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Abstract. We study questions concerning the ergodic theory, von Neumann algebras,
geometry, and topology of actions of lattices in Sp (1, n).

1. Introduction

In this paper we study actions of lattice subgroups of the Lie groups Sp (1, n). There
are four main results. The first two are of an ergodic theoretic nature, concerning
the measurable orbit equivalence of actions of such groups, as well as the von
Neumann algebra associated with the action by the Murray-von Neumann group-
measure space construction. The last two results are of a geometric nature, concerning
the actions of such lattices preserving a geometric structure on a manifold. An
interesting feature of the proof of these is the new role played by von Neumann
algebras in helping (along with geometric and ergodic theoretic arguments) to
establish purely geometric results. We now describe the results in more detail.

Let I' (respectively I'') be a discrete group acting essentially freely, properly
ergodically, and with finite invariant measure on a (standard) measure space (S, u)
(respectively (S’, u’)). We recall that these actions are called orbit equivalent if
there is a measurable bijection (modulo null sets) 8: S—> S’ that is measure-class
preserving and such that for (almost) all s€ S, 0(sT") = 8(s)I"". The groups I" and I"
are called weakly equivalent, and we write I'=I", if such orbit equivalent S and S’
exist. If I', I'" are both amenable then I'=I" by [1, §]. Suppose now that G, G’ are
connected non-compact simple Lie groups with finite center, and I'c G, "< G’ are
lattices. Then the main result of [12] (see also [14]) implies that if R-rank (G) =2,
then I'=I" implies G and G’ are locally isomorphic. A basic open problem in this
direction is to clarify the extent to which this result holds if both G and G’ are of
R-rank 1. From [13], we deduce that if I'=I", G has Kazhdan’s property if and
only if G’ does as well. Our first main theorem is to extend the result quoted above
for R-rank (G)=2 to the case Sp (1, n).
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THEOREM 1.1(a). Let T<Sp(1,n), I'<=Sp (1, m) be lattices (n,m=1). Assume
I'=I". Thenn=m. .

(b) More generally, let I, J be finite subsets of {nc Z|n=2}. Forie I (respectively
jeJ) let T'; <= Sp (1, i) (respectively I'; < Sp (1, j)) be a lattice. Let D and D’ be discrete
groups each of which is a (finite) product of lattices in groups of the form SO (1, k)
or SUQ1, p). If

Dx[[T;=D'x[I T},
iel jed

then I],., (2i—1) =l'[je, (2j—1) (where we take an empty product to equal 1.)

It would of course be interesting to determine if we must have I =J in (b). We
remark that although [],_, I'; is a lattice in a semisimple group of R-rank =2 if the
cardinality of I is at least 2, the results of [12, 14] are not directly applicable since
these lattices will not be irreducible.

The technique of proof of Theorem 1.1 is related to (and was inspired by) the
work of Cowling and Haagerup [4] showing that the von Neumann algebras of
lattices in Sp (1, n) vary as n varies. Making precise the ideas of Haagerup [8],
Cowling and Haagerup define for any discrete group I', a number A(I') which
depends only on VN(TI'), the von Neumann algebra generated by the regular
representation of I', and which is 2n—1 for a lattice in Sp (1, n). In the present
paper we construct a number C (S, I'), where S is a measure space on which I acts
in a measure class preserving way, so that C (S, ') = A(I') if " acts essentially freely,
ergodically and with finite invariant measure. We then show that for such actions,
C (S, T) is an invariant of orbit equivalence, and this will yield Theorem 1.1 (using,
of course, the computations of A(I") for various lattices, which appear in [3, 4, 8]).
The number C (S, T') is constructed using the group measure space von Neumann
algebra, but it is not clear whether or not this depends only on this von Neumann
algebra. (I.e., a priori it depends on a Cartan subalgebra as well.)

Our second main result concerns precisely this point, i.e. to clarify in which
circumstances one can expect non-isomorphism of the group measure space von
Neumann algebras given non-orbit equivalent actions. It is known that this does
not hold in complete generality [2], but it is widely expected that some such
phenomenon exists for actions of lattices in (possibly higher rank) semisimple
groups. If I acts on a measure space S, we let VN (S, I') be the group measure space
von Neumann algebra. (We recall the definition in § 2.)

THEOREM 1.2. Let T'<=Sp (1, n), I'cSp (1, m) be lattices (n,m=2). Let I'> X,
I"> X' be embeddings where X and X' are (separable) pro-finite groups. Let T act
on X (and T" and X') by translations. If VN (X, T)=VN (X', T’), then n=m.

We remark that any such lattice is residually finite and hence admits a pro-finite
embedding. Thus, Theorem 1.2 provides a natural infinite set of mutually non-
isomorphic II, group measure space factors. It would of course be of considerable
interest to determine if the conclusion of Theorem 1.2 remains valid in a more
general context, e.g. for lattices in higher rank groups. Another natural question is
the sensitivity of VN (X, I') to changing the pro-finite embedding for a fixed I. For
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example, if p is a prime and I'> X, is an embedding in a pro-p group, does
VN (X,,TI') vary as p changes?

Our third main result concerns connection preserving actions on manifolds. We
first recall the main result of [17] (see also [16]) for actions of lattices in higher
rank groups. Suppose H is a connected simple Lie group with finite center and that
R-rank (H)=2. Let I'c H be a lattice. Suppose M™ is a compact manifold and
that M is endowed with both a connection and a G-structure, where G = SL (m, R)
is an algebraic group. If I" acts on M so as to preserve the connection and the
G-structure, then the main result of [17] implies that either £ ¢ (i.e. H embeds
in G locally), or T preserves a smooth Riemannian metric on M. For example,
SL(n, Z) acts on R"/Z" preserving the standard connection and a volume form (i.e.
a SL (n, R)-structure). It follows from the theorem quoted above that any volume
preserving connection preserving action of SL (n, Z) (n =3) on a compact manifold
M with dim M <n must preserve a Riemannian metric. From the fact that every
homomorphism of SL (n,Z) (n=3) into a compact Lie group has finite image, we
deduce that every such action is finite (i.e. factors through a finite quotient.) In this
paper, we establish a result of the same nature for lattices I'< Sp (1, n). Using the
fact that I' has Kazhdan’s property (T), it follows from the results of [18] that if T’
preserves a G-structure on a compact manifold M™, G < SL (m, R) algebraic, and
a connection on M, where G is locally isomorphic to a group of the form SO (1, p)
or SU (1, p), then I' preserves a smooth Riemannian metric on M. Here we prove:

THeOREM 1.3. Let I'< Sp (1, n) be a lattice. Suppose T acts on a compact manifold
M preserving a connection and an Sp (1, m)-structure for any linear representation of
Sp (1, m). If T acts properly on the frame bundle of M, then n<m.

THEOREM 1.4. Let I'c Sp (1, n) be a lattice. Suppose I' acts on a compact Riemannian
manifold preserving the Levi- Civita connection and a Sp (1, m)-structure for any linear
representation of Sp (1, m). Let Iso (M) be the isometry group of M.
(i) If ' nIso (M) is finite, then n<m.
(ii) If m =2 and the structural representation of Sp (1, m) is irreducible, then either:
(a) n=2; or
(b) T preserves a smooth Riemannian metric on M.

To illustrate, we remark that under the standard embedding Sp(1,n)c
GL (4(n+1),R) the subgroup Sp (1, n) is the set of real points of an algebraic
Q-group, and hence the group of integer points I' = Sp (1, n); is a lattice. This group
acts naturally on the torus M =R*"*V/Z%"*V preserving a Riemannian connection
and a Sp (1, n)-structure, and I'~ Iso (M) is finite. Theorem 1.4 implies that there
is no such action on a smaller dimensional manifold.

The proof of Theorems 1.3, 1.4 is in two parts. We consider the action of I’ on
the frame bundle P(M) of M. If the action is proper, then we use von Neumann
algebra techniques to show n < m. If the action is not proper, then we use arguments
of geometry and the notion of algebraic hull of an action (reflecting the relationship
between algebraic structures and the ergodic theory of the action) to deduce the
existence of a smooth invariant metric.
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The technical tools used to prove Theorems 1.3 and 1.4 when the I'-action on
P(M) is proper also establish our last result, which extends the work of [19].

THEOREM 1.5. Suppose the discrete group T' acts properly on the universal covering
space M of a compact manifold M, that this action commutes with the action of the
Jundamental group w,(M) and that the projected action of I' on M admits a finite
invariant measure. Then A(7,(M)) = A(T"). In particular, if T is a lattice in Sp (1, n),
then m,( M) cannot be embedded as a discrete subgroup of Sp (1, m) (with m <n) or
in SO (1, m) or in SU (1, m) (with m=1).

Using a result of M. Gromov [7], the following Corollary is immediate.

COROLLARY 1.6. Suppose that Sp (1, n) acts (non-trivially and) real analytically on
a compact manifold M and preserves a connection and a finite measure. Then
A(m(M))=2n—-1.

2. Approximations of the identity on von Neumann aigebras

Let M be a von Neumann algebra. We recall that an operator T: M » M is called
completely bounded if T®Id is a bounded map on the spatial tensor product
algebra M ® N for any von Neumann algebra N, and the completely bounded norm
is given by || T||cs = || T®1d| for N = B(H), H a separable Hilbert space. (See [3]
for details and discussion.) We also recall that M is the dual space of a Banach
space, and hence M has a weak-*-topology. As in [3, 4, 8], we have the following
invariant of M. Consider nets {T;},.;, where T;: M > M is a weak-*-continuous
operator, dim T;(M) < oo, and for all xe M, T)x—> x in weak-*. Let A(M) be the
infimum of those numbers C for which there exists such a net with || T;||cs = C for
all i. Otherwise, set A(M) =00,

If I is a discrete group, we let VN (I') be the von Neumann algebra generated
by the regular representation of I'. Thus, if we let 7: [ > U (L*(T')) be the regular
representation, then VN (TI') is the closure in the weak operator topology of operators
of the form ¥ . a,m(y) where a,€ C and a,=0 except on a finite set of . If
T:VN(I')> VN (I'), and F<T is a finite set, we say that T is supported on F if
T(VN(I) = {¥,r a,w(vy)}. (In particular, dim T(VN (I')) <0.) From [8] we have:

LEMMA 2.1. [8]. If T is a discrete group, then A(VN (I')) is the infimum (if it exists)
of those numbers C for which there is a net of weak-*-continuous T;: VN (I') > VN (')
such that (a) each T; is supported on a finite set ( possibly depending on i), (b) for all
x€ VN (T'), Tix- x in weak-*; and (c) || T;||cs = C for all i.

We shall also need the dual description of A(VN (I')) given in [4,8]. Let G be
a locally compact group. Let B(G) be the space of matrix coefficients of unitary
representations of G. l.e. a function f on G is in B(G) if and only if f is of the
form f(g)={(m(g)v, w) where 7 is a unitary representation of G. Then B(G) is a
Banach algebra with the norm

Ilf1ls =inf {Joll|w]||f(g) =(m(g)v, w)}.
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We let A(G)< B(G) be the subalgebra of matrix coefficients of the regular rep-
resentation of G. Then A(G) is the closed ideal generated by B.(G) = B(G) n C.(G).
Furthermore, we have a natural identification A(G)* = VN (G), the von Neumann
algebra generated by the regular representation. Now let

M(G)={me C(G)|mA(G)< A(G)},
and

M,y(G) ={m e M(G) |the adjoint operator on VN (G) is completely bounded}.

It is known that m € My(G) if and only if there are bounded continuous functions
P,Q: G> H where H is a Hilbert space, such that m(y~'A)=(P(A), Q(y)) for
¥, A € G. Furthermore, if we let |m|cp be the completely bounded norm of the
adjoint operator on VN (G), then

def
imllca = Imllmyc) = inf {I| Pllcll Qllo}

where P, Q satisfy the above equation. With this norm, M,(G) is a Banach space,
and we have A(G) < B(G)< My(G)< M(G). We also remark that if I is discrete,
1)< IAT) < A(D).

Lemma 2.2, [4,8]. For any locally compact G, let A(G) be the infimum of those
numbers C for which there is a net u; € A.(G) such that u; > 1 uniformly on compact
sets and || ;| my)= C. Then
(i) If T G is a lattice, A(I') = A(G).
(ii) If T is discrete, then A(T)=A(VN (I')).
(iii) A(G) is the infimum of those numbers C for which there is a net ¢; € A(G) such
that ¢; - 1 uniformly on compact sets and || ;| myc)=C.

We summarize some of the basic results of [3, 4].

THEOREM 2.3. [3,4].

(a) IfT=SO(1,n) or '=SU (1, n) is a lattice, n=2, then A(VN (I')) =1.
(b) If T<=Sp (1, n) is a lattice, n=2, then A(VN (")) =2n-1.

(€) A(VN(T',xT3))=A(VN (T))A(VN (T5)).

Now suppose that (S, ) is a (standard) measure space and that the discrete
group ' acts in a measure class preserving way on S. For yeT, let w(y)e
U(L*(S xT)) be given by

(w()f)(s, 8) =f(sy, g¥)r(s, ¥)'?
where r(s, y) = (d(y4p)/dun)(s). For ae L*(S), we have the multiplication operator
(which we still denote by a) on L*(SxT), i.e. (a-f)(s, y)=a(s)f(s, y). We let
VN (S,T) be the von Neumann algebra generated by {ae L¥(S)}u {w(y)|yeT}.
This is the group measure space von Neumann algebra. It is the closure in the weak
operator topology of operators of the form {}¥,_ i a,7(y)} where a, e L™(S) and
a,(s)=0 for all s except for v in a finite subset of I'. Obviously, if S={pt}, then
VN (S,T)=VN(T). On the other hand, for essentially free actions, VN (S,T)
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depends only on the equivalence relation defined by the I'-action on S, or in other
words, depends on the action up to orbit equivalence. (See [6] for discussion.) We
shall need one explicit feature of this isomorphism, and hence we recall this with
a little detail. Let I’ act on (S, u), " act on (s, "), and suppose 6: S> S’ is an
orbit equivalence. We suppose both actions are essentially free, and (for simplicity)
finite measure preserving. Define a: S xI'>T" by 6(s)a(s, y) = 6(sy). Then the map
6: SxI'> S'xI" given by 5(s, v) =(0(s), a(s, v)) is a measure preserving bijection.
Let U: L*(S'xI")-> L*(SxT) be the associated unitary operator. lLe., for he
L*(S'xT"), Uh=ho 0. Then one easily checks that U VN (S5, T)U = VN (S, I").
Namely, it is clear that for a€ L*(S), U 'aU =a- 6. Furthermore, for yeT,
yel’, let A, ={s'eS'|a(8's, y)=1v'}. Then one verifies that

Uln(y)U= Zr Xa, (s)m(y)e VN (S, T).
y'el”

Now let F be the set of finite subsets of I'. Suppose s > F; is a measurable map
S- %, (i.e. {(s, ¥)| y € F,} is measurable). We call {F,} a field of finite subsets of T’

(on S).

DEFINITION 2.4. If T: VN (S,T')> VN (S, I') is an operator, and {F,} is a field of
finite subsets of I', we say that T is supported on {F} if T(VN (S, T')) is contained
in the closure (in the weak operator topology) of operators of the form
Y er ay(s)m(7y) where a, € L*(S) and a,(s)=0if y€ F,.

DEerFiNITION 2.5. Let C (S, T) be the infimum (if it exists) of those numbers C for
which there exists a net of weak-* continuous operators T;: VN (S, T")> VN (S, ')
such that

(i) for each i, there is a field subsets { Fi} such that T; is supported on {F};

(ii) for all xe VN (S, T'), T;x > x in weak-*;
(iii) | Tilcs= C for all i.
If no such C exists we set C (S,I') =00,

We remark that although C (S,T') is defined in terms of VN (S,TI'), it is not a
priori dependent only on VN (S, T’). The dependence of the definition on fields of
finite subsets makes C (S, I') a priori dependent on the choice of Cartan subalgebra
[6] L*(S)= VN (S,T) as well. For example, by [8] we have A(SL (2, R)XR?) =,
and hence (by [8] again) A(SL (2, Z)xZ?) = 0. The von Neumann algebra of this
discrete group is isomorphic (via the Fourier transform in the Z? variable) to the
von Neumann algebra VN (T? SL (2, Z)), where SL (2, Z) has the natural action
by automorphisms of T2 Thus, A(VN (T2 SL (2, Z)) =0, while C (T?, SL(2,2)) =
1. However, we do have:

LEMMA 2.6. If the actions of T on S and T and S’ are essentially free, finite measure
preserving, and orbit equivalent, then C (S,I')=C (S, I").

Proof. Let U: L}(S’xI")»> L*(SxT) be the unitary operator defined above, and
W:VN (S,T)> VN (S, I") the isomorphism W(A)=UTAU If T:VN(5T)~->
VN (S, T) is supported on a field of finite subsets { F}.s, then one easily verifies
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from the definitions that WTW™': VN (S, ") » VN (§’, [} is supported on {F},cs
where
Fi.={y'el"|y=a(87'(s"), y) for some ye F,}.
From this, the lemma follows by a routine argument.
Given a net as in Definition 2.5, it is convenient to have a net with somewhat
sharper properties.

Lemma 2.7. Let C' (S, T) be the infimum of those numbers C for which there is a net
of weak-* continuous operators T;: VN (S,T')»> VN (S, T") such that (i), (ii), (iii) of
2.5 hold with the additional assumption that in (i), for each i, { F'} is a constant field,
i.e. for some F'e & F.=F' forall s. Then C'(S,T)=C(S,T).

Proof. Clearly C' (S,I') = C (S, TI'). To see the converse, suppose {T;};.; has support
on {Fi}, | Tillcs = C and T;x - x in weak-* for all xe VN (S, T). For any Fe %, let
S.r={seS|Fic F}.Let T, r(x) = xs,,.* (T;(x)). Since L*(S) = VN (S, T), we clearly
have T;r: VN (S,I')-> VN (S,T'), and T, is supported on the constant field s> F.
For any ac VN (§,T), the map x> ax is completely bounded with completely
bounded norm equal to || af|. Hence || T ¢|| = C. Finally,as F /T, xs,, - Id in weak-*,
so T, ix - x in weak-* as well for any x € VN (S, I'). This shows C' (S, T') = C, which
suffices. O

3. Proof of Theorem 1.1
In light of Lemma 2.6 and Theorem 2.3, it suffices to prove:

THEOREM 3.1. Suppose a (countable) discrete group I acts in a measure class preserving
way on the (standard) measure space (S, u). Then
(a) C(S,TY=A(VND)).
(b) If the measure is finite and invariant, then C (S,I')= A(VN (I")).

We let M be the set of operators in VN (S,T) of the form ¥ a,7(y) where
a, € L*(S) and a,(s)=0 for all s except for y in a finite subset of I

Lemma 3.2. For any ¢eMyT), define Ty:M->M by T, am(y))=
Y, d(y)a,m(y). Then T, extends uniquely to a weak-* continuous map
T,: VN (S,I)> VN (S, T) with | Ty |l = || mocry -

Proof. Let m=Y w(y)a, € M. Let f,, f, € LA(SxT) with ¥ || 7, -/l full < .
Then

YTy (m)fu f)=2 % I ) SV (m(v)ay f)(s, vi)Fuls, 11) dy, ds
=Yy L ) (V) a, 1 )57, 1¥)r(s, ¥)V3fu(s, v1) dy, ds.

As in the discussion preceding Lemma 2.2, let p, g: ' - I*(Z*) such that
d(y"'M)=(p(A), q(v))= T p(A)G(¥).

kez®*
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Thus
AT (m)fos fo)

=YY J . (p(ny), (v a, f)(sy, »iy)(r(s, Y)VDF (s, v1) dy, ds
n vy Sx

=Z1Z J PV @)@, f) sy, 1Y) r(s, ¥) /3o (s, v1) dy, ds
n vy SxTI'

) j (@,pefn) (57, 1)P(s, ¥)/2(Qen) (s, v1) dy, ds
h v SxIr

=Z§ L ] (Z (m(V)a,pef) (s, 1) (@) (s, v1) Ay dS)
=Y Y (m(pifn), qif)-

Notice that
) Km(pif), gifo) <3¥|m]| FEANTEAR

1/2

1/2
<|m| T (g ||pkf,.||§) (; ladt, n%)
< Imlplllale S 1Al

since

1/2 " 1/2
(znpkfnué) =(zj |pk<y1>|2|fn<s,y,>|2dylds)
k k JSxT

=J 1O LG, vl dys ds = plel Fll
SxI’

and since we have the corresponding inequality for (3, |g:f.]|3)"/?. (Thus, all the
above formulae converge absolutely, and we may change the order of summation
and integration.) It follows that if for any me VN (S, I'), we define T,(m) by

<T¢(m)f,f>=§<m(pkf), af),

then T,, so defined, is the unique weak-* continuous extension from M to VN (S, I'),
and we have

I T (m)l| =l &l ool m]l-

To see that T, is completely bounded, one replaces I" by I'=T'x K in the above
argument where K =SU (2), acting trivially on S. The function ¢ on I' extends
naturally to a function éonT (d;(y, k)= ¢(v)) and by [3], we have q§ e My(I") and
b1l o> = Il & || aocry- The above argument shows that T; is a bounded map on ,
the von Neumann algebra on L*(SxT' x K) generated by L™(S), T acting on the
first two components as before, and K acting by right translations on K, with
1Tl =< Il M) Thus, we have & =VN (§,I)® VN (K) with T; corresponding to
T,®]Id. It follows that T, is completely bounded with || T, ||cg =< || ¢ || myr)-
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Proof of Theorem 3.1

(a) If A(VN(T')) =00, there is nothing to prove. Otherwise, for C > A(VN (I)),
choose a net ¢; of finitely supported functions with | ¢,y =C and ¢;~1
pointwise (Lemma 2.2). By Lemma 3.1, we have that T, is completely bounded
with || T, |lce = C. We clearly have T,m-m for all me M, and hence for all
me VN (S, I'). Finally, since ¢, is compactly supported, T, is supported on a field
of finite subsets on S, and hence C (S, I') = C, proving (a).

(b) We suppose there is a finite I'-invariant measure on S, that C (S, ') <0, and
show A(VN(T'))=C (S, T). Choose a net T; of operators on VN (S, I') such that
| Tillcs = C, Trm—> m in weak-* for all me VN (S, T'), and each T; is supported on
a constant field of finite subsets, say s> F'€ % (Lemma 2.7). Define I: VN (I') >
VN (S,T) and P: VN(S,T)>VN(I') by I(¥ . c,p(y)) =% . m(¥)c, (where p is
the regular representation of I' and we view ¢, as either a complex number or a
constant function on S), and

P( z Tr(v)ay> =3 (J a,(s) dﬂ(S))p(v)-
S

vel’ yel'
Then I and P are completely positive maps of completely bounded norm 1. 7 is
the canonical injection of VN (I') into VN (S, I') and P is the conditional expectation
from VN (§,I) to I(VN (I')), brought back to VN (I'). The net PT,I of operators
on VN (I') satisfies | PT.I | cs = C and PT,Ix - x in weak-* for all x € VN (T'). Further-
more, for each i, PT. is supported on F'<T. It follows that A(VN (I')) =< C, and
hence A(VN (I')) = C (S, I') as asserted.

4. Proof of Theorem 1.2
By Theorem 2.3, it suffices to prove:

THEOREM 4.1. Let I'> K be an embedding of a (countable) discrete group in a
(separable) pro-finite group K. Let T act on K via this embedding. Then A(VN (K, I")) =
A(VN (I')).

Proof. We have a natural embedding VN (I') > VN (K, I') and hence [4, Proposition
6.3] A(WVN(IN))=A(VN (K, TI')). We now show the reverse inequality. By Theorem
3.1, and Lemma 2.7, for any ¢ >0 we can find a net T; of operators on VN (K, I)
such that T;m > m in weak-* for all m, || T;||cg =< A(VN (T')})+¢, and each T, has
support on a constant field of finite subsets of I'. We can choose a sequence of
compact open subgroups K,, < K with K,,,= K, and( ) K,, ={e}. Let E,,: L(K)~>
L*(K)% = L*(K/K,) be the canonical conditional expectation given by averaging
over K, cosets. We extend E, to a map defined on operators on VN (K, I') which
are supported on a constant field of finite subsets of I" by setting

E..( Zr W(Y)ay) = Zr m(y)NEna,).

Then E, extends to a conditional expectation VN (K, I')>VN(K/K,,I'})—
VN (K,T) [10]. Thus, E, is completely positive and |E,||cg =1. Since K/K, is
finite, it is clear that E,T; has finite dimensional range for each n, i. Furthermore
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E,T;m - T,m for each i and each m € VN (K, T") since |_) L*(K )*~ is dense in L*(K).
Finally, |E,Ti|cs = | Ti|lcs- Thus, A(VN (K, T))=A(VN (I'))+¢, and this proves
the theorem. 0

5. Proof of Theorems 1.3 and 1.4

Let P-> M be the frame bundle of M. Let A(M) < Diff (M) be the subgroup leaving
the I'-invariant connection invariant. There is a A(M )-invariant smooth Riemannian
metric on the manifold P [9], and we let Iso (P) be the isometry group of P with
respect to this metric. We thus have inclusions I'> A(M) - Iso (P). Iso(P) and
A(M) are (not necessarily connected) Lie groups and A(M)c Iso (P) is closed.
The group Iso (P) acts properly on P, and I" will act properly on P if and only if
I' is closed in Iso (P). For the Levi-Civita connection on a compact Riemannian
M, this is the case if and only if I'nIso (M) is finite, as follows easily from a
classical theorem of Yano [9, p. 125]. To prove Theorems 1.3, 1.4, it suffices to show:

LEMMA 5.1. Assume the hypotheses of Theorem 1.3.

(a) If T acts properly on P, then n<m.

(b) If T preserves the Levi-Civita connection, does not act properly, and m =2, then
I" preserves a smooth Riemannian metric on M.

We first turn to the proof of assertion (b) of the lemma. We shall need the notion
of algebraic hull of a measurable cocycle. We refer the reader to [15] for a detailed
discussion of this notion in a geometric framework. Here, we recall some salient
features. If we choose a measurable trivialization of P (or equivalently, a measurable
section of P), then the I action on P=M X GL(n) can be expressed as y(m, g) =
(ym, a(y, m)g) where a: I' X M > GL(n) satisfies the cocycle equation. Choosing a
different measurable section is equivalent to choosing a cocycle equivalent to a. If
there is a measure u on M, quasi-invariant and ergodic for the I'-action, then up
to conjugacy there is a unique algebraic subgroup H < GL(n) such that « is
equivalent to a cocycle taking all values in H, but not equivalent to a cocycle taking
all values in a proper algebraic subgroup of H. Then H is called the algebraic hull
of a(or of the action on the principal bundle P). (It depends on the measure u.)
Our approach to proving assertion (b) is based on the following lemma.

LEMMA 5.2. Assume the hypotheses of 5.1. Suppose there is a finite I -invariant ergodic
measure on M such that every algebraic Kazhdan subgroup of the algebraic hull of
the action on P is compact. Then there is a smooth T -invariant Riemannian metric on
M.

Proof. Since T" is a Kazhdan group and the algebraic hull is Kazhdan by [18], the
algebraic hull is compact. As in [16, Lemma 4.11], this implies that there is a finite
I'-invariant measure on P. The argument of [ 16, Theorem 5.4] then implies the lemma.

We also need the following two facts.

LeMMA 5.3. Any proper algebraic Kazhdan subgroup of Sp (1, 2) is compact.
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Proof. This holds for simple subgroups by examination, from which the result for
general algebraic subgroups follows easily.

LEmMA 5.4. Let T'y< T be a non-trivial torsion-free normal subgroup. Then I, is not
abelian.

Proof. Let T', be the Zariski closure of Ty in Sp (1, n). Then I' normalizes (I',)°, and
hence Sp (1, n) does as well by the Borel density theorem [14]. Since T, is infinite,
we have o= Sp (1, n), and hence T, is not abelian.

Proof of 5.1(b) By passing to a group of finite index, we can assume I’ is torsion
free. Let T be the closure (usual Lie group topology) of ' in A(M). The hypotheses
of (b) imply that I' # T'. Since the I'-invariant connection on M is Riemannian, the
identity component A(M)° is compact [9, p. 125]. Let K = (I')°< A(M)°. Let K, = K
be a connected semisimple normal subgroup such that K/K, is abelian. Clearly
K, < K is a characteristic subgroup. Let [,=T'nK and I''=I'n K. Since I' is
torsion free, either I'; is trivial or infinite. If it is trivial, then I'y projects injectively
into K/ K, and hence I'y is abelian. However it is clearly normal in I" which implies
by Lemma 5.4 that Iy is trivial. This in turn would imply that I' = A(M) is discrete,
contradicting the assumption I' # I'. Therefore, we may assume I, is infinite.

Since I’y I' is normal and K, < K is characteristic, it follows that I', I is normal.
We let Q=T,< K,. Then Q is normalized by I, and hence by K. In particular,
Qc K, is normal, and hence Q is semisimple (and non-trivial). For me M, let
Q.. < Q be the stabilizer of m in Q, and let g,, < ¢ be the corresponding inclusion
of Lie algebras. For each m € M, we have a natural identification of ¢q/g,, with the
tangent space at m of the Q-orbit of m in M, i.e. with a subspace V,, = TM,,. Since
Q is compact and semisimple, we can fix an Aut (g)-invariant positive definite inner
product on g. This induces in a canonical way an inner product on ¢/q,,, and hence
on V,,. Furthermore, for any y € I' (or more generally for any element of N, (Q))
and any me M, dy,: V,,»> V, and the following diagram commutes:

/ qm LR a/ qym =9/ A(¥)(gm)

|

dy,,
Vo —— V.,

where vy acts on g via the automorphism A(y). Since the inner product on q is
Aut (q) invariant, it follows that we have a I'-invariant assignment to each me M
of an inner product on V,. (We remark that m-> V,, may not be of constant
dimension, so the assignment may not be globally smooth. However, since dim Q >0
and Q acts faithfully by definition, we have dim V,,, > 0 for m in a non-trivial open
set. Moreover, the assignment of inner product is clearly measurable.) It follows
that for each I'-ergodic component u of the I' action on M (with respect to the
smooth measure class), the algebraic hull H will act orthogonally on a subspace V
with dim V=dim V,, for u a.e. m in this ergodic component. In particular, for a
set of ergodic components of positive measure, dim V> 0. We also have H = Sp (1, 2)
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since the I'-action preserves a Sp (1, 2)-structure. Since the structural representation
of Sp (1, 2) is irreducible, we deduce that H = Sp (1, 2) is proper.

An application of Lemmas 5.2, 5.3 then completes the proof of
Lemma 5.1(b). a

Proof of Lemma 5.1. (a) Let P'-> M denote the I'-invariant G-structure on M, where
G =Sp (1, m). We first recall that since T acts properly on P’, for any compact sets
K, K'c P, {(v,p)eT'x K'|ype K} is precompact in I'x K’ [11]. We can choose a
bounded measurable section of the projection P'—> M, i.e. the image of the section
is precompact. It follows that the corresponding trivialization P'= M x G preserves
precompact sets. We let a: I'x M - G be the cocycle defined by the action on P’
via the above trivialization. We then have:

LeEMMA 5.5. (a) For any compact set K < G, there exists N € Z* such that forallm e M,
card ({yeTl|a(y,m)e K})<N.
(b) For any yeT, {a(y, m)|me M} is precompact.

Another consequence of the fact that I" acts properly is that P’/T" is Hausdorfl.
In particular, the action is smooth in the sense of ergodic theory [14], or tame in
the terminology of [15]. This latter condition is equivalent to the existence of a
fundamental set D < P’ for the I'-action, i.e. a measurable set D such that {yD|ye T}
are distinct and P is the disjoint union of these sets [14, Appendix A]. Lemma
5.1(a) follows from Lemma 2.2, Theorem 2.3 and the following general result.

THEOREM 5.6. Let I be a (countable) discrete group acting on a measure space (X, j1)
where p is finite and T'-invariant. Suppose G is a locally compact groupanda: X xI'> G
is a (measurable) cocycle such that
(i) the corresponding action of T on X x G (given by (x, g)v=(xvy, ga(x, y))) is
tame,
(ii) For each compact K < G, there is an integer N such that for all x € X,
card {yeT|a(x, y)e K}= N; and
(iii) for each yeT, {a(x, v)|x € X} is precompact. Then A(T) =< A(G) (where these
are as in Lemma 2.2).

For the proof, we shall need the following lemma which ensures that we can
choose a fundamental set with a special property.

LEMMA 5.7. Assume the hypotheses of 5.6. Then there is a fundamental set Dc X x G
Jor the I'-action such that if v is a finite measure on D in the class of the restriction
of the product measure on X x G to D, then the projection of v to a measure on X is
in the same measure class as u. (We only require here that D be a fundamental set
modulo null sets, i.e. fundamental in the measure algebra.)

Proof. This is basically an exercise in measure theory. We sketch the arguments
when G is a continuous group, leaving details of verification and case of G discrete
to the reader. For a set Ac X x G, and x€ X, we set A*={ge G|(x, g)€ A}. Let
X, ={x e X |Haar (A*) > 0}. It suffices to show that we can find a fundamental set
D with X conull in X. Fix any fundamental set A. Since |, cr Ay =X X G, we
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must have |, r (X4) - vy =X. We can thus choose a sequence of measurable sets
X; < X, (not necessarily disjoint) and a sequence v; in I such that X is the disjoint
union X =J; X;y; where X, = X,, v, = e. We fix these sequences together with an
ordering on them. Let n: X, > {00} UZ* be n(x)=card {i|x e X;}. For each j, we
can choose subsets (measurable) B, ,c An(n~'(j)x G), k=j (or k<j for j=00),
such that for each x € n™'(j), {Bx,;}(1=k=j) is a partition of A* into disjoint sets
of positive Haar measure. For each i and x € X;y,, let k(i, x) =card {r=<i|xy;'e X,}.
Thus, k(i, x) < n(xy;'). Define D*= Bi{,{,:),,.(x,,_—l) - v%. Then D=J,.x D" is the
required fundamental set. O
We now rephrase Lemma 5.7 in a convenient form. Since D is a fundamental

set,themap DxI'> X x G, (¢, y)~> &+ v is a measure space bijection. Letting x(¢&, y),
g(&, y) denote the corresponding components, we have
{x(& yy)=x(§ v)¥ and

g(& v¥)=g(& v)a(x(& v), ¥).
Let D have the measure given by restriction of the product measure. Choose any
me L'(D) with m>0 on D, such that for (almost) any x € X, Ic m*dg =1 where
m*(g)=m(x, g) if (x, g)e D, and m*(g) =0 if (x, g) £ D. Such an m exists by virtue
of Lemma 5.7. We then have the relation:

(**) J f(x) dx=J S(x(§ e))m(§) dé

for any fe L™(X).

We also need another well-known characterization of elements of My(G).

LEMMA 5.8.[4]. If G is a locally compact group, and u € C(G), define Mus C(G x G)
by Mu(g, g) =u(g™'g). Then uc My(G) if and only if pointwise multiplication by Mu
defines a bounded operator on the projective tensor product L*(G)® L*(G), and in
that case ||u||my ) is just the operator norm of multiplication by Mu on this tensor
product.
Proof of Theorem 5.6. Choose a net u; € A.(G) such that u; > 1 uniformly on compact
sets and || ;|| pyGy=< C where C > A(G). We shall produce a family »; € A(T') such
that »;-> 1 pointwise and ||7;||p,r = C. By Lemma 2.2, this suffices to prove the
theorem.

Given ue C(G), let u*: X x Gx X x G- C be given by u*(%, g, x, g) =u(g™'g)
and 4: DxT'x DxI' - C be given by

4( 7, & v)=u*(x(& 7), 8(§ ¥), x(& v), 8(§, 7))
=u(g(&v)'g(& 7).
If ue My(G), then one sees easily that the pointwise multiplier on L*(X x G)®
L*(X x G) given by

(*)

zfn®fn~»u*§f2®ﬁ.

is bounded with norm equal to ||u|| s G). (This is essentially the argument of the
proof of Lemma 3.2.) Via the measure space isomorphism D xI'-> X x G, we deduce
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that the pointwise multiplier on L*(D xTI')® L* D xT) given by
£6:04,~1i% 6,04,

is also bounded with norm equal to |juj sy ).

To obtain a pointwise multiplier operator on L") ® L¥(I"), we first inject LA(T)&®
LX(I) into L*(D xT')&® L*(D xT'), then multiply by &, then project back into L*(I") ®
LXT) using a trace map. More precisely, define I: LA(T)® L¥T)-> LA DxI&
L*(D xT) by the formula

I(Z ﬁn®'ﬂn> =Y (m'"?’®7,)®(m'*®mn,).
Since

1/2 1/2
(| imromemragar)”=([ mede) Inta=lnt.
DxI’ D
we have ||I]|=1. Similarly, define P: L*(D xT)® LX(D xT)-> L¥I")® L*(T) by

P(z $n®¢n) =y L Ful&, )@ du(£, ) dE.

n

To see that this defines an operator with |[P| =<1, it suffices to show that for any
¢, o € L(DxT), P(6®@¢)e LX(T)®LX(T), and that | P(¢® )| =]|¢[.l 4|, Fix
an orthogonal basis {¢;} for L*(D). Then we can write

b(&7) =L (b, e)(1)e;(£)
where J
(> )(y) = L $(& 7)&(¢) de
and
3 [ (s )l ar=1912

We have a similar expression

(& v) =1L (, eXv)e(£).

Then
(. &), (b, g)e LA(T),
P($®¢) =3 (d, ¢)®(s,¢),
and
R " 1/2 1/2 "
2, Mo, e)la= (3 146 )1Z) (2 e)lE) =16kl
Thus, ||P]|=1 as asserted. a

Consider now the map Pul, where we identify # with the pointwise multiplication
operator it defines. This is a bounded map on L*T)®L*T) of norm at most

https://doi.org/10.1017/50143385700004946 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700004946

Actions of lattices in Sp (1, n) 235

llull ooy We now explicitly compute Pil. We have

¢

Pil(®n)%, v)=| (GI(H®MNE %, & v) dé
JD

=] u(g7'(& v)g(& INI(A® )& 7, & v) dE

o

. u(a(x(&y), vy '9))m(E)H(F)n(y) d¢

(by equation (*))

r

. u(a(x(& e)y, v 'g))m(¢) dv) 7(&)n(y)

(by equation (**))

r

=( y u(a(xy, y™'¥)) dX)ﬁ(?)n(y)
( ; u(a(x, y7'¥)) dx)ﬁ()")n(v)

(by I'-invariance of dx)
=v(y"'9)A(F)n(y)
where

v(7) =J’ u(a(x, v)) dx.
X

Le. Pil is pointwise multiplication by M, on L¥I')® L*T). It follows from Lemma
5.8 that ve My(I') and ||¥| sy = || 4|l myG). Furthermore, if u is supported on a
compact set K < G,

lewn dysfx a7 dedy= N- ul.

where N is as in (ii) of the hypotheses. Hence v e I'(T') = A(T).

Now let u; be as in the first paragraph of the proof. Let v;(y) = I x ui(a(x, v)) dx.
Then we have seen »;€ A(I') and ||| myr) = ||t4il| myay =< C. Finally, since u;>1
uniformly on compact sets, condition (iii) of the hypotheses implies v; » 1 pointwise
on I'. This completes the proof of Theorem 5.6.

6. Proof of Theorem 1.5 and Corollary 1.6

Suppose that I' acts properly on the universal covering space M of a compact
manifold M, and commutes with the fundamental group =,(M), and further that
there is a finite I'-invariant measure for the quotient action on M. We choose a
Borel section o: M - M such that o (M) is precompact, and then, measure-theoreti-
cally, we identify M with M x 7,(M). There is a measurable cocycle a: M xI'-»
(M) such that the action of T on M can be identified with the action of T on
M x 7, (M) by the formula

(m,g)y=(my,ga(m,y)) VmeM, Vgemn (M), Vyel.
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Since I acts properly on M, the T-action on M x m,(M) is ‘tame’ in the terminology
of [15] (‘smooth’ in [14]). Further, if K is a finite subset of =,(M), there is an
integer N such that

card {yel: a(m, y)e K}=N VmeM.

Finally, if y € T, then {a(m, y¥): m € M} is precompact. All these claims follow from
the reasoning used to prove Lemma 5.5 and in the discussion immediately following
that result. Theorem 5.6, with 7,( M) in place of G, now applies to prove Theorem
1.5.

Gromov [7] has shown if a semisimple group H with finite fundamental group
and no compact factors acts real analytically on a compact manifold M and preserves
a connection, then the natural action of H on M (which commutes with 7,(M))
is proper. We suppose H =Sp(1, n), and then H = H, i.e., H itself acts properly on
M. The restriction of this action to a lattice I in H is a fortiori proper, and Theorem
1.5 may be applied to show that A(m,(M))=A(T'). Since A(T)=A(H)=2n-1 (see
§ 2), Corollary 1.6 is proved.
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