
Nagoya Math. J., 252 (2023), 842–905
DOI 10.1017/nmj.2023.12

CONCAVITY PROPERTY OF MINIMAL L2 INTEGRALS WITH
LEBESGUE MEASURABLE GAIN

QI’AN GUAN and ZHENG YUAN

Abstract. In this article, we present a concavity property of the minimal L2

integrals related to multiplier ideal sheaves with Lebesgue measurable gain. As

applications, we give necessary conditions for our concavity degenerating to

linearity, characterizations for 1-dimensional case, and a characterization for

the holding of the equality in optimal L2 extension problem on open Riemann

surfaces with weights may not be subharmonic.
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§1. Introduction

The multiplier ideal sheaves related to plurisubharmonic functions plays an important

role in complex geometry and algebraic geometry (see, e.g., [3], [4], [6–8], [22], ]23], [26–28],

[30]). Recall the definition of the multiplier ideal sheaves as follows (see [4]).

The multiplier ideal sheaf I(ϕ) was defined as the sheaf of germs of holomorphic functions

f such that |f |2e−ϕ is locally integrable, where ϕ is a plurisubharmonic function on a complex

manifold M.

The strong openness conjecture is I(ϕ) = I+(ϕ) := ∪ε>0I((1+ε)ϕ), which was posed by

Demailly [3] and was proved by Guan–Zhou [19] (the dimension two case was proved by

Jonsson–Mustata [21]). When I(ϕ) =O, this conjecture is called the openness conjecture,

which was posed by Demailly–Kollár [7], and was proved by Berndtsson [1] (the dimension

two case was proved by Favre–Jonsson [9]) by establishing an effectiveness result of the

openness conjecture.

Stimulated by Berndtsson’s effectiveness result, continuing the solution of the strong

openness conjecture [19], Guan–Zhou [20] established a non-sharp effectiveness result of

the strong openness conjecture. Recall that for the first time, Guan–Zhou [20] considered

the minimal L2 integral related to multiplier ideals on the sublevel set {ϕ< 0}, that is, the
pseudoconvex domain D.

In [14], by considering all the minimal L2 integrals on the sublevels of the weights ϕ,

Guan presented a sharp version of the effectiveness result of the strong openness conjecture,

and obtained a concavity property of the minimal L2 integrals without gain. In [13], Guan

generalized the concavity property in [14] to minimal L2 integrals with smooth gain.

In [15], Guan–Mi gave some applications of the concavity property in [13]: a necessary

condition for the concavity degenerating to linearity, a characterization for 1-dimensional

case, and a characterization for the holding of the equality in optimal L2 extension problem

on open Riemann surfaces with subharmonic weights. Recall that if the subharmonic weights

degenerate to 0, the characterization for the holding of the equality in optimal L2 extension

problem on open Riemann surfaces is the solution of the equality part of the Suita conjecture

in [18]; if the subharmonic weights degenerate to harmonic, the characterization for the
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holding of the equality in optimal L2 extension problem on open Riemann surfaces is the

solution of the equality part of the extended Suita conjecture in [18].

In the present article, we point out that the smooth gain of the general concavity property

in [13] (see also [15]) can be replaced by Lebesgue measurable gain (Definition 1.1 and

Theorem 1.3). As applications, we give necessary conditions for our concavity degenerating

to linearity (§1.2.2), characterizations for 1-dimensional case (§1.2.3), and a characterization

for the holding of the equality in optimal L2 extension problem on open Riemann surfaces

with weights may not be subharmonic (§1.2.4).

1.1 Concavity property of minimal L2 integrals with Lebesgue measurable

gain

Let M be a complex manifold. We call M that satisfies condition (a), if there exists a

closed subset X ⊂M satisfying the following two statements:

(a1) X is locally negligible with respect to L2 holomorphic functions; that is, for any local

coordinate neighborhood U ⊂ M and for any L2 holomorphic function f on U\X,

there exists an L2 holomorphic function f̃ on U such that f̃ |U\X = f with the same

L2 norm.

(a2) M\X is a Stein manifold.

Let M be an n-dimensional complex manifold satisfying condition (a), and let KM be

the canonical (holomorphic) line bundle on M. Let ψ be a plurisubharmonic function on M,

and let ϕ be a Lebesgue measurable function on M, such that ϕ+ψ is a plurisubharmonic

function on M. Take T =−supM ψ (T maybe −∞).

Definition 1.1. We call a positive measurable function c (so-called “gain”) on (T,+∞)

in class PT if the following two statements hold:

(1) c(t)e−t is decreasing with respect to t.

(2) There is a closed subset E of M such that E ⊂ {z ∈ Z : ψ(z) = −∞} and for any

compact subset K ⊆ M\E, e−ϕc(−ψ) has a positive lower bound on K, where Z is

some analytic subset of M.

Remark 1.2. We recall a class P ′
T of positive smooth functions in [13]. A positive

smooth function c on (T,+∞) in class P ′
T if the following three statements hold:

(1)′
∫ +∞
T

c(t)e−tdt <+∞.

(2)′ c(t)e−t is decreasing with respect to t.

(3)′ For any compact subset K ⊆M , e−ϕc(−ψ) has a positive lower bound on K.

We compare these two classes of functions PT and P ′
T . When c ∈ PT , c maybe non-

smooth on (T,+∞) and
∫ +∞
T

c(t)e−tdt maybe +∞. When ϕ is continuous on M, condition

(3)′ is equivalent to liminft→+∞ c(t) > 0. When ϕ is continuous on M and ψ ∈ A(S) (see

§1.2.1), the decreasing property of c(t)e−t implies that c ∈ PT and liminft→+∞ c(t) may be

equal to 0.

Let Z0 be a subset of {ψ =−∞} such that Z0∩Supp({O/I(ϕ+ψ)}) �= ∅. Let U ⊇ Z0 be

an open subset of M, and let f be a holomorphic (n,0) form on U. Let F ⊇ I(ϕ+ψ)|U be

a analytic subsheaf of O on U.
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Denote

inf

{∫
{ψ<−t}

|f̃ |2e−ϕc(−ψ) : (f̃ −f) ∈H0(Z0,(O(KM )⊗F)|Z0)

& f̃ ∈H0({ψ <−t},O(KM ))

}
,

by G(t;ϕ,ψ,c) (so-called “minimal L2 integrals related to multiplier ideal sheaves”), where

t ∈ [T,+∞), c is a nonnegative function on (T,+∞), |f |2 :=
√
−1

n2

f ∧ f̄ for any (n,0) form

f and (f̃−f) ∈H0(Z0,(O(KM )⊗F)|Z0) means (f̃−f,z0) ∈ (O(KM )⊗F)z0 for all z0 ∈Z0.

If there is no holomorphic holomorphic (n,0) form f̃ on {ψ < −t} satisfying (f̃ − f) ∈
H0(Z0,(O(KM )⊗F)|Z0), we set G(t;ϕ,ψ,c) = +∞. Without misunderstanding, we denote

G(t;ϕ,ψ,c) by G(t), and when we focus on different ϕ, ψ, or c, we denote it by G(t;ϕ),

G(t;ψ), or G(t;c), respectively.

In the present article, we obtain the following concavity for G(t).

Theorem 1.3. Let c ∈ PT . If there exists t ∈ [T,+∞) satisfying that G(t)<+∞, then

G(h−1(r)) is concave with respect to r ∈ (
∫ T

T1
c(t)e−tdt,

∫ +∞
T1

c(t)e−tdt), limt→T+0G(t) =

G(T ), and limt→+∞G(t) = 0, where h(t) =
∫ t

T1
c(t1)e

−t1dt1 and T1 ∈ (T,+∞).

When c(t) ∈ P ′
T and M is a Stein manifold, Theorem 1.3 is the concavity property in

[13] (see also [15]).

Theorem 1.3 implies the following corollary.

Corollary 1.4. If
∫ +∞
T1

c(t)e−tdt = +∞, where c ∈ PT , and f /∈ H0(Z0,(O(KM )⊗
F)|Z0), then G(t) = +∞ for any t ≥ T , that is, there is no holomorphic holomor-

phic (n,0) form f̃ on {ψ < −t} satisfying (f̃ − f) ∈ H0(Z0,(O(KM ) ⊗ F)|Z0) and∫
{ψ<−t} |f̃ |2e−ϕc(−ψ)<+∞.

In the following, we give two corollaries of Theorem 1.3 when concavity degenerates to

linearity.

Corollary 1.5. Let c ∈ PT , and let G(t) ∈ (0,+∞) for some t≥ T , then G(h−1(r)) is

concave with respect to r ∈ (
∫ T

T1
c(t)e−tdt,

∫ +∞
T1

c(t)e−tdt] and the following three statements

are equivalent:

(1) G(t) = G(T1)∫+∞
T1

c(t1)e−t1dt1

∫ +∞
t

c(t1)e
−t1dt1 holds for any t ∈ [T,+∞), that is, G(ĥ−1(r))

is linear with respect to r ∈ [0,
∫ +∞
T

c(s)e−sds), where ĥ(t) =
∫ +∞
t

c(s)e−sds.

(2) There exists r0 ∈ (
∫ T

T1
c(t)e−tdt,

∫ +∞
T1

c(t)e−tdt) such that

G(h−1(r0))∫ +∞
T1

c(t1)e−t1dt1− r0
≤ lim

t→T+0

G(t)∫ +∞
t

c(t1)e−t1dt1
,

that is,

G(t0)∫ +∞
t0

c(t1)e−t1dt1
≤ lim

t→T+0

G(t)∫ +∞
t

c(t1)e−t1dt1

holds for some t0 ∈ (T,+∞).

https://doi.org/10.1017/nmj.2023.12 Published online by Cambridge University Press

https://doi.org/10.1017/nmj.2023.12


846 Q. GUAN AND Z. YUAN

(3) limr→
∫+∞
T1

c(t1)e−t1dt1−0
G(h−1(r))∫+∞

T1
c(t)e−tdt−r

≤ limt→T+0
G(t)∫+∞

t
c(t1)e−t1dt1

holds, that is,

lim
t→+∞

G(t)∫ +∞
t

c(t1)e−t1dt1
≤ lim

t→T+0

G(t)∫ +∞
t

c(t1)e−t1dt1

holds.

Remark 1.6. Let M =Δ ⊂ C, and let ψ = ψ+ϕ = 2log |z|. Let c(t) ≡ 1, and let F =

I(ϕ+ψ). Let f ≡ dz and Z0 = o the origin of C. It is clear that G(ĥ−1(r)) = 2πr is linear

with respect to r, where ĥ(t) =
∫ +∞
t

c(l)e−ldl.

Let c(t) be a nonnegative measurable function on (T,+∞). Set

H2(c, t) =

{
f̃ :

∫
{ψ<−t}

|f̃ |2e−ϕc(−ψ)<+∞, (f̃ −f) ∈H0(Z0,(O(KM )⊗F)|Z0)

& f̃ ∈H0({ψ <−t},O(KM ))

}
,

where t ∈ [T,+∞).

Corollary 1.7. Let c ∈ PT , if G(t) ∈ (0,+∞) for some t≥ T and G(ĥ−1(r)) is linear

with respect to r ∈ [0,
∫ +∞
T

c(s)e−sds), where ĥ(t) =
∫ +∞
t

c(l)e−ldl, then there is a unique

holomorphic (n,0) form F on M satisfying (F −f)∈H0(Z0,(O(KM )⊗F)|Z0) and G(t;c) =∫
{ψ<−t} |F |2e−ϕc(−ψ) for any t≥ T . Equality∫

{−t1≤ψ<−t2}
|F |2e−ϕa(−ψ) =

G(T1;c)∫ +∞
T1

c(t)e−tdt

∫ t1

t2

a(t)e−tdt (1)

holds for any nonnegative measurable function a on (T,+∞), where +∞≥ t1 > t2 ≥ T and

T1 ∈ (T,+∞).

Furthermore, if H2(c̃, t0)⊂H2(c, t0) for some t0 ≥ T , where c̃ is a nonnegative measurable

function on (T,+∞), we have

G(t0; c̃) =

∫
{ψ<−t0}

|F |2e−ϕc̃(−ψ) =
G(T1;c)∫ +∞

T1
c(s)e−sds

∫ +∞

t0

c̃(s)e−sds. (2)

When c(t)∈P ′
T and M is a Stein manifold, Corollaries 1.5 and 1.7 can be referred to [15]

(when c ≡ 1, M is a Stein manifold, ϕ is a smooth plurisubharmonic function on M and

{ψ = −∞} is a closed subset of M, Xu–Zhou [32] also get the existence of F in Corollary

1.7 independently).

Remark 1.8. Let c̃ ∈ PT , if H2(c̃, t1)⊂H2(c, t1), then H2(c̃, t2)⊂H2(c, t2), where t1 >

t2 >T . In the following, we give some sufficient conditions of H2(c̃, t0)⊂H2(c, t0) for t0 >T :

(1) c̃ ∈ PT and limt→+∞
c̃(t)
c(t) > 0. Especially, c̃ ∈ PT , c and c̃ are smooth on (T,+∞) and

d
dt(log(c̃(t))≥

d
dt(logc(t)).

(2) c̃ ∈ PT , H2(c, t0) �= ∅ and there exists t > t0, such that {ψ < −t} ⊂⊂ {ψ < −t0}, {z ∈
{ψ <−t} : I(ϕ+ψ)z �=Oz} ⊂ Z0 and F|{ψ<−t} = I(ϕ+ψ)|{ψ<−t}.
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The sufficiency of condition (1) is clear. For condition (2), assume that H2(c̃, t0) �= ∅,
then the following inequality gives the sufficiency of condition (2):∫

{ψ<−t0}
|F̃ |2e−ϕc(−ψ)

≤ 2

∫
{ψ<−t}

|F̃ −F |2e−ϕc(−ψ)+2

∫
{ψ<−t}

|F |2e−ϕc(−ψ)

+

∫
{−t≤ψ<−t0}

|F̃ |2e−ϕc(−ψ)

≤ 2C

∫
{ψ<−t}

|F̃ −F |2e−ϕ−ψ+2

∫
{ψ<−t}

|F |2e−ϕc(−ψ)

+
sups∈(t0,t] c(s)

infs∈(t0,t] c̃(s)

∫
{ψ<−t0}

|F̃ |2e−ϕc̃(−ψ)

<+∞,

where F̃ ∈H2(c̃, t0) and F ∈H2(c, t0).

1.2 Applications

In this section, we give some applications of our concavity property.

1.2.1. Applications in optimal L2 extension theorem

Let M be an n-dimensional complex manifold, and let S be an analytic subset of M. Let

dVM be a continuous volume form on M.

We consider a class of plurisubharmonic functions Φ from M to [−∞,+∞), such that:

(1) S ⊂Φ−1(−∞), and Φ−1(−∞) is a closed subset of some analytic subset of M satisfying

that Φ has locally lower bound on M\Φ−1(−∞).

(2) If S is l -dimensional around a point x ∈ Sreg, there is a local coordinate (z1, . . . , zn) on

a neighborhood U of x such that zl+1 = · · ·= zn = 0 on S∩U and

sup
U−S

|Φ(z)− (n− l) log

n∑
l+1

|zj |2|<+∞.

The set of such polar functions Φ will be denoted by A(S). We call Φ is in class A′(S),

if the condition (2) is replaced by (2)′:

(2)′ if S is l -dimensional around a point x ∈ Sreg, there is a local coordinate (z1, . . . , zn)

on a neighborhood U of x such that zl+1 = · · · = zn = 0 on S ∩U and Φ(z)− (n−
l) log

∑n
l+1 |zj |2 is continuous on U.

Let ψ ∈A(S). Following [24] (see also [18]), one can define a positive measure dVM [ψ] on

Sreg as the minimum element of the partially ordered set of positive measures dμ satisfying∫
Sl

fdμ≥ limsup
t→+∞

2(n− l)

σ2n−2l−1

∫
M

I{−t−1<ψ<−t}fe
−ψdVM

for any nonnegative continuous function f with suppf ⊂⊂ M . Here, denote by σm, the

volume of the unit sphere in Rm+1. If ψ ∈ A′(S), then dVM [ψ]|Sl
is a continuous volume
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form on Sl and dVM [ψ+h]|Sl
= e−hdVM [ψ]|Sl

(see [18]), where h is a continuous function

on M.

Let us recall a class of complex manifolds (see [18]). Let M be a complex manifold

with the volume form dVM , and let S be an analytic subset of M. We say (M,S) satisfies

condition (ab) if there exists a closed subset X ⊂M satisfying the following statements:

(a) X is locally negligible with respect to L2 holomorphic functions.

(b) M\X is a Stein manifold which intersects with every component of S, such that

Ssing ⊂X.

We give the following L2 extension theorem with an optimal estimate. When c(t) is

continuous, the theorem can be referred to [18].

Theorem 1.9. Let (M,S) satisfy condition (ab). Let ψ ∈A(S) satisfying ψ <−T on M.

Let ϕ be a continuous function on M, such that ϕ+ψ is plurisubharmonic on M. Let c(t)

be a positive function on (T,+∞) such that c(t)e−t is decreasing and
∫ +∞
T

c(t)e−tdt <+∞.

Then for any holomorphic section f of KM |S on S, such that

n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕdVM [ψ]<+∞,

there exists a holomorphic (n,0) form F on M such that F |S = f and∫
M

|F |2e−ϕc(−ψ)≤
(∫ +∞

T

c(t)e−tdt

) n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕdVM [ψ].

By the definition of dVM [ψ], we know |f |2
dVM

dVM [ψ] is independent of the choice of dVM

(see [18]).

Denote that ‖f‖S :=
∑n

k=1
πk

k!

∫
Sn−k

|f |2
dVM

e−ϕdVM [ψ] and ‖F‖M :=
∫
M
|F |2e−ϕc(−ψ). Let

F|Z0 = I(ψ)|Sreg and choose the f in the definition of G(t) by any holomorphic extension

of the f in Theorem 1.9. Then G(T ) = inf{‖F‖M : F is a holomorphic extension of f from

S to M}, and Theorem 1.9 tells us that

G(T )≤
(∫ +∞

T

c(t)e−tdt

)
‖f‖S (3)

(when G(T )<+∞, Lemma 2.6 shows that there exists a holomorphic extension F of f such

that G(T ) = ‖F‖M ).

Using Corollary 1.7 and Theorem 1.9, we obtain a necessary condition of inequality (3)

becomes an equality.

Theorem 1.10. Let (M,S) satisfy condition (ab). Let ψ ∈ A(S), and let ψ < −T . Let

ϕ be a continuous function on M, such that ϕ+ψ is plurisubharmonic on M. Let c(t) be a

positive function on (T,+∞) such that c(t)e−t is decreasing and
∫ +∞
T

c(t)e−tdt <+∞. Let

f be a holomorphic section of KM |S on S, such that

n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕdVM [ψ]<+∞.

If G(T ) =
(∫ +∞

T
c(t)e−tdt

)
‖f‖S , then G(ĥ−1(r)) is linear with respect to r and there exists

a unique holomorphic (n,0) form F on M such that F |S = f and G(T ) = ‖F‖M .
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For any t ≥ T , there exists a unique holomorphic (n,0) form Ft on {ψ < −t} such that

Ft|S = f and∫
{ψ<−t}

|Ft|2e−ϕc(−ψ)≤
(∫ +∞

t

c(l)e−ldl

) n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕdVM [ψ].

In fact, Ft = F on {ψ <−t}.
If H2(c̃, t) ⊂ H2(c, t) for some t ≥ T , where c̃ is a nonnegative measurable function on

(T,+∞), then there exists a unique holomorphic (n,0) form Ft on {ψ < −t} such that

Ft|S = f and∫
{ψ<−t}

|Ft|2e−ϕc̃(−ψ)≤
(∫ +∞

t

c̃(l)e−ldl

) n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕdVM [ψ].

In fact, Ft = F on {ψ <−t}.
When c(t) ∈ P ′

T and M is a Stein manifold, Theorem 1.10 was obtained by Guan–Mi in

[15].

Using Theorem 1.9, we obtain the following optimal L2 extension theorem.

Corollary 1.11. Let M be an n-dimensional Stein manifold, and let S be an analytic

subset of M. Let ψ1 ∈ A(S), and let ψ2 be a plurisubharmonic function on M such that

ψ = ψ1+ψ2 < −T on M. Let ϕ be a Lebesgue measurable function on M such that ϕ+ψ2

is plurisubharmonic on M. Let c(t) be a positive function on (T,+∞), such that c(t)e−t is

decreasing,
∫ +∞
T

c(t)e−tdt <+∞ and e−ϕc(−ψ) has locally a positive lower bound on M\Z,

where Z is some analytic subset of M. For any holomorphic section f of KM |Sreg on Sreg

satisfying

n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1]<+∞,

there exists a holomorphic (n,0) form F on M such that F |Sreg = f and∫
M

|F |2e−ϕc(−ψ)≤
(∫ +∞

T

c(t)e−tdt

) n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1].

Especially, when c≡ 1 and ψ1 = 2log |w|, where w is a holomorphic function on M, such

that dw does not vanish identically on any branch of w−1(0) and Sreg = {z ∈M : w(z) =

0&dw(z) �= 0}, Corollary 1.11 can be referred to [16] (see also [18]).

Denote that ‖f‖∗S :=
∑n

k=1
πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1]. Let F|Z0 = I(ψ1)|Sreg and

choose the f in the definition ofG(t) by any holomorphic extension of the f in Corollary 1.11.

Then G(T ) = inf{‖F‖M : F is a holomorphic extension of f from S to M}, and Corollary

1.11 tells us that

G(T )≤
(∫ +∞

T

c(t)e−tdt

)
‖f‖∗S . (4)

Similarly to Theorem 1.10, we give a necessary condition of inequality (4) becomes an

equality.

Corollary 1.12. Let M be an n-dimensional Stein manifold, and let S be an analytic

subset of M. Let ψ1 ∈ A(S), and let ψ2 be a plurisubharmonic function on M such that

https://doi.org/10.1017/nmj.2023.12 Published online by Cambridge University Press

https://doi.org/10.1017/nmj.2023.12


850 Q. GUAN AND Z. YUAN

ψ = ψ1+ψ2 <−T on M. Let ϕ be a Lebesgue measurable function on M such that ϕ+ψ2 is

plurisubharmonic on M. Let c(t)∈PT such that
∫ +∞
T

c(t)e−tdt<+∞. Let f be a holomorphic

section of KM |Sreg on Sreg satisfying

n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1]<+∞.

If G(T ) =
(∫ +∞

T
c(t)e−tdt

)
‖f‖∗S , then G(ĥ−1(r)) is linear with respect to r and there exists

a unique holomorphic (n,0) form F on M such that F |S = f and G(T ) = ‖F‖M .

For any t ≥ T , there exists a unique holomorphic (n,0) form Ft on {ψ < −t} such that

Ft|S = f and∫
{ψ<−t}

|Ft|2e−ϕc(−ψ)≤
(∫ +∞

t

c(l)e−ldl

) n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1].

In fact, Ft = F on {ψ <−t}.
If H2(c̃, t) ⊂ H2(c, t) for some t ≥ T , where c̃ is a nonnegative measurable function on

(T,+∞), then there exists a unique holomorphic (n,0) form Ft on {ψ < −t} such that

Ft|S = f and∫
{ψ<−t}

|Ft|2e−ϕc̃(−ψ)≤
(∫ +∞

t

c̃(l)e−ldl

) n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1].

In fact, Ft = F on {ψ <−t}.

1.2.2. Necessary conditions of G(ĥ−1(r)) is linear

In this section, we give some necessary conditions of G(ĥ−1(r)) is linear.

Theorem 1.13. Let M be an n-dimensional complex manifold satisfying condition (a).

Let c ∈ PT , and assume that there exists t ≥ T such that G(t) ∈ (0,+∞). If there exists a

Lebesgue measurable function ϕ̃≥ϕ such that ϕ̃+ψ is plurisubharmonic function on M and

satisfies that:

(1) ϕ̃ �= ϕ;

(2) limt→T+0 sup{ψ≥−t}(ϕ̃−ϕ) = 0;

(3) ϕ̃−ϕ is bounded on M.

Then G(ĥ−1(r)) is not linear with respect to r ∈ (0,
∫ +∞
T

c(s)e−sds). Especially, if

ϕ+ ψ is strictly plurisubharmonic at z1 ∈ M , G(ĥ−1(r)) is not linear with respect to

r ∈ (0,
∫ +∞
T

c(s)e−sds).

In the following, we give two necessary conditions for ψ when G(ĥ−1(r)) is linear.

Theorem 1.14. Let M be an n-dimensional complex manifold satisfying condition (a).

Let c ∈ PT , and assume that G(T ) ∈ (0,+∞). If there exists a plurisubharmonic function

ψ̃ ≥ ψ on M satisfying that:

(1) ψ̃ <−T on M;

(2) ψ̃ �= ψ;

(3) limt→+∞ sup{ψ<−t}(ψ̃−ψ) = 0.
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Then G(ĥ−1(r)) is not linear with respect to r ∈ (0,
∫ +∞
T

c(s)e−sds). Especially, if ψ is

strictly plurisubharmonic at z1 ∈M\(∩t{ψ <−t}), G(ĥ−1(r)) is not linear with respect to

r ∈ (0,
∫ +∞
T

c(s)e−sds).

Let M be an n-dimensional Stein manifold, and let S be an analytic subset of M. Let ψ

be a plurisubharmonic function on M, and let ϕ be a Lebesgue measurable function on M

such that ϕ+ψ is plurisubharmonic on M.

We call (ϕ,ψ) in class W if there exist two plurisubharmonic functions ψ1 ∈ A′(S) and

ψ2, such that ϕ+ψ2 is plurisubharmonic function on M and ψ = ψ1+ψ2.

The following theorem gives a necessary condition of G(ĥ−1(r)) is linear when (ϕ,ψ)∈W .

Theorem 1.15. Let c ∈ PT , and let (ϕ,ψ) ∈ W . Let F|Z0 = I(ψ1)|Sreg . Assume that

G(T ) ∈ (0,+∞) and ψ2(z) > −∞ for almost every z ∈ Sreg. If G(ĥ−1(r)) is linear with

respect to r ∈ (0,
∫ +∞
T

c(s)e−sds), then we have

G(T )∫ +∞
T

c(t)e−tdt
=

n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1], (5)

and there is no plurisubharmonic function ψ̃ ≥ ψ on M satisfying that:

(1) ψ̃ <−T ;

(2) ψ̃ �= ψ;

(3) (ϕ+ψ− ψ̃, ψ̃) ∈W .

1.2.3. Characterizations for the linearity of G(ĥ(r)) in 1-dimensional case

In this section, we consider the 1-dimensional case. Let M = Ω be an open Riemann

surface admitted a nontrivial Green function GΩ, we give characterizations of the linearity.

We recall some notations (see [18]). Let p : Δ → Ω be the universal covering from unit

disk Δ to Ω. we call the holomorphic function f (resp. holomorphic (1,0) form F ) on

Δ a multiplicative function (resp. multiplicative differential (Prym differential)), if there

is a character χ, which is the representation of the fundamental group of Ω, such that

g∗f = χ(g)f (resp. g∗(F ) = χ(g)F ), where |χ|= 1 and g is an element of the fundamental

group of Ω. Denote the set of such kinds of f (resp. F ) by Oχ(Ω) (resp. Γχ(Ω)).

For any harmonic function u on Ω, there exists a χu and a multiplicative function fu ∈
Oχu(Ω), such that |fu|= p∗ (eu). If u1−u2 = log |f |, where u1 and u2 are harmonic function

on Ω and f is holomorphic function on Ω, then χu1 = χu2 .

For the Green function GΩ(z,z0), one can also find a χz0 and a multiplicative function

fz0 ∈ Oχz0 (Ω), such that |fz0 |= p∗
(
eGΩ(z,z0)

)
.

Let M = Ω be an open Riemann surface admitted a nontrivial Green function GΩ. Let

ψ be a subharmonic function on Ω satisfying T = −supΩψ = 0, and let ϕ be a Lebesgue

measurable function on Ω, such that ϕ+ψ is subharmonic on Ω. Let Z0 = z0 be a point

in Ω.

Let w be a local coordinate on a neighborhood Vz0 of z0 ∈ Ω satisfying w(z0) = 0. Set

f = f1(w)dw on Vz0 , where f is the holomorphic (1,0) form in the definition of G(t) (see

§1.1) and f1 is a holomorphic function on Vz0 .

The following two theorems give characterizations of G(ĥ−1(r)) is linear with respect to

r ∈ (0,
∫ +∞
0

c(l)e−ldl) for some kinds of (ϕ,ψ). Set dc = 1
2πi(∂− ∂̄).
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Theorem 1.16. Let c ∈ P0. Assume that ϕ+ aψ is a subharmonic function on a

neighborhood of z0 for some a ∈ [0,1), and G(0) ∈ (0,+∞). Then G(ĥ−1(r)) is linear with

respect to r if and only if the following statements hold:

(1) ϕ+ψ = 2log |g|+2GΩ(z,z0)+2u, ordz0(g) = ordz0(f1), and Fz0 = I(ϕ+ψ)z0 , where g

is a holomorphic function on Ω and u is a harmonic function on Ω.

(2) ψ = 2pGΩ(z,z0) on Ω for some p > 0.

(3) χ−u = χz0, where χ−u and χz0 are the characters associated with the functions −u and

GΩ(z,z0), respectively.

When ψ = 2GΩ(z,z0), Fz0 = I(ϕ+ψ)z0 and c(t) ∈ P ′
0, Theorem 1.16 can be referred to

[15].

Theorem 1.17. Let c ∈ P0, and let Z0 = z0 be a point in Ω. Assume that (ψ −
2pGΩ(z,z0))(z0) > −∞, where p = 1

2v(dd
cψ,z0), and G(0) ∈ (0,+∞). Then G(ĥ−1(r)) is

linear with respect to r if and only if the following statements hold:

(1) ϕ+ψ = 2log |g|+2GΩ(z,z0)+2u, ordz0(g) = ordz0(f1), and Fz0 = I(ϕ+ψ)z0 , where g

is a holomorphic function on Ω and u is a harmonic function on Ω.

(2) p > 0 and ψ = 2pGΩ(z,z0) on Ω.

(3) χ−u = χz0, where χ−u and χz0 are the characters associated with the functions −u and

GΩ(z,z0), respectively.

1.2.4. Characterizations for the holding of the equality in optimal L2 extension problem

on open Riemann surfaces with weights may not be subharmonic

Let M = Ω be an open Riemann surface admitted a nontrivial Green function GΩ. Let

ψ be a subharmonic function on Ω satisfying T = −supΩψ = 0, and let ϕ be a Lebesgue

measurable function on Ω, such that ϕ+ψ is subharmonic on Ω. Let Z0 = z0 be a point in Ω.

Let w be a local coordinate on a neighborhood Vz0 of z0 ∈ Ω satisfying w(z0) = 0. Let

f ≡ dw be a holomorphic (1,0) form on Vz0 . Following the notations in Section 1.2.1. Now,

we give characterizations for the holding of the equality in optimal L2 extension problem

on open Riemann surfaces with weights may not be subharmonic.

Corollary 1.18. Let M = Ω, S = z0, and T = 0. Let ϕ(z0) > −∞. Assume that ψ ∈
A(z0), e

−ϕ−ψ is not L1 on any neighborhood of z0 and c(t) ∈P0 satisfying
∫ +∞
0

c(t)e−tdt <

+∞.

Then there exists a holomorphic (1,0) form F on Ω such that F (z0) = f(z0) and∫
Ω

|F |2e−ϕc(−ψ)≤
(∫ +∞

0

c(t)e−tdt

)
‖f‖z0 . (6)

Moreover, equality
(∫ +∞

0
c(t)e−tdt

)
‖f‖z0 = inf{‖F̃‖Ω: F̃ is a holomorphic extension of f

from z0 to Ω} holds if and only if the following statements hold:

(1) ϕ= 2log |g|+2u, where u is a harmonic function on Ω and g is a holomorphic function

on Ω such that g(z0) �= 0.

(2) ψ = 2GΩ(z,z0) on Ω.

(3) χ−u = χz0, where χ−u and χz0 are the characters associated with the functions −u and

GΩ(z,z0), respectively.

When ψ = 2GΩ(z,z0) and c(t) ∈ P ′
0, Corollary 1.18 can be referred to [15].
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Corollary 1.19. Let M = Ω, S = z0, and T = 0. Let (ϕ,ψ) ∈ W , and let ‖f‖∗z0 ∈
(0,+∞). Let c(t)∈P0 such that

∫ +∞
0

c(t)e−tdt<+∞. Then equality
(∫ +∞

0
c(t)e−tdt

)
‖f‖∗z0=

inf{‖F‖Ω : F is a holomorphic extension of f from z0 to Ω} holds if and only if the following

statements hold:

(1) ϕ= 2log |g|+2u, where u is a harmonic function on Ω and g is a holomorphic function

on Ω such that g(z0) �= 0.

(2) ψ = 2GΩ(z,z0) on Ω.

(3) χ−u = χz0 , where χ−u and χz0 are the characters associated with the functions −u and

GΩ(z,z0), respectively.

§2. Preparation

2.1 L2 methods

We call a positive measurable function c on (S,+∞) in class P̃S if
∫ s

S
c(l)e−ldl <+∞ for

some s > S and c(t)e−t is decreasing with respect to t. Note that PT ⊂ P̃S when S > T .

In this section, we present the following lemma (proof can be referred to §7.1), whose
various forms already appear in [14], [15], [17], [18] etc.:

Lemma 2.1. Let B ∈ (0,+∞) and t0 ≥ S be arbitrarily given. Let M be an n-

dimensional Stein manifold. Let ψ <−S be a plurisubharmonic function on M. Let ϕ be a

plurisubharmonic function on M. Let F be a holomorphic (n,0) form on {ψ < −t0}, such
that ∫

K∩{ψ<−t0}
|F |2 <+∞ (7)

for any compact subset K of M, and∫
M

1

B
I{−t0−B<ψ<−t0}|F |2e−ϕ ≤ C <+∞. (8)

Then there exists a holomorphic (n,0) form F̃ on M, such that∫
M

|F̃ − (1− bt0,B(ψ))F |2e−ϕ+vt0,B(ψ)c(−vt0,B(ψ))≤ C

∫ t0+B

S

c(t)e−tdt, (9)

where bt0,B(t) =
∫ t

−∞
1
B I{−t0−B<s<−t0}ds, vt0,B(t) =

∫ t

−t0
bt0,B(s)ds− t0, and c(t) ∈ P̃S.

We give the proof of Lemma 2.1 in Section 7.1. It is clear that I(−t0,+∞)(t)≤ bt0,B(t)≤
I(−t0−B,+∞)(t) and max{t,−t0−B} ≤ vt0,B(t)≤max{t,−t0}.

Lemma 2.1 implies the following lemma, which will be used in the proof of Theorem 1.3.

Lemma 2.2. Let M be an n-dimensional complex manifold satisfying condition (a),

and let c(t) ∈ PT . Let B ∈ (0,+∞) and t0 > t1 > T be arbitrarily given. Let ψ < −T be

a plurisubharmonic function on M. Let ϕ be a Lebesgue measurable function on M, such

that ϕ+ψ is plurisubharmonic on M. Let F be a holomorphic (n,0) form on {ψ < −t0},
such that ∫

{ψ<−t0}
|F |2e−ϕc(−ψ)<+∞. (10)
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Then there exists a holomorphic (n,0) form F̃ on {ψ <−t1}, such that∫
{ψ<−t1}

|F̃ − (1− bt0,B(ψ))F |2e−ϕ−ψ+vt0,B(ψ)c(−vt0,B(ψ))≤ C

∫ t0+B

t1

c(t)e−tdt, (11)

where C =
∫
M

1
B I{−t0−B<ψ<−t0}|F |2e−ϕ−ψ <+∞, bt0,B(t) =

∫ t

−∞
1
B I{−t0−B<s<−t0}ds, and

vt0,B(t) =
∫ t

−t0
bt0,B(s)ds− t0.

Proof. As M is an n-dimensional complex manifold satisfying condition (a) and c(t) ∈
PT , there exist a closed subsetX ⊂M and a closed subset E⊂X∩{ψ=−∞} satisfying that
X is locally negligible with respect to L2 holomorphic functions, M\X is a Stein manifold,

e−ϕc(−ψ) has locally a positive lower bound on M\E and there exists an analytic subset

Z of M such that E ⊂ Z.

Combining inequality (10) and e−ϕc(−ψ) has locally a positive lower bound on M\E,

we obtain that ∫
K∩{ψ<−t0}

|F |2 <+∞

holds for any compact subset K of M\X. Then Lemma 2.1 shows that there exists a

holomorphic (n,0) form F̃X on {ψ <−t1}\X, such that∫
{ψ<−t1}\X

|F̃X − (1− bt0,B(ψ))F |2e−ϕ−ψ+vt0,B(ψ)c(−vt0,B(ψ))≤ C

∫ t0+B

t1

c(t)e−tdt. (12)

For any z ∈ {ψ < −t1}∩ (X\E), there exists an open neighborhood Vz of z, such that

Vz ⊂⊂ {ψ <−t1}\E. Note that c(t)e−t is decreasing on (T,+∞) and vt0,B(ψ)≥ ψ, then we

have ∫
Vz\X

|F̃X − (1− bt0,B(ψ))F |2e−ϕc(−ψ)

≤
∫
Vz\X

|F̃X − (1− bt0,B(ψ))F |2e−ϕ−ψ+vt0,B(ψ)c(−vt0,B(ψ))

<+∞.

(13)

Note that there exists a positive number C1 > 0 such that e−ϕc(−ψ) > C1 on Vz and∫
Vz\X |(1− bt0,B(ψ))F |2e−ϕc(−ψ)≤

∫
{ψ<−t0} |F |2e−ϕc(−ψ)<+∞, then we have∫

Vz\X
|F̃X |2

≤C1

∫
Vz\X

|F̃X |2e−ϕc(−ψ)

≤2C1

(∫
Vz\X

|(1− bt0,B(ψ))F |2e−ϕc(−ψ)+

∫
Vz\X

|F̃X − (1− bt0,B(ψ))F |2e−ϕc(−ψ)

)
<+∞.

(14)
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As X is locally negligible with respect to L2 holomorphic functions, we can find a

holomorphic extension F̃E of F̃X from {ψ <−t1}\X to {ψ <−t1}\E such that∫
{ψ<−t1}\E

|F̃E − (1− bt0,B(ψ))F |2e−ϕ−ψ+vt0,B(ψ)c(−vt0,B(ψ))≤ C

∫ t0+B

t1

c(t)e−tdt. (15)

Note that E ⊂ {ψ < −t0} ⊂ {ψ < −t1}, for any z ∈ E, there exists an open neigh-

borhood Uz of z, such that Uz ⊂⊂ {ψ < −t0}. As ϕ+ψ is plurisubharmonic on M and

evt0,B(ψ)c(−vt0,B(ψ)) has a positive lower bound on {ψ <−t1}, then we have∫
Uz\E

|F̃E − (1− bt0,B(ψ))F |2

≤C2

∫
{ψ<−t1}\E

|F̃E − (1− bt0,B(ψ))F |2e−ϕ−ψ+vt0,B(ψ)c(−vt0,B(ψ))

<+∞,

(16)

where C2 is some positive number. As Uz ⊂⊂ {ψ <−t0}, we have∫
Uz

|(1− bt0,B(ψ))F |2 ≤
∫
Uz

|F |2 <+∞. (17)

Combining inequality (16) and (17), we obtain that
∫
Uz\E |F̃E |2 <+∞.

As E is contained in some analytic subset of M, we can find a holomorphic extension F̃

of F̃E from {ψ <−t1}\E to {ψ <−t1} such that∫
{ψ<−t1}

|F̃ − (1− bt0,B(ψ))F |2e−ϕ−ψ+vt0,B(ψ)c(−vt0,B(ψ))≤ C

∫ t0+B

t1

c(t)e−tdt. (18)

This proves Lemma 2.2.

2.2 Some properties of G(t)

We present some properties related to G(t) in this section.

Lemma 2.3 (See [12]). Let N be a submodule of Oq
Cn,o, 1≤ q <+∞, and let fj ∈OCn(U)q

be a sequence of q−tuples holomorphic in an open neighborhood U of the origin o. Assume

that the fj converge uniformly in U toward a q−tuples f ∈ OCn(U)q, assume furthermore

that all germs (fj ,o) belong to N. Then (f,o) ∈N .

The closedness of submodules will be used in the following discussion.

Lemma 2.4. Let M be a complex manifold. Let S be an analytic subset of M. Let

{gj}j=1,2,... be a sequence of nonnegative Lebesgue measurable functions on M, which

satisfies that gj are almost everywhere convergent to g on M when j → +∞, where g is

a nonnegative Lebesgue measurable function on M. Assume that for any compact subset K

of M\S, there exist sK ∈ (0,+∞) and CK ∈ (0,+∞) such that∫
K

gj
−sKdVM ≤ CK

for any j, where dVM is a continuous volume form on M.

Let {Fj}j=1,2,... be a sequence of holomorphic (n,0) form on M. Assume that there exists

a positive constant C such that liminfj→+∞
∫
M
|Fj |2gj ≤C. Then there exists a subsequence
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{Fjl}l=1,2,..., which satisfies that {Fjl} is uniformly convergent to a holomorphic (n,0) form

F on M on any compact subset of M when l→+∞, such that∫
M

|F |2g ≤ C.

Proof. As S is a analytic subset of M, by Local Parameterization Theorem (see [5]) and

Maximum Principle, for any compact set K ⊂⊂M , there exists K1 ⊂⊂M\S satisfying

sup
z∈K

|Fj(z)|2
dVM

≤ C1 sup
z∈K1

|Fj(z)|2
dVM

(19)

for any j, where C1 is a constant depending on K but independent of j. Then there exists

a compact set K2 ⊂⊂M\S satisfying K1 ⊂K2 and(
|Fj(z)|2
dVM

)r

≤ C2

∫
K2

(
|Fj(z)|2
dVM

)r

≤ C2

(∫
K2

|Fj |2gj
)r(∫

K2

g
− r

1−r

j

)1−r (20)

for any j and any z ∈K1, where r ∈ (0,1) and C2 is a constant. Let r
1−r = sK2 , inequality

(20) implies

sup
z∈K1

|Fj(z)|2
dVM

≤ C3

∫
K2

|Fj |2gj , (21)

where C3 is a constant. As liminfj→+∞
∫
M
|Fj |2gj < C, combining inequality (19), (21),

and the diagonal method, we obtain a subsequence of {Fj}, denoted still by {Fj}, which is

uniformly convergent to a holomorphic (n,0) form F on M on any compact subset of M.

It follows from the Fatou’s Lemma and limj→+∞
∫
M
|Fj |2gj ≤ C that∫

M

|F |2g =
∫
M

lim
j→+∞

|Fj |2gj

≤ liminf
j→+∞

∫
M

|Fj |2gj

≤C.

Thus Lemma 2.4 holds.

Let M be an n-dimensional complex manifold satisfying condition (a). Let ψ be a

plurisubharmonic function on M, and let ϕ be a Lebesgue measurable function on M,

such that ϕ+ψ is a plurisubharmonic function on M. Let c ∈ PT . The following lemma is

a characterization of G(t) = 0 for any t≥ T , where T =−supM ψ and the meaning of G(t)

can be referred to Section 1.1.

Lemma 2.5. f ∈H0(Z0,(O(KM )⊗F)|Z0)⇔G(t) = 0.

Proof. It is clear that f ∈H0(Z0,(O(KM )⊗F)|Z0)⇒G(t) = 0.

In the following part, we prove that G(t) = 0 ⇒ f ∈ H0(Z0,(O(KM )⊗F)|Z0). As

G(t) = 0, then there exists holomorphic (n,0) forms {f̃j}j∈N+ on {ψ < −t} such that

limj→+∞
∫
{ψ<−t} |f̃j |2e−ϕc(−ψ) = 0 and (fj − f) ∈ H0(Z0,(O(KM )⊗F)|Z0) for any j.

As e−ϕc(−ψ) has a positive lower bound on any compact subset of M\Z, where Z is
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some analytic subset of M, it follows from Lemma 2.4 that there exists a subsequence of

{f̃j}j∈N+ denoted by {f̃jk}k∈N+ that compactly convergent to 0. It is clear that f̃jk − f

is compactly convergent to 0− f = −f on U ∩{ψ < −t}. It follows from Lemma 2.3 that

f ∈H0(Z0,(O(KM )⊗F)|Z0). This proves Lemma 2.5.

The following lemma shows the existence and uniqueness of the holomorphic (n,0) form

related to G(t).

Lemma 2.6. Assume that G(t)<+∞ for some t ∈ [T,+∞). Then there exists a unique

holomorphic (n,0) form Ft on {ψ <−t} satisfying (Ft−f) ∈H0(Z0,(O(KM )⊗F)|Z0) and∫
{ψ<−t} |Ft|2e−ϕc(−ψ) = G(t). Furthermore, for any holomorphic (n,0) form F̂ on {ψ <

−t} satisfying (F̂ − f) ∈ H0(Z0,(O(KM )⊗F)|Z0) and
∫
{ψ<−t} |F̂ |2e−ϕc(−ψ) < +∞, we

have the following equality:∫
{ψ<−t}

|Ft|2e−ϕc(−ψ)+

∫
{ψ<−t}

|F̂ −Ft|2e−ϕc(−ψ)

=

∫
{ψ<−t}

|F̂ |2e−ϕc(−ψ).

(22)

Proof. Firstly, we prove the existence of Ft. As G(t)<+∞ then there exists holomorphic

(n,0) forms {fj}j∈N+ on {ψ < −t} such that limj→+∞
∫
{ψ<−t} |fj |2e−ϕc(−ψ) = G(t), and

(fj − f) ∈ H0(Z0,(O(KM )⊗F)|Z0). As e−ϕc(−ψ) has a positive lower bound on any

compact subset of M\Z, where Z is some analytic subset of M, it follows from Lemma

2.4 that there exists a subsequence of {fj} compact convergence to a holomorphic (n,0)

form F on {ψ < −t} satisfying
∫
{ψ<−t} |F |2e−ϕc(−ψ) ≤ G(t). It follows from Lemma 2.3

that (F −f) ∈H0(Z0,(O(KM )⊗F)|Z0). Then we obtain the existence of Ft(= F ).

Secondly, we prove the uniqueness of Ft by contradiction: if not, there exist two different

holomorphic (n,0) forms f1 and f2 on on {ψ < −t} satisfying
∫
{ψ<−t} |f1|2e−ϕc(−ψ) =∫

{ψ<−t} |f2|2 = G(t), (f1− f) ∈H0(Z0,(O(KM )⊗F)|Z0) and (f2− f) ∈H0(Z0,(O(KM )⊗
F)|Z0). Note that∫

{ψ<−t}

∣∣∣∣f1+f2
2

∣∣∣∣2e−ϕc(−ψ)+

∫
{ψ<−t}

∣∣∣∣f1−f2
2

∣∣∣∣2e−ϕc(−ψ)

=

∫
{ψ<−t} |f1|2e−ϕc(−ψ)+

∫
{ψ<−t} |f2|2e−ϕc(−ψ)

2
=G(t),

(23)

then we obtain that ∫
{ψ<−t}

∣∣∣∣f1+f2
2

∣∣∣∣2e−ϕc(−ψ)<G(t),

and (f1+f2
2 −f) ∈H0(Z0,(O(KM )⊗F)|Z0), which contradicts the definition of G(t).

Finally, we prove equality (22). For any holomorphic h on {ψ < −t} satisfying∫
{ψ<−t} |h|2e−ϕc(−ψ) < +∞ and h ∈ H0(Z0,(O(KM )⊗F)|Z0), it is clear that for any

complex number α, Ft + αh satisfying ((Ft + αh)− f) ∈ H0(Z0,(O(KM )⊗F)|Z0), and∫
{ψ<−t} |Ft|2e−ϕc(−ψ)≤

∫
{ψ<−t} |Ft+αh|2e−ϕc(−ψ)<+∞. Note that∫

{ψ<−t}
|Ft+αh|2e−ϕc(−ψ)−

∫
{ψ<−t}

|Ft|2e−ϕc(−ψ)≥ 0
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implies

�
∫
{ψ<−t}

Fth̄e
−ϕc(−ψ) = 0,

then ∫
{ψ<−t}

|Ft+h|2e−ϕc(−ψ) =

∫
{ψ<−t}

(|Ft|2+ |h|2)e−ϕc(−ψ).

Choosing h= F̂ −Ft, we obtain equality (22).

The following lemma shows the monotonicity and lower semicontinuity property of G(t).

Lemma 2.7. G(t) is decreasing with respect to t ∈ [T,+∞), such that limt→t0+0G(t) =

G(t0) for any t0 ∈ [T,+∞), and if G(t) < +∞ for some t ≥ T , then limt→+∞G(t) = 0.

Especially G(t) is lower semicontinuous on [T,+∞).

Proof. By the definition of G(t), it is clear that G(t) is decreasing on [T,+∞). And

it follows from the dominated convergence theorem that if G(t) < +∞ for some t ≥ T ,

then limt→+∞G(t) = 0. Then it suffices to prove limt→t0+0G(t) = G(t0). We prove it by

contradiction: if not, then limt→t0+0G(t)<G(t0).

By Lemma 2.6, there exists a unique holomorphic (n,0) form Ft on {ψ <−t} satisfying

(Ft − f) ∈ H0(Z0,(O(KM )⊗F)|Z0) and
∫
{ψ<−t} |Ft|2e−ϕc(−ψ) = G(t). Note that G(t)

is decreasing implies that
∫
{ψ<−t} |Ft|2e−ϕc(−ψ) ≤ limt→t0+0G(t) for any t > t0. If

limt→t0+0G(t) = +∞, the equality limt→t0+0G(t) =G(t0) is clear, thus it suffices to prove

the case limt→t0+0G(t) < +∞. As e−ϕc(−ψ) has a positive lower bound on any compact

subset of M\Z, where Z is some analytic subset of M, and
∫
{ψ<−t1} |Ft|2e−ϕc(−ψ) ≤

limt→t0+0G(t) < +∞ holds for any t ∈ (t0, t1], where t1 > t0 is a fixed number, it follows

from Lemma 2.4 that there exists {Ftj} (tj → t0+0, as j →+∞) uniformly convergent on

any compact subset of {ψ <−t1}. Using the diagonal method, we obtain a subsequence of

{Ft} (also denoted by {Ftj}), which is convergent on any compact subset of {ψ <−t0}.
Let F̂t0 = limj→+∞Ftj , which is a holomorphic (n,0) form on {ψ <−t0}. Then it follows

from the decreasing property of G(t) that∫
K

|F̂t0 |2e−ϕc(−ψ)≤ lim
j→+∞

∫
K

|Ftj |2e−ϕc(−ψ)≤ lim
j→+∞

G(tj)≤ lim
t→t0+0

G(t)

for any compact set K ⊂ {ψ <−t0}. It follows from Levi’s Theorem that∫
{ψ<−t0}

|F̂t0 |2e−ϕc(−ψ)≤ lim
t→t0+0

G(t).

It follows from Lemma 2.3 that F̂t0 ∈H0(Z0,(O(KM )⊗F)|Z0). Then we obtain that G(t0)≤∫
{ψ<−t0} |F̂t0 |2e−ϕc(−ψ)≤ limt→t0+0G(t), which contradicts limt→t0+0G(t)<G(t0).

We consider the derivatives of G(t) in the following lemma.

Lemma 2.8. Assume that G(t1)<∞, where t1 ∈ (T,+∞), then for any t0 > t1, we have

G(t1)−G(t0)∫ t0
t1

c(t)e−tdt
≤ liminf

B→0+0

G(t0)−G(t0+B)∫ t0+B

t0
c(t)e−tdt

,
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that is,

G(t0)−G(t1)∫ t0
T1

c(t)e−tdt−
∫ t1
T1

c(t)e−tdt
≥ limsup

B→0+0

G(t0+B)−G(t0)∫ t0+B

T1
c(t)e−tdt−

∫ t0+B

T1
c(t)e−tdt

.

Proof. It follows from Lemma 2.7 that G(t)<+∞ for any t≥ t1. By Lemma 2.6, there

exists a holomorphic (n,0) form Ft0 on {ψ <−t0}, such that (Ft0 −f) ∈H0(Z0,(O(KM )⊗
F)|Z0) and

∫
{ψ<−t0} |Ft0 |2e−ϕc(−ψ) =G(t0).

It suffices to consider that liminfB→0+0
G(t0)−G(t0+B)
∫ t0+B
t0

c(t)e−tdt
∈ [0.+∞) because of the decreasing

property of G(t). Then there exists Bj → 0+0 (j →+∞) such that

lim
j→+∞

G(t0)−G(t0+Bj)∫ t0+Bj

t0
c(t)e−tdt

= liminf
B→0+0

G(t0)−G(t0+B)∫ t0+B

t0
c(t)e−tdt

(24)

and {G(t0)−G(t0+Bj)
∫ t0+Bj
t0

c(t)e−tdt
}j∈N+ is bounded. As c(t)e−t is decreasing and positive on (T,+∞),

then

lim
j→+∞

G(t0)−G(t0+Bj)∫ t0+Bj

t0
c(t)e−tdt

=

(
lim

j→+∞

G(t0)−G(t0+Bj)

Bj

)(
1

limt→t0+0 c(t)e−t

)

=

(
lim

j→+∞

G(t0)−G(t0+Bj)

Bj

)(
et0

limt→t0+0 c(t)

)
.

(25)

Hence,
{

G(t0)−G(t0+Bj)
Bj

}
j∈N+

is bounded with respect to j.

As t≤ vt0,Bj (t), the decreasing property of c(t)e−t shows that

e−ψ+vt0,Bj
(ψ)c(−vt0,Bj (ψ))≥ c(−ψ).

Lemma 2.2 shows that for any Bj , there exists holomorphic (n,0) form F̃j on {ψ < −t1},
such that (F̃j −Ft0) ∈H0(Z0,(O(KM )⊗I(ϕ+ψ))|Z0)⊆H0(Z0,(O(KM )⊗F)|Z0) and∫

{ψ<−t1}
|F̃j − (1− bt0,Bj (ψ))Ft0 |2e−ϕc(−ψ)

≤
∫
{ψ<−t1}

|F̃j − (1− bt0,Bj (ψ))Ft0 |2e−ϕe−ψ+vt0,Bj
(ψ)c(−vt0,Bj (ψ))

≤
∫ t0+Bj

t1

c(t)e−tdt

∫
{ψ<−t1}

1

Bj
(I{−t0−Bj<ψ<−t0})|Ft0 |2e−ϕ−ψ

≤
et0+Bj

∫ t0+Bj

t1
c(t)e−tdt

inft∈(t0,t0+Bj) c(t)

∫
{ψ<−t1}

1

Bj
(I{−t0−Bj<ψ<−t0})|Ft0 |2e−ϕc(−ψ)

≤
et0+Bj

∫ t0+Bj

t1
c(t)e−tdt

inft∈(t0,t0+Bj) c(t)
×
(∫

{ψ<−t1}

1

Bj
I{ψ<−t0}|Ft0 |2e−ϕc(−ψ)

−
∫
{ψ<−t1}

1

Bj
I{ψ<−t0−Bj}|Ft0 |2e−ϕc(−ψ)

)

≤
et0+Bj

∫ t0+Bj

t1
c(t)e−tdt

inft∈(t0,t0+Bj) c(t)
× G(t0)−G(t0+Bj)

Bj
.

(26)

Firstly, we will prove that
∫
{ψ<−t1} |F̃j |2e−ϕc(−ψ) is bounded with respect to j.
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Note that(∫
{ψ<−t1}

|F̃j − (1− bt0,Bj (ψ))Ft0 |2e−ϕc(−ψ)

) 1
2

≥
(∫

{ψ<−t1}
|F̃j |2e−ϕc(−ψ)

) 1
2

−
(∫

{ψ<−t1}
|(1− bt0,Bj (ψ))Ft0 |2e−ϕc(−ψ)

) 1
2

,

(27)

then it follows from inequality (26) that

(∫
{ψ<−t1}

|F̃j |2e−ϕc(−ψ)

) 1
2

≤
(
et0+Bj

∫ t0+Bj

t1
c(t)e−tdt

inft∈(t0,t0+Bj) c(t)

) 1
2 (

G(t0)−G(t0+Bj)

Bj

) 1
2

+

(∫
{ψ<−t1}

|(1− bt0,Bj (ψ))Ft0 |2e−ϕc(−ψ)

) 1
2

.

(28)

Since
{

G(t0+Bj)−G(t0)
Bj

}
j∈N+

is bounded, limj→+∞ inft∈(t0,t0+Bj) c(t) ∈ (0,+∞) and

∫
{ψ<−t1}

|(1− bt0,Bj (ψ))Ft0 |2e−ϕc(−ψ)≤
∫
{ψ<−t0}

|Ft0 |2e−ϕc(−ψ)<+∞,

then
∫
{ψ<−t1} |F̃j |2e−ϕc(−ψ) is bounded with respect to j.

Secondly, we will prove the main result.

It follows from
∫
{ψ<−t1} |F̃j |2e−ϕc(−ψ) is bounded with respect to j and Lemma 2.4 that

there exists a subsequence of {F̃j}, denoted by {F̃jk}k∈N+ , which is uniformly convergent

to a holomorphic (n,0) form F1 on {ψ < −t1} on any compact subset of {ψ < −t1} when

k →+∞, such that∫
{ψ<−t1}

|F1|2e−ϕc(−ψ)≤ liminf
j→+∞

∫
{ψ<−t1}

|F̃j |2e−ϕc(−ψ)<+∞.

As (F̃j −Ft0) ∈H0(Z0,(O(KM )⊗F)|Z0) for any j, we have (F1−Ft0) ∈H0(Z0,(O(KM )⊗
F)|Z0). Note that

lim
j→+∞

bt0,Bj (t) = lim
j→+∞

∫ t

−∞

1

Bj
I{−t0−Bj<s<−t0}ds=

{
0, if x ∈ (−∞,−t0),

1, if x ∈ [−t0,+∞),

and

lim
j→+∞

vt0,Bj (t) = lim
j→+∞

∫ t

−t0

bt0,Bjds− t0 =

{
−t0, if x ∈ (−∞,−t0),

t, if x ∈ [−t0,+∞).
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Following from equality (25), inequality (26), and the Fatou’s Lemma, we have∫
{ψ<−t0}

|F1−Ft0 |2e−ϕ−ψ−t0c(t0)+

∫
{−t0≤ψ<−t1}

|F1|2e−ϕc(−ψ)

=

∫
{ψ<−t1}

lim
k→+∞

|F̃jk − (1− bt0,Bjk
(ψ))Ft0 |2e−ϕe

−ψ+vt0,Bjk
(ψ)

c(−vt0,Bjk
(ψ))

≤ liminf
k→+∞

∫
{ψ<−t1}

|F̃jk − (1− bt0,Bjk
(ψ))Ft0 |2e−ϕe

−ψ+vt0,Bjk
(ψ)

c(−vt0,Bjk
(ψ))

≤ liminf
k→+∞

(
et0+Bjk

∫ t0+Bjk

t1
c(t)e−tdt

inft∈(t0,t0+Bjk
) c(t)

× G(t0)−G(t0+Bjk)

Bjk

)

=
et0

∫ t0
t1

c(t)e−tdt

limt→t0+0 c(t)
lim

j→+∞

G(t0)−G(t0+Bj)

Bj

=

∫ t0

t1

c(t)e−tdt lim
j→+∞

G(t0)−G(t0+Bj)∫ t0+Bj

t0
c(t)e−tdt

.

(29)

As eψc(−ψ)≤ e−t0c(t0) on {ψ <−t0}, it follows Lemma 2.6, equality (24) and inequality

(29) that

∫ t0

t1

c(t)e−tdt liminf
B→0+0

G(t0)−G(t0+B)∫ t0+B

t0
c(t)e−tdt

=

∫ t0

t1

c(t)e−tdt lim
j→+∞

G(t0)−G(t0+Bj)∫ t0+Bj

t0
c(t)e−tdt

≥
∫
{ψ<−t0}

|F1−Ft0 |e−ϕ−ψ−t0c(t0)+

∫
{−t0≤ψ<−t1}

|F1|2e−ϕc(−ψ)

≥
∫
{ψ<−t0}

|F1−Ft0 |e−ϕc(−ψ)+

∫
{−t0≤ψ<−t1}

|F1|2e−ϕc(−ψ)

=

∫
{ψ<−t1}

|F1|2e−ϕc(−ψ)−
∫
{ψ<−t0}

|Ft0 |2e−ϕc(−ψ)

≥G(t1)−G(t0).

(30)

This proves Lemma 2.8.

The following well-known property of concave functions will be used in the proof of

Theorem 1.3.

Lemma 2.9. Let a(r) be a lower semicontinuous function on (A,B) ( −∞≤ A < B ≤
+∞). Then a(r) is concave if and only if

a(r2)−a(r1)

r2− r1
≥ limsup

r→r2+0

a(r)−a(r2)

r− r2
, (31)

holds for any A< r1 < r2 <B.
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Proof. For the convenience of the reader, we recall the proof.

It suffices to prove that inequality (31) implies the concavity of a(r). We prove by

contradiction: if not, there exists A< r3 < r4 < r5 <B such that

a(r4)−a(r3)

r4− r3
<

a(r5)−a(r3)

r5− r3
<

a(r5)−a(r4)

r5− r4
. (32)

Consider ã(r) = a(r)−a(r5)− a(r5)−a(r3)
r5−r3

(r−r5) on (A,B). As a(r) is lower semicontinuous

on (A,B), then ã(r) is lower semicontinuous on (A,B). Note that ã(r3) = ã(r5) = 0

and ã(r4) < 0, then it follows from the lower semicontinuity of ã(r) that there exists

r6 ∈ (r3, r5) such that ã(r6) = infr∈[r3,r5] ã(r) < 0. It clear that ã(r6)−ã(r3)
r6−r3

< 0 and

limsupr→r6+0
ã(r)−ã(r6)

r−r6
≥ 0. Then we obtain that

a(r6)−a(r3)

r6− r3
<

a(r5)−a(r3)

r5− r3
≤ limsup

r→r6+0

a(r)−a(r6)

r− r6
,

which contradict inequality (31).

2.3 Some results used in the proofs of applications

In this section, we give some results which will be used in the proofs of applications in

Section 1.2.

Lemma 2.10. If c(t) is a positive measurable function on (T,+∞) such that c(t)e−t

is decreasing on (T,+∞) and
∫ +∞
T1

c(t)e−tdt < +∞ for some T1 > T , then there exists a

positive measurable function c̃ on (T,+∞), satisfying the following statements:

(1) c̃≥ c on (T,+∞).

(2) c̃(t)e−t is strictly decreasing on (T,+∞) and c̃ is increasing on (a,+∞), where a > T

is a real number.

(3)
∫ +∞
T1

c̃(t)e−tdt <+∞.

Moreover, if
∫ +∞
T

c(t)e−tdt < +∞ and c ∈ PT , we can choose c̃ satisfying the above

conditions,
∫ +∞
T

c̃(t)e−tdt <+∞ and c̃ ∈ PT .

Proof. Without loss of generality, we can assume that T < 0. Let an = c(n)e−n, where

n ∈ N+. Take b1 = a1, and we can define bn = max{ bn−1

e ,an} for n > 1, inductively. Since

an is decreasing with respect to n, we have bn ≥ bn+1 ≥ bn
e and bn ≥ an for any n ∈ N+.

Let

ã(t) =

{
ebn(

bn+1

bn
)t−n, if t ∈ [n,n+1),

c(t)e−t+1, if t ∈ (T,1].

It is clear that ã(t) ≥ c(t)e−t, ã(t) is decreasing on (T,+∞) and continuous on [1,+∞).

Let c̃(t) = ã(t)et. When t ∈ [n,n+1), as ebn+1 ≥ bn, we have c̃(t) is increasing on [n,n+1),

which implies that c̃(t) is increasing on (1,+∞).

As
∫ +∞
0

c(t)e−tdt < +∞, then
∑+∞

n=1an < +∞. In the following, we will prove∫ +∞
0

c̃(t)e−t <+∞. By the definition of c̃(t), we have∫ +∞

0

c̃(t)e−t =

∫ 1

0

ã(t)dt+
+∞∑
n=1

∫ n+1

n

ã(t)dt≤ c(0)e+e
+∞∑
n=1

bn. (33)
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Take I = {ni : ni is the ith positive integer such that ani = bni} ∈ N+. Note that if an+1 �=
bn+1, then bn+1 =

bn
e , thus, we have

+∞∑
n=1

bn =
∑
i=1

ni+1−ni−1∑
j=0

bni+j

=
∑
i=1

ni+1−ni−1∑
j=0

bnie
−j

≤
∑
i=1

ani

e

e−1

<+∞,

(34)

where if ni is the largest integer such that ani = bni , take ni+1 =+∞. Combining inequality

(33) and (34), we obtain
∫ +∞
0

c̃(t)e−tdt <+∞. By replacing c̃(t) by c̃(t)+1, we have c̃≥ c, c̃

is increasing on (1,+∞), c̃(t)e−t is strictly decreasing on (T,+∞) and
∫ +∞
0

c̃(t)e−tdt <+∞.

Moreover, if
∫ +∞
T

c(t)e−tdt<+∞ and c∈PT , as c̃(t)≥ c(t) on (T,+∞) and c̃(t)= ec(t)+1

on (T,1), we have
∫ +∞
T

c̃(t)e−tdt <+∞ and c̃ ∈ PT . Thus, Lemma 2.10 holds.

Let Ω be an open Riemann surface admitted a nontrivial Green function GΩ. Let w be

a local coordinate on a neighborhood Vz0 of z0 ∈ Ω satisfying w(z0) = 0.

Lemma 2.11 (See [25], see also [31]). GΩ(z,z0) = supv∈Δ0(z0) v(z), where Δ0(z0) is the

set of negative subharmonic functions v on Ω satisfying that v− log |w| has a locally finite

upper bound near z0.

Lemma 2.12. For any open neighborhood U of z0, there exists t > 0 such that

{GΩ(z,z0)<−t} is a relatively compact subset of U.

Proof. Let w be a coordinate on a neighborhood Vz0 ⊂⊂ U of z0, such that w(z0) =

0 and GΩ(z,z0) = log |w(z)| + v(w(z)), where v is a harmonic function on Vz0 and

supVz0
|v(w(z))| < +∞. Then there exists t > 0 such that {z ∈ Vz0 : log |w(z)|+ v(w(z)) <

−t} ⊂⊂ Vz0 .

We claim that {z ∈ Ω :GΩ(z,z0)<−t} ⊂⊂ Vz0 , therefore Lemma 2.12 holds. In fact, set

G̃(z) =

{
GΩ(z,z0), if z ∈ Vz0 ,

max{GΩ(z,z0),−t}, if z ∈ Ω\Vz0 .

As {z ∈ Vz0 : log |w(z)|+v(w(z))<−t} ⊂⊂ Vz0 , we know G̃(z) is subharmonic on Ω. Lemma

2.11 tells us G̃(z) ≤ GΩ(z,z0), therefore {z ∈ Ω : GΩ(z,z0) < −t} = {z ∈ Vz1 : GΩ(z,z0) <

−t} ⊂⊂ Vz0 .

Lemma 2.13. For any z0 ∈ Ω and open subsets V1 and U1 of Ω satisfying z0 ∈ V1 ⊂⊂
U1 ⊂⊂ Ω, there exists a constant N > 0 such that

GΩ(z,z1)≥NGΩ(z,z0)

holds for any (z,z1) ∈ (Ω\U1)×V1.

Proof. As V1 ⊂⊂U1 ⊂⊂Ω, fixed z ∈Ω\U1, GΩ(z,z1) is harmonic with respect to z1 on a

open neighborhood of V1. The Harnack inequality shows that there exists a constant N > 0
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such that

sup
z1∈V1

(−GΩ(z,z1))≤N inf
z1∈V1

(−GΩ(z,z1)) (35)

holds of any z ∈ Ω\U1. As z0 ∈ V1, it follows from inequality (35) that

GΩ(z,z1)≥NG(z,z0)

holds for any (z,z1) ∈ (Ω\U1)×V1.

The following lemma (proof can be referred to §7.2) will be used in the proof of Theorem

1.16.

Lemma 2.14. Let T be a closed positive (1,1) current on Ω. For any open set U ⊂⊂ Ω

satisfying U ∩ suppT �= ∅, there exists a subharmonic function Φ < 0 on Ω, which satisfies

the following properties:

(1) i∂∂̄Φ≤ T and i∂∂̄Φ �≡ 0;

(2) limt→0+0(inf{GΩ(z,z0)≥−t}Φ(z)) = 0;

(3) supp(i∂∂̄Φ)⊂ U and infΩ\U Φ>−∞.

Now, we recall some notations. Let cβ(z) be the logarithmic capacity which is locally

defined by

cβ(z0) := exp lim
z→z0

(GΩ(z,z0)− log |w(z)|)

on Ω (see [25]). The weighted Bergman kernel κΩ,ρ with weight ρ of holomorphic (1,0) form

on Ω is defined by κΩ,ρ :=
∑

i ei⊗ ēi, where {ei}i=1,2,... are holomorphic (1,0) forms on Ω

and satisfy
√
−1

∫
Ω
ρ ei√

2
∧ ēj√

2
= δji . Let BΩ,ρ(z) :=

κΩ,ρ(z)
|dw|2 on Vz0 .

Theorem 2.15 [18]. (A solution of the extended Suita Conjecture) Let u be a harmonic

function on Ω. c2β(z0) ≤ πe−2u(z0)BΩ,e−2u(z0) holds, and the equality holds if and only if

χ−u = χz0 .

§3. Proofs of Theorem 1.3 and Corollaries 1.4, 1.5, and 1.7

In this section, we prove Theorem 1.3 and Corollaries 1.4, 1.5, and 1.7.

3.1 Proof of Theorem 1.3

Firstly, we prove that if G(t0)<+∞ for some t0 >T , then G(t1)<+∞ for any t1 ∈ (T,t0).

It follows from Lemma 2.6 that there exists a holomorphic (n,0) form Ft0 on {ψ < −t0}
satisfying (Ft0 −f)∈H0(Z0,(O(KM )⊗F)|Z0) and

∫
{ψ<−t0} |Ft0 |2e−ϕc(−ψ) =G(t0)<+∞.

Using Lemma 2.2, we get a holomorphic (n,0) form F̃ on {ψ <−t1}, such that

(F̃ −Ft0) ∈H0(Z0,(O(KM )⊗I(ϕ+ψ))|Z0)⊂H0(Z0,(O(KM )⊗F)|Z0)
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and ∫
{ψ<−t1}

|F̃ − (1− bt0,B(ψ))Ft0 |2e−ϕc(−ψ)

≤
∫
{ψ<−t1}

|F̃ − (1− bt0,B(ψ))Ft0 |2e−ϕ−ψ+vt0,B(ψ)c(−vt0,B(ψ))

≤
(∫ t0+B

t1

c(t)e−tdt

)∫
{ψ<−t1}

1

B
I{−t0+B<ψ<−t0}|Ft0 |2e−ϕ−ψ.

(36)

Note that(∫
{ψ<−t1}

|F̃ |2e−ϕc(−ψ)

) 1
2

−
(∫

{ψ<−t1}
|(1− bt0,B(ψ))Ft0 |2e−ϕc(−ψ)

) 1
2

≤
(∫

{ψ<−t1}
|F̃ − (1− bt0,B(ψ))Ft0 |2e−ϕc(−ψ)

) 1
2

,

combining with inequality (36), we obtain(∫
{ψ<−t1}

|F̃ |2e−ϕc(−ψ)

) 1
2

≤
((∫ t0+B

t1

c(t)e−tdt

)∫
{ψ<−t1}

1

B
I{−t0−B<ψ<−t0}|Ft0 |2e−ϕ−ψ

) 1
2

+

(∫
{ψ<−t1}

|(1− bt0,B(ψ))Ft0 |2e−ϕc(−ψ)

) 1
2

.

(37)

As bt0,B(ψ) = 1 on {ψ ≥ t0}, 0≤ bt0,B(ψ)≤ 1,
∫
{ψ<−t0} |Ft0 |2e−ϕc(−ψ)<+∞, and c(t) has

a positive lower bound on any compact subset of (T,+∞), then(∫
{ψ<−t1}

|(1− bt0,B(ψ))Ft0 |2e−ϕc(−ψ)

) 1
2

<+∞

and (∫ t0+B

t1

c(t)e−tdt

)∫
{ψ<−t1}

1

B
I{−t0−B<ψ<−t0}|Ft0 |2e−ϕ−ψ

≤
et0+B

∫ t0+B

t1
c(t)e−tdt

inft∈(t0,t0+B) c(t)

∫
{ψ<−t1}

1

B
I{−t0−B<ψ<−t0}|Ft0 |2e−ϕc(−ψ)

<+∞,

which implies that ∫
{ψ<−t1}

|F̃ |2e−ϕc(−ψ)<+∞.

Then we obtain G(t1)≤
∫
{ψ<−t1} |F̃ |2e−ϕc(−ψ)<+∞.
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Now, assume that G(t0) < +∞ for some t0 ≥ T (otherwise it is clear that G(t) ≡ +∞).

As G(h−1(r)) is lower semicontinuous (Lemma 2.7), then Lemmas 2.8 and 2.9 imply

the concavity of G(h−1(r)). It follows from Lemma 2.7 that limt→T+0G(t) = G(T ) and

limt→+∞G(t) = 0, hence we prove Theorem 1.3.

3.2 Proof of Corollary 1.4

Note that if there exists a positive decreasing concave function g(t) on (a,b) ⊂ R and

g(t) is not a constant function, then b < +∞. We prove Corollary 1.4 by contradiction:

if G(t) < +∞ for some t ≥ T , as f �∈ H0(Z0,(O(KM )⊗F)|Z0), Lemma 2.5 shows that

G(t) ∈ (0,+∞). Following from Theorem 1.3, we know G(h−1(r)) is concave with respect

to r ∈ (
∫ T

T1
c(t)e−tdt,

∫ +∞
T1

c(t)e−tdt) and G(h−1(r)) is not a constant function, therefore we

obtain
∫ +∞
T1

c(t)e−tdt <+∞, which contradicts to
∫ +∞
T1

c(t)e−tdt=+∞. Thus Corollary 1.4

holds.

3.3 Proof of Corollary 1.5

If G(t)∈ (0,+∞) for some t≥ T , Corollary 1.4 and Lemma 2.5 show that
∫ +∞
T1

c(t)e−tdt<

+∞. As limt→+∞G(t) = 0, then G(h−1(r)) is concave on (
∫ T

T1
c(t)e−tdt,

∫ +∞
T1

c(t)e−tdt] by

defining G(+∞) = 0. Then the concavity of G(h−1(r)) implies that the three statements

are equivalent.

3.4 Proof of Corollary 1.7

It follows from Corollary 1.5 that G(t) = G(T1)∫+∞
T1

c(s)e−sds

∫ +∞
t

c(s)e−sds for any t∈ [T,+∞).

Firstly, we prove the existence and uniqueness of F.

Following the notations in Lemma 2.8, as G(t) = G(T1)∫+∞
T1

c(s)e−sds

∫ +∞
t

c(s)e−sds ∈ (0,+∞)

for any t ∈ (T,+∞), by choosing t1 ∈ (T,+∞) and t0 > t1, we know that the inequality (30)

must be equality, which implies that∫
{ψ<−t0}

|F1−Ft0 |2e−ϕ(e−ψ−t0c(t0)− c(−ψ)) = 0, (38)

where F1 is a holomorphic (n,0) form on {ψ <−t1} such that (F1−f) ∈H0(Z0,(O(KM )⊗
F)|Z0) and Ft0 is a holomorphic (n,0) form on {ψ < −t0} such that (Ft0 − f) ∈
H0(Z0,(O(KM )⊗F)|Z0). As

∫ +∞
T1

c(t)e−t <+∞ and c(t)e−t is decreasing, then there exists

t2 > t0 such that c(t)e−t < c(t0)e
−t0 −δ for any t≥ t2, where δ is a positive constant. Then

equality (38) implies that

δ

∫
{ψ<−t2}

|F1−Ft0 |2e−ϕe−ψ

≤
∫
{ψ<−t2}

|F1−Ft0 |2e−ϕ(e−ψ−t0c(t0)− c(−ψ))

≤
∫
{ψ<−t0}

|F1−Ft0 |2e−ϕ(e−ψ−t0c(t0)− c(−ψ))

=0.

It follows from ϕ+ψ is plurisubharmonic function and F1 and Ft0 are holomorphic (n,0)

forms that F1 = Ft0 on {ψ <−t0}. As
∫
{ψ<−t0} |Ft0 |2e−ϕc(−ψ) =G(t0) and the inequality
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(30) becomes equality, we have∫
{ψ<−t1}

|F1|2e−ϕc(−ψ) =G(t1).

Following from Lemma 2.6, there exists a unique holomorphic (n,0) form Ft on {ψ < −t}
satisfying (Ft−f)∈H0(Z0,(O(KM )⊗F)|Z0) and

∫
{ψ<−t} |Ft|2e−ϕc(−ψ) =G(t) for any t >

T . By discussion in the above, we know Ft = Ft′ on {ψ <−max{t, t′}} for any t ∈ (T,+∞)

and t′ ∈ (T,+∞). Hence, combining limt→T+0G(t) = G(T ), we obtain that there exists a

unique holomorphic (n,0) form F on M satisfying (F −f) ∈H0(Z0,(O(KM )⊗F)|Z0) and∫
{ψ<−t} |F |2e−ϕc(−ψ) =G(t) for any t≥ T .

Secondly, we prove equality (1). As a(t) is nonnegative measurable function on (T,+∞),

then there exists a sequence of functions {
∑ni

j=1aijIEij}i∈N+ (ni < +∞ for any i ∈ N+)

satisfying
∑ni

j=1aijIEij is increasing with respect to i and limi→+∞
∑ni

j=1aijIEij (t) = a(t)

for any t ∈ (T,+∞), where Eij is a Lebesgue measurable subset of (T,+∞) and aij ≥ 0 is a

constant. It follows from Levi’s Theorem that it suffices to prove the case that a(t) = IE(t),
where E ⊂⊂ (T,+∞) is a Lebesgue measurable set.

Note that G(t) =
∫
{ψ<−t} |F |2e−ϕc(−ψ) = G(T1)∫+∞

T1
c(s)e−sds

∫ +∞
t

c(s)e−sds, then

∫
{−t1≤ψ<−t2}

|F |2e−ϕc(−ψ) =
G(T1)∫ +∞

T1
c(s)e−sds

∫ t1

t2

c(s)e−sds (39)

holds for any T ≤ t2 < t1 < +∞. It follows from the dominated convergence theorem and

inequality (39) that ∫
{z∈M :−ψ(z)∈N}

|F |2e−ϕ = 0 (40)

holds for any N ⊂⊂ (T,+∞) such that μ(N) = 0, where μ is Lebesgue measure.

As c(t)e−t is decreasing on (T,+∞), there are at most countable points denoted by

{sj}j∈N+ such that c(t) is not continuous at sj . Then there is a decreasing sequence open

sets {Uk}, such that {sj}j∈N+ ⊂Uk ⊂ (T,+∞) for any j, and limk→+∞μ(Uk) = 0. Choosing

any closed interval [t′2, t
′
1]⊂ (T,+∞). Then we have∫

{−t′1≤ψ<−t′2}
|F |2e−ϕ

=

∫
{z∈M :−ψ(z)∈(t′2,t

′
1]\Uk}

|F |2e−ϕ+

∫
{z∈M :−ψ(z)∈[t′2,t

′
1]∩Uk}

|F |2e−ϕ

= lim
n→+∞

n−1∑
i=0

∫
{z∈M :−ψ(z)∈In,i\Uk}

|F |2e−ϕ+

∫
{z∈M :−ψ(z)∈[t′2,t

′
1]∩Uk}

|F |2e−ϕ,

(41)

where In,i = (t′1− (i+1)αn, t
′
1− iαn] and αn =

t′1−t′2
n . Note that

lim
n→+∞

n−1∑
i=0

∫
{z∈M :−ψ(z)∈In,i\Uk}

|F |2e−ϕ

≤ limsup
n→+∞

n−1∑
i=0

1

infIn,i\Uk
c(t)

∫
{z∈M :−ψ(z)∈In,i\Uk}

|F |2e−ϕc(−ψ).

(42)
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It follows from equality (39) that inequality (42) becomes

lim
n→+∞

n−1∑
i=0

∫
{z∈M :−ψ(z)∈In,i\Uk}

|F |2e−ϕ

≤ G(T1)∫ +∞
T1

c(s)e−sds
limsup
n→+∞

n−1∑
i=0

1

infIn,i\Uk
c(t)

∫
In,i\Uk

c(s)e−sds.

(43)

It is clear that c(t) is uniformly continuous and has a positive lower bound and upper bound

on [t′2, t
′
1]\Uk. Then we have

limsup
n→+∞

n−1∑
i=0

1

infIn,i\Uk
c(t)

∫
In,i\Uk

c(s)e−sds

≤ limsup
n→+∞

n−1∑
i=0

supIn,i\Uk
c(t)

infIn,i\Uk
c(t)

∫
In,i\Uk

e−sds

=

∫
(t′2,t

′
1]\Uk

e−sds.

(44)

Combining inequality (41), (43), and (44), we have∫
{−t′1≤ψ<−t′2}

|F |2e−ϕ

=

∫
{z∈M :−ψ(z)∈(t′2,t

′
1]\Uk}

|F |2e−ϕ+

∫
{z∈M :−ψ(z)∈[t′2,t

′
1]∩Uk}

|F |2e−ϕ

≤ G(T1)∫ +∞
T1

c(s)e−sds

∫
(t′2,t

′
1]\Uk

e−sds+

∫
{z∈M :−ψ(z)∈[t′2,t

′
1]∩Uk}

|F |2e−ϕ.

(45)

Let k →+∞, following from equality (40) and inequality (45), we obtain that∫
{−t′1≤ψ<−t′2}

|F |2e−ϕ ≤ G(T1)∫ +∞
T1

c(s)e−sds

∫ t′1

t′2

e−sds. (46)

Following from a similar discussion, we obtain∫
{−t′1≤ψ<−t′2}

|F |2e−ϕ ≥ G(T1)∫ +∞
T1

c(s)e−sds

∫ t′1

t′2

e−sds,

then combining inequality (46), we know that∫
{−t′1≤ψ<−t′2}

|F |2e−ϕ =
G(T1)∫ +∞

T1
c(s)e−sds

∫ t′1

t′2

e−sds. (47)

Then it is clear that for any open set U ⊂ (T,+∞) and compact set V ⊂ (T,+∞)∫
{z∈M :−ψ(z)∈U}

|F |2e−ϕ =
G(T1)∫ +∞

T1
c(s)e−sds

∫
U

e−sds
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and ∫
{z∈M :−ψ(z)∈V }

|F |2e−ϕ =
G(T1)∫ +∞

T1
c(s)e−sds

∫
V

e−sds.

As E ⊂⊂ (T,+∞), then E ∩ (t2, t1] is Lebesgue measurable subset of (T + 1
n ,n) for some

large n, where T ≤ t2 < t1 ≤+∞. Then there exist a sequence of compact sets {Vj} and a

sequence of open sets {V ′
j } satisfying V1 ⊂ ·· · ⊂ Vj ⊂ Vj+1 ⊂ ·· · ⊂E∩ (t2, t1]⊂ ·· · ⊂ V ′

j+1 ⊂
V ′
j ⊂ . . .⊂ V ′

1 ⊂⊂ (T,+∞) and limj→+∞μ(V ′
j −Vj) = 0, where μ is Lebesgue measure. Then

we have ∫
{−t1≤ψ<−t2}

|F |2e−ϕIE(−ψ) =

∫
{z∈M :−ψ(z)∈E∩(t2,t1]}

|F |2e−ϕ

≤ liminf
j→+∞

∫
{z∈M :−ψ(z)∈V ′

j }
|F |2e−ϕ

≤ liminf
j→+∞

G(T1)∫ +∞
T1

c(s)e−sds

∫
V ′
j

e−s

=
G(T1)∫ +∞

T1
c(s)e−sds

∫
E∩(t2,t1]

e−sds

=
G(T1)∫ +∞

T1
c(s)e−sds

∫ t1

t2

e−sIE(s)ds

and ∫
{−t1≤ψ<−t2}

|F |2e−ϕIE(−ψ)≥ liminf
j→+∞

∫
{z∈M :−ψ(z)∈Vj}

|F |2e−ϕ

≥ liminf
j→+∞

G(T1)∫ +∞
T1

c(s)e−sds

∫
Vj

e−s

=
G(T1)∫ +∞

T1
c(s)e−sds

∫ t1

t2

e−sIE(s)ds,

which implies that
∫
{−t1≤ψ<−t2} |F |2e−ϕIE(−ψ) = G(T1)∫+∞

T1
c(s)e−sds

∫ t1
t2

e−sIE(s)ds. Hence, we

obtain that equality (1) holds.

Finally, we prove equality (2).

By the definition of G(t0; c̃), we have G(t0; c̃) ≤
∫
{ψ<−t0} |F |2e−ϕc̃(−ψ), then we only

consider the case G(t0; c̃)<+∞.

By the definition of G(t0; c̃), we can choose a holomorphic (n,0) form Ft0,c̃ on {ψ <−t0}
satisfying (Ft0,c̃− f) ∈H0(Z0,(O(KM )⊗F)|Z0) and

∫
{ψ<−t0} |Ft0,c̃|2e−ϕc̃(−ψ) < +∞. As

H2(c̃, t0) ⊂ H2(c, t0), we have
∫
{ψ<−t0} |Ft0,c̃|2e−ϕc(−ψ) < +∞. By using Lemma 2.6, we

obtain that ∫
{ψ<−t}

|Ft0,c̃|2e−ϕc(−ψ) =

∫
{ψ<−t}

|F |2e−ϕc(−ψ)

+

∫
{ψ<−t}

|Ft0,c̃−F |2e−ϕc(−ψ)
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for any t≥ t0, then∫
{−t3≤ψ<−t4}

|Ft0,c̃|2e−ϕc(−ψ) =

∫
{−t3≤ψ<−t4}

|F |2e−ϕc(−ψ)

+

∫
{−t3≤ψ<−t4}

|Ft0,c̃−F |2e−ϕc(−ψ)

(48)

holds for any t3 > t4 ≥ t0. It follows from the dominant convergence theorem, equality (48),

equality (40), and c(t)> 0 for any t > T , that∫
{z∈M :−ψ(z)=t}

|Ft0,c̃|2e−ϕ =

∫
{z∈M :−ψ(z)=t}

|Ft0,c̃−F |2e−ϕ (49)

holds for any t > t0.

Choosing any closed interval [t′4, t
′
3] ⊂ (t0,+∞) ⊂ (T,+∞). Note that c(t) is uniformly

continuous and have positive lower bound and upper bound on [t′4, t
′
3]\Uk, where {Uk}k is a

decreasing sequence of open subsets of (T,+∞), such that c is continuous on (T,+∞)\Uk

and limk→+∞μ(Uk) = 0. Take N = ∩+∞
k=1Uk. Note that∫

{−t′3≤ψ<−t′4}
|Ft0,c̃|2e−ϕ

= lim
n→+∞

n−1∑
i=0

∫
{z∈M :−ψ(z)∈In,i\Uk}

|Ft0,c̃|2e−ϕ+

∫
{z∈M :−ψ(z)∈(t′4,t

′
3]∩Uk}

|Ft0,c̃|2e−ϕ

≤ limsup
n→+∞

n−1∑
i=0

1

infIn,i\Uk
c(t)

∫
{z∈M :−ψ(z)∈In,i\Uk}

|Ft0,c̃|2e−ϕc(−ψ)

+

∫
{z∈M :−ψ(z)∈(t′4,t

′
3]∩Uk}

|Ft0,c̃|2e−ϕ,

(50)

where In,i = (t′3− (i+1)αn, t
′
3− iαn] and αn =

t′3−t′4
n . It following from equality (48), (49),

(40), and the dominated theorem that∫
{z∈M :−ψ(z)∈In,i\Uk}

|Ft0,c̃|2e−ϕc(−ψ)

=

∫
{z∈M :−ψ(z)∈In,i\Uk)}

|F |2e−ϕc(−ψ)+

∫
{z∈M :−ψ(z)∈In,i\Uk)}

|Ft0,c̃−F |2e−ϕc(−ψ).

(51)

As c(t) is uniformly continuous and have positive lower bound and upper bound on

[t′4, t
′
3]\Uk, combining equality (51), we have

limsup
n→+∞

n−1∑
i=0

1

infIn,i\Uk
c(t)

∫
{z∈M :−ψ(z)∈In,i\Uk}

|Ft0,c̃|2e−ϕc(−ψ)

= limsup
n→+∞

n−1∑
i=0

1

infIn,i\Uk
c(t)

(

∫
{z∈M :−ψ(z)∈In,i\Uk)}

|F |2e−ϕc(−ψ)

+

∫
{z∈M :−ψ(z)∈In,i\Uk)}

|Ft0,c̃−F |2e−ϕc(−ψ))

https://doi.org/10.1017/nmj.2023.12 Published online by Cambridge University Press

https://doi.org/10.1017/nmj.2023.12


CONCAVITY PROPERTY OF MINIMAL L2 INTEGRALS 871

≤ limsup
n→+∞

n−1∑
i=0

supIn,i\Uk
c(t)

infIn,i\Uk
c(t)

(

∫
{z∈M :−ψ(z)∈In,i\Uk}

|F |2e−ϕ

+

∫
{z∈M :−ψ(z)∈In,i\Uk}

|Ft0,c̃−F |2e−ϕ)

=

∫
{z∈M :−ψ(z)∈(t′4,t

′
3]\Uk}

|F |2e−ϕ+

∫
{z∈M :−ψ(z)∈(t′4,t

′
3]\Uk}

|Ft0,c̃−F |2e−ϕ. (52)

It follows from inequality (50) and (52), we obtain that∫
{−t′3≤ψ<−t′4}

|Ft0,c̃|2e−ϕ

≤
∫
{z∈M :−ψ(z)∈(t′4,t

′
3]\Uk}

|F |2e−ϕ+

∫
{z∈M :−ψ(z)∈(t′4,t

′
3]\Uk}

|Ft0,c̃−F |2e−ϕ

+

∫
{z∈M :−ψ(z)∈(t′4,t

′
3]∩Uk}

|Ft0,c̃|2e−ϕ. (53)

It follows from Ft0,c̃ ∈H2(c, t0) that
∫
{−t′3≤ψ<−t′4}

|Ft0,c̃|2e−ϕ <+∞. Let k→+∞, following

from equality (40), inequality (53), and the dominated theorem, we have∫
{−t′3≤ψ<−t′4}

|Ft0,c̃|2e−ϕ ≤
∫
{−t′3≤ψ<−t′4}

|F |2e−ϕ

+

∫
{z∈M :−ψ(z)∈(t′4,t

′
3]\N}

|Ft0,c̃−F |2e−ϕ

+

∫
{z∈M :−ψ(z)∈(t′4,t

′
3]∩N}

|Ft0,c̃|2e−ϕ.

(54)

Following from a similar discussion, we can obtain that∫
{−t′3≤ψ<−t′4}

|Ft0,c̃|2e−ϕ ≥
∫
{−t′3≤ψ<−t′4}

|F |2e−ϕ

+

∫
{z∈M :−ψ(z)∈(t′4,t

′
3]\N}

|Ft0,c̃−F |2e−ϕ

+

∫
{z∈M :−ψ(z)∈(t′4,t

′
3]∩N}

|Ft0,c̃|2e−ϕ,

then combining inequality (54), we have∫
{−t′3≤ψ<−t′4}

|Ft0,c̃|2e−ϕ =

∫
{−t′3≤ψ<−t′4}

|F |2e−ϕ

+

∫
{z∈M :−ψ(z)∈(t′4,t

′
3]\N}

|Ft0,c̃−F |2e−ϕ

+

∫
{z∈M :−ψ(z)∈(t′4,t

′
3]∩N}

|Ft0,c̃|2e−ϕ.

(55)
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Using equality (40), (49), (55), and Levi’s Theorem, we have∫
{z∈M :−ψ(z)∈U}

|Ft0,c̃|2e−ϕ =

∫
{z∈M :−ψ(z)∈U}

|F |2e−ϕ

+

∫
{z∈M :−ψ(z)∈U\N}

|Ft0,c̃−F |2e−ϕ

+

∫
{z∈M :−ψ(z)∈U∩N}

|Ft0,c̃|2e−ϕ

(56)

holds for any open set U ⊂⊂ (t0,+∞), and∫
{z∈M :−ψ(z)∈V }

|Ft0,c̃|2e−ϕ =

∫
{z∈M :−ψ(z)∈V }

|F |2e−ϕ

+

∫
{z∈M :−ψ(z)∈V \N}

|Ft0,c̃−F |2e−ϕ

+

∫
{z∈M :−ψ(z)∈V ∩N}

|Ft0,c̃|2e−ϕ

(57)

holds for any compact set V ⊂ (t0,+∞). For any measurable set E ⊂⊂ (t0,+∞), there exists

a sequence of compact sets {Vl}, such that Vl ⊂ Vl+1 ⊂E for any l and liml→μ(Vl) = μ(E),

hence ∫
{ψ<−t0}

|Ft0,c̃|2e−ϕIE(−ψ)≥ lim
l→+∞

∫
{ψ<−t0}

|Ft0,c̃|2e−ϕIVj (−ψ)

≥ lim
j→+∞

∫
{ψ<−t0}

|F |2e−ϕIVj (−ψ)

=

∫
{ψ<−t0}

|F |2e−ϕIE(−ψ).

(58)

It is clear that for any t > t0, there exists a sequence of functions {
∑ni

j=1aijIEij}+∞
i=1

defined on (t,+∞), satisfying Eij ⊂⊂ (t,+∞),
∑ni+1

j=1 ai+1jIEi+1j (s)≥
∑ni

j=1aijIEij (s), and

limi→+∞
∑ni

j=1aijIEij (s) = c̃(s) for any s > t. Combining Levi’s Theorem and inequality

(58), we have ∫
{ψ<−t0}

|Ft0,c̃|2e−ϕc̃(−ψ)≥
∫
{ψ<−t0}

|F |2e−ϕc̃(−ψ). (59)

By the definition of G(t0, c̃), we have G(t0, c̃) =
∫
{ψ<−t0} |F |2e−ϕc̃(−ψ). Then equality (2)

holds.

§4. Proofs of Theorems 1.9 and 1.10, and Corollaries 1.11 and 1.12

In this section, we prove Theorems 1.9 and 1.10, and Corollaries 1.11 and 1.12.

4.1 Proof of Theorem 1.9

The following remark shows that it suffices to consider Theorem 1.9 for the case c(t) has

a positive lower bound and upper bound on (t′,+∞) for any t′ > T .

Remark 4.1. Take cj is a positive measurable function on (T,+∞), such that cj(t) =

c(t) when t < T + j, cj(t) = min{c(T + j), 1j } when t ≥ T + j. It is clear that cj(t)e
−t is
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decreasing with respect to t, and
∫ +∞
T

cj(t)e
−t <+∞. As

lim
j→+∞

∫ +∞

T+j

cn(t)e
−t = 0,

we have

lim
j→+∞

∫ +∞

T

cj(t)e
−t =

∫ +∞

T

c(t)e−t.

If Theorem 1.9 holds in this case, then there exists a holomorphic (n,0) form Fj on M such

that Fj |S = f and∫
M

|Fj |2e−ϕcj(−ψ)≤
(∫ +∞

T

cj(t)e
−tdt

) n∑
k=1

πk

k!

∫
Sn−k

|f |2e−ϕdVM [ψ].

Note that ψ has locally lower bound on M\ψ−1(−∞) and ψ−1(−∞) is a closed subset of

some analytic subset of M, it follows from Lemma 2.4 that there exists a subsequence of

{Fj}, denoted still by {Fj}, which is uniformly convergent to a holomorphic (n,0) form F

on any compact subset of M and∫
M

|F |2e−ϕc(−ψ)≤ lim
j→+∞

(∫ +∞

T

cj(t)e
−tdt

) n∑
k=1

πk

k!

∫
Sn−k

|f |2e−ϕdVM [ψ]

=

(∫ +∞

T

c(t)e−tdt

) n∑
k=1

πk

k!

∫
Sn−k

|f |2e−ϕdVM [ψ].

Since Fj |S = f for any j, we have F |S = f .

By the definition of condition (ab), liminft→+∞ c(t) > 0, it suffices to prove the case

that M is Stein manifold and Sreg = S. Without loss of generality, we can assume that

supp(OM/I(ψ)) = Sreg (if supp(OM/I(ψ)) �= Sreg, there exists a analytic subset X of M

such that (M,X) satisfies condition (ab) and supp(OM/I(ψ))\Sreg ∈X).

Since M is Stein, we can find a sequence of Stein manifolds {Dm}+∞
m=1 satisfying Dm ⊂⊂

Dm+1 for any m and ∪+∞
m=1Dm =M , and there is a holomorphic (n,0) form F̃ on M such

that F̃ |S = f .

Note that
∫
Dm

|F̃ |2 <+∞ for any m and∫
Dm

I{−t0−1<ψ<−t0}|F̃ |2e−ϕ−ψ <+∞

for any m and t0 >T . Using Lemma 2.1, for any Dm and t0 >T , there exists a holomorphic

(n,0) form Fm,t0 on Dm, such that∫
Dm

|Fm,t0 − (1− bt0,1(ψ))F̃ |2e−ϕ−ψ+vt0,1(ψ)c(−vt0,1(ψ))

≤
(∫ t0+1

T

c(t)e−tdt

)∫
Dm

I{−t0−1<ψ<−t0}|F̃ |2e−ϕ−ψ,

(60)

where bt0,1(t) =
∫ t

−∞ I{−t0−1<s<−t0}ds, vt0,1(t) =
∫ t

−t0
bt0,1(s)ds− t0. Note that e−ψ is not

locally integrable along S, and bt0,1(t) = 0 when −t is large enough, then (Fm,t0 − (1−
bt0,1(ψ))F̃ )|Dm∩S = 0, and therefore Fm,t0 |Dm∩S = f .
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Note that vt0,1(ψ)≥ ψ and c(t)e−t is decreasing, then the inequality (60) becomes∫
Dm

|Fm,t0 − (1− bt0,1(ψ))F̃ |2e−ϕc(−ψ)

≤
(∫ t0+1

T

c(t)e−tdt

)∫
Dm

I{−t0−1<ψ<−t0}|F̃ |2e−ϕ−ψ.

(61)

As
∑n

k=1
πk

k!

∫
Sn−k

|f |2
dVM

e−ϕdVM [ψ]<+∞, by definition of dVM [ψ] and supp(OM/I(ψ)) =
Sreg, we have

limsup
t0→+∞

(∫ t0+1

T

c(t)e−tdt

)∫
Dm

I{−t0−1<ψ<−t0}|F̃ |2e−ϕ−ψ

≤
(∫ +∞

T

c(t)e−tdt

) n∑
k=1

πk

k!

∫
Sn−k∩Dm

|f |2
dVM

e−ϕdVM [ψ]

<+∞.

(62)

Note that e−ϕc(−ψ) has a positive lower bound on Dm, then it follows from inequality (61)

and (62) that supt0
∫
Dm

|Fm,t0 − (1− bt0,1(ψ))F̃ |2 <+∞.

Combining with

sup
t0

∫
Dm

|(1− bt0,1(ψ))F̃ |2 ≤ sup
t0

∫
Dm

I{ψ<−t0}|F̃ |2 <+∞, (63)

one can obtain that supt0
∫
Dm

|Fm,t0 |2 <+∞, which implies that there exists a subsequence

of {Fm,t0}t0→+∞ (also denoted by {Fm,t0}t0→+∞) compactly convergent to a holomorphic

(n,0) form on Dm denoted by Fm. Then it follows from inequality (61), inequality (62),

and the Fatou’s Lemma that∫
Dm

|Fm|2e−ϕc(−ψ) =

∫
Dm

liminf
t0→+∞

|Fm,t0 − (1− bt0,1(ψ))F̃ |2e−ϕc(−ψ)

≤ liminf
t0→+∞

∫
Dm

|Fm,t0 − (1− bt0,1(ψ))F̃ |2e−ϕc(−ψ)

≤ limsup
t0→+∞

(∫ t0+1

T

c(t)e−tdt

)∫
Dm

I{−t0−1<ψ<−t0}|F̃ |2e−ϕ−ψ

≤
(∫ +∞

T

c(t)e−tdt

) n∑
k=1

πk

k!

∫
Sn−k∩Dm

|f |2
dVM

e−ϕdVM [ψ]

≤
(∫ +∞

T

c(t)e−tdt

) n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕdVM [ψ],

(64)

and Fm|Dm∩S = f . Inequality (64) implies that∫
Dm

|Fm′ |2e−ϕc(−ψ)≤
(∫ +∞

T

c(t)e−tdt

) n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕdVM [ψ]

holds for any m′ ≥m. As e−ϕc(−ψ) has a positive lower bound on any Dm, by the diagonal

method, we obtain a subsequence of {Fm}, denoted also by {Fm}, which is uniformly

convergent to a holomorphic (n,0) form F on M on any compact subset of M satisfying
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that F |S = f and∫
M

|F |2e−ϕc(−ψ)≤
(∫ +∞

T

c(t)e−tdt

) n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕdVM [ψ].

Thus Theorem 1.9 holds.

4.2 Proof of Theorem 1.10

If
∑n

k=1
πk

k!

∫
Sn−k

|f |2
dVM

e−ϕdVM [ψ] = 0, it is clear that F ≡ 0 satisfying all requirements in

Theorem 1.10. In the following part, we consider the case
∑n

k=1
πk

k!

∫
Sn−k

|f |2
dVM

e−ϕdVM [ψ] ∈
(0,+∞).

Using Theorem 1.9, for any t > T , there exists a holomorphic (n,0) form Ft on {ψ <−t}
such that Ft|S = f and∫

{ψ<−t}
|Ft|2e−ϕc(−ψ)≤

(∫ +∞

t

c(l)e−ldl

) n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕdVM [ψ].

Then we have inequality

G(t)∫ +∞
t

c(l)e−ldl
≤ G(T )∫ +∞

T
c(t)e−tdt

(65)

holds for any t > T . As (M,S) satisfies condition (ab), and ψ ∈A(S), Theorem 1.3 tells us

G(ĥ−1(r)) is concave with respect to r. Combining inequality (65) and Corollary 1.5, we

obtain that G(ĥ−1(r)) is linear with respect to r. Note that G(T )∫+∞
T

c(t)e−tdt
= ‖f‖S , Corollary

1.7 shows that the rest results of Theorem 1.10 hold.

4.3 Proof of Corollary 1.11

In this section, we prove Corollary 1.11 by using Theorem 1.9.

SinceM is Stein, we can find a sequence of Stein manifolds {Dl}+∞
l=1 satisfyingDl ⊂⊂Dl+1

for any l and ∪+∞
l=1Dl =M . Since ψ2 and ψ2+ϕ are plurisubharmonic functions on M, there

exist smooth plurisubharmonic functions Ψm and Φm′ , which are decreasingly convergent

to ψ2 and ψ2+ϕ, respectively.

Fixed Dl, we can choose large enough m such that Ψm +ψ1 < −T on Dl. Note that

dVM [Ψm+ψ1] = e−ΨmdVM [ψ1] and

n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−Φm′dVM [ψ1]≤
n∑

k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1]<+∞.

Using Theorem 1.9, for any Dl, there exists a holomorphic (n,0) form Fl,m′ on Dl, satisfying

Fl,m′ |S = f and∫
Dl

|Fl,m′ |2e−Φm′+Ψmc(−Ψm−ψ1)≤
(∫ +∞

T

c(t)e−tdt

) n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−Φm′dVM [ψ1].

(66)

As e−Φm′+Ψmc(−Ψm − ψ1) has locally uniformly positive lower bound for any m′ on

Dm\Z, where Z is some analytic subset of M, it follows from Lemma 2.4 that there

exists a subsequence of {Fl,m′}m′→+∞, also denoted by {Fl,m′}m′→+∞, which satisfies that

{Fl,m′}m′→+∞ is uniformly convergent to a holomorphic (n,0) form Fl on any compact
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subset of Dl. Following from inequality (66), Fatou’s Lemma and c(t)e−t is decreasing, we

have∫
Dl

|Fl|2e−ϕc(−ψ2−ψ1)≤
∫
Dl

|Fl|2e−ϕ−ψ2+Ψmc(−Ψm−ψ1)

=

∫
Dl

lim
m′→+∞

|Fl|2e−Φm′+Ψmc(−Ψm−ψ1)

≤ liminf
m′→+∞

∫
Dl

|Fl|2e−Φm′+Ψmc(−Ψm−ψ1)

≤
(∫ +∞

T

c(t)e−tdt

) n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1].

(67)

Note that e−ϕc(−ψ2−ψ1) has locally a positive lower bound on M\Z, where Z is some

analytic subset of M, by using Lemma 2.4 and the diagonal method, we obtain that there

exists a subsequence of {Fl}, also denoted by {Fl}, which satisfies that {Fl} is uniformly

convergent to a holomorphic (n,0) form F on M on any compact subset of M. Following

from inequality (67) and Fatou’s Lemma, we have∫
M

|F |2e−ϕc(−ψ2−ψ1) =

∫
M

lim
l→+∞

IDl
|Fl|2e−ϕc(−ψ2−ψ1)

≤ liminf
l→+∞

∫
Dl

|Fl|2e−ϕc(−ψ2−ψ1)

≤
(∫ +∞

T

c(t)e−tdt

) n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1].

(68)

This proves Corollary 1.11.

4.4 Proof of Corollary 1.12

If ‖f‖∗S = 0, it is clear that F ≡ 0 satisfying all requirements in Corollary 1.12. In the

following part, we consider the case ‖f‖∗S ∈ (0,+∞).

Using Corollary 1.11, for any t > T , there exists a holomorphic (n,0) form Ft on {ψ <−t}
such that Ft|S = f and∫

{ψ<−t}
|Ft|2e−ϕc(−ψ)≤

(∫ +∞

t

c(l)e−ldl

)
‖f‖∗S .

Then we have inequality

G(t)∫ +∞
t

c(l)e−ldl
≤ G(T )∫ +∞

T
c(t)e−tdt

(69)

holds for any t > T . Theorem 1.3 tells us G(ĥ−1(r)) is concave with respect to r. Combining

inequality (69) and Corollary 1.5, we obtain that G(ĥ−1(r)) is linear with respect to r. Note

that G(T )∫+∞
T

c(t)e−tdt
= ‖f‖∗M , Corollary 1.7 shows that the rest results of Theorem 1.12 hold.

§5. Proofs of Theorems 1.13–1.15

In this section, we prove Theorems 1.13–1.15.
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5.1 Proof of Theorem 1.13

We prove the theorem by comparing G(t;ϕ) and G(t; ϕ̃). Let us assume that G(ĥ−1(r);ϕ)

is linear with respect to r to get a contradiction.

As G(ĥ−1(r);ϕ) is linear with respect to r, it follows from Corollary 1.7 that there exists

a holomorphic (n,0) form F on M such that (F −f) ∈H0(Z0,(O(KM )⊗F)|Z0) and ∀t≥ T

equality

G(t;ϕ) =

∫
{ψ<−t}

|F |2e−ϕc(−ψ)

holds. As ϕ̃+ψ is plurisubharmonic and ϕ̃−ϕ is bounded on M, it follows from Theorem

1.3 that G(ĥ−1(r); ϕ̃) is concave with respect to r.

As ϕ̃+ψ ≥ ϕ+ψ, ϕ̃+ψ �= ϕ+ψ and both of them are plurisubharmonic functions on M,

then there exists a subset U of M such that e−ϕ̃ < e−ϕ on a subset U and μ(U)> 0, where

μ is Lebesgue measure on M. As F �≡ 0, inequality

G(T0; ϕ̃)∫ +∞
T0

c(s)e−sds
≤

∫
{ψ<−T0} |F |2e−ϕ̃c(−ψ)∫ +∞

T0
c(s)e−sds

<
G(T0;ϕ)∫ +∞

T0
c(s)e−sds

(70)

holds for some T0 > T . For t > T , there exists a holomorphic (n,0) form Ft on {ψ < −t}
such that (Ft−f) ∈H0(Z0,(O(KM )⊗F)|Z0) and

G(t; ϕ̃) =

∫
{ψ<−t}

|Ft|2e−ϕ̃c(−ψ)<+∞.

As ϕ̃−ϕ is bounded on M, we have
∫
{ψ<−t} |Ft|2e−ϕc(−ψ)<+∞. It follows from Lemma

2.6 that

G(t1; ϕ̃)−G(t2; ϕ̃)≥
∫
{−t2≤ψ<−t1}

|Ft1 |2e−ϕ̃c(−ψ)

≥
(

inf
{−t2≤ψ}

eϕ−ϕ̃

)∫
{−t2≤ψ<−t1}

|Ft1 |2e−ϕc(−ψ)

≥
(

inf
{−t2≤ψ}

eϕ−ϕ̃

)∫
{−t2≤ψ<−t1}

|F |2e−ϕc(−ψ)

(71)

holds for T < t1 < t2 < +∞. As limt→T+0 supz∈{ψ≥−t}((ϕ̃−ϕ)(z)) = 0, it follows from

inequality (70) and (71) that

liminf
t2→T+0

G(t1; ϕ̃)−G(t2; ϕ̃)∫ t2
t1

c(s)e−sds
≥ liminf

t2→T+0

(
inf

z∈{−t2≤ψ}
eϕ−ϕ̃

) ∫
{−t2≤ψ<−t1} |F |2e−ϕc(−ψ)∫ t2

t1
c(s)e−sds

=
G(T0;ϕ)∫ +∞

T0
c(s)e−sds

>
G(T0; ϕ̃)∫ +∞

T0
c(s)e−sds

,

which contradicts the concavity of G(ĥ−1(r); ϕ̃). Thus the assumption does not hold, that

is, G(ĥ−1(r);ϕ) is not linear with respect to r.

Especially, if ϕ+ψ is strictly plurisubharmonic at z1 ∈ M , we can construct a ϕ̃ ≥
ϕ satisfying the three statements in Theorem 1.13, which implies G(ĥ−1(r);ϕ) is not

linear with respect to r. In fact, there is a small open neighborhood (U,w) of z1 and
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w = (w1, . . . ,wn) is the local coordinate on U such that i∂∂̄(ϕ+ψ) > εω for some ε > 0,

where ω = i
∑n

j=1 dwj ∧dw̄j on U. Let ρ be a smooth nonnegative function on M satisfying

ρ �≡ 0 and suppρ⊂⊂ U . It is clear that there exists a positive number δ such that

i∂∂̄(ϕ+ψ+ δρ)> 0

holds on U. Let ϕ̃= ϕ+δρ, it is clear that ϕ̃ satisfies the three statements in Theorem 1.13.

Thus we complete the proof of Theorem 1.13.

5.2 Proof of Theorem 1.14

Let ϕ̃ = ϕ+ψ− ψ̃, then ϕ̃+ ψ̃ = ϕ+ψ is a plurisubharmonic function on M. We prove

the theorem by comparing G(t;ϕ,ψ) and G(t; ϕ̃, ψ̃). Let us assume that G(ĥ−1(r);ϕ,ψ) is

linear with respect to r to get a contradiction.

SinceG(T ;ϕ,ψ)∈ (0,+∞),G(ĥ−1(r)) is linear and Corollary 1.7, we have
∫ +∞
T

c(t)e−tdt<

+∞. As G(ĥ−1(r);ϕ,ψ) is linear with respect to r, it follows from Corollary 1.7, Remark

1.8, and Lemma 2.10 that we can assume c(t)e−t is strictly decreasing on (T,+∞) and c(t)

is increasing on (a,+∞) for some a > T .

Using Corollary 1.7, there exists a holomorphic (n,0) form F on M, such that (F −f) ∈
H0(Z0,(O(KM )⊗F)|Z0) and ∀t≥ T equality

G(t;ϕ,ψ) =

∫
{ψ<−t}

|F |2e−ϕc(−ψ)

holds.

Since limt→+∞ sup{ψ<−t}(ψ̃−ψ) = 0, we have Z0 ⊂{ψ=−∞}= {ψ̃=−∞}. As c(t)e−t is

decreasing and ψ̃ ≥ ψ, we have e−ϕc(−ψ) = e−ϕ−ψeψc(−ψ)≤ e−ϕ̃−ψ̃eψ̃c(−ψ̃) = e−ϕ̃c(−ψ̃).

It follows from Theorem 1.3 that G(ĥ−1(r); ϕ̃, ψ̃) is concave with respect to r.

We claim that

lim
t→T+0

G(t; ϕ̃, ψ̃)∫ +∞
t

c(s)e−sds
>

G(T ;ϕ,ψ)∫ +∞
T

c(s)e−sds
. (72)

In fact, we just need to prove the inequality for the case G(T ; ϕ̃, ψ̃)<+∞. It follows from

Lemma 2.6 that there exists a holomorphic (n,0) form FT on M such that (FT − f) ∈
H0(Z0,(O(KM )⊗F)|Z0) and

G(T ; ϕ̃, ψ̃) =

∫
M

|FT |2e−ϕ̃c(−ψ̃) ∈ (0,+∞),

where G(T ; ϕ̃, ψ̃) > 0 follows from G(T ;ϕ,ψ) > 0. As ψ̃ ≥ ψ, ψ̃ �= ψ and both of them are

plurisubharmonic functions on M, then there exists a subset U of M such that ψ̃ > ψ on

a subset U and μ(U) > 0, where μ is Lebesgue measure on M. As FT �≡ 0 and c(t)e−t is

strictly decreasing on (T,+∞), we have

G(T ; ϕ̃, ψ̃)∫ +∞
T

c(s)e−sds
=

∫
M
|FT |2e−ϕ̃c(−ψ̃)∫ +∞
T

c(s)e−sds

>

∫
M
|FT |2e−ϕc(−ψ)∫ +∞
T

c(s)e−sds

≥ G(T ;ϕ,ψ)∫ +∞
T

c(s)e−sds
.

Then the claim holds.
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As c(t) is increasing on (a,+∞) and limt→+∞ sup{ψ<−t}(ψ̃−ψ) = 0, we obtain that

lim
t→+∞

G(t; ϕ̃, ψ̃)∫ +∞
t

c(s)e−sds
≤ lim

t→+∞

∫
{ψ̃<−t} |F |2e−ϕ̃c(−ψ̃)∫ +∞

t
c(s)e−sds

≤ lim
t→+∞

∫
{ψ<−t} |F |2e−ϕ−ψeψ̃c(−ψ)∫ +∞

t
c(s)e−sds

≤ lim
t→+∞

(
sup

{ψ<−t}
eψ̃−ψ

) ∫
{ψ<−t} |F |2e−ϕc(−ψ)∫ +∞

t
c(s)e−sds

=

∫
{ψ<−T} |F |2e−ϕc(−ψ)∫ +∞

T
c(s)e−sds

.

(73)

Combining inequality (72) and (73), we have

lim
t→+∞

G(t; ϕ̃, ψ̃)∫ +∞
t

c(s)e−sds
< lim

t→T+0

G(t; ϕ̃, ψ̃)∫ +∞
t

c(s)e−sds
,

which contradicts the concavity of G(ĥ−1(r); ϕ̃, ψ̃). Thus the assumption does not hold,

that is, G(ĥ−1(r);ϕ,ψ) is not linear with respect to r.

Especially, if ψ is strictly plurisubharmonic at z1 ∈M\(∩t{ψ <−t}), we can construct

a ψ̃ ≥ ψ satisfying the three statements in Theorem 1.14, which implies G(ĥ−1(r);ϕ,ψ) is

not linear with respect to r. In fact, there is a small open neighborhood (U,w) of z1 and

w= (w1, . . . ,wn) is the local coordinate on U such that U ∩(∩t{ψ <−t}) = ∅ and i∂∂̄ψ > εω

for some ε > 0, where ω = i
∑n

j=1 dwj ∧dw̄j on U. Let ρ be a smooth nonnegative function

on M satisfying ρ �≡ 0 and suppρ ⊂⊂ U . It is clear that there exists a positive number δ

such that

i∂∂̄(ψ+ δρ)> 0

holds on U and ψ+ δρ < −T on M. Let ψ̃ = ψ+ δρ, it is clear that ψ̃ satisfies the three

statements in Theorem 1.14. Thus we complete the proof of Theorem 1.14.

5.3 A limiting property of G(t)

The following proposition gives a limiting property of G(t), which will be used in the

proof of Theorem 1.15 and Corollary 1.18.

Proposition 5.1. Let M be an n-dimensional Stein manifold, and let S be an analytic

subset of M. Let c ∈ PT , and let (ϕ,ψ) ∈ W . Let F|Z0 = I(ψ1)|Sreg . Assume that G(T ) ∈
(0,+∞) and ψ2(z)>−∞ for almost every z ∈ Sreg.

Assume that c(t) is increasing on (a,+∞) for some a > T . Then we have

lim
t→+∞

G(t)∫ +∞
t

c(l)e−ldl
=

n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1]. (74)
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Proof. limt→+∞
G(t)∫+∞

t
c(l)e−ldl

≤
∑n

k=1
πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1] can be obtained by

using Corollary 1.11. Thus, we just need to prove that

lim
t→+∞

G(t)∫ +∞
t

c(l)e−ldl
≥

n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1].

For any t ≥ T , there exists a holomorphic (n,0) form Ft on {ψ < −t}, such that Ft|S = f

and
∫
{ψ<−t} |Ft|2e−ϕc(−ψ) =G(t).

Let {Uα}α∈N be a coordinate patches of M\Ssing, biholomorphic to polydisks, and admit

the following property: if Uα ∩ Sreg �= ∅, and we denote the corresponding coordinates

by (zα,wα) ∈ Δl ×Δn−l, where zα = (zα1 , . . . , z
α
l ) and wα = (wα

1 , . . . ,w
α
n−l) for some l ∈

{0,1,2 . . . ,n− 1}, then Uα ∩ S = Uα ∩ Sl = {wα = 0}. Let {vα} be a partition of unity

subordinate to {Uα}.
As ϕ+ψ2 is plurisubharmonic, then there exist smooth plurisubharmonic functions Φn

on M decreasingly convergent to ϕ+ψ2. Thus, we have∫
{ψ<−t}

vα|Ft|2e−ϕc(−ψ)≥
∫
{ψ<−t}

vα|Ft|2e−Φn+ψ2c(−ψ) (75)

for any n ∈ N.
Firstly, we consider

∫
{ψ<−t} v

α|Ft|2e−Φn+ψ2c(−ψ), where Uα∩Sl �= ∅.
Note that ψ = ψ1 + ψ2 and ψ1 ∈ A′(S), then for small enough s > 0, ψ1 = (n−

l) log(|wα|2)+h1 on Δl×{|wα|< s} and h1 is continuous on Δl×{|wα|< s}. For any ε > 0,

there exists s > 0 such that vα(zα,wα)≥max{vα(zα,0)− ε,0}, Φn(z
α,wα)≤Φn(z

α,0)+ ε,

and h1(z
α,wα) ≤ h1(z

α,0)+ ε on Δl ×{|wα| < s}. Let ψs(z
α) = sup|wα|<sψ2(z

α,wα). As

ψ2(z) > −∞ for almost every z ∈ Sreg, we know ψs(z
α) > −∞ for almost every zα ∈ Δl.

Let vαε := max{vα(zα,0)− ε,0}. As c(t) is increasing for t > a, then we have∫
{ψ<−t}

vα|Ft|2e−Φn+ψ2c(−ψ)

≥
∫
{ψ2+h1+(n−l) log(|wα|2)<−t}∩{|wα|<s}

vαε |Ft|2e−Φn(z
α,0)−ε+ψ2c(−ψ)

≥
∫
{ψs+h1(zα,0)+ε+(n−l) log(|wα|2)<−t}∩{|wα|<s}

vαε |Ft|2e−Φn(z
α,0)−ε+ψ2

× c(−ψs−h1(z
α,0)− ε− (n− l) log(|wα|2))

(76)

for t > a.

Without loss of generality, assume that dVM = (∧l
k=1idz

α
k ∧ dz̄αk )∧ (∧n−l

k=1idw
α
k ∧ dw̄α

k ),

dVα =∧l
k=1idz

α
k ∧dz̄αk on Uα, and dV ′

α =∧n−l
k=1idw

α
k ∧dw̄α

k . Let h2(z
α) :=ψs(z

α)+h1(z
α,0)+

ε. As |Ft|2
dVM

eψ2 is plurisubharmonic on Δl×{|wα|< s}, then we obtain that inequality∫
{h2+(n−l) log(|wα|2)<−t}∩{|wα|<s}

|Ft|2
dVM

eψ2c(−h2− (n− l) log(|wα|2))dV ′
α

≥|f(zα,0)|2
dVM

eψ2(z
α,0)

∫
{h2+(n−l) log(|wα|2)<−t}∩{|wα|<s}

c(−h2− (n− l) log(|wα|2))dV ′
α

=2n−lσ2n−2l−1

2(n− l)

|f(zα,0)|2
dVM

eψ2(z
α,0)

∫ +∞

max{t,−h2(zα)−2(n−l) log(s)}
c(l)e−ldl

(77)
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holds for any zα ∈Δl. It follows from inequality (76) and (77) that∫
{ψ<−t}

vα|Ft|2e−Φn+ψ2c(−ψ)

≥
∫
Δl

vαε e
−Φn(z

α,0)−ε

×
∫
{h2+(n−l) log(|wα|2)<−t}∩{|wα|<s}

|Ft|2
dVM

eψ2c(−h2− (n− l) log(|wα|2))dVM

≥2n−lσ2n−2l−1

2(n− l)

∫
Δl

vαε e
−Φn(z

α,0)−ε |f(zα,0)|2
dVM

eψ2(z
α,0)e−h2

×
(∫ +∞

max{t,−h2(zα)−2(n−l) log(s)}
c(l)e−ldl

)
dVα

(78)

for t > a.

Next, we prove that

liminf
t→+∞

∫
{ψ<−t} v

α|Ft|2e−ϕc(−ψ)∫ +∞
t

c(l)e−ldl
≥ πn−l

(n− l)!

∫
Sl

vαe−ϕ−ψ2
|f(zα,0)|2

dVM
dVM [ψ1]. (79)

It follows from ψs(z
α)>−∞ for almost every zα ∈Δl that h2(z

α)>−∞ for almost every

zα ∈Δl. Thus, we have

liminf
t→+∞

∫ +∞
max{t,−h2(zα)−2(n−l) log(s)} c(l)e

−ldl∫ +∞
t

c(l)e−ldl
= 1 (80)

for almost every zα ∈Δl. Combining inequality (78), equality (80), and Fatou’s Lemma, we

have

liminf
t→+∞

∫
{ψ<−t} v

α|Ft|2e−Φn+ψ2c(−ψ)∫ +∞
t

c(l)e−ldl

≥2n−lσ2n−2l−1

2(n− l)

∫
Δl

vαε e
−Φn(z

α,0)−ε |f(zα,0)|2
dVM

eψ2(z
α,0)e−h2

× liminf
t→+∞

∫ +∞
max{t,−h2(zα)−2(n−l) log(s)} c(l)e

−ldl∫ +∞
t

c(l)e−ldl
dVα

=2n−lσ2n−2l−1

2(n− l)

∫
Δl

vαε e
−Φn(z

α,0)−ε |f(zα,0)|2
dVM

eψ2(z
α,0)e−h2dVα.

(81)

As dVM = dVα ∧ (∧n−l
k=1idw

α
k ∧ dw̄α

k ) and ψ1 = (n− l) log(|wα|2) + h1, by definition of

dVM [ψ1], we have dVM [ψ1] = 2n−le−h1dVα on Δl ⊂ Sl. Then inequality (81) becomes

liminf
t→+∞

∫
{ψ<−t} v

α|Ft|2e−Φn+ψ2c(−ψ)∫ +∞
t

c(l)e−ldl

≥σ2n−2l−1

2(n− l)

∫
Sl

vαε e
−Φn(z

α,0)−ε |f(zα,0)|2
dVM

eψ2(z
α,0)−ψs(z

α)−εdVM [ψ1].

(82)
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When s → 0, ψs(z
α) is decreasing to ψ2(z

α,0) for any zα ∈ Δl. As ψ2(z
α,0) > −∞ for

almost every zα ∈Δl, let s→ 0 and ε→ 0, then inequality (82) implies that

liminf
t→+∞

∫
{ψ<−t} v

α|Ft|2e−Φn+ψ2c(−ψ)∫ +∞
t

c(l)e−ldl

≥ πn−l

(n− l)!

∫
Sl

vαe−Φn(z
α,0) |f(zα,0)|2

dVM
dVM [ψ1].

(83)

Note that Φn decreasing to ϕ+ψ2, then inequality (83) implies that inequality (79) holds.

Following from inequality (79) and the concavity of G(t), we have

lim
t→+∞

G(t)∫ +∞
t

c(l)e−ldl
≥

n∑
k=1

πk

k!

∫
Sn−k

|f |2
dVM

e−ϕ−ψ2dVM [ψ1].

Thus, Proposition 5.1 holds.

5.4 Proof of Theorem 1.15

Assume that G(ĥ−1(r)) is linear with respect to r. As G(T ) ∈ (0,+∞), we have∫ +∞
T

c(t)e−tdt < +∞. It follows from Corollary 1.7, Remark 1.8, and Lemma 2.10 that

we can assume c(t)e−t is strictly decreasing on (T,+∞) and c(t) is increasing on (a,+∞)

for some a > T . Thus, Proposition 5.1 shows that equality (5) holds.

In the following part, assume that there exists ψ̃ satisfying the three statements in

Theorem 1.15 to get a contradiction. We prove it by comparing G(t;ϕ,ψ) and G(t; ϕ̃, ψ̃),

where ϕ̃ = ϕ+ψ− ψ̃. It follows from Proposition 5.1 and the linearity of G(ĥ−1(r);ϕ,ψ)

that
∑n

k=1

∫
Sn−k

πk

k!
|F |2
dVM

e−ϕ−ψ2dVM [ψ1]<+∞ and equality

G(t;ϕ,ψ)∫ +∞
t

c(l)e−ldl
=

n∑
k=1

πk

k!

∫
Sn−k

|F |2
dVM

e−ϕ−ψ2dVM [ψ1] (84)

holds for any t≥ T .

As (ϕ̃, ψ̃) ∈W , there exist plurisubharmonic functions ψ̃1 and ψ̃2 such that ψ̃ = ψ̃1+ ψ̃2,

ψ̃1 ∈A′(S) and ϕ̃+ ψ̃2 is plurisubharmonic on M. dVM [ψ1] = e−ψ1+ψ̃1dVM [ψ̃1] implies that

n∑
k=1

πk

k!

∫
Sn−k

|F |2
dVM

e−ϕ̃−ψ̃2dVM [ψ̃1] =
n∑

k=1

πk

k!

∫
Sn−k

|F |2
dVM

e−ϕ−ψ2dVM [ψ1]<+∞.

It follows from Corollary 1.11 that

G(T ; ϕ̃, ψ̃)∫ +∞
T

c(l)e−ldl
≤

n∑
k=1

∫
Sn−k

πk

k!

|F |2
dVM

e−ϕ̃−ψ̃2dVM [ψ̃1]

=

n∑
k=1

∫
Sn−k

πk

k!

|F |2
dVM

e−ϕ−ψ2dVM [ψ1].

(85)

Since ψ̃ ≥ ψ, ψ̃ �= ψ, there exists a subset U of M such that μ(U) > 0 and ψ̃ > ψ on U,

where μ is Lebesgue measure on M. As c(t)e−t is strictly decreasing on (T,+∞), we have
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G(T ; ϕ̃, ψ̃)>G(T ;ϕ,ψ). Then inequality (85) implies that

n∑
k=1

∫
Sn−k

πk

k!

|F |2
dVM

e−ϕ−ψ2dVM [ψ1]≥
G(T ; ϕ̃, ψ̃)∫ +∞
T

c(l)e−ldl
>

G(T ;ϕ,ψ)∫ +∞
T

c(l)e−ldl
,

which contradicts equality (84). Thus Theorem 1.15 holds.

§6. Proofs of Theorem 1.16, Theorem 1.17, Corollary 1.18 and Corollary 1.19

In this section, we prove Theorems 1.16 and 1.17, and Corollaries 1.18 and 1.19.

6.1 A necessary condition of linearity

The following proposition give a necessary condition of G(ĥ−1(r)) is linear, and will be

used in the proof of Theorem 1.16.

Proposition 6.1. Let Ω be an open Riemann surface. Let c ∈ P0, and assume that

there exists t ≥ 0 such that G(t) ∈ (0,+∞). If G(ĥ−1(r)) is linear with respect to r, then

there is no Lebesgue measurable function ϕ̃≥ ϕ such that ϕ̃+ψ is subharmonic function on

M and satisfies:

(1) ϕ̃ �= ϕ and I(ϕ̃+ψ) = I(ϕ+ψ);

(2) limt→0+0 sup{ψ≥−t}(ϕ̃−ϕ) = 0;

(3) there exists an open subset U ⊂⊂ Ω such that supΩ\U (ϕ̃−ϕ) < +∞, e−ϕ̃c(−ψ) has a

positive lower bound on U and
∫
U
|F1−F2|2e−ϕc(−ψ) < +∞ for any F1 ∈ H2(c, ϕ̃, t)

and F2 ∈H2(c,ϕ,t), where U ⊂⊂ {ψ <−t}.

Proof. We prove the lemma by comparing G(t;ϕ) and G(t; ϕ̃). In the following, let us

assume that there exists a Lebesgue measurable function ϕ̃ satisfying these properties in

Proposition 6.1 to get a contradiction.

As G(ĥ−1(r);ϕ) is linear with respect to r, it follows from Corollary 1.7 that there exists

a holomorphic (1,0) form F on Ω such that (F −f,z0) ∈ (O(KΩ)⊗F)z0 and ∀t≥ 0 equality

G(t;ϕ) =

∫
{ψ<−t}

|F |2e−ϕc(−ψ)

holds. As ϕ̃+ψ is subharmonic and there exists a subset U ⊂⊂Ω such that supΩ\U (ϕ̃−ϕ)<

+∞, e−ϕ̃c(−ψ) has a positive lower bound on U and I(ϕ̃+ψ) = I(ϕ+ψ), it follows from

Theorem 1.3 that G(ĥ−1(r); ϕ̃) is concave with respect to r.

As ϕ̃+ψ ≥ ϕ+ψ, ϕ̃+ψ �= ϕ+ψ and both of them are subharmonic functions on Ω, then

there exists a subset V of Ω such that e−ϕ̃ < e−ϕ on a subset V and μ(V )> 0, where μ is

Lebesgue measure on Ω. As F �≡ 0, inequality

G(T0; ϕ̃)∫ +∞
T0

c(s)e−sds
≤

∫
{ψ<−T0} |F |2e−ϕ̃c(−ψ)∫ +∞

T0
c(s)e−sds

<
G(T0;ϕ)∫ +∞

T0
c(s)e−sds

(86)

holds for some T0 > 0. For t > 0, there exists a holomorphic (1,0) form Ft on {ψ <−t} such

that (Ft−f)z0 ∈ (O(KΩ)⊗F)z0 and

G(t; ϕ̃) =

∫
{ψ<−t}

|Ft|2e−ϕ̃c(−ψ)<+∞.
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As there exists a subset U ⊂⊂ Ω such that supΩ\U (ϕ̃−ϕ)<+∞, we get that∫
{ψ<−t}

|Ft|2e−ϕc(−ψ) =

∫
{ψ<−t}∩U

|Ft|2e−ϕc(−ψ)+

∫
{ψ<−t}\U

|Ft|2e−ϕc(−ψ)

≤2

∫
{ψ<−t}∩U

|F |2e−ϕc(−ψ)+2

∫
{ψ<−t}∩U

|Ft−F |2e−ϕc(−ψ)

+esupΩ\U (ϕ̃−ϕ)

∫
{ψ<−t}\U

|Ft|2e−ϕ̃c(−ψ)

<+∞
(87)

holds for small enough t > 0. It follows from Lemma 2.6 that

G(t1; ϕ̃)−G(t2; ϕ̃)≥
∫
{−t2≤ψ<−t1}

|Ft1 |2e−ϕ̃c(−ψ)

≥
(

inf
z∈{−t2≤ψ}

eϕ−ϕ̃

)∫
{−t2≤ψ<−t1}

|Ft1 |2e−ϕc(−ψ)

≥
(

inf
z∈{−t2≤ψ}

eϕ−ϕ̃

)∫
{−t2≤ψ<−t1}

|F |2e−ϕc(−ψ)

(88)

holds for small enough t1 and t2 such that 0<t1 <t2 <+∞. As limt→0+0 sup{ψ≥−t}(ϕ̃−ϕ)=

0, it follows from inequality (86) and (88) that

liminf
t2→0+0

G(t1; ϕ̃)−G(t2; ϕ̃)∫ t2
t1

c(s)e−sds
≥ liminf

t2→0+0

(
inf

z∈{−t2≤ψ}
eϕ−ϕ̃

) ∫
{−t2≤ψ<−t1} |F |2e−ϕc(−ψ)∫ t2

t1
c(s)e−sds

=
G(T0;ϕ)∫ +∞

T0
c(s)e−sds

>
G(T0; ϕ̃)∫ +∞

T0
c(s)e−sds

,

which contradicts the concavity of G(ĥ−1(r); ϕ̃). Thus the assumption does not hold, and

we complete the proof of Proposition 6.1.

6.2 Proof of Theorem 1.16

Firstly, we prove the sufficiency by using Theorem 2.15. The following remark shows that

it suffices to prove the sufficiency for the case ψ = 2GΩ(z,z0).

Remark 6.2. Let ϕ̃ = ϕ+ aψ, c̃(t) = c( t
1−a)e

− at
1−a and ψ̃ = (1− a)ψ for some a ∈

(−∞,1). It is clear that e−ϕ̃c̃(−ψ̃) = e−ϕc(−ψ), (1− a)
∫ +∞
t

c(l)e−ldl =
∫ +∞
(1−a)t

c̃(l)e−ldl

and G(t;ϕ,ψ,c) =G((1−a)t; ϕ̃, ψ̃, c̃).

Let c̃ ≡ 1 on (0,+∞). Set f̂ = f
g , ϕ̂ = ϕ− 2log |g| = 2u, and F̂z0 = I(ϕ̂+ ψ)z0 =

I(2GΩ(z,z0))z0 . Denote

inf{
∫
{ψ<−t}

|f̃ |2e−ϕ̂ : (f̃ − f̂)z0 ∈ (O(KΩ)⊗F̂)z0 & f̃ ∈H0({ψ <−t},O(KΩ))}
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by Ĝ(t; c̃). Without loss of generality, we can assume that f̂(z0) = dw, where w is a local

coordinate on a neighborhood Vz0 of z0 satisfying w(z0) = 0. By definition of G(t; c̃) and

BΩ,e−2u(z0), it is clear that G(t; c̃) = Ĝ(t; c̃) and Ĝ(0; c̃) = 2
BΩ,e−2u(z0)

= inf{
∫
Ω
|f̃ |2e−2u : f̃

is a holomorphic extension of f̂ from z0 to Ω}. Theorem 2.15 shows that G(0; c̃) = Ĝ(0; c̃) =

2π e−2u(z0)

c2β(z0)
. Note that ‖f̂‖z0 = π

∫
z0

|f̂ |2
dVM

e−ϕ̂dVΩ[2GΩ(z,z0)] = 2π e−2u(z0)

c2β(z0)
, therefore Theorem

1.10 tells us that G(− logr; c̃) and Ĝ(− logr; c̃) is linear with respect to r.

As ψ = 2GΩ(z,z0), Lemma 2.12 shows that, for any t0 ≥ 0, there exists t > t0 such

that {GΩ(z,z0) < −t} is a relatively compact subset of Ω and g has no zero point in

{GΩ(z,z0)<−t}\{z0}. Combining Corollary 1.7, Remark 1.8, andG(− logr; c̃) is linear with

respect to r, we obtain thatG(ĥ−1(r)) is linear with respect to r, where ĥ(t)=
∫ +∞
t

c(l)e−ldl.

In the following part, we prove the necessity in three steps.

By Remark 6.2, without loss of generality, we can assume that ϕ is subharmonic near

z0. As ϕ+ψ is a subharmonic function on Ω, it follows from Weierstrass Theorem on open

Riemann surfaces (see [11]) and Siu’s Decomposition Theorem that

ϕ+ψ = 2log |g|+2GΩ(z,z0)+2u, (89)

where g is a holomorphic function on Ω, and u is a subharmonic function on Ω such that

v(ddcu,z) ∈ [0,1) for any z ∈ Ω.

Step 1: Fz0 = I(ϕ+ψ)z0 , ordz0(g) = ordz0(f1) and v(ddcψ,z0)> 0.

As I(ϕ+ψ)z0 = I(2 log |g|+2GΩ(z,z0))z0 ⊂ Fz0 and G(0) �= 0, we have ordz0(g)+ 1 >

ordz0(f1). Corollary 1.7 tells us there exists a holomorphic (1,0) form on Ω such that

(F − f,z0) ∈ (O(KΩ)⊗F)z0 and G(t) =
∫
{ψ<−t} |F |2e−ϕc(−ψ) for t ≥ 0. Denote that

c̃(t) = max{c(t), ert} on (0,+∞), where r ∈ (0,1). Set F = F̃ dw on Vz0 , and it follows

from Corollary 1.7 and Remark 1.8 that |F̃ |2e−ϕ−rψ is locally integrable near z0 for any

r ∈ (0,1), which implies that ordz0(F̃ )≥ ordz0(g).

We prove Fz0 = I(ϕ+ψ)z0 by contradiction: if not, then Fz0 � I(2 log |g|+2GΩ(z,z0))z0 .

Since ordz0(F̃ ) ≥ ordz0(g), we have (F̃ ,z0) ∈ Fz0 , which contradicts to G(0) �= 0. Thus

Fz0 = I(ϕ+ψ)z0 .

As ordz0(F̃ ) ≥ ordz0(g), ordz0(g) + 1 > ordz0(f1) and (F̃ − f1, z0) ∈ I(2 log |g| +
2GΩ(z,z0))z0 , we have ordz0(g) = ordz0(f1).

We prove v(ddcψ,z0) > 0 by contradiction: if not, v(ddcψ,z0) = 0 shows that I(ϕ+

ψ)z0 = I(ϕ)z0 . Without loss of generality, we can assume that c(t) > 1 for large enough

t, then |F̃ |2e−ϕ is locally integrable near z0, which contradicts to (F̃ ,z0) �∈ Fz0 . Thus

v(ddcψ,z0)> 0.

Step 2: ψ = 2pGΩ(z,z0) for some p > 0.

As ψ is subharmonic function on Ω, it follows from Siu’s Decomposition Theorem that

ψ = 2pGΩ(z,z0)+ψ1 such that v(ddcψ1, z0) = 0.

Firstly, we prove ψ1 is harmonic near z0 by contradiction : if not, there exists a closed

positive (1,1) current T �≡ 0, such that suppT ⊂⊂ Vz0 , T ≤ 1
2 i∂∂̄ψ1 on Vz0 , where Vz0 is an

open neighborhood of z0, satisfying that g has not zero point on Vz0\{z0}, ϕ is subharmonic

on a neighborhood of Vz0 and Vz0 ⊂⊂ Ω. Note that {z ∈ Vz0 : I(ϕ+ψ)z �=Oz}= {z0}.
Using Lemma 2.14, there exists a subharmonic function Φ < 0 on Ω, which satisfies

the following properties: i∂∂̄Φ ≤ T and i∂∂̄Φ �≡ 0; limt→0+0(inf{GΩ(z,z0)≥−t}Φ(z)) = 0;
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supp(i∂∂̄Φ) ⊂ Vz0 and infΩ\Vz0
Φ > −∞. It following from Lemma 2.11, v(ddcψ,z0) > 0

and ψ < 0 on Ω, that limt→0+0(inf{ψ≥−t}Φ(z)) = 0.

Set ϕ̃=ϕ−Φ, then ϕ̃+ψ=ϕ+2pGΩ(z,z0)+ψ1−Φ on Vz0 , where ψ1−Φ is subharmonic

on Vz0 . It is clear that ϕ̃≥ ϕ and ϕ̃ �= ϕ. suppT ⊂⊂ Vz0 and i∂∂̄Φ≤ T ≤ i∂∂̄ψ1 on Vz0 show

that ϕ̃+ψ is subharmonic on Ω, I(ϕ̃+ψ) = I(ϕ+ψ) = I(2 log |g|+2GΩ(z,z0)).

Without loss of generality, we can assume that c(t)> e
t
2 for any t > 0. T ≤ 1

2 i∂∂̄ψ1 on Vz0

and i∂∂̄Φ⊂⊂ Vz0 show that 1
2ψ−Φ is subharmonic on Ω, which implies that e−ϕ̃c(−ψ)≥

e−ϕeΦ− 1
2ψ has a positive lower bound on Vz0 . Notice that infΩ\Vz0

(ϕ−ϕ̃) = infΩ\Vz0
Φ>−∞

and
∫
Vz0

|F1 −F2|2e−ϕc(−ψ) ≤ C
∫
Vz0

|F1 −F2|2e−ϕ−ψ < +∞ for any F1 ∈ H2(c, ϕ̃, t) and

F2 ∈H2(c,ϕ,t), where Vz0 ⊂⊂ {ψ <−t}, then ϕ̃ satisfies the conditions in Proposition 6.1,

which contradicts to the result of Proposition 6.1. Thus ψ1 is harmonic near z0.

Then, we prove ψ = 2pGΩ(z,z0). Using Remark 6.2, it suffices to consider the case p= 1,

where p= 1
2v(dd

cψ,z0). By Siu’s Decomposition Theorem and Lemma 2.11, there exists a

subharmonic function ψ2 ≤ 0 on Ω such that ψ = 2GΩ(z,z0)+ψ2. Note that ψ2(z0)>−∞.

As Ω is an open Riemann surface, there exists a holomorphic function f2 on Ω, such

that ordz0(f2) = ordz0(f1) and {z ∈Ω : f2(z) = 0}= {z0}. Set f̃ = f
f2
, ϕ̃= ϕ−2log |f2|, and

F̃z0 = I(ϕ̃+ψ)z0 = I(2GΩ(z,z0))z0 . Denote

inf

{∫
{ψ<−t}

|F |2e−ϕ̃c(−ψ) :(F − f̃)z0 ∈ (O(KΩ)⊗F̃)z0

&F ∈H0({ψ <−t},O(KΩ))

}

by G̃(t). By the definition of G(t) and G̃(t), we know G(t) = G̃(t) for any t ≥ 0, therefore

G̃(ĥ−1(r)) is linear with respect to r. Note that (ϕ̃,ψ)∈W , (ϕ̃+ψ−2GΩ(z,z0),2GΩ(z,z0))∈
W , ψ2(z0)>−∞ and ψ2 ≤ 0, then Theorem 1.15 shows that ψ = 2GΩ(z,z0).

Step 3. u is harmonic on Ω and χ−u = χz0 .

Without loss of generality, we can assume that ψ = 2GΩ(z,z0). Lemma 2.12 shows that,

for any t0 ≥ 0, there exists t > t0 such that {GΩ(z,z0)<−t} is a relatively compact subset

of Ω and g has no zero point in {GΩ(z,z0)<−t}\{z0}. Combining Corollary 1.7, Remark

1.8, and G(ĥ−1(r);c) is linear with respect to r, we obtain that G(− logr; c̃ ≡ 1) is linear

with respect to r and G(0; c̃) ∈ (0,+∞).

Now, we assume that u is not harmonic to get a contradiction. There exists a closed

positive (1,1) current T �≡ 0, such that suppT ⊂⊂ Ω and T ≤ i∂∂̄u. There exists an open

subset U ⊂⊂ Ω, such that suppT ⊂ U .

Using Lemma 2.14, there exists a subharmonic function Φ < 0 on Ω, which satisfies

the following properties: i∂∂̄Φ ≤ T and i∂∂̄Φ �≡ 0; limt→0+0(inf{GΩ(z,z0)≥−t}Φ(z)) = 0;

supp(i∂∂̄Φ)⊂ U and infΩ\U Φ>−∞.

Set ϕ̃ = ϕ−Φ, then ϕ̃ = 2log |g|+2u−Φ is subharmonic on Ω. It is clear that ϕ̃ ≥ ϕ,

ϕ̃ �= ϕ and ϕ̃+ψ is subharmonic on Ω, I(ϕ̃+ψ) = I(ϕ+ψ) = I(2 log |g|+2GΩ(z,z0)).

As ϕ̃ is subharmonic on Ω, we have e−ϕ̃ has a positive lower bound on U. Note that

I(ϕ) = I(ϕ̃), then∫
U

|F1−F2|2e−ϕ ≤ 2

∫
U

|F1|2e−ϕ+2

∫
U

|F2|2e−ϕ <+∞
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for any F1 ∈ H2(c̃, ϕ̃, t) and F2 ∈ H2(c̃,ϕ, t), where U ⊂⊂ {ψ < −t} and c̃ ≡ 1. Since

infΩ\U (ϕ− ϕ̃) = infΩ\U Φ > −∞, then ϕ̃ satisfies the conditions in Proposition 6.1, which

contradicts to the result of Proposition 6.1. Thus, u is harmonic on Ω.

Finally, we prove χ−u = χz0 by using Theorem 2.15.

Recall some notations in the proof of sufficiency. Set f̂ = f
g , ϕ̂ = ϕ− 2log |g| = 2u, and

F̂z0 = I(ϕ̂+ψ)z0 = I(2GΩ(z,z0))z0 . Denote

inf

{∫
{ψ<−t}

|f̃ |2e−ϕ̂ :(f̃ − f̂)z0 ∈ (O(KΩ)⊗F̂)z0

& f̃ ∈H0({ψ <−t},O(KΩ))

}

by Ĝ(t; c̃). Without loss of generality, we can assume that f̂(z0) = dw, where w is a local

coordinate on a neighborhood Vz0 of z0 satisfying w(z0) = 0. By definition of G(t; c̃) and

BΩ,e−2u(z0), it is clear that G(− logr; c̃) = Ĝ(− logr; c̃) is linear with respect to r and

Ĝ(0; c̃) = 2
BΩ,e−2u(z0)

= inf{
∫
Ω
|f̃ |2e−2u : f̃ is a holomorphic extension of f̂ from z0 to Ω}.

Note that ‖f̂‖z0 = 2π e−2u(z0)

c2β(z0)
, then Theorem 1.15 shows that

Ĝ(0, c̃) = 2π
e−2u(z0)

c2β(z0)
,

that is, c2β(z0) = πe−2u(z0)BΩ,e−2u(z0). Therefore, Theorem 2.15 shows that χ−u = χz0 .

Thus, Theorem 1.16 holds.

6.3 Proof of Theorem 1.17

Theorem 1.16 implies the sufficiency. Thus, we just need to prove the necessity.

As ϕ+ψ is a subharmonic function on Ω, it follows from Weierstrass Theorem on open

Riemann surfaces (see [11]) and Siu’s Decomposition Theorem that

ϕ+ψ = 2log |g|+2GΩ(z,z0)+2u, (90)

where g is a holomorphic function on Ω, and u is a subharmonic function on Ω such that

v(ddcu,z) ∈ [0,1) for any z ∈ Ω.

As I(ϕ+ψ)z0 = I(2 log |g|+2GΩ(z,z0))z0 ⊂ Fz0 and G(0) �= 0, we have ordz0(g)+ 1 >

ordz0(f1). Corollary 1.7 tells us there exists a holomorphic (1,0) form on Ω such that (F −
f,z0)∈ (O(KΩ)⊗F)z0 and G(t) =

∫
{ψ<−t} |F |2e−ϕc(−ψ) for t≥ 0. Let c̃(t) =max{c(t), ert}

defined on (0,+∞), where r ∈ (0,1). Set F = F̃ dw on Vz0 , and it follows from Corollary 1.7

and Remark 1.8 that |F̃ |2e−ϕ−rψ is locally integrable near z0 for any r ∈ (0,1). Note that∫
U

|F̃ |2e−
ϕ+ψ

p ≤
(∫

U

|F̃ |2pe−ϕ−ψ+psψ

) 1
p
(∫

U

e−qsψ

) 1
q

holds for any p > 1, 1
p +

1
q = 1, U is a small open neighborhood of z0, and s ∈ (0,1). For

any p ∈ (1,+∞), we can choose small enough U and small enough s ∈ (0,1) such that∫
U
|F̃ |2pe−ϕ−ψ+psψ < +∞ and

∫
U
e−qsψ < +∞, which implies that (F̃ ,z0) ∈ I(ϕ+ψ

p )z0 ⊂
I(2log |g|+2GΩ(z,z0)

p )z0 . Therefore, we have ordz0(F̃ )≥ ordz0(g).

https://doi.org/10.1017/nmj.2023.12 Published online by Cambridge University Press

https://doi.org/10.1017/nmj.2023.12


888 Q. GUAN AND Z. YUAN

We prove Fz0 = I(ϕ+ψ)z0 by contradiction: if not, then Fz0 � I(2 log |g|+2GΩ(z,z0))z0 .

Since ordz0(F̃ ) ≥ ordz0(g), we have (F̃ ,z0) ∈ Fz0 , which contradicts to G(0) �= 0. Thus

Fz0 = I(ϕ+ψ)z0 .

As ordz0(F̃ ) ≥ ordz0(g), ordz0(g) + 1 > ordz0(f1) and (F̃ − f1, z0) ∈ I(2 log |g| +
2GΩ(z,z0))z0 , we have ordz0(g) = ordz0(f1).

We prove v(ddcψ,z0)> 0 by contradiction: if not, as |F̃ |2e−ϕ−rψ is locally integrable near

z0 for any r ∈ (0,1) and ordz0(g) = ordz0(F̃ ), we have e−2GΩ(z,z0)+(1−r)ψ is locally integrable

near z0. Therefore, there exists s > 0 such that∫
Δs

e(1−r)ψ

|w|2 <+∞,

where w is a local coordinate near z0 such that w(z0) = 0. As e(1−r)ψ is subharmonic, we

have

2πe(1−r)ψ(z0)

∫ s

0

1

t
dt=

∫
Δs

e(1−r)ψ

|w|2 <+∞,

which contradicts to ψ(z0)>−∞. Thus v(ddcψ,z0)> 0 holds.

Using Remark 6.2, it suffices to consider the case p = 1, where p = 1
2v(dd

cψ,z0). By

Siu’s Decomposition Theorem and Lemma 2.11, there exists a subharmonic function ψ2 ≤ 0

on Ω such that ψ = 2GΩ(z,z0)+ψ2. Following the assumption in Theorem 1.17, we know

ψ2(z0)>−∞.

As Ω is an open Riemann surface, there exists a holomorphic function f2 on Ω, such

that ordz0(f2) = ordz0(f1) and {z ∈ Ω : f2 = 0} = {z0}. Set f̃ = f
f2
, ϕ̃ = ϕ− 2log |f2|, and

F̃z0 = I(ϕ̃+ψ)z0 = I(2GΩ(z,z0))z0 . Denote

inf

{∫
{ψ<−t}

|F |2e−ϕ̃c(−ψ) :(F − f̃)z0 ∈ (O(KΩ)⊗F̃)z0

&F ∈H0({ψ <−t},O(KΩ))

}

by G̃(t). By the definition of G(t) and G̃(t), we know G(t) = G̃(t) for any t ≥ 0, therefore

G̃(h̃−1(r)) is linear with respect to r. Note that (ϕ̃,ψ)∈W , (ϕ̃+ψ−2GΩ(z,z0),2GΩ(z,z0))∈
W , ψ2(z0)>−∞ and ψ2 ≤ 0, then Theorem 1.15 shows that ψ = 2GΩ(z,z0).

As ϕ+ψ is subharmonic on Ω and ψ = 2GΩ(z,z0), we have ϕ is subharmonic on Ω. Then

Theorem 1.16 implies that u is harmonic on Ω and χ−u = χz0 .

Thus, Theorem 1.17 holds.

6.4 Proof of Corollary 1.18

The following remark shows that it suffices to prove the existence of holomorphic

extension satisfying inequality (6) for the case c(t) has a positive lower bound and upper

bound on (t′,+∞) for any t′ > 0.

Remark 6.3. Take cj is a positive measurable function on (0,+∞), such that cj(t) =

c(t) when t < j, cj(t) = min{c(j), 1j } when t≥ j. It is clear that cj(t)e
−t is decreasing with
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respect to t, and
∫ +∞
0

cj(t)e
−t <+∞. As

lim
j→+∞

∫ +∞

j

cj(t)e
−t = 0,

we have

lim
j→+∞

∫ +∞

0

cj(t)e
−t =

∫ +∞

0

c(t)e−t.

If the existence of holomorphic extension satisfying inequality (6) holds in this case, then

there exists a holomorphic (1,0) form Fj on Ω such that Fj(z0) = f(z0) and∫
Ω

|Fj |2e−ϕcj(−ψ)≤
(∫ +∞

0

cj(t)e
−tdt

)
‖f‖z0 .

Note that ψ has locally lower bound on Ω\ψ−1(−∞) and ψ−1(−∞) is a closed subset of an

analytic subset Z of Ω. For any compact subset K of Ω\Z, there exists sK > 0 such that∫
K
e−sKψdVΩ <+∞, where dVΩ is a continuous volume form on Ω. Then we have∫

K

(
eϕ

cj(−ψ)

)sK

dVΩ =

∫
K

(
eϕ+ψ

cj(−ψ)

)sK

e−sKψdVΩ ≤ C

∫
K

e−sKψdVΩ <+∞,

where C is a constant independent of j. It follows from Lemma 2.4 (gj = e−ϕcj(−ψ)) that

there exists a subsequence of {Fj}, denoted still by {Fj}, which is uniformly convergent to

a holomorphic (1,0) form F on any compact subset of Ω and∫
Ω

|F |2e−ϕc(−ψ)≤ lim
j→+∞

(∫ +∞

0

cj(t)e
−tdt

)
‖f‖z0

=

(∫ +∞

0

c(t)e−tdt

)
‖f‖z0 .

Since Fj(z0) = f(z0) for any j, we have F (z0) = f(z0).

As ψ ∈ A(z0) and e−ϕ−ψ is not L1 on any neighborhood of z0, it follows from Siu’s

Decomposition Theorem and the following lemma that ψ(z)−2GΩ(z,z0) and ϕ(z)+ψ(z)−
2GΩ(z,z0) is subharmonic on Ω with respect to z. Denote that ψ2(z) = ψ(z)−2GΩ(z,z0).

Lemma 6.4 [29]. Let u is a subharmonic function on Ω. If v(ddcu,z0)< 1, then e−u is

L1 on a neighborhood of z0.

As Ω is a Stein manifold and ϕ+ψ2 is subharmonic on Ω, there exist smooth subharmonic

functions Φl on Ω, which are decreasingly convergent to ϕ+ψ2. We can find a sequence of

open Riemann surfaces {Dm}+∞
m=1 satisfying z0 ∈Dm ⊂⊂Dm+1 for anym and ∪+∞

m=1Dm =Ω,

and there is a holomorphic (n,0) form F̃ on Ω such that F̃ (z0) = f(z0).

Note that
∫
Dm

|F̃ |2 <+∞ for any m and∫
Dm

I{−t0−1<ψ<−t0}|F̃ |2e−Φl−2GΩ(·,z0) ≤ et0+1

∫
Dm

|F̃ |2e−Φl+ψ2 <+∞
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for any m, l and t0 > T . Using Lemma 2.1 (ϕ ∼ Φl+2GΩ(·, z0)), for any Dm, l ∈ N+, and

t0 > T , there exists a holomorphic (1,0) form Fl,m,t0 on Dm, such that∫
Dm

|Fl,m,t0 − (1− bt0,1(ψ))F̃ |2e−Φl−2GΩ(·,z0)+vt0,1(ψ)c(−vt0,1(ψ))

≤
(∫ t0+1

0

c(t)e−tdt

)∫
Dm

I{−t0−1<ψ<−t0}|F̃ |2e−Φl−2GΩ(·,z0),

(91)

where bt0,1(t) =
∫ t

−∞ I{−t0−1<s<−t0}ds, vt0,1(t) =
∫ t

−t0
bt0,1(s)ds− t0. Note that e

−2GΩ(·,z0) is

not L1 on any neighborhood of z0, and bt0,1(t) = 0 when −t is large enough, then (Fl,m,t0 −
(1− bt0,1(ψ))F̃ )(z0) = 0, and therefore Fl,m,t0(z0) = f(z0).

Note that vt0,1(ψ)≥ ψ and c(t)e−t is decreasing, then the inequality (91) becomes∫
Dm

|Fl,m,t0 − (1− bt0,1(ψ))F̃ |2e−Φl+ψ2c(−ψ)

≤
(∫ t0+1

0

c(t)e−tdt

)∫
Dm

I{−t0−1<ψ<−t0}|F̃ |2e−Φl−2GΩ(·,z0).

(92)

There exist smooth subharmonic functions Ψk on Ω, which are decreasingly convergent to

ψ2. By definition of dVΩ[ψ], we have

limsup
t0→+∞

∫
Dm

I{−t0−1<ψ<−t0}|F̃ |2e−Φl+Ψk−ψ

≤π

∫
z0

|f |2
dVΩ

e−Φl+ΨkdVΩ[ψ]

<+∞.

(93)

Combining inequality (92) and (93), let t0 →+∞, we have

limsup
t0→+∞

∫
Dm

|Fl,m,t0 − (1− bt0,1(ψ))F̃ |2e−Φl+ψ2c(−ψ)

≤ limsup
t0→+∞

(∫ t0+1

0

c(t)e−tdt

)∫
Dm

I{−t0−1<ψ<−t0}|F̃ |2e−Φl+Ψk−ψ

≤π

(∫ +∞

0

c(t)e−tdt

)∫
z0

|f |2
dVΩ

e−Φl+ΨkdVΩ[ψ].

(94)

Let k →+∞, inequality (94) implies that

limsup
t0→+∞

∫
Dm

|Fl,m,t0 − (1− bt0,1(ψ))F̃ |2e−Φl+ψ2c(−ψ)

≤π

(∫ +∞

0

c(t)e−tdt

)∫
z0

|f |2
dVΩ

e−Φl+ψ2dVΩ[ψ].

(95)

Note that

limsup
t0→+∞

∫
Dm

|(1− bt0,1(ψ))F̃ |2e−Φl+ψ2c(−ψ)<+∞,

then we have

limsup
t0→+∞

∫
Dm

|Fl,m,t0 |2e−Φl+ψ2c(−ψ)<+∞.
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Using Lemma 2.4, we obtain that there exists a subsequence of {Fl,m,t0}t0→+∞ (also denoted

by {Fl,m,t0}t0→+∞) compactly convergent to a holomorphic (1,0) form on Dm denoted by

Fl,m. Then it follows from inequality (95) and Fatou’s Lemma that∫
Dm

|Fl,m|2e−Φl+ψ2c(−ψ) =

∫
Dm

liminf
t0→+∞

|Fl,m,t0 − (1− bt0,1(ψ))F̃ |2e−Φl+ψ2c(−ψ)

≤ liminf
t0→+∞

∫
Dm

|Fl,m,t0 − (1− bt0,1(ψ))F̃ |2e−Φl+ψ2c(−ψ)

≤π

(∫ +∞

0

c(t)e−tdt

)∫
z0

|f |2
dVΩ

e−Φl+ψ2dVΩ[ψ].

(96)

As ‖f‖z0 = π
∫
z0

|f |2
dVΩ

e−ϕdVΩ[ψ]<+∞ and Φl are decreasingly convergent to ϕ+ψ2, we

have

lim
l→+∞

π

∫
z0

|f |2
dVΩ

e−Φl+ψ2dVΩ[ψ] = ‖f‖z0 <+∞. (97)

It follows from inequality (96) and (97) that

limsup
l→+∞

∫
Dm

|Fl,m|2e−Φl+ψ2c(−ψ)≤
(∫ +∞

0

c(t)e−tdt

)
‖f‖z0 <+∞. (98)

Using Lemma 2.4 (gl = e−Φl+ψ2c(−ψ)), we obtain that there exists a subsequence of

{Fl,m}l→+∞ (also denoted by {Fl,m}l→+∞) compactly convergent to a holomorphic (1,0)

form on Dm denoted by Fm and∫
Dm

|Fm|2e−ϕc(−ψ)≤
(∫ +∞

0

c(t)e−tdt

)
‖f‖z0 . (99)

Inequality (99) implies that∫
Dm

|Fm′ |2e−ϕc(−ψ)≤ π

(∫ +∞

0

c(t)e−tdt

)
‖f‖z0

holds for any m′ ≥m. Note that ϕ+ψ and ψ are subharmonic on Ω and ϕ= (ϕ+ψ)−ψ.

Using Lemma 2.4, the diagonal method and Levi’s Theorem, we obtain a subsequence of

{Fm}, denoted also by {Fm}, which is uniformly convergent to a holomorphic (1,0) form F

on Ω satisfying that F (z0) = f(z0) and∫
Ω

|F |2e−ϕc(−ψ)≤
(∫ +∞

0

c(t)e−tdt

)
‖f‖z0 .

Thus, the existence of holomorphic extension satisfying inequality (6) holds.

In the following part, we prove the characterization for
(∫ +∞

0
c(t)e−tdt

)
‖f‖z0 =

inf{‖F̃‖Ω : F̃ is a holomorphic extension of f from z0 to Ω}.
Firstly, we prove the necessity. If ‖f‖z0 = 0, then F ≡ 0, which contradicts to F (z0) =

f(z0) �= 0. Thus, we only consider the case ‖f‖z0 ∈ (0,+∞).

As {ψ < −t} is an open Riemann surface. Note that dVΩ[ψ+ t] = e−tdVΩ[ψ]. By the

above discussion (ψ ∼ ψ+ t, c(·)∼ c(·+ t) and Ω∼ {ψ <−t}), for any t > 0, there exists a
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holomorphic (n,0) form Ft on {ψ <−t} such that Ft(z0) = f(z0) and∫
{ψ<−t}

|Ft|2e−ϕc(−ψ)≤
(∫ +∞

t

c(l)e−ldl

)
‖f‖z0 .

Let F|Z0 = I(ψ)z0 , by the definition of G(t), we obtain that inequality

G(t)∫ +∞
t

c(l)e−ldl
≤ G(0)∫ +∞

0
c(t)e−tdt

(100)

holds for any t≥ 0. Theorem 1.3 tells us G(ĥ−1(r)) is concave with respect to r. Combining

inequality (100) and Corollary 1.5, we obtain that G(ĥ−1(r)) is linear with respect to r. As

ψ− 2GΩ(z,z0) is bounded near z0 and G(0) = (
∫ +∞
0

c(t)e−tdt)‖f‖z0 ∈ (0,+∞), Theorem

1.17 shows that statements (1)–(3) hold.

Now, we prove the sufficiency. Let F|Z0 = I(2GΩ(z,z0))z0 , then Theorem 1.16 shows that

G(ĥ−1(r)) is linear with respect to r. It follows from Lemma 2.10 and Corollary 1.7 that

there exists c̃ ∈ P0 such that c̃(t) is increasing on (a,+∞) for some a > 0, and G(ĥ−1
c̃ (r); c̃)

is linear with respect to r, where ĥc̃(t) =
∫ +∞
t

c̃(l)e−ldl. Using Proposition 5.1, we have

G(0; c̃) = ‖f‖z0(
∫ +∞
0

c̃(l)e−ldl). Following from Corollary 1.7 and Remark 1.8, we obtain

that G(0;c) = ‖f‖z0(
∫ +∞
0

c(l)e−ldl), which implies that ‖f‖z0(
∫ +∞
0

c(l)e−ldl) = {‖F̃‖Ω : F̃

is a holomorphic extension of f from z0 to Ω}.
Thus, Corollary 1.18 holds.

6.5 Proof of Corollary 1.19

Note that 2GΩ(z,z0) ∈A′(z0) and ψ1 ∈A′(z0), we have

‖f‖∗z0 = π

∫
z0

|f |2
dVΩ

e−ϕ−ψ2dVΩ[ψ1] = π

∫
z0

|f |2
dVΩ

e−ϕ−ψ+2GΩ(z,z0)dVΩ[2GΩ(z,z0)]. (101)

Corollary 1.18 implies the sufficiency. Thus, it suffices to prove the necessity.

Let F|Z0 = I(ψ1)z0 . It follows from Lemma 2.6 that there exists a unique holomorphic

extension from z0 to Ω, such that ‖F‖Ω ≤ ‖f‖∗z0(
∫ +∞
0

c(l)e−ldl). Using Corollary 1.12, we

know that G(ĥ−1(r)) is linear with respect to r, therefore

G(t)∫ +∞
t

c(l)e−ldl
= ‖f‖∗z0 (102)

holds for any t≥ 0.

Let ψ̃ = 2GΩ(z,z0). Lemma 2.11 tells us ψ− ψ̃ ≤ 0 on Ω. Let ϕ̃ = ϕ+ψ− ψ̃, then we

compare G(t;ϕ,ψ) and G(t; ϕ̃, ψ̃) to prove ψ− ψ̃ ≡ 0. As ‖f‖∗z0 < +∞ and e−ϕ̃c(−ψ̃) =

e−ϕ−ψeψ̃c(−ψ̃) ≥ e−ϕc(−ψ), it follows from Corollary 1.11 and equality (101) that

G(0; ϕ̃, ψ̃)≤ ‖f‖∗z0
(∫ +∞

0
c(t)e−tdt

)
. Without loss of generality, we can assume that c(t)e−t

is strictly decreasing on (0,+∞). We prove ψ− ψ̃ ≡ 0 by contradiction: if not, c(t)e−t is

strictly decreasing on (0,+∞) implies that G(0; ϕ̃, ψ̃) > G(0;ϕ,ψ), which contradicts to

G(0; ϕ̃, ψ̃)≤ ‖f‖∗z0
(∫ +∞

0
c(t)e−tdt

)
=G(0;ϕ,ψ). Thus, we have ψ = 2GΩ(z,z0). Combining

the linearity of G(ĥ(r);ϕ,ψ), G(0;ϕ,ψ) = ‖f‖∗z0
(∫ +∞

0
c(t)e−tdt

)
∈ (0,+∞) and Theorem

1.16, we obtain that the other two statements in Corollary 1.19 hold.

Thus, Corollary 1.19 holds.
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§7. Appendix

7.1 Proof of Lemma 2.1

In this section, we prove Lemma 2.1.

It follows from Lemma 7.4 that there exist smooth strongly plurisubharmonic functions

ψm and ϕm on M decreasingly convergent to ψ and ϕ, respectively.

The following remark shows that it suffices to consider Lemma 2.1 for the case thatM is a

relatively compact open Stein submanifold of a Stein manifold, and F is a holomorphic (n,0)

form on {ψ <−t0} such that
∫
{ψ<−t0} |F |2 <+∞, which implies that supm supM ψm <−T

and supm supM ϕm <+∞ on M.

Remark 7.1. It is well known that there exist open Stein submanifolds D1 ⊂⊂ ·· · ⊂⊂
Dj ⊂⊂Dj+1 ⊂⊂ ·· · such that ∪+∞

j=1Dj =M .

If inequality (9) holds on any Dj and inequality (8) holds on M, then for any B > 0, we

obtain a sequence of holomorphic (n,0) forms F̃j on Dj such that∫
Dj

|F̃j − (1− bt0,B(ψ))F |2e−ϕ+vt0,B(ψ)c(−vt0,B(ψ))

≤
∫ t0+B

T

c(t)e−tdt

∫
Dj

1

B
I{−t0−B<ψ<−t0}|F |2e−ϕ ≤ C

∫ t0+B

T

c(t)e−tdt

(103)

is bounded with respect to j. Note that for any given j, e−ϕ+vt0,B(ψ)c(−vt0,B(ψ)) has a

positive lower bound, then it follows that for any any given j,
∫
Dj

|F̃j′ − (1−bt0,B(ψ))F |2 is

bounded with respect to j′ ≥ j. Combining with∫
Dj

|(1− bt0,B(ψ))F |2 ≤
∫
Dj∩{ψ<−t0}

|F |2 <+∞ (104)

and inequality (9), one can obtain that
∫
Dj

|F̃j′ |2 is bounded with respect to j′ ≥ j.

By the diagonal method, there exists a subsequence Fj′′ uniformly convergent on any Dj

to a holomorphic (n,0) form on M denoted by F̃ . Then it follows from inequality (103) and

Fatou’s Lemma that∫
Dj

|F̃ − (1− bt0,B(ψ))F |2e−(ϕ−vt0,B(ψ))c(−vt0,B(ψ))≤ C

∫ t0+B

T

c(t)e−tdt,

then one can obtain Lemma 2.1 when j goes to +∞.

Next, we recall some lemmas on L2 estimates for some ∂̄ equations.

Lemma 7.2 (See [2], [4]). Let X be a complete Kähler manifold equipped with a (non

necessarily complete) Kähler metric ω, and let E be a Hermitian vector bundle over X.

Assume that there are smooth and bounded functions η, g > 0 on X such that the (Hermitian)

curvature operator

B := [η
√
−1ΘE −

√
−1∂∂̄η−

√
−1g∂η∧ ∂̄η,Λω]

is positive definite everywhere on Λn,qT ∗
X ⊗E, for some q ≥ 1. Then for every form

λ ∈ L2(X,Λn,qT ∗
X ⊗E) such that D′′λ = 0 and

∫
X
〈B−1λ,λ〉dVM < ∞, there exists u ∈

L2(X,Λn,q−1T ∗
X ⊗E) such that D′′u= λ and∫

X

(η+g−1)−1|u|2dVM ≤
∫
X

〈B−1λ,λ〉dVM .
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Lemma 7.3 (See [18]). Let X and E be as in the above lemma and θ be a continuous

(1,0) form on X. Then we have

[
√
−1θ∧ θ̄,Λω]α= θ̄∧ (α�(θ̄)

)
,

for any (n,1) form α with value in E. Moreover, for any positive (1,1) form β, we have

[β,Λω] is semipositive.

The following lemma belongs to Fornaess and Narasimhan on approximation property of

plurisubharmonic functions of Stein manifolds.

Lemma 7.4 [10]. Let X be a Stein manifold and ϕ ∈ PSH(X). Then there exists a

sequence {ϕn}n=1,2,... of smooth strongly plurisubharmonic functions such that ϕn ↓ ϕ.

For the sake of completeness, let us recall some steps in the proof in [14] (see also [17],

[18], [20]) with some slight modifications in order to prove Lemma 2.1.

It follows from Remark 7.1 that it suffices to consider that M is a Stein manifold, and F

is holomorphic (n,0) form on {ψ <−t0} and∫
{ψ<−t0}

|F |2 <+∞, (105)

and there exist smooth plurisubharmonic functions ψm and ϕm on M decreasingly

convergent to ψ and ϕ, respectively, satisfying supm supM ψm < −T and supm supM ϕm <

+∞.

Step 1: Construct some functions.

Let ε ∈ (0, 18B). Let {vε}ε∈(0, 18B) be a family of smooth increasing convex functions on

R, which are continuous functions on R∪{−∞}, such that:

(1) vε(t) = t for t ≥ −t0 − ε, vε(t) = constant for t < −t0 −B + ε and are pointwise

convergent to vt0,B(t).

(2) v′′ε (t) are pointwise convergent to 1
B I(−t0−B,−t0), when ε → 0, and 0 ≤ v′′ε (t) ≤

2
B I(−t0−B+ε,−t0−ε) for any t ∈ R.

(3) v′ε(t) are pointwise convergent to bt0,B(t) which is a continuous function on R, when
ε→ 0, and 0≤ v′ε(t)≤ 1 for any t ∈ R.

One can construct the family {vε}ε∈(0, 18B) by the setting

vε(t) :=

∫ t

−∞

(∫ t1

−∞

(
1

B−4ε
I(−t0−B+2ε,−t0−2ε) ∗ρ 1

4ε

)
(s)ds

)
dt1

−
∫ −t0

−∞

(∫ t1

−∞

(
1

B−4ε
I(−t0−B+2ε,−t0−2ε) ∗ρ 1

4ε

)
(s)ds

)
dt1− t0,

(106)

where ρ 1
4ε

is the kernel of convolution satisfying supp(ρ 1
4ε
)⊂ (−1

4ε,
1
4ε). Then it follows that

v′′ε (t) =
1

B−4ε
I(−t0−B+2ε,−t0−2ε) ∗ρ 1

4ε
(t),

and

v′ε(t) =

∫ t

−∞

(
1

B−4ε
I(−t0−B+2ε,−t0−2ε) ∗ρ 1

4ε

)
(s)ds.
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Let η = s(−vε(ψm)) and φ = u(−vε(ψm)), where s ∈ C∞((S,+∞)) satisfies s > 0 and

s′ > 0, and u ∈ C∞((S,+∞)), such that u′′s− s′′ > 0, and s′ − u′s = 1. It follows from

supm supM ψm < −S and max{t,−t0−B} ≤ vε(t) ≤ max{t, t0} that φ = u(−vε(ψm)) are

uniformly bounded on M with respect to m and ε, and u(−vε(ψ)) are uniformly bounded

on M with respect to ε. Let Φ = φ+ϕm′ , and let h̃= e−Φ.

Let f(x) = 2I(− 1
2 ,

1
2 )

∗ ρ(x) be a smooth function on R, where ρ is is the kernel of

convolution satisfying supp(ρ)⊂ (−1
3 ,

1
3) and ρ≥ 0.

Let gl(x) =

{
lf(lx), if x≤ 0,

lf(l2x), if x > 0,
then {gl}l∈N+ be a family of smooth functions on R

satisfying that:

(1) supp(gl)⊂ [−1
l ,

1
l ], gl(x)≥ 0 for any x ∈ R.

(2)
∫ 0

− 1
l
gl(x)dx= 1,

∫ 1
l

0
gl(x)dx≤ 1

l for any l ∈ N+.

Set cl(t) = et
∫
R
h(ey(t−S)+S)gl(y)dy, where h(t) = e−tc(t) and c ∈ P̃S . It is easy to get

cl(t)− c(t)≥ et
∫ 0

− 1
l

(h(ey(t−S)+S)−h(t))gl(y)dy ≥ 0.

Set h̃(t) = h(et+S) and g̃l(t) = gl(−t), then cl(t) = eth̃∗ g̃l(ln(t−S))∈C∞(S,+∞). Because

h(t) is decreasing with respect to t, so is cl(t)e
−t. And∫ s

S

cl(t)e
−tdt=

∫ s

S

∫
R

h(ey(t−S)+S)gl(y)dydt

=

∫
R

e−ygl(y)

∫ ey(s−S)+S

S

h(t)dtdy

≤
∫
R

e−ygl(y)dy

∫ e(s−S)+S

S

h(t)dt

<+∞,

then cl(t) ∈ P̃S for any l ∈ N+.

As h(t) is decreasing with respect to t, then set h−(t) = lims→t−0h(s)≥ h(t) and c−(t) =

lims→t−0 c(s)≥ c(t), then we claim that liml→+∞ cl(t) = c−(t). In fact, we have

|cl(t)− c−(t)| ≤et
∫ 0

− 1
l

|h(ey(t−S)+S)−h−(t)|gl(y)dy

+et
∫ 1

l

0

h(ey(t−S)+S)gl(y)dy.

(107)

∀ε > 0, ∃δ > 0 and |h(t−δ)−h−(t)|< ε. Then ∃N > 0, ∀l > N , such that ey(t−S)+S >

t− δ for all y ∈ [−1
l ,0) and

1
l < ε. It following from (107) that

|cl(t)− c−(t)| ≤ εet+εh(t)et,

hence, liml→+∞ cl(t) = c−(t) for any t > S.
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Step 2: Solving ∂̄−equation with smooth polar function and smooth weight.

Now, let α ∈ Λn,1
x T ∗

M , for any x ∈ M . Using inequality s > 0 and the fact that ϕm is

plurisubharmonic on M, we get

〈Bα,α〉h̃ =〈[η
√
−1Θh̃−

√
−1∂∂̄η−

√
−1g∂η∧ ∂̄η,Λω]α,α〉h̃

≥〈[η
√
−1∂∂̄φ−

√
−1∂∂̄η−

√
−1g∂η∧ ∂̄η,Λω]α,α〉h̃,

(108)

where g > 0 is a smooth and bounded function on M. We need the following calculations to

determine g :

∂∂̄η =−s′(−vε(ψm))∂∂̄(vε(ψm))+s′′(−vε(ψm))∂vε(ψm)∧ ∂̄vε(ψm), (109)

and

∂∂̄φ=−u′(−vε(ψm))∂∂̄vε(ψm)+u′′(−vε(ψm))∂vε(ψm)∧ ∂̄vε(ψm). (110)

Then we have

−∂∂̄η+η∂∂̄φ−g(∂η)∧ ∂̄η

=(s′−su′)∂∂̄vε(ψm)+((u′′s−s′′)−gs′2)∂(−vε(ψm))∂̄(−vε(ψm))

=(s′−su′)(v′ε(ψm)∂∂̄ψm+v′′ε (ψm)∂(ψm)∧ ∂̄(ψm))

+((u′′s−s′′)−gs′2)∂(−vε(ψm))∧ ∂̄(−vε(ψm)).

(111)

We omit composite item −vε(ψm) after s′−su′ and (u′′s−s′′)−gs′2 in the above equalities.

Let g = u′′s−s′′

s′2 (−vε(ψm)). It follows that η+g−1 = (s+ s′2

u′′s−s′′ )(−vε(ψm)).

As v′ε ≥ 0 and s′ − su′ = 1, using Lemma 7.3, equality (111) and inequality (108), we

obtain

〈Bα,α〉h̃ =〈[η
√
−1Θh̃−

√
−1∂∂̄η−

√
−1g∂η∧ ∂̄η,Λω]α,α〉h̃

≥〈[(v′′ε ◦ψm)
√
−1∂ψm∧ ∂̄ψm,Λω]α,α〉h̃

=〈(v′′ε ◦ψm)∂̄ψm∧ (α�(∂̄ψm)
)
,α〉h̃.

(112)

Using the definition of contraction, Cauchy–Schwarz inequality and the inequality (112),

we have

|〈(v′′ε ◦ψm)∂̄ψm∧γ, α̃〉h̃|2 =|〈(v′′ε ◦ψm)γ, α̃�(∂̄ψm)
〉
h̃
|2

≤〈(v′′ε ◦ψm)γ,γ〉h̃(v′′ε ◦ψm)|α̃�(∂̄ψm)
∣∣2
h̃

=〈(v′′ε ◦ψm)γ,γ〉h̃〈(v′′ε ◦ψm)∂̄ψm∧ (α̃�(∂̄ψm)
)
,α〉h̃

≤〈(v′′ε ◦ψm)γ,γ〉h̃〈Bα̃, α̃〉h̃,

(113)

for any (n,0) form γ.

It follows from s > 0 and ϕm′ is strongly plurisubharmonic that B is positive definite

everywhere on Λn,1T ∗
M . As F is holomorphic on {ψ <−t0} and Supp(v′′ε (ψm))⊂ {ψ <−t0},

then λ := ∂̄[(1−v′ε(ψm))F ] is well defined and smooth on M.

Taking γ = F , and α̃=B−1λ, note that h̃= e−Φ, using inequality (113), we have

〈B−1λ,λ〉h̃ ≤ v′′t0,ε(ψm)|F̃ |2e−Φ.

Then it follows that ∫
M

〈B−1λ,λ〉h̃ ≤
∫
M

v′′t0,ε(ψm)|F̃ |2e−Φ.
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Assume that we can choose η and φ such that evε◦ψmeφcl(−vε ◦ψm) = (η+ g−1)−1. Using

Lemma 7.2, we have locally L1 function um,m′,ε,l on M such that ∂̄um,m′,ε,l = λ, and∫
M

|um,m′,ε,l|2evε(ψm)−ϕm′ cl(−vε ◦ψm)

=

∫
M

|um,m′,ε,l|2(η+g−1)−1e−Φ

≤
∫
M

〈B−1λ,λ〉h̃

≤
∫
M

v′′ε (ψm)|F |2e−Φ

=

∫
M

v′′ε (ψm)|F |2e−φ−ϕm′ .

(114)

Let Fm,m′,ε,l :=−um,m′,ε,l+(1−v′ε(ψm))F . Then inequality (114) becomes∫
M

|Fm,m′,ε,l− (1−v′ε(ψm))F |2evε(ψm)−ϕm′ cl(−vε ◦ψm)

≤
∫
M

(v′′ε (ψm))|F |2e−φ−ϕm′ .

(115)

Step 3: Singular polar function and smooth weight.

As supm,ε supM |φ|= supm,ε |u(−vε(ψm))|<+∞ and supM ϕm′ <+∞, note that

v′′ε (ψm)|F |2e−φ−ϕm′ ≤ 2

B
I{ψ<−t0}|F |2 sup

m,ε
e−φ−ϕm′

on M, then it follows from inequality (105) and the dominated convergence theorem that

lim
m→+∞

∫
M

v′′ε (ψm)|F |2e−φ−ϕm′ =

∫
M

v′′ε (ψ)|F |2e−u(−vε(ψ))−ϕm′ . (116)

Note that infm infM evε(ψm)−ϕm′ cl(−vε ◦ψm) > 0, then it follows from inequality (115)

and (116) that supm
∫
M
|Fm,m′,ε,l− (1−v′ε(ψm))F |2 <+∞. Note that

|(1−v′ε(ψm))F | ≤ |I{ψ<−t0}F |, (117)

then it follows from inequality (105) that supm
∫
M
|Fm,m′,ε,l|2 < +∞, which implies that

there exists a subsequence of {Fm,m′,ε,l}m (also denoted by {Fm,m′,ε,l}m) compactly

convergent to a holomorphic Fm′,ε,l on M.

Note that evε(ψm)−ϕm′ cl(−vε ◦ψm) are uniformly bounded on M with respect to m,

then it follows from |Fm,m′,ε,l − (1− v′ε(ψm))F |2 ≤ 2(|Fm,m′,ε,l|2 + |(1− v′ε(ψm))F |2) ≤
2(|Fm,m′,ε,l|2+ |I{ψ<−t0}F

2|) and the dominated convergence theorem that

lim
m→+∞

∫
K

|Fm,m′,ε,l− (1−v′ε(ψm))F |2evε(ψm)−ϕm′ cl(−vε ◦ψm)

=

∫
K

|Fm′,ε,l− (1−v′ε(ψ))F |2evε(ψ)−ϕm′ cl(−vε ◦ψ)
(118)
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holds for any compact subset K on M. Combining with inequality (115) and (116), one can

obtain that ∫
K

|Fm′,ε,l− (1−v′ε(ψ))F |2evε(ψ)−ϕm′ cl(−vε ◦ψ)

≤
∫
M

v′′ε (ψ)|F |2e−u(−vε(ψ))−ϕm′ ,

(119)

which implies ∫
M

|Fm′,ε,l− (1−v′ε(ψ))F |2evε(ψ)−ϕm′ cl(−vε ◦ψ)

≤
∫
M

v′′ε (ψ)|F |2e−u(−vε(ψ))−ϕm′ .

(120)

Step 4: Nonsmooth cut-off function.

Note that supε supM e−u(−vε(ψ))−ϕm′ <+∞, and

v′′ε (ψ)|F |2e−u(−vε(ψ))−ϕm′ ≤ 2

B
I{−t0−B<ψ<−t0}|F |2 sup

ε
sup
M

e−u(−vε(ψ))−ϕm′ ,

then it follows from inequality (105) and the dominated convergence theorem that

lim
ε→0

∫
M

v′′ε (ψ)|F |2e−u(−vε(ψ))−ϕm′

=

∫
M

1

B
I{−t0−B<ψ<−t0}|F |2e−u(−vt0,B(ψ))−ϕm′

≤(sup
M

e−u(−vt0,B(ψ)))

∫
M

1

B
I{−t0−B<ψ<−t0}|F |2e−ϕm′ <+∞.

(121)

Note that infε infM evε(ψ)−ϕm′ cl(−vε ◦ψ) > 0, then it follows from inequality (120) and

(121) that supε
∫
M
|Fm′,ε,l− (1−v′ε(ψ))F |2 <+∞. Combining with

sup
ε

∫
M

|(1−v′ε(ψ))F |2 ≤
∫
M

I{ψ<−t0}|F |2 <+∞, (122)

one can obtain that supε
∫
M
|Fm′,ε,l|2 <+∞, which implies that there exists a subsequence

of {Fm′,ε,l}ε→0 (also denoted by {Fm′,ε,l}ε→0) compactly convergent to a holomorphic (n,0)

form on M denoted by Fm′,l. Then it follows from inequality (120), inequality (121), and

Fatou’s Lemma that∫
M

|Fm′,l− (1− bt0,B(ψ))F |2evt0,B(ψ)−ϕm′ cl(−v ◦ψ)

=

∫
M

liminf
ε→0

|Fm′,ε,l− (1−v′ε(ψ))F |2evε(ψ)−ϕm′ cl(−vε ◦ψ)

≤ liminf
ε→0

∫
M

|Fm′,ε,l− (1−v′ε(ψ))F |2evε(ψ)−ϕm′ cl(−vε ◦ψ)

≤ liminf
ε→0

∫
M

v′′ε (ψ)|F |2e−u(−vε(ψ))−ϕm′

≤(sup
M

e−u(−vt0,B(ψ)))

∫
M

1

B
I{−t0−B<ψ<−t0}|F |2e−ϕm′ .

(123)
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Step 5: Singular weight.

Note that∫
M

1

B
I{−t0−B<ψ<−t0}|F |2e−ϕm′ ≤

∫
M

1

B
I{−t0−B<ψ<−t0}|F |2e−ϕ <+∞, (124)

and supM e−u(−vt0,B(ψ)) <+∞, then it from (123) that

sup
m′

∫
M

|Fm′,l− (1− b(ψ))F |2ev(ψ)−ϕm′ cl(−v ◦ψ)<+∞.

Combining with infm′ infM ev(ψ)−ϕm′ cl(−v(ψ))> 0, one can obtain that

sup
m′

∫
M

|Fm′,l− (1− b(ψ))F |2 <+∞.

Note that ∫
M

|(1− b(ψ))F |2 ≤
∫
M

|I{ψ<−t0}F |2 <+∞. (125)

Then supm′
∫
M
|Fm′,l|2 < +∞, which implies that there exists a compactly convergent

subsequence of {Fm′,l}m′ (also denoted by {Fm′,l}m′), which converges to a holomorphic

(n,0) form Fl on M. Then it follows from inequality (123), inequality (124), and Fatou’s

Lemma that ∫
M

|Fl− (1− bt0,B(ψ))F |2evt0,B(ψ)−ϕcl(−vt0,B ◦ψ)

=

∫
M

liminf
m′→+∞

|Fm′,l− (1− bt0,B(ψ))F |2evt0,B(ψ)−ϕm′ cl(−vt0,B ◦ψ)

≤ liminf
m′→+∞

∫
M

|Fm′,l− (1− bt0,B(ψ))F |2evt0,B(ψ)−ϕm′ cl(−vt0,B ◦ψ)

≤ liminf
m′→+∞

(sup
M

e−u(−vt0,B(ψ)))

∫
M

1

B
I{−t0−B<ψ<−t0}|F |2e−ϕm′

≤(sup
M

e−u(−vt0,B(ψ)))

∫
M

1

B
I{−t0−B<ψ<−t0}|F |2e−ϕ.

(126)

Step 6: ODE system.

we need to find η and φ such that (η+g−1) = e−ψme−φ 1
cl(−vε(ψm)) on M and s′−u′s= 1.

As η = s(−vε(ψm)) and φ= u(−vε(ψm)), we have (η+g−1)evε(ψm)eφ = (s+ s′2

u′′s−s′′ )e
−teu ◦

(−vε(ψm)).

Summarizing the above discussion about s and u, we are naturally led to a system of

ODEs (see [16–18], [20]):

1).

(
s+

s′2

u′′s−s′′

)
eu−t =

1

cl(t)
,

2). s′−su′ = 1,

(127)

where t ∈ (T,+∞).
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It is not hard to solve the ODE system (127) and get u(t) =− log(
∫ t

S
cl(t1)e

−t1dt1) and

s(t) =
∫ t
S
(
∫ t2
S cl(t1)e

−t1dt1)dt2∫ t
S
cl(t1)e−t1dt1

(see [18]). It follows that s ∈ C∞((S,+∞)) satisfies s > 0 and

s′ > 0, u ∈ C∞((S,+∞)) satisfies u′′s−s′′ > 0.

As u(t) = − log(
∫ t

S
cl(t1)e

−t1dt1) is decreasing with respect to t, then it follows from

−S ≥ v(t)≥max{t,−t0−B0} ≥ −t0−B0 for any t≤ 0 that

sup
M

e−u(−v(ψ)) ≤ sup
t∈(S,t0+B]

e−u(t) =

∫ t0+B

S

cl(t1)e
−t1dt1, (128)

then it follows from inequality (8) and inequality (126) that∫
M

|Fl− (1− bt0,B(ψ))F |2evt0,B(ψ)−ϕcl(−vt0,B(ψ))≤ C

∫ t0+B

S

cl(t1)e
−t1dt1. (129)

Step 7: Nonsmooth function c.

By the construction of cl in Step 1, we have∫ t0+B

S

cl(t1)e
−t1dt1

=

∫ t0+B

S

∫
R

h((t1−S)ey+S)gl(y)dydt1

=

∫
R

e−ygl(y)

∫ (t0+B−S)ey+S

S

h(s)dsdy

=

∫
R

e−ygl(y)dy

∫ t0+B

S

h(s)ds+

∫
R

e−ygl(y)

∫ (t0+B−S)ey+S

t0+B

h(s)dsdy.

(130)

As

lim
l→+∞

∣∣∣∣∫
R

e−ygl(y)dy−1

∣∣∣∣
≤ lim

l→+∞

∣∣∣∣∣
∫ 0

− 1
l

(e−y−1)gl(y)dy

∣∣∣∣∣+ lim
l→+∞

∣∣∣∣∣
∫ 1

l

0

e−ygl(y)dy

∣∣∣∣∣
=0

and ∣∣∣∣∣
∫
R

e−ygl(y)

∫ (t0+B−S)ey+S

t0+B

h(s)dsdy

∣∣∣∣∣
≤e

1
l

(
1+

1

l

)
h((t0+B−S)e−1+S)(t0+B−S)(e

1
l −e−

1
l ),

then it follows from inequality (130) that

lim
l→+∞

∫ t0+B

S

cl(t1)e
−t1dt1 =

∫ t0+B

S

c(t1)e
−t1dt1. (131)
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Combining with inf l infM evt0,B(ψ)−ϕcl(−v(ψ)) ≥ infM evt0,B(ψ)−ϕc(−v(ψ)) > 0, we obtain

that

sup
l

∫
M

|Fl− (1− bt0,B(ψ))F |2 <+∞.

Note that ∫
M

|(1− bt0,B(ψ))F |2 ≤
∫
M

|I{ψ<−t0}F |2 <+∞, (132)

then supl
∫
M
|Fl|2 < +∞, which implies that there exists a compactly convergent subse-

quence of {Fl} (also denoted by {Fl}), which converges to a holomorphic (n,0) form F̃ on

M. Then it follows from inequality (129) and the Fatou’s Lemma that∫
M

|F̃ − (1− bt0,B(ψ))F |2evt0,B(ψ)−ϕc(−vt0,B(ψ))

≤
∫
M

|F̃ − (1− bt0,B(ψ))F |2evt0,B(ψ)−ϕc−(−vt0,B(ψ))

=

∫
M

liminf
l→+∞

|Fl− (1− bt0,B(ψ))F |2evt0,B(ψ)−ϕcl(−vt0,B(ψ))

≤ liminf
l→+∞

∫
M

|Fl− (1− bt0,B(ψ))F |2evt0,B(ψ)−ϕcl(−vt0,B(ψ))

≤C liminf
l→+∞

∫ t0+B

S

cl(t1)e
−t1dt1

=C

∫ t0+B

S

c(t1)e
−t1dt1.

Thus, we prove Lemma 2.1.

7.2 Proof of Lemma 2.14

The proof is from [15] with a few minor modifications.

Choose p ∈ suppT ∩U . By Lemma 2.12, there exist a real number t > 0 and a coordinate

(V,w), such that w(p) = 0, w(V ) ∼= B(0,1) and V ⊂⊂ {GΩ(z,p) < −t} ⊂⊂ U . There exists

a cut-off function θ on Ω, such that θ ≡ 1 on w−1(B(0, 14)) and suppθ ⊂⊂ w−1(B(0, 12)).

Let T̃ = θT , then T̃ is a closed positive (1,1) current on Ω with suppT̃ ⊂⊂ w−1(B(0, 12))

and T̃ �≡ 0. Now, we prove that exists a subharmonic function Φ < 0 on Ω, which satisfies

the following properties: i∂∂̄Φ = T̃ ; limt→0+0(inf{GΩ(z,z0)≥−t}Φ(z)) = 0; infΩ\U Φ > −∞.

Then Φ satisfies the requirements in Lemma 2.14.

Step 1: Construct Φ.

Let ρ ∈ C∞(C) be a function with suppρ ⊂ B(0, 12) and ρ(z) depends only on |z|, ρ ≥ 0

and
∫
C
ρ(z)dλz = 1. Let ρn(z) = nρ(nz), ρn is a family of smoothing kernels.

As w(V )∼=B(0,1), without misunderstanding we see (V,z1) and (B(0,1),w) the same. As

suppT̃ ⊂⊂w−1(B(0, 12)) and suppρ⊂B(0, 12), denote that Tn = T̃ ∗ρn be the convolution of

T̃ . In fact, for any test function h ∈C∞
c (Ω), ((h◦w−1)∗ρn)(w) (h∗ρn(w) for short) is well

defined on w−1(B(0, 12)), and 〈Tn(z1),h(z1)〉 =< T̃ (w),h ∗ ρn(w) >. Then Tn is a smooth

closed positive (1,1) current on Ω with suppTn ⊂⊂ w−1(B(0, 12 +
1
2n)).

Let un(z) = 〈Tn(z1),
1
πGΩ(z,z1)〉. GΩ(z,z1) is locally integrable with respect z1 ∈ Ω for

any fixed z ∈ Ω implies that un(z) > −∞ for any z ∈ Ω. For fixed z and fixed n, we
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will prove 〈Tn(z1),
1
πGΩ(z,z1)〉 = 〈T̃ (w),( 1πGΩ(z, ·) ∗ ρn)(w)〉. For fixed z, GΩ(z,z1) is a

subharmonic function on Ω. There exists a sequence of smooth subharmonic functions

Gm(z1) decreasingly converge to GΩ(z,z1) with respect to m. As Gm(z1) is smooth, we

have

〈Tn(z1),
1

π
Gm(z1)〉=< T̃ (w),

1

π
Gm ∗ρn(w)> . (133)

As T̃ and Tn are closed positive (1,1) current on Ω with suppTn ⊂⊂ V and suppT̃ ⊂⊂ V ,

and Gm(z1) decreasingly converge to GΩ(z,z1)< 0 with respect to m on Ω, it follows from

Levi’s Theorem and equality (133) that

〈Tn(z1),
1

π
GΩ(z,z1)〉= lim

m→+∞
〈Tn(z1),

1

π
Gm(z!)〉

= lim
m→+∞

< T̃ (w),
1

π
Gm ∗ρn(w)>

=< T̃ (w),
1

π
GΩ(z, ·)∗ρn(w)> .

Fixed z ∈Ω, as 1
πGΩ(z,z1) is subharmonic, then 1

πGΩ(z, ·)∗ρn is decreasingly convergent

to 1
πGΩ(z,z1) with respect to n. Note that T̃ is a positive (1,1) current on Ω, then un(z)

is decreasing with respect to n. Let Φ(z) = limn→+∞un(z). GΩ(z,z1) < 0 on Ω×Ω shows

that un(z)< 0 and Φ(z)< 0 on Ω.

Step 2: i∂∂̄Φ= T̃ .

Firstly, we show that both {un} and Φ is L1
loc function on Ω. As un ≤ 0 on Ω and un is

decreasingly convergent to Φ with respect to n on Ω, it suffices to prove that, for any q ∈Ω,

there exists an open subset K ⊂⊂ Ω, such that q ∈K and
∫
K
|un|dVΩ ≤ C, where dVΩ is

some continuous volume form and C is a constant which independent of n.

It is clear that there exists a compact subset D of V such that suppT̃ ⊂D and suppTn ⊂D

for any n. When q �∈ V , where exists a coordinate w1 on a neighborhood V ′ of q, such that

w1(q) = 0, V ′ ⊂⊂ Ω, w1(V
′) ∼= B(3,1), and V ′∩D = ∅. Note that for any (z,z1) ∈ V ′×D,

G(z,z1)< 0 on Ω×Ω, G(z,z1) is harmonic with respect to z or z1 when fixed another one

and
∫
z1∈V

|G(q,z1)| < +∞. Without loss of generality, we see (V ′, z) and (B(3,1),w1) the

same and assume that dVΩ = dλz on V ′, where dλz is the Lebesgue measure on C. Then
we have ∫

V ′
|un|dVΩ =

1

π

∫
z∈V ′

∫
z1∈V

|GΩ(z,z1)|Tn(z1)dλz

=
1

π

∫
z1∈V

∫
z∈V ′

|GΩ(z,z1)|dλzTn(z1)

=
1

π

∫
z1∈V

π|GΩ(q,z1)|Tn(z1)

≤ ‖Tn‖ sup
z1∈V

|GΩ(q,z1)|

= ‖T̃‖ sup
z1∈V

|GΩ(q,z1)|.

(134)

When q ∈ V , GΩ(w,w̃) = log |w− w̃|+v(w,w̃) on V ×V , where v(w,w̃) is harmonic with

respect to w or w̃ when fixed another one. Without loss of generality, we see (V,z) and

(B(0,1),w) the same and assume that dVΩ = dλw on V, where dλw is the Lebesgue measure
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on C. Then we have∫
V

undVΩ =
1

π

∫
w∈V

∫
w̃∈V

GΩ(w,w̃)Tn(w̃)dλw

=
1

π

∫
w̃∈V

∫
w∈V

GΩ(w,w̃)dλwTn(w̃)

=
1

π

∫
w̃∈V

∫
w∈V

log |w− w̃|dλwTn(w̃)+
1

π

∫
w̃∈V

∫
w∈V

v(w,w̃)dλwTn(w̃).

(135)

Note that ∫
w∈V

log |w− w̃|dλw ≥−
∫
w∈B(0,2)

| log |w||dλw >−∞

holds for any w̃ ∈ V, ∫
w∈V

v(w,w̃)dλw = πv(q, w̃)

holds for any w̃ ∈ V and infw̃∈V v(q, w̃)>−∞, then equality (135) implies that there exists

a constant N > 0 such that ∫
V

undVΩ ≥N‖Tn‖. (136)

By the definition of Tn, we know ‖Tn‖= ‖T̃‖<+∞. As un ≤ 0, combining inequality (134)

and (136), we obtain that any q ∈ Ω there exists an open subset K ⊂⊂ Ω, such that q ∈K

and
∫
K
|un|dVΩ ≤C, where dVΩ is some continuous volume form and C is a constant which

independent of n. Hence, we know {un} ∈ L1
loc(Ω) and Φ ∈ L1

loc(Ω).

Now, we consider i∂∂̄Φ. Let g ∈ C∞
c (X) be a test function. It follows from Φ ∈ L1

loc(Ω)

and the dominated convergence theorem that

〈i∂∂̄Φ,g〉= 〈Φ(z), i∂∂̄g(z)〉
= lim

n→+∞
〈un(z), i∂∂̄g(z)〉.

(137)

As un(z) = 〈Tn(z1),
1
πGΩ(z,z1)〉, using Fubini’s Theorem, equality (137) becomes

〈i∂∂̄Φ,g〉= lim
n→+∞

〈〈Tn(z1),
1

π
GΩ(z,z1)〉, i∂∂̄g(z)〉

= lim
n→+∞

〈Tn(z1),〈
1

π
GΩ(z,z1), i∂∂̄g(z)〉〉.

(138)

Since Tn is positive (1,1) current on Ω, Tn converge weakly to T̃ and i
π∂z∂̄zGΩ(z,z1) = δz1 ,

it follows from equality (138) that

〈i∂∂̄Φ,g〉= lim
n→+∞

〈Tn(z1),〈
1

π
GΩ(z,z1), i∂∂̄g(z)〉〉

= lim
n→+∞

〈Tn(z1),g(z1)〉

= 〈T̃ ,g〉,

(139)

which implies that i∂∂̄Φ= T̃ .
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Step 3: limt→0+0(inf{GΩ(z,z0)≥−t}Φ(z)) = 0 and infΩ\U Φ>−∞.

LetW ⊂⊂Ω be an open set of Ω which satisfies V ∪{z0}⊂W andW ∩{−t≤GΩ(z,z0)}=
∅, where t is a small enough positive number. Then for every fixed z ∈ {−t ≤ GΩ(z,z0)},
GΩ(z,z1) is harmonic function on a neighborhood of W with respect to z1. By the Harnack

inequality of harmonic function, there exists a M > 0 such that

sup
z1∈W

(−GΩ(z,z1))≤M inf
z1∈W

(−GΩ(z,z1)).

As z ∈ {−t≤GΩ(z,z0)}, we have

Mt >−MGΩ(z,z0)≥M inf
z1∈W

(−GΩ(z,z1)≥ sup
z1∈W

(−GΩ(z,z1)≥ 0,

which means that limt→0+0(inf{GΩ(z,z0)≥−t}×W GΩ(z,z1)) = 0.

Note that 0 ≥ un(z) = 〈Tn(z1),
1
πGΩ(z,z1)〉 ≥ 1

π inf{GΩ(z,z0)≥−t}×W GΩ(z,z1)‖Tn‖ holds

for any n and z ∈ {−t≤GΩ(z,z0)}, as ‖Tn‖= ‖T̃‖<+∞ and un is decreasingly convergent

to Φ, then we have

lim
t→0+0

( inf
{GΩ(z,z0)≥−t}

Φ(z))≥ lim
t→0+0

1

π
inf

{GΩ(z,z0)≥−t}×W
GΩ(z,z1)‖T̃‖= 0.

Next, we prove infΩ\U Φ > −∞. Note that p ∈ V ⊂⊂ {GΩ(z,p) < −t} ⊂⊂ U ⊂⊂ Ω, it

follows from Lemma 2.13 that there exists a constant N > 0, such that

GΩ(z,z1)≥NGΩ(z,p)≥−Nt (140)

holds for any (z,z1) ∈ (Ω\U,V ). As un(z) = 〈Tn(z1),
1
πGΩ(z,z1)〉 and suppTn ⊂⊂ V for any

n, then we have un(z) ≥ −Nt
π ‖Tn‖ hold on z ∈ Ω\U . Note that ‖Tn‖ = ‖T̃‖ and un is

decreasingly convergent to Φ, then we have infΩ\U Φ>−∞.

Thus, Lemma 2.14 holds.
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[21] M. Jonsson and M. Mustaţă, Valuations and asymptotic invariants for sequences of ideals, Ann. Inst.

Fourier A (Grenoble) 62 (2012), 2145–2209.
[22] R. Lazarsfeld, Positivity in Algebraic Geometry. I. Classical Setting: Line Bundles and Linear Series,

Ergeb. Math. Grenzgeb. (3) 48, Springer, Berlin, 2004; Positivity in Algebraic Geometry. II. Positivity
for Vector Bundles, and Multiplier Ideals, Ergeb. Math. Grenzgeb. (3) 49.

[23] A. Nadel, Multiplier ideal sheaves and Kähler–Einstein metrics of positive scalar curvature. Ann. of
Math. (2) 132 (1990), 549–596.

[24] T. Ohsawa, On the extension of L2 holomorphic functions. V. Effects of generalization. Nagoya Math.
J. 161 (2001), 1–21. Erratum to: “On the extension of L2 holomorphic functions. V. Effects of
generalization” [Nagoya Math. J. 161 (2001), 1–21]. Nagoya Math. J. 163 (2001), 229.

[25] L. Sario and K. Oikawa, Capacity Functions, Grundl. Math. Wissen. 149, Springer, New York, 1969.
[26] Y. T. Siu, “The Fujita conjecture and the extension theorem of Ohsawa–Takegoshi” in Geometric

Complex Analysis, World Scientific, Hayama, 1996, 577–592.
[27] Y. T. Siu, Multiplier ideal sheaves in complex and algebraic geometry. Sci. China Ser. A 48 (2005),

1–31.
[28] Y. T. Siu, “Dynamic multiplier ideal sheaves and the construction of rational curves in Fano manifolds”

in Complex Analysis and Digital Geometry , Acta Univ. Upsaliensis Skr. Uppsala Univ. C Organ. Hist.
86, Uppsala Universitet, Uppsala, 2009, 323–360.

[29] H. Skoda, Sous-ensembles analytiques d’ordre fini ou infini dans Cn, Bull. Soc. Math. France 100
(1972), 353–408.

[30] G. Tian, On Kähler–Einstein metrics on certain Kähler manifolds with C1(M) > 0, Invent. Math. 89
(1987), 225–246.

[31] M. Tsuji, Potential Theory in Modern Function Theory , Maruzen Co., Ltd., Tokyo, 1959.
[32] W. Xu and X. Y. Zhou, Optimal L2 extensions of openness type, preprint, arXiv:2202.04791v2

Qi’an Guan

School of Mathematical Sciences

Peking University

Beijing 100871, China
guanqian@math.pku.edu.cn

Zheng Yuan

School of Mathematical Sciences

Peking University

Beijing 100871, China
zyuan@pku.edu.cn

https://doi.org/10.1017/nmj.2023.12 Published online by Cambridge University Press

https://arxiv.org/abs/1811.03261v4
https://doi.org/10.1007/s42543-021-00047-5
https://arxiv.org/abs/1311.3781
https://arxiv.org/abs/2202.04791v2
mailto:guanqian@math.pku.edu.cn
mailto:zyuan@pku.edu.cn
https://doi.org/10.1017/nmj.2023.12

	1 Introduction
	1.1 Concavity property of minimal L2 integrals with Lebesgue measurable gain
	1.2 Applications
	1.2.1 Applications in optimal L2 extension theorem
	1.2.2 Necessary conditions of G(-1(r)) is linear
	1.2.3 Characterizations for the linearity of G((r)) in 1-dimensional case
	1.2.4 Characterizations for the holding of the equality in optimal L2 extension problem on open Riemann surfaces with weights may not be subharmonic


	2 Preparation
	2.1 L2 methods
	2.2 Some properties of G(t)
	2.3 Some results used in the proofs of applications

	3 Proofs of Theorem 1.3 and Corollaries 1.4, 1.5, and 1.7
	3.1 Proof of Theorem 1.3
	3.2 Proof of Corollary 1.4
	3.3 Proof of Corollary 1.5
	3.4 Proof of Corollary 1.7

	4 Proofs of Theorems 1.9 and 1.10, and Corollaries 1.11 and 1.12
	4.1 Proof of Theorem 1.9
	4.2 Proof of Theorem 1.10
	4.3 Proof of Corollary 1.11
	4.4 Proof of Corollary 1.12

	5 Proofs of Theorems 1.13–1.15
	5.1 Proof of Theorem 1.13
	5.2 Proof of Theorem 1.14
	5.3 A limiting property of G(t)
	5.4 Proof of Theorem 1.15

	6 Proofs of Theorem 1.16, Theorem 1.17, Corollary 1.18 and Corollary 1.19
	6.1 A necessary condition of linearity
	6.2 Proof of Theorem 1.16
	6.3 Proof of Theorem 1.17
	6.4 Proof of Corollary 1.18
	6.5 Proof of Corollary 1.19

	7 Appendix
	7.1 Proof of Lemma 2.1
	7.2 Proof of Lemma 2.14


