1 values
of the sequence. This lemma will be repeatedly used as the base case of the induction
in the proof of Theorem 1.1.

LEMMA 3.5. For each k € N,

2k41 2k 2k 2k

k0 _ k _ k _ k _
Z di—lrk,i = Zdl trivl = Zdl tii = Zd, Skji+1 = 0.
i=1 i=0 i=1 i=0

PROOF. Direct calculation using the above lemmas shows that the first three sums
are 0. For the final identity, notice first that py(2) = 1 for each k € N. Thus using the
identities in Lemmas 3.3 and 3.4,

0=p@ -1 =di+d2++diy Q"' - D) +di2” —1+d5,_|

2k
=d v d 2+ d_ QYT -+ d QY -2 - = Zd{?sk,m. O
i=0

4. Pascal-like sets and recursions

A set {rJl: :i€N,je|0,...,i—1}} is Pascal-like if for every i € N with i > 3 and
every j € {0,...,i — 3}, we have rf = rfl.;] + rf:} By definition, the Pascal-like set is
determined by the values of the two main diagonals (rf."1 =, and (rf.j .- See Figure |
for an illustration. In the next lemma, we express each element of the main diagonal in

terms of the first column.
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Njlo|1]2]3]|4]s5

1]

2 |20
=

3 [ 2] 21
VA

s |15 200
Vv A v

5 | 7152721
[V EPEY

6 |12 71473720

FIGURE 1. An initial fragment of a Pascal-like set. The cells of a table are filled with the numbers r{, for
example, r(l) = 7. The set is determined by two main diagonals highlighted with shading.

LEMMA 4.1. Let {rf: :i€N,je{0,...,i—1}} be a Pascal-like set. Then for each
neN,

n—1
_ nel—ifn =1
Pl = E (-1) 1/( , )rgﬂ.. 4.1)
=0 J

PROOF. We proceed by induction. We shall prove that for each n € N, any Pascal-like
set satisfies (4.1). For n = 1, the assertion is clearly satisfied. Fix n > 2 and assume
that (4.1) holds, replacing n with n — 1 for any Pascal-like set. Fix a Pascal-like set
{rl:ieN,je{l,...,i—1}} and define b, = rgll.Then {V:ieN,je{0,...,i—1}}is
also a Pascal-like set. By the inductive assumption,

n-2 n-2
_ e noo_ifn—2 woa_ifn =2
= bn—% = Z(_l) ? j( . )b2—1+j = Z(_l) ? j( . )rrll+j
J=0 J Jj=0 J
n-2
L, (n=2
B o
=0
n—1 n—2 n-2 n—2
ST by D YE N (e ¥
j=1 J-1 =0 J
n—1
o ifn—1
S,
j=0

Notice that, in the fourth equality, we used the definition of a Pascal-like set. O

The properties of Pascal-like sets allow transferring recursive relations between
diagonals and columns. In Lemma 4.2 we show how recursive relations are transferred
between diagonals and in Lemma 4.3 we show how recursive relations are transferred
from the main diagonals to the first column (see Figure 2 for intuition). Next, in
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Nl 1] 23 |4]5]6]7

3 0313
4 | as; g4
Aj,j—1 = = Qi Ll . ]
b c—b vl b v
i /( ) 5 5,1 ’ 5,5
| i
vt b
C_ 6 ag,1 46,6
= Gj41,5-1 ‘i
e
7 | ar a7

FIGURE 2. The goal is to relate the main diagonal entries with the first column entries. Knowing the
entries ay |, ds 1, de 1, a7, We can restore the value of ay 4 using the equation a;; = a;y1j-1 — a;j—1, which is
illustrated on the left-hand side.

Lemma 4.4, we relate the recursive relation on the main diagonals to the partial sums
of the first column.

LEMMA 4.2. Let {rf :ieN,jef{0,...,i—1}} be a Pascal-like set. If (r’ 1)""l and

(rf.:]1 2, both satisfy a linear recurrence with characteristic polynomial p(x), then

Jor each integer € with € > 2, the sequence (r, i~ 1)""l satisfies a linear recurrence with
characteristic polynomial p(x).

PROOF. We sketch the easy proof. The Pascal-like property yields ”, +2 =r +{ + rl 1

(o)

i=1

and (r; +} .- Using this observatlon as the base case for an inductive argument, the

general case follows. ]

for each i € N. It is clear that (r’ ! -2, must satisfy the same recursions as both (r’ !

LEMMA 4.3. Suppose that {rJ ieN,je|0,...,i— 1}}is Pascal-like and (r’ ])""1 and
(rl Iy | both satisfy a lmear recurrence wzth characterzstzc polynomial p(x). Then

the sequence (;’0)""1 satisfies the linear recurrence with characteristic polynomial
px(x —1)).

PROOF. Let  p(x) = cxx* + o' +--epx+¢o. Let  (dp), be defined by
px(x—1)) = ,-2:() d:x'. It suffices to show that for each nonnegative integer ¢,

2k+1

0 _
Z di-1rp,; =0
i=1

Fix some nonnegative integer ¢. From the deﬁnition, 1ieN,je{0,...,i—1}}is

s
= 0. Using Lemma 4.1, we rewrite

Pascal-like. Therefore, by Lemma 4.2, ¥ ¢;r o
this sum as
koo k i (i
D IANED DY I @2
i=0 =0 j=0
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[9] Counting unions of Schreier sets 27

Since (4.2) is satisfied, there are coefficients (d’)2" such that 22]‘“ d_, é, L = 0 (for
each nonnegative integer £). We wish to show that d! = d;. Rather than a messy
calculation, a simple way to see this is by converting to the characteristic polynomial
and matching the coefficients. That is, replace ¥ Tpow DY X7 in (4.2) and apply the

binomial theorem to obtain

Zk: ci Zi:(—l)"f(;)x”f = Zk: cx'(x— 1) = plx(x - 1)) = i dix'.
i=0

=0  j=0 i=0

Therefore, d. = d; as desired. O

LEMMA 4.4. Let {r’ ieN,je|{0,...,i—1}} be Pascal-like so that (r"*')""1 and

(r! +} | both satisfy a linear recurrence wzth characteristic polynomial p(x). Let (d
]

be the coefﬁczents of the polynomial p(x(x — 1)) and t; = 70 r; forj €N Suppose

2k+1

D diag=0. (4.3)
j=1

Then (tj)]f’il is a linear recurrence relation with characteristic polynomial p(x(x — 1)).

PROOF. Set all the notation as in the statement of the lemma. We proceed by induction
to show that for each nonnegative integer ¢,

2k+1

Z dj_ll‘gﬂ' =0. (4-4)
=1

The base case of the induction £ = 0 is just (4.3).

Suppose that for some ¢ > 0, (4.4) holds. We will show that (4.4) holds for ¢ + 1.
By Lemma 4.3, (r? satisfies the recurrence relation with characteristic polynomial
px(x — 1)). Using th1s fact and the induction hypothesis,

A1 A1 2At1
Z di1tr14j = Z di1(ter14 — tegj) + Z dj_1tey;
1 p i1

A1 21

0
= Z dj_1r€+1+j + Z dj—1t€+j =0+0=0.
= =1

This completes the proof. ]

5. Proof of Theorem 1.1

In the previous section, we made some general observations on Pascal-like sets.

Now, in order to use them, we show that the numbers r,f form Pascal-like sets, as in

(O1). Next, in order to formally prove (O3), we prove that (2.1) holds in general.
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LEMMA 5.1. Let n,k € N. Then

rl’l

— — 0
kLol = Tkn 1= Z Tk

=1

PROOF. First, recall that the upper index 0 in the expression r?

1.n indicates counting
maximal kS sets. Observe that every element of R} sl is the union of two sets.

The first is a maximal kS set with a maximum at most n — 1. The second is {n + 1}.
Consider the map

13
Rk+1 n+

[3F > F\fn+1}e UR

The map is clearly bijective (i can be interpreted as the second largest element of F)
and the families under the union in the codomain are pairwise disjoint. ]

LEMMA 5.2. Letke N, ne Nwithn >3 andd € {0,...,n — 3}. Then

d _ . d d+1
Tien = Ten—1 + Tt

Hence, the set {r{(i ci€N,je{0,...i— 1}} is Pascal-like. Moreover, r’ = 0 for each
jeN.

PROOF. Define

Ti={FeR,:n—1€F), Tr:={FeR, :n—1¢F),
T, ={F\{n} : FeT}, T,:={F\{nju{n-1}:FeT>}.

Clearly, we have 7| = |7'1’| and |7>| = |7"| Hence, r = |71+ 17> = |7'1’| + |7'2’|.
Consider some F € Rd We claim that |E (F)| > 1. If Ek(F) {n}, then di(F) =n— 1,
but we assumed that a’ < n — 1, which is a contradiction. Comparing the sets E;(F) and

E(F"), where F’ is the set F modified in one of two presented ways, it can be easily
checked that 77 = R{*! and 7] = R{ . This concludes the proof of the first part.

We will show that for each n € N, we have RZ Ll = (). We know that if F € RZ 1+ |

we have n+ 1 € Ex(F) and, by definition, di(F) =n — 1. We obtain contradictions
for all possible values of min Ex(F). If min Ex(F) < n, using n + 1 € Ex(F), we have
di(F) < n-2.1f n+ 1 = min E(F), then di(F) = n. O

LEMMA 5.3. Let k,n € N withn > 2. We have
St = 28kp-1 — r,?,,,_l-
PROOF. Define
T1:={FU{n}: FekS)""\R,_}, T2:={F\ln-1}U{n}: F e kS)""}.
We claim that (kS)" = 77 U 7». Then, by the fact that 77 N 7, = (0, we obtain
= [(kS)"| = IT1] + T2l = (Skaet = rgpy) + Skt
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For each G € (kS)* we have F = G\{njU{n—-1} € (kS)"'. If n—1 € G, then
F = G\ {n}. Since G € (kS)", F is not a maximal k-Schreier set. Hence, G € T). If
n—1¢ G, then G € T,. It follows that (kS)" € 77 U 7». The inclusion 75 C (kS)" is
obvious. It suffices to prove that 77 C (kS)"; however, this is almost obvious. Adding
one element larger than the maximum to a nonmaximal k-Schreier set produces a
k-Schreier set. ]

We are now ready to proceed to the proof of Theorem 1.1.

PROOF OF THEOREM 1.1. We claim that for each k € N, the sequence (si,) satisfies
a linear recurrence with characteristic polynomial pi(x). This claim has already
been established in the previous work for k = 1; however, we will not use this
statement directly. Instead, we prove the following statement holds for each natural

number k.
(Py): The sequences (rkl 2> (tei)i2, satisfy a linear recurrence with characteristic
polynomial py(x).

Consider the base case k = 1. Note that r”‘ =1 for each n € N since F € R” Lif
and only if F' = {n}. Therefore, (r” l) satlsﬁes a linear recurrence with characterlstlc
polynomial py(x) =x—1 and the same holds for (v} +l)""1 since this sequence
is identically 0 (Lemma 5.2). Therefore, by Lemma 4 3, (r Do, satisfies a linear
recurrence with characteristic polynomial po(x(x — 1)) = x(x — 1) — 1 = p1(x). Notice
that (4.3) is satisfied by Lemma 3.5 for k = 1. Therefore, we may apply Lemma 4.4
to see that (7,;);, satisfies a linear recurrence with characteristic polynomial p;(x).
Therefore, (P;) holds.

Fix a positive integer k and assume that (P;) holds; we will prove that (Pj;)

holds. By Lemma 5.1, #;; = li+1 .1, for each i € N. Therefore, (r,’;Jrl L), satisfies a

linear recurrence with characteristic polynomial py(x). We want to show that (rk L)

satisfies a linear recurrence with characterlstlc polynomial pk(x) this is just the

00

sequence in the previous sentence starting with r? el Notice that rk = = 0. Therefore,
by Lemma 3.5,
zk
k ke  _
Zd Ferrivl = Zdi tki = 0.
i=1
Therefore, the initial conditions are satisfied and so (rk+1 )i, satisfies a linear

recurrence with characterlstlc polynomial py(x).
By Lemma 5.2, ;" =0 for each i € N. Thus we may apply Lemma 4.3 to

k+1 i+1

conclude that (79 Fes1.)iey satisfies a linear recurrence with characteristic polynomial
Pi+1(X). In addition, by Lemma 3.5, the assumptions of Lemma 4.4 are satisfied,
80 (fx+1,1);, satisfies a linear recurrence with characteristic polynomial pj1(x). This

concludes the inductive step.
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Fix k € N. It remains to prove that (s;,),., satisfies a linear recurrence with
characteristic polynomial pi(x). It suffices to show that for each nonnegative integer ¢,

2k
D disuein = 0. (5.1)
i=0

By Lemma 3.5, the £ = 0 case holds. Suppose (5.1) holds for some nonnegative ¢.
Using Lemma 5.3 and the statement (P;), we have

2k 2k 2k

k k k.0
Z d,' Skeviv2 =2 Z d,' Sk,e+i+1 — Z d,' T erie1 = 0-0.
i=0 i=0 i=0

This finishes the proof of the theorem. Note that Corollary 1.2 follows from the initial
induction in the proof for the statements (Py). O

6. Concluding remarks

It seems there are many interesting open problems similar to the one we have
studied. For example, there is another important regular family S,, which is the
convolution of S with itself. That is, a subset of natural numbers F is in S, if there
exist disjoint nonempty sets Ej, ..., E; € S such that

4
UE,- =F and {minE:iell,...,0}}eS.
i=1

The family S, also appears naturally in Banach space theory [1].

PROBLEM 6.1. Is the sequence (|S7]);7 | a linear recurrence sequence? If yes, then what
is the recursive relation?
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