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R E S U M E . — L'auteur donne une description complete des mesures de 
la distance Terre-Verms faites par le radar Millstone en 1909-1961. 
Le temps de parcours des ondes et le decalage Doppler donnent, 
pour Tunite astronomique 499,oo52 ± 0,001 secondes de lumiere, 
soit 149 598 000 ± 3oo km avec c = 299 792,5 km/s. Avec un rayon ter-
restre de 6 378,15 km, la parallaxe solaire devient 8",79'4i6 ± o",00002. 
Ges resultats s'accordent avec ceux d'autres laboratoires a 10 • pres. 

ABSTRACT. — A comprehensive review is given of the Earth-Venus 
measurements made with the Lincoln Laboratory Millstone radar 
in 1959 and 1961. The time-delay and Doppler shift data yield a 
value for the Astronomical Unit of 499»oo52 ± 0.001 light-sec. 
Using 299 792.5 km/s for the speed of light leads to an AU of 
149 598 000 i 3oo km. With the radius of Ea r th taken as 6 378.15 km, 
the solar parallax then becomes S^^gi 16 ± o".oooo2. This value is 
consistent with measurements made at various other laboratories to 
about one pa r t in io1 . 

ZUSAMMENFASSUNG. — Es wird ein vollstandiger Uberblick iiber die 
Bestimmungen der Entfernung Erde-Venus gegeben, die mit dem 
Millstone-Radargerat des Lincoln Laboratory in den Jahren 1959 
und 1961 durchgefiihrt wurden. Die Messungen der Laufzeit und der 
Doppler-Verschiebung ergeben einen Wer t von 499>oo52 ± 0,001 
Lichtsekunden f ur die Astronomische Einhei t ; das entspricht 
149 598 000 ± 3oo km bei einer Lichtgeschwindigkeit von 299 792,5 km. 
Bei Annahme des Erdradius zu 6 378,15 km wird die Sonnenparallaxe 
dann 8",79416 ± o//,oooo2. Dieser Wert s t immt auf etwa 1 : 10"' mit 
den Messungen an verschiedenen anderen Laboratorien uberein. 

(') Operated with support from the U. S. Army, Navy and Air Force. 
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i 7 8 I. SHAPIRO. 

Pe3K)Me. — ABTOP noapo6no onucbiBaeT H3MepeHHH paccTOHHHH Men^y 
3eMJieii H BeHepofi npn IIOMOIUH pajiapa MHJIBCTOH B 1959 H 1961rr. 
MeTo;i BpeMeHH pacnpocTpaHemiH BOJIH Tan>Ke Kan H MeTojj CMemeHHH 
iiacTOT no J^onnjiepy, jjajin cjiejjymne 3HaqeHHH acTpoHOMnqecKon 
eannHUbi: 499,0052±0,001 cenyHA CBeTa, TO-ecTb, nojioran c 299 792,5 
KM/C, 149 598 000 ± 300 KM. npHHHMaa 6 378,15 KM HJIH pajjMyca 
3eMJin, nojiyqaeM 3JIH cojmeHHoro napajmanca, 8"79416d-0"00001. 
3TH pe3yjibTaTbi corjiacyioTCH c To^HocTbio ao 10 ~5 c pe3yjibTaTaMn 
zrpyrnx jia6opaTopnn. 

1. Introduction. — A determination of the Astronomical Unit (AU) 
directly in terms of the speed of light has been made from observations 
of echo delays and Doppler shifts of radar pulses reflected from Venus. 
Below, we review this determination using the results of the investi­
gations made with the Lincoln Laboratory Millstone radar during the 
close approaches of Earth and Venus in 1959 and 1961. Extensive 
use is made of the descriptions given by Pettengill et al. [1], and by 
Smith [2]. The result obtained by Price et al. [3] from a 1958 Venus 
experiment appears to be incorrect; no explanation for the error has been 
sought because of the extremely lengthy processes involved in a reexami-
nation of those data. 

A value for the AU of 499.0002 ± 0.001 light-sec has been deduced 
from the 1959 and 1961 Millstone measurements. With the speed of 
light taken to be 299 792.5 km/s, we obtain 149 598 000 ± 3oo as the 
value for the AU in kilometers. The solar parallax, 8".79416 ± o".00002, 
following from this result (on the further assumption that the radius of 
Earth is 6 378.15 km) is by now well known to differ significantly from 
the value determined by Rabe [4], from comparing the observed motion 
of Eros during the period 1926-1945 whith a very accurate dynamical 
theory. We therefore expose in considerable detail all facets of the radar-
based determination, and also give as complete a discussion as possible 
of the accompanying errors. Included is a comparison of our results 
with those obtained by other radar observatories. 

2. Experimental procedure. — Since many astronomers are rela­
tively unfamiliar with the techniques of radar astronomy, we discuss 
the experimental procedure in some detail without, however, probing 
the interiors of the associated electronic and mechanical devices. 

A. Radar characteristics. — The Millstone radar, whose relevant para­
meters are listed in table I, was used for the transmission and subsequent 
detection of sets of very short, uniformly spaced radar pulses (i. e., bursts 
of energy) that were directed at Venus. A simplified block diagram 
of the equipment used is shown in figure 1. 
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TABLE I. 

Millstone radar parameters. 

Operating frequency 4-4 x ioR c/s (exactly) 
Antenna gain over an isotropic radiator 5 600 
Effective aper tu re of antenna 9.0- m-
Peak transmit ted power >. 5 X io° W 
Average t ransmit ted power 1.5 x 10 sW 
Pulse lengths, ti o.f> x io~ : : . :> x n r : ' , 4 x io—:' s 
Over-all system noise temperature ( typical ) . . . 24o°K 
Over-all system loss factor 0.76 
Site la t i tude (geodetic) 42°37'o3"i\ 
Site longitude 7i°2(/'M)"VV 
Site al t i tude above M.S.E i5G m. 

All time and frequency operations of the system were governed by a 
very stable oscillator (-). Timing generator A (fig. 1) was connected 
directly to this oscillator and was preset to emit one signal that turned 
on the transmitter and another that turned it off after an interval equal 
to the predetermined pulse length, //. Generator A was also adjusted 
to repeat this sequence after the lapse of a fixed, predetermined time 
interval — the interpulse interval, /,,. Thus, during each such interval /,„ 
the radar transmitted for a time //. These transmissions were continued 
until just before the expected time of return of the echo from the 
first emitted pulse. The antenna was then connected to the receiver 
until slightly after the echo from the last pulse was expected to be 
received. At that time, the transmitter was reactivated and the cycle 
repeated. Such cycles (hereafter termed " runs ") were generally conti­
nued for several hours during each day that data were obtained. 

The signal-to-noise ratio / ^ j for a single pulse was far too low to allow 

identification of the signal. Therefore, it was necessary to superpose 
returns extending over a long period of time (i. e., to add the corres­
ponding contributions from the echo of each pulse) to determine the 
presence of a Venus echo. This integration was accomplished either 
incoherently or partially coherently; both methods are described below. 

B. Incoherent processing. — Processing by incoherent integration was 
carried out on separate sets of observations made between 6 March 
and 18 May 1961. At other times the increased range reduced the echo 
signal strength sufficiently to make reliable detection impossible by 
this technique. 

(-) There are actually four quartz-crystal oscillator clocks at Millstone; at least 
two are in operation at any given time and are compared routinely to radio signals 
that arc co-ordinated with the U. S. Naval Observatory atomic clock. 
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In incoherent integration, the returns from successive pulses were 
added without regard to their relative phases. The received voltage 
was first passed through a matched filter (*); the output was squared 
(i. e., converted to power) and then put in digital form for processing 
by a computer. Timing generator B, installed on 23 March 1961, deter­
mined the rate at which the received power was sampled; i. e., gene­
rator B was preset to emit a series of pulses separated from each other 
by a time interval termed the intersampling interval, ts. At the time 
of each such signal, the instantaneous value of the received power in 
digital form, was placed in storage and subsequently read into the 
computer. The intersampling interval was always short compared to 
the pulse length and was chosen so that there was exactly an integral 
number in each interpulse interval. The computer numbered the samples 
consecutively and placed each in a separate register corresponding to its 

number. After each -f- samples, the numbering was restarted so that 
t s 

corresponding samples from every interpulse interval were added together 
and the cumulative sum stored in one of the -£ separate registers (i. e., the 

number of registers was simply the number of intersampling intervals 
in an interpulse interval). The sampling continued for as long as the 
antenna was connected to the receiver. Because of the superposing 
of samples, the total in the register that contained the signal was 
enhanced relative to the others whose totals reflected only cumulative 
noise. Since the standard deviation of the noise decreased as the number 
of samples increased, the position of the signal could be localized to 
within a small segment of an interpulse interval. 

For pulse lengths usually employed (see section 4), and with the crite­
rion that the integrated signal-plus-noise exceed the mean noise by at 
least five standard deviations of the integrated noise distribution, 
about 5 mn of incoherent detection were required to render the signal 
just visible near conjunction. To obtain a better result, the integration 
was usually continued throughout the several-hour interval during 
which data were obtained on a given day (see, for example, fig. 2). 

Were generator B to count on the same time scale as generator A, 
the above-described method of processing would be fruitful only if the 
Earth-Venus distance were to remain constant during the time of inte­
gration. When the range changes, the received interpulse interval is 

also modified, in particular, by a factor ( 1 + — P where R is the rate 

(3) A matched filter maximizes the output signal-to-noise ratio at a preselected 
moment for a signal tha t is a known function of time. In the Millstone equipment, 
the chosen moment is the time of reception of the trailing edge of the radar pulse. 
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of change of range and — is (to first order in ^ j the fractional 

V change, j» undergone by the signal frequency between transmission 
and reception. Generator B was therefore adjusted so that its counting 

rate differed from that of generator A by the factor ( i + / 
(The 

Doppler shift introduced was that appropriate for reception at the given 
time as predetermined from the ephemeris.) This change in the rate 
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Fig. 2. — Intensity of the incoherently integrated received signal 
for each intersampling interval in the interpulse interval. 

of emission of signals from B ensured that the superposition of returns 
from successive interpulse intervals was carried out correctly (4). Since 
the Doppler shift, A/", was itself changing, periodic corrections (based 
again on the ephemeris) were made to the counting rate of generator B. 

To relate the recorded signals to UT and to the time of transmission, 
signals from both generators A and B were emitted every tp sec (as 
measured on their respective time scales) and displayed on an oscilloscope. 
The images moved relative to each other since the time interval between 

(*) Actually, of course, the. accuracy of the precomputed ephemeris was limited, 
and therefore the totals in each register at the end of each run were preserved for 
possible later reprocessing. When a more accurate ephemeris becomes available, 
the totals in the corresponding registers from each of the successive runs will not 
simply be added but, rather, a new correspondence will be used (based on the more 
accurate ephemeris) and the totals combined accordingly. In the future, totals for 
each 5 s interval will be permanently recorded. 
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successive signals generated by A was slightly different from that between 
successive signals from B. In particular, the images periodically (at least 
partially) superposed. At each such near-coincidence, the UT, as deter­
mined by the reference oscillator clock, was recorded by an automatic 
pen (:i). Each of these signals from B was, during the receiving mode, 
coincident with a sampling signal, and served to reset a counter in the 
computer so that the following samples were renumbered for adding to 
the respective totals from the previous interpulse intervals. On the 
other hand, each of these signals from A was, during the transmitting 
mode, coincident with the signal that turned off the transmitter. But 
the peak intensity of the processed signal is reached at a time corres­
ponding to that of reception of the trailing edge of the radar echo pulse 
from Venus (see footnote on p. 180). It follows, then, that at times of 
coincidence of these signals from generators A and B, the first register 
containing sums of power samples corresponded to an echo time delay 
equal to an integral number of interpulse intervals as measured by A. 
The actual Venus echo delay, determined from the register containing 
the highest total power, was thereby also localized in time to within an 
integral number of interpulse intervals. (The resolution of the ambiguity 
is discussed in section 2.D.) 

Before the installation of generator B (i.e., before 23 March 1961), 
the timing was not so accurate. The intersampling interval was governed 
by generator A and not by the Doppler-shifted intervals. But the echo 
delay time changes by an intersampling interval after a time / satisfying 

■ / , . 

where j A/' is the average value of A/* during the time interval /. The 
number of interpulse intervals corresponding to this time was therefore 
calculated in advance, and the computer instructed to shift the addition 
of new samples by one register after this number of interpulse intervals. 
For a positive If (i. e., for a decreasing delay time), a given sample was 
then added to the register which previously had contained only samples 
corresponding to the preceding sample number. Since the Doppler 
shift changes with time, the number of interpulse intervals elapsing 
between such unit shifts was also changed in accordance with the pre­
compiled ephemeris. (This procedure is obviously less precise than 
that involving generator B with which the shifts are, in effect, made 

( ) The times between these near-coincidences were calculated accurately from the 
known Doppler shifts introduced in generator B, and were checked against the corres­
ponding recorded times to ensure that a significant number of pulses was not 
" dropped " by the generator and that nothing was grossly wrong with the operation 
of the equipment. 
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continuously.) In place of recording the time of near-coincidences of 
certain signals from generators A and B, generator A was adjusted to 
periodically emit a signal that had the effect of placing a large number 
in the register to which a power sample would next be added. At each 
such instant (which, by design, was always separated by integral multiples 
of t/, from all pulses that turned the transmitter off), the set of totals in 
each register was recorded. Simultaneously the station clock was read 
visually and the time noted. From these data, the recorded Venus 
echo was related to UT and the time delay determined to within an 
integral number of interpulse intervals. 

Accurate Doppler shift data were not obtainable from the incoherent 
processing, but only from the coherent processing technique described 
below. 

C. Coherent processing. — Data obtained during September 1959 and 
from 3 April to 8 June 1961 were processed by coherent integration. 
After 8 June 1961 the echo signal strength was too weak to detect. 
No data were obtained for coherent processing during the 1961 conjunction 
prior to 3 April since the radar was then being used only for real-time, 
incoherent integration. 

Coherent processing is based on a comparison of the phases of successive 
pulses. For targets whose reflections possess a sufficiently long coherence 
time, a higher ^ can then be obtained for a given amount of integration. 
Increased time-delay accuracy is obtained because a considerably higher 
sampling rate can be employed. Correlating the phases of neighbouring 
pulses also leads to a very accurate determination of the Doppler shift; 
such accuracy, of course, is unattainable in incoherent processing. 
(Because of the uniform spacing of the transmitted pulses, the Doppler 
shift was actually determined only to within an integral multiple of the 
pulse repetition frequency. However, the p. r. f. used was large enough 
for the ambiguity to be resolved easily by using the precomputed 
ephemeris.) 

The general operation of the radar was the same as for incoherent 
processing but here the entire receiver output, after being translated in 
frequency for convenience, was simultaneously recorded on magnetic 
tape with a reference sinusoid from generator A. This latter signal 
preserved the accurate relative phase inherent in the system. Demodu­
lated radio signals from WWV, which for the present purpose served to 
define UT, were also recorded on the tape. For processing in the computer 
all the information was first converted to digital form by sampling the 
analog recording at a rate of i5 000 per second. To determine a single 
echo delay time and Doppler shift appropriate for the set of runs made 
on a given day of observations, the digital data were treated as follows : 
a copy of the transmitted set of pulses, but delayed by a known amount 
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and translated by a known frequency (ti), was multiplied by the recorded 
signal and the product passed through a filter. The purpose of this 
filter is to take proper account of the phase coherence existing between 
successively reflected pulses. The coherence lasts for a time given 
approximately by the reciprocal of the Doppler bandwidth which in this 
case amounted to about 2 s. Thus, the filter coherently adds appropriate 
contributions from pulses in the neighbourhood of a given pulse, the 
contribution decreasing with increasing separation from the given pulse 
in a manner determined by the coherence time. The output of the filter 
was squared and then integrated over time. 

This computer experiment was performed for each point of a large set 
located on a grid in the time-delay, Doppler shift space. That combi­
nation of time delay and Doppler shift which yielded the largest inte­
grated output provided the estimate of the interplanetary range and 
range rate. Figure 3 shows the result of such an experiment. The peak 
output is clearly in evidence, and exceeds the standard deviation (cry) 
of the integrated noise by a significant amount. 

Fig. 3. — Intensity of the coherently integrated received signal processed 
for various time delays and Doppler shifts. 

In principle, the appropriate time delay and Doppler shift can be 
determined by using this method of processing even if only a very 
inaccurate precomputed ephemeris is available. In practice, however, 

(6) This copy was, of course, adjusted so tha t the prechosen time delay and Doppler 
shift were modified in accordance with the changes expected during the total time 
interval over which the runs were obtained. 
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the ephemeris must be sufficiently accurate to reduce to a manageable 
size the region of the time-delay, Doppler shift domain to be searched. 
Hence, coherent processing did not become practical until an improved 
value for the AU had been obtained from the incoherent detections (7). 

D. Elimination of time-delay ambiguity. — The incoherent processing 
method described above leads to an ambiguity in the interpretation 
of time-delay measurements. As was shown, the time delay is deter­
mined only to within an integral number of interpulse intervals. The 
two-way echo delay, T, can therefore be expressed as 

(2.'0 - = ntp-+-mts: 

where m is determined and denotes the number of the intersampling 

interval containing the peak signal intensity ( i ̂  m < -£) (*). 

In principle, this ambiguity in echo delay could be resolved by choosing 
an interpulse interval that exceeded the a priori uncertainty in delay 
caused by the imprecision in the previously determined values of the AU, 
the radius of Venus, etc. However, since the transmitting equipment 
was limited to a peak power of 2.5 MW and a maximum pulse length 
of 4 X i o~ s, the interpulse interval necessary to resolve the ambiguity 
(approximately o.3 s near conjunction) would result in a post-inte­
gration signal-to-noise ratio too low for detection. [Aside from geometric 
limiting factors introduced by the Earth's rotation, integration could 
not be continued for an arbitrarily long time because the inaccuracies 
in the a priori knowledge of the Doppler shift would lead to a significant 
drift in generator B, and hence would prevent the achievement of an 
adequate superposition of the returned signals (see section 3.C).] 

There are two other obvious ways of eliminating the ambiguity. 
In one, two trains of pulses are transmitted in parallel (with each at a 
different frequency to allow separation of the received energies) but 
with difTerent interpulse intervals. Thus, in addition to (2.2), there 
will be a similar equation with m replaced by m\ tp by t'//9 and n by nf, 
where tp is the second value of the interpulse interval. (The inter­
sampling interval can be kept constant, as here assumed, or changed, 

(7) For coherent processing to be used, it is not really necessary to eliminate the 
ambiguity present in the incoherently processed time-delay measurements : knowing 
that the AU has a value close to some one of a number of possible values only increases 
the time required for the computer experiment by a factor equal to that number. 

(8) It is frequently possible to interpolate accurately between adjacent sampling 
times when estimating the delay associated with the peak intensity. In such cases, 
m would not be an integer. 
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without affecting the analysis.) These two equations yield the dio-
phantine equation 

'■2- , ,» « - " ' ( £ ) = <"*'-'«>(?;)• 
With ( -~ ) chosen to be irrational, equation (2.3) can have at most 

one solution for which both n and n' are integers ('•'). 
In the second method, the interpulse interval is maintained, but the 

experiment is repeated at a time when the echo delay is different. 
Suppose the new echo delay to be (i — S)T; then the ambiguity equation 
for this experiment will be 

(.2.-1) (i — i) ~ = n"f/j-h ni"ts, 

which, when combined with equation (2.2), yields 

v _x //" / in" \ /1< \ 

'-•3) »-—; = {—-'»)(-/;,)• 
Provided that z is irrational, this equation also has at most one solu­

tion with n and n" both integers. 
In practice, of course, the " knowns " in these equations are not exact. 

Therefore, experimentally, a variety of interpulse intervals (ranging 
from 0.02 to 0.08 s with corresponding ambiguity intervals for the AU 
ranging from about io* to 4x io*km) were used on different days to 
ensure a correct resolution. Figure 4 illustrates pictorially the elimi­
nation of the spurious values by using data obtained on ten different days. 

3. Errors in the measurement and interpretation of time delays 
and Doppler shifts. — The time delays and Doppler shifts obtained 
from the above-described experiment are to be compared (see section 5) 
with predictions computed from an ephemeris on the assumption that 
the radar waves propagate in a vacuum. Therefore, it is necessary 
to deduce from the actual measurements the values that would have 
been observed were there a vacuum between Earth and Venus. The 
resultant errors will be determined in part by the measuring process 
and in part by the interpretation, and will contain contributions from 
several sources, among which are the radar system itself, the medium 

(9) Thus, the simultaneous equations 
na -+- n'b — c, tia -f- ri" b = c 

yield the relation ( — ) = - • Since the right side, by construction, is irrational 
\n — n J a 

and the left side, by assumption, is rational, the equality cannot be satisfied and 
hence two such solutions of the first equation cannot exist. 
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of propagation, the precomputed ephemeris, and the surface charac­
teristics of Venus. We discuss in turn the errors associated with each 
of these sources. 

A. Radar system. — In the operation of the radar system, the relevant 
errors are those associated with time and frequency measurements. 
For convenience, we separate time measurements into two types : (1) the 
time at which the signal is transmitted (or received); and (2) the time 
that elapses from transmission to reception (echo delay time). The 
accuracy required for the first type is, of course, much lower than that 
required for the second. Since the maximum ratio of range rate to 
range that occurred during the course of these experiments was less 
than 3 x i o~7 per second, the maximum error introduced into the calcu­
lation of the AU by a time error, lt9 of the first type was never greater 
than I . 5 X I O ~ V A / light-sec ^ 45 A/km with A/ measured in seconds. 
(Within a week of conjunction, near where the range rate goes through 
a null, this error fell to less than 0.7 x io - 5 A/ light-sec.) 

The time given by the reference clock at Millstone is judged to coincide 
with WWV time (and, hence, for our purposes with UT) to within 
about 2 ms (10). However, in the 1961 measurements, before 23 March, 
the recording of UT at instants related to pulse transmission (see 
section 2.B) had an associated probable error A/ % 5 s (n) . After the 
installation of generator B, the recording of the coincidences of pulses 
from it and from generator A were accomplished such that A ^ i s . 
In the coherent processing, as stated previously, demodulated radio 
signals from WWV were recorded simultaneously with the received 
voltage and on the same tape, the error in associating the radar data 
with UT being about 1 o ms. Such accuracies were more than sufficient 
for this experiment. 

Since the measurements were to be compared with an ephemeris 
based on ET, an additional error of about ± 1 s was introduced in 
associating UT with ET. This error can be substantially reduced after 
the definitive relation between ET and UT becomes available. 

Time errors of the second type have several sources in both incoherent 
and coherent processing. A possible source involving the incoherent 
processing performed after 23 March, is the failure of the above-discussed 
pulses from generators A and B to coincide precisely. The time between 

such pulses from generator A is tp and from generator B, tp (1 j-y 

(,0) This value includes an estimate of the error in calculating the propagation 
path of the radio time signals. 

(n) A systematic error of 25 s in the reference clock used for determining UT was 
noted on 17 March and the previous data corrected accordingly. 
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The time separation at near-coincidences is clearly at most ( - / ) (— )(12)-

But (see section 4) / / , < 6 4 X i o _ 3 s and -j- < i o - i ; therefore the time 

error incurred by assuming an exact concidence was always under 3tu s, 
and is negligible for this experiment. 

In both probessing methods, the intersampling interval placed a limit 
on the accuracy with which the position of the peak of the integrated 
samples could be determined. However, the peak could often be located 
to within one-quarter of the intersampling interval which ranged from 60 
to 5oo f/s (see section 4). Its position was of course also influenced by 
the noise to an extent that depended on the signal-to-noise ratio; the 
actual contribution to the time-delay error was never greater, and usually 
far less, than 25o ,us. 

Systematic time delays between the reception at the antenna and the 
sampling of the received power varied from 100 to l\oo j/s, depending 
on the particular auxiliary equipment used. The necessary corrections 
were easily calculated to within 5o ,us. 

All frequencies were rigorously controlled by a standard crystal oscil­
lator that was stable to about two parts in io10 over the echo delay time. 
This limit on stability implies a probable error in Doppler shift measu­
rements of about 0.1 c/s. The sampling of the received power was 
probably consistent to about 2 |̂ s over a 3-hour interval (i. e., over the 
maximum interval during which successive runs were superposed). 

B. Propagation medium. — The medium through which the radar 
wave propagates influences both the echo time delay and Doppler shift. 
In particular, the echo delay will be affected by changes in the speed 
of propagation and by changes in the length of the propagation path. 
Each can occur in either of the planetary atmospheres or in the inter­
planetary medium. Consider first the influences of Earth's atmo­
sphere. The neutral component causes a variation in speed of no greater 
than 3 parts in i o \ Since the thickness of the dense portion represents 
less than 1 part in 1 o° of the entire Earth-Venus distance, this variation 
(if ignored) clearly introduces an entirely negligible error in the deter­
mination of the corresponding vacuum time delay. The ionized compo­
nent of the atmosphere introduces a more important change in time delay. 
Thus, the fractional effect on the speed of a radar pulse travelling through 
a plasma can be approximated in the absence of a magnetic field by 

Ac 4 . I X I O 7 N 
( 3 . i ) 

c ~ f* 

(12) The time between these near-coincidences is approximately ^ ( 7 7 ) ' 

about 10 mn, except very near conjunction when A/"-> 0. 
Symposium II. A. L, n° 21. 
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where N is the number of charged particles per cubic centimeter and f 
is the transmitter frequency in cycles per second; the corrections required 
for the weak fields near Earth are negligible. The increase in two-way 
time delay caused by the ionosphere is therefore given by 

(3.:>j AT ^ ■> — — / A {I) dl , 

where L is the length of the (geometric) path of the radar wave that 
extends from the antenna to the top of the atmosphere, and where N(/) 
is the electron density along the path. In the zenith direction, the 
integrated electron density has been estimated at the latitude of Millstone 
(Evans [5]) to be less than 6Xio l : i per square centimeter. The inte­
grated density also appears to increase in accordance with the secant 
law, i. e., in a direction a from the zenith this density is enhanced by a 
factor sec a. For an angle from the zenith as great as 8o° (the highest 
attained during the Venus measurements), the change in time delay 
indicated by equation (3.2) is still less than 4-5 [*s and is therefore 
negligible for this experiment. Path-length changes caused by atmo­
spheric refraction changing the direction of the path, are also easily 
shown to be minute. 

Changes in time delay attributable to a change in speed in the inter­
planetary medium can be estimated using the recent results from the 
Venus probe, Mariner II. These indicated an average charged particle 
density of less than 5 per cubic centimeter which would have caused a 
change from the vacuum delay time of less than o.3 ps. Even allowing 
for Mariner IPs measurements being taken during a quieter part of the 
Sun-spot cycle, and for the possible presence of regions of relatively high 
density, we deem it unlikely that the plasma could have caused a change 
in echo delay of as much as io ps which would still be negligible. 

The radar path length would be varied most effectively for a given 
angular change in path direction, were the shift to occur midway between 
the planets. It can be shown that a plasma wedge in this position will 
produce a fractional change in path length given by 

(3.3) T ^ 2 X i o ' M f ^- -£ , 
R l_cos?cos(? — ji)J /* 

where 9 is the angle of incidence of the radar wave on the wedge, t3 is the 
angle between the edges of the wedge, and Ni is the plasma density 
interior to the edges (an outside plasma density of zero is assumed). 
Even a density of io* electron/cm3 inside the wedge would produce a 
path-length change of only 1 part in io11, unless cp is very close to 900. 

Effects on time delay of the atmosphere of Venus are, of course, more 
difficult to estimate. First of all, it is not clear a priori whether the radar 
signals would be reflected from the surface of Venus or from its iono-
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sphere. Were the latter to be the reflecting agency, time delays would 
be less than expected, and would lead to a lower value for the AU. 
The percentage error would be largest at inferior conjunction when 
reflection from a Venus altitude of 3oo km would result in an under­
estimate of the AU of about 3.5 Xio~:! light-sec ^ iooo km. Aside 
from an argument of " minimum astonishment " (i. e., that the 
2.5 x io-' electron/cm:! plasma density required to reflect waves trans­
mitted at the 44° Mc/s Millstone frequency is " unreasonably " high), 
little can be said about the electron density in Venus' ionosphere. 
However, the rather similar but low values for the radar cross-section 
(approximately one-tenth of the geometric) obtained at 44° Mc/s [1] 
and at 2 388 Mc/s [6], support the assumption that reflection took place 
at Venus' surface, as do the relatively narrow Doppler bandwidths 
observed in the received signals. The good agreement (see section 5. C) 
found between the AU determined from time delays and that determined 
from Doppler shifts also indicates that the 44° Mc/s waves were doubtless 
not reflected at a level much above the surface of Venus (' ). Further, 
radar echos at a frequency of 5o Mc/s (see section 6) indicated coherence 
times as long as 10 s and a radar cross-section commensurate with the 
values obtained at the higher frequencies [7], While inconclusive, both 
of these results are certainly in accord with the assumption that, even for 
the 5o Mc/s waves, reflection occurred at Venus' surface ('*). 

If in fact the 5oMc/s waves penetrated to the surface, then the 
maximum electron density in Venus' ionosphere did not exceed about 
4 X io7 electrons/cm5. Even were such a density maintained over an 
altitude range of oookm, the consequent change in time delay of the 
Millstone radar pulses would have been less than 25 /xs, which is still 
of no significance. In any event, the effect of the neutral component 
of the Venus atmosphere can certainly be ignored with impunity (see 
de Vaucouleurs and Menzel [8]). 

The medium between the radar antenna and the near-point of Venus 
can also cause the Doppler shift measurements to be altered from the 
values that would be obtained in vacuum. In particular, systematic 
changes in the intervening medium may cause a significant displacement 
of the Doppler shift. (Random changes only increase the bandwidth of the 
observed shift.) 

The neutral component of Earth's atmosphere is very slowly varying; 
therefore, it can introduce a possibly observable displacement in the 

(13) If the waves were reflected from the ionosphere, the Doppler shifts would not 
in general be affected in the same manner as the time delays. 

(,4) It perhaps should be emphasized tha t these possible difficulties in determining 
the point of reflection of radar waves will not be present in a similar investigation 
of Mercury whose ionosphere could not be very dense. 
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Doppler shift only in virtue of a change in the effective path length of 
the radar wave caused by the antenna's following of Venus. For radio 
wave lengths sufficiently far removed from the atmospheric absorption 
lines, this path-length change is independent of frequency. The corres­
ponding change in the Doppler shift is given by 

(3.4) o(±f)=£^f [n(l)-i]dl, 

where n(l) is the index of refraction along the path of the radar wave. 
The time rate of change of the integral is always less than o.i cm/s 
for zenith angles less than 8o° [9]. Hence, during the Venus experi­
ment the neutral component of Earth's atmosphere never caused a 
displacement in the two-way Doppler shift of more than o.oo3 c/s, whicli 
is considerably below the level of detectability. 

The change in Doppler shift caused by a systematic change in the 
plasma encountered by a radar wave is given by 

'<v»*-4-^l/>o«. 
J ^ path 

To obtain an upper bound on the contribution of Earth's ionosphere 
to such a two-way Doppler shift, we consider the conditions for which 
the average angle to the zenith was greatest. These occurred on 17 April 
when the antenna scanned from a 47° to an 8o° zenith angle during 
the course of a 3-hour experiment. The mean change in the resulting 
Doppler shift is comparable to the measurement accuracy, and can be 
approximated by 

(3.6) o(zl/) ^ — 2 ' ' * I O — — [seca(*2) — seca( / , ) ] 
cj tt — tx 

% — 0.1 c/s. 

where NL0 denotes the integrated electron density in the zenith direction 
and is taken to be 6X1013 per square centimeter, the upper limit found 
experimentally by Evans and Taylor for temperate latitudes [10]. 
In general, when the inclination of the antenna to the zenith increases 
with time, the systematic change in Doppler shift caused by Earth's 
ionosphere is negative, while for a decreasing angle to the zenith the 
change is positive. Exceptions may occur, for example, when measure­
ments are taken near dawn since the integrated electron density in a 
given direction has been observed to increase by as much as 5o % per hour 
during this period [5]. However, the absolute effect is lessened because 
the electron content is at its low ebb just before dawn. 

To estimate the effects on the Doppler shift of systematic changes 
in the interplanetary medium, consider a plasma wedge moving perpen-
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dicular to the path of a radar wave. Such a movement produces the 
maximum displacement of the Doppler shift; its magnitude is given by 

(3-7) | S ( A y ; | ^ ^ ^ j !J tan^J, 

where vp is the plasma velocity, Ni the plasma density inside the wedge, 
and ,3 the angle between its edges. For vp& 3ookm/s, Ni ^ io : elec­
tron/cm1, and |3 ^ 3o°, |o(A/*) | would be about o.oo C/S, which is some­
what smaller than the experimental error. 

The effect on the Doppler shift of the ionosphere of Venus is perhaps 
the most serious and certainly the most difficult to estimate. However, 
only radar waves incident normally on Venus' atmosphere contribute 
substantially to the echos detected by the antenna on Earth. Therefore, 
systematic changes in the observed Doppler shift can be caused only by 
changes in the integrated electron density along the path of the normally 
incident radar pulses as successive ones pass over adjacent portions of 
the surface of Venus. For changes at the rate of 10 % per hour, the 
two-way effect would be of magnitude o.35 c/s when we assume an 
integrated electron density of 2 x io15 electron /cm-, as before. This 
estimate of the change in the Doppler shift is most likely far larger than 
the true value if reflection of 5o Mc/s waves does in fact take place at 
the surface of Venus. 

We conclude from this discussion that the medium between the antenna 
and Venus caused only insignificant effects on the echo delays of the 
Millstone radar pulses unless reflection took place in Venus' ionosphere. 
(Although the evidence is not really conclusive, this latter possibility 
is generally felt to be very unlikely.) If reflection actually did take place 
in the ionosphere, the time delays were probably decreased at inferior 
conjunction by no more than 1 part in 10% and proportionately less away 
from conjunction. In either event, the plasma effects may possibly be 
important for the proper interpretation of the Doppler shift measure­
ments, although for the last six observation dates (when the Doppler 
shifts were large) any changes from the vacuum values probably did 
not exceed 1 part in i o \ 

C. Ephemeris. — An ephemeris was needed in these experiments both 
for the proper recording of the data and for the prediction of time delays 
and Doppler shifts to be compared with those deduced from the obser­
vations. We discuss here only the important errors associated with the 
first function and defer a comprehensive treatment of prediction errors 
to section 5. 

In determining time delays by the incoherent integration method, 
an ephemeris was used to adjust the frequency shifts in generator B 
and its predecessor. The error in this predetermined Doppler shift had 
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only to be small enough to insure that the error in superposing returns 
over the duration of a day's measurements was small compared to the 
intersampling interval; i.e., the error in the frequency shift, o(&f), 
had only to be small compared to ( TJH f, where T was the total time 
interval over which samples were superposed. With T ^ 2.5 h and 
/ , ^ 5 x i o " " 4 s (see section 4), the condition becomes o(\f) - 2/4 c/s. 
Since \f itself did not exceed 4 x iov c/s, the requirement on o(lf) was 
equivalent to the requirement that the error in the ephemeris calculation 
be much less than 6 parts in i o \ Before 23 March, the value for the AU 
obtained by Price et al. [3] was used in preparing the ephemeris. As it 
later turned out, this value was only accurate to 1 part in 10: so that, 
in superposing returns, the received signal was actually distributed 
among several intersampling intervals. This relatively slight spreading 
was sufficient to prevent a clear-cut detection of the echo signal. 
However, on 23 March (which accidentally happened to coincide with 
the installation of generator B), the integrated signal was sufficiently 
strong to detect, partly because of the reduced Doppler (and the conse­
quent reduced spreading of the integrated signal) and mostly because of 
the decreased range. Since the totals for each of the earlier 5 mn inte­
gration periods had been preserved, these were then recombined using 
the newly-found value for the AU. The result was a detectable (albeit 
weak) integrated signal. With the new value for the AU, the requi­
rements on accuracy for presetting generator B were, of course, easily met. 

In the coherent integration method, an ephemeris was used to deter­
mine trial values of, and expected changes in, time delays and Doppler 
shifts (section 2.C). The original processing of the 1909 data also 
failed to detect an echo because the incorrect, 1968 radar value for 
the AU was incorporated into the ephemeris (i. e., the wrong region of 
the time-delay, Doppler shift domain was searched). For the processing 
of the 1961 data (and for the reprocessing of some of the 1909 data) 
the improved value of the AU was used, the corresponding neighbourhood 
in the time-delay, Doppler shift space was explored, and bona fide echos 
were detected. More records containing some-what weaker signals from 
the 1909 inferior conjunction are available for analysis at a time when 
the relative orbits of Earth and Venus are sufficiently well known to 
make feasible a search for these signals. 

D. Surface characteristics of Venus. — Even with the reflection of the 
radar wraves occurring at the surface of Venus (see above), there remains 
the problem of identifying the actual point Of reflection that corresponds 
to the peak of the integrated received signal (or, equivalently, of deter­
mining the time delay that corresponds to reflection of the radar pulse 
from the " near-point " on Venus' surface). As illustrated in figure 5, 
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the time delay associated with the peak of the received energy corres­
ponds to a depth that depends on the target's reflection properties. 
These are characterized by the power impulse response function, <J (/), 
with / being the delay measured from the near-point of the target. 
Curve (a) in the figure corresponds to the return to be expected from a 
point source, and curve (c) to thatfrom the moon; the shift in delay 
time of the peak intensity is clearly in evidence. (For further details, 
see Pettengill et al. [1].) For the present experiment, Smith [2] estimates 
an upper bound of 70 ,ms on the error in two-way time delay incurred 
by assuming that the peak intensity corresponds to the near-point of 
Venus' surface. 

Since returns are detected from regions other than that in the imme­
diate neighbourhood of the near-point, the integrated echo exhibits an 
appreciable Doppler bandwidth (approximately o.5 c/s) which can be 
used to infer the rotation rate of Venus. (As discussed above, random 
changes with time of the electron content that is integrated over the path 
of the radar wave, also add to and complicate the interpretation of this 
bandwidth.) 

4. Summary of time-delay and Doppler shift data. — In table II, 
we present a srummary of all time delays and Doppler shifts deduced 
to date from the laboratory's radar detections of Venus during the 1959 
and 1961 inferior conjunctions. Each result was obtained by integrating 
returns over the indicated time interval, and is referred to a time that 
corresponds approximately to the mid-point of the integration interval. 
(This time is only given to the nearest second, but is known in some 
instances to within 10 ms; see section 3. A.) Also included in the table 
are data describing the transmitted wave form and the processing 
technique employed. The measurement errors shown were obtained by 
combining the various contributions discussed above ( ' ) ; they are 
intended to represent probable errors although, of course, the actual 
error distributions are unknown. Although always possible, it is never­
theless considered very unlikely that significant systematic errors have 
been overlooked. 

Some astronomers have expressed the opinion that the " actual data " 
from these interplanetary radar experiments should be published rather 
than, for example, simply one two-way echo delay for each extended 
period of observation. We therefore wish to emphasize that many 
minutes of transmitting and receiving data usually resulted in only 
one weak measurement : the detection of an echo from a single pulse 

(15) These errors do not, however, include estimates of the effects of the medium 
or of the target each of which more properly relates to the interpretation of the 
measurements. 
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wras impossible; only by summing the contributions from a great number 
of pulses was detection enabled. Presenting the results for each sepa­
rate set for which detection was barely achieved would indeed yield a 
host of independent results ("'*). But these would then certainly have 
to be averaged before being used for any interpretative purpose. The 
computer performs this averaging (without introducing any significant 
systematic error), and yields a single, strong measurement (i. e., a 
" normal place ") from the totality of individual runs made during a 
given period of observation. While the choosing of a single reference 
time from an extended set of measurements is admittedly somewhat 
arbitrary each selection actually made corresponded closely to the 
mid-point of the observing interval. 

5. Determination of the astronomical unit. — The primary goal 
of this early series of time-delay and Doppler shift measurements was 
to determine the AU accurately in terms of " terrestrial " units, such as 
light-seconds or kilometers. The determination can be made from 
either a single interplanetary time-delay or Doppler shift measurement 
and the corresponding prediction based on the appropriate ephemeris. 
For example, a time delay, T„, measured in seconds, and a delay, r,, 
computed in AU, leads to 
(>). 1 ) Al = ^ light-sec. 

For our calculations two sets of predictions were prepared, one based on 
the original Newcomb theory and the other on the ephemeris as corrected 
by Duncombe [11]. For both sets it was assumed that the radar waves 
propagated in vacuum. 

A. Prediction of time delays and Doppler shifts. — The assumed rele­
vant vacuum trajectory of the radar pulse extends from the antenna 
at the Lime of transmission to the near-point on the surface of Venus 
at the time of reflection and back to the position of the antenna at the 
time of reception. Given the geometric ephemeris and the speed of 
light, the two-way echo time delay can be calculated accurately enough 
by a simple iterative process : first the transit time between the antenna 
and Venus' surface is calculated for the time of transmission; then the 
position of Venus at the later time (transmission plus transit) is used for 
determining a new flight time,, etc.. The first iteration yields an accuracy 
of better than 1 part in io7 and hence a second is not necessary. The 
return time can be calculated in the same manner. In the limit of 
coplanar, circular orbital motion, and for a pulse transmitted at time /[ 

(,6) Actually, these would be independent only in so far as the correlations intro­
duced by systematic errors were ignored. 
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this prescription leads to an echo time delay between the centers of 
the planets given by 

( o . 2 ) T ( * J ) = — •: 
RE R v , . • \ • + 0 ^ " 7 / \ / 

where lengths are measured in AU, where c is the speed of light in AV 
per second, and where RE, Rv are the heliocentric radii and uK, uv are 
the orbital longitudes of Earth and Venus, respectively. The Earth-
Venus range is denoted" by R and the difference in the orbital speeds of 
Earth and Venus by va. All quantities on the right side of equation (5.2) 
are geometric and are to be evaluated at the time /,. The error term 
is of order io~8. An equivalent formula, which is very similar to thai 
actually used in the Lincoln Laboratory calculations, is 

(5 .3) T ( * , ) 
2 R ( ' l ) 2 R ( ' l ) 

R ( 0 
M(t') 

l = tx -+-
R « f , 

Surface corrections to z(ti) are easily made to the required accuracy : 
For Venus, it is necessary only to subtract a delay equal to the diameter 
of the planet, expressed in light-seconds. For Earth, the vector from 
its center to the radar site is projected along the appropriate Earth-Venus 
direction at the time of transmission and at the time of reception; the 
sum of these projections, in light-seconds, is also subtracted from the 
echo delay. 

The effect on the echo time delay of special relativistic corrections is 
small. If we assume the ephemeris to be valid in the solar reference 
frame, observers in this frame would then measure a time delay, 7, as 
described above; however, an observer in the terrestrial frame would 

= T I — ( - ) 5 where v is the orbital speed of 

io~~s, the resultant difference in time interval 

measure a delay 7* = 

Earth. Since ( - J ^ 

measurements can be ignored in this experiment. Similarly, the effect 
of general relativistic corrections on the speed and path of the radar 
waves (caused by the changes in the gravitational potential along the 
path) are about 1 part in io8 and can also be neglected, as can the 
effect on interplanetary distances [12]. 

To first order in va9 the two-way Doppler shift is simply given by the 
rate of change of the two-way time delay, multiplied by the negative 
of the transmitted frequency : 

(3.4) '~/[!Wg)]--/'h«(?)]-
(!7) A dot placed above a symbol signifies differentiation with respect to time. 
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Since the time derivative of the echo delay is proportional to — and 
since some Doppler shifts were measured with accuracies exceeding 1 part 
in io1, the second-order terms in — become important. A rigorous 

derivation in accordance with the theory of special relativity shows that 
a terrestrial observer of radar echos from Venus should measure a Doppler 
shift given by 

(3.5) 

where all quantities on the right side (other than f) are computed directly 
from the ephemeris; where ,3,, j3.2, and (3:, denote the velocities (expressed 
as fractions of the speed of light) of the antenna at the time of trans­
mission (/,), of Venus at the time of reflection (£>), and of the antenna 
at the time of reception (U), respectively; and where e!2 and e2.-i are unit 
vectors pointing in the direction from the antenna at t\ to the position 
of Venus at U and from Venus at U to the position of the antenna at /,, 
respectively (1S). If we neglect the motion of the antenna between /1 

> > ± -y 
and U, and hence set (3n= 3 t and e2>=— en, we obtain 

The t appropriate for the rate of change of the echo delay measured 
between the planetary centers in the limit of coplanar, circular motion 
is given by 

C\.-) 

\ . , N R(fVv UF)CO*{Uv 11 v) r\ I V7l 
x sin ( IU — uv) H —- ^ - ±- + 0 -/ c \ c'2 

I = t i H j 
C 

where, as in equation (5.2), all quantities are geometric and are to be 
evaluated at U9 unless otherwise noted. Surface corrections are again 

(18) A " classical " derivation \in which the velocity of light is assumed to be c with 

respect to the ether) leads to the same result, except tha t the first parenthetical 
term is absent. Thus, the " classical " and the special relativistic formulas would 
be identical were the velocity of the antenna to be the same at tl and at f3. 
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easily made; it is necessary only to add to R(/') the sum of the rates 
of change of the projections along ei2 and along —er.i of the vector 
extending from the center of Earth to the radar site at times /, and t.„ 
respectively. 

B. Preparation of ephemeris. — The geometric ephemeris used for 
comparison with the observations was based on the assumption 
that ET-UT equalled 34 s at the 1961 conjunction and 33 s at the 1909 
conjunction. For the Newcomb theory, the geocentric polar co-ordinates 
of the Sun and the heliocentric polar co-ordinates of Venus, referred 
to the equinox and ecliptic of date, were obtained at four-day intervals 
from volumes 14 and 15, Part III, of the Astronomical Papers of the 
American Ephemeris ([13], [14]). The center-to-center distances from 
Earth to Venus were then calculated at one-day intervals using Lagran-
gian interpolation; two further Lagrangian interpolations provided both 
the center-to-center geometric distance and its first time derivative 
at 1 mn intervals of UT. 

The projection along the apparent Earth-Venus direction of the vector 
defined by the center of Earth and the radar site was obtained for times 
and directions appropriate for transmission and reception. Lagrangian 
interpolation was then used to determine the values, at 1 mn intervals 
of UT, of these projections and of their first time derivatives (''•'). 

The radius of Venus was taken to be 

o.o'2()3o zn 0.00002 light-sec = (> 089 dz (> km. 

as determined by de Vaucouleurs and Menzel [8]. 
The procedures described above were then used (in conjunction with 

a trial value for the AU, expressed in light-seconds) to obtain predictions 
for time delays and Doppler shifts. 

The Duncombe ephemeris was calculated with the same program as was 
Newcomb's except that corrections to the tabular values, as provided 
personally by Duncombe, were used. These values were based on his 
solution for the elements of Earth and Venus and were intended specifi­
cally for use with the appropriate entries of volumes 14 and 15, Part III 
of the A.P.A.E. (The corrections he inserted for the centennial 
variations, however, were not those determined from the observations 
but were the ones theoretically derived using the set of planetary masses 
given by Clemence and Brouwer [15].) 

Numerical experiments were performed with our recently-completed 
double-precision computer program to study the errors introduced into 

(19) In these calculations, aberration was treated only approximately; the resulting 
error in the Doppler shift was, however, always less, and usually far less, than 0.1 c/s. 
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our predictions both by the interpolation procedures and by the round-off 
errors in the tabulated values of the basic ephemerides. These errors 
in the time-delay computations are judged to be no greater than 0.2 ms, 
which amounts to at most 7 parts in io7. However, possibly because 
of the limited accuracy of the tabular values used, the Doppler shift 
calculations appear sometimes to be in error by as much as 0.4 c/s which, 
unfortunately, is larger than the uncertainty in the measurements. 

An independent check of the time delays computed from our Newcomb 
ephemeris was made at JPL. From orbits determined by numerical 
integration [16], JPL calculated echo delays for many of the trans­
mission times listed in table II. These delays were all smaller than ours, 
but the differences rarely exceeded 0.1 ms and were nowhere greater 
than o.3 ms. Another similar but less exhaustive check was made 
with an ephemeris prepared at RCA [17] and also yielded good agreement. 

No direct independent check of the time delays computed from our 
Duncombe ephemeris has yet been made. However, the time delays 
predicted with the JPL version of this ephemeris were deduced from a 
recent determination of the AU made by JPL [18] using some of the 
Millstone data. A comparison with the corresponding time delays calcu­
lated with our program shows the JPL predictions to be systematically 
larger by about 0.2 ms somewhat before conjunction, but smaller by 
about 0.7 ms after conjunction. The Duncombe corrections to the time, 
delays deduced from figures 5 and 6 of the article by Muhleman et al. [16] 
also seem to be smaller than the corresponding ones computed with our 
program by about 0.7 ms. The cause of this discrepancy has not yet 
been isolated. 

No detailed independent check has been made of the Lincoln Labo­
ratory program for Doppler shift determinations. It is expected that JPL 
and the U. S. Naval Observatory will soon provide us with values appro­
priate for direct comparison. Meanwhile, from figure 4 of Muhleman 
et al. [16], we can deduce approximately the Duncombe corrections that 
were applied to the Doppler shift calculations. These agree with our 
results to within about 0.2 c/s, when the comparison is made with respect 
to the Millstone frequency. 

C. Comparison of measurements and predictions. — For each of the 
reduced time-delay and Doppler shift measurements, our Newcomb 
and Duncombe ephemerides were used to generate the corresponding 
predictions, based on a trial value for the AU of 499-oo5 light-sec. 
These results, subtracted from the corresponding measurements, are 
shown in figures 6 and 7. The residuals for the measurements reduced 
from the 1959 Venus observations (not shown in figures 6 and 7) 
are — 1.1 ms and o.3 c/s for the calculations based on the Duncombe 
orbits, and — 0.4 ms and o.5 c/s for those based on the Newcomb orbits. 
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Figure 6 shows clearly that the time-delay data are more consistent 
with the Duncombe than with the Newcomb predictions. However, 
even the residuals from the Duncombe predictions are in some cases 
considerably larger than would be expected from the error estimates. 
Since the latter are felt to be conservative, the explanation for these 
large values is related to errors either in the interpretation of the measu­
rements, in the basic ephemerides or in some combination. Previous 

0.6 

0.4 

0.2 

0 

-0.2 

-0.4 

-0.6 

-0.81 

o NEWCOMB 
• DUNCOMBE 

JL _L _L 
I 10 20 30 10 20 31 10 

APRIL MAY JUNE 
1961 

Fig. 7. — Residuals from Doppler shift observations. 

attempts to understand the residuals involved postulating either a 2 % 
change in the accepted value for the Moon's mass, or a plasma effect 
that has the period of the Sun's rotation. Neither seems cogent, espe­
cially the former which is clearly incompatible with all accurate deter­
minations of the Moon's mass, as well as with the post-conjunction resi­
duals in figure 6. The latter, proposed by Priester et al. [19], presupposes 
a very complex, ad hoc, dynamic structure for Venus' ionosphere that 
would reflect the Millstone radar waves but not the higher frequency 
ones of JPL, and yet would lead to the same radar cross-section at both 
frequencies. Their model also implies that, even on the dark side of 
Venus, the ionosphere is highly disturbed and this implication appears 
to be in conflict with the relatively long coherence times obtained for 
radar echos at 5oMc/s (see section 3.B). In addition, when the time-
delay residuals of all the Millstone data are compared with the decimeter 

ium U. A. I., n° 21. 14 
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radiation from the Sun, the existence of an inverse correlation is some­
what less evident than it is in the article by Priester et al. [19]. A diffe­
rent explanation for the observed residuals is discussed in the following 
section and is based on the possibility of an error of about i part in iof> 

in the orbital eccentricities of both Earth and Venus. 
From the previous section, it would appear that the Doppler shift 

residuals are perhaps mainly representative of random errors present 
in the predicted values. The actual measurement errors are expected 
to be somewhat smaller, and so the inherent measurement accuracy 
cannot be utilized fully until the Doppler shift calculations are improved. 
(In particular, it is probably fruitless to seek any indication of plasma 
effects.) Although the residuals are not even convincingly more consis­
tent with the Duncombe than with the Newcomb ephemeris (20), they 

do provide an experimental confirmation of the second-order term in -

in the Doppler shift formula. For example, this correction reached 
almost 2 c/s at the time of the last 1961 measurement, and is signifi­
cantly larger than the sum of the residuals and the combined uncer­
tainties in the measurements and computations. 

It might be possible to obtain improved values for the orbital elements 
of Earth and Venus, as well as for the AU, by performing an appropriate 
least-squares analysis. However, following such a procedure would 
seem to be premature; in the next few years many more, higher-precision, 
interplanetary radar experiments will be conducted and the accumulated 
data (radar and optical) can then be used to refine the orbital elements, 
and perhaps even the masses and radii of the inner planets. For the 
present, then, we ignore the possibility of errors in the basic ephemerides 
and determine a value for the AU from a weighted, least-squares analysis 
of the data listed in table II (p. 196). We note that both the time delay 
and the Doppler shift are proportional to the unit of distance and that 
an error in either introduces a linearly related error in the AU : 

S T _ 8 ( A U ) . 0 (A/ ) _ 5 ( A U ) 
{i)'*} - ~ AU ' A / ~ AU 

The error in the AU determined from a single measurement is therefore 
\nversely proportional to the value of the measured quantity. Since A/* = o 
ac conjunction, Doppler shift measurements in that immediate vicinity 
are essentially useless for determining an accurate value for the AU. 

(20) Note tha t the Duncombe corrections to the Doppler shifts reached a maximum 
of about 0.4 c/s near inferior conjunction and decreased gradually to less than 0.1 c/s 
on 8 June 1961. 

https://doi.org/10.1017/S0074180900104942 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900104942


RADAR DETERMINATION OF THE A. U. 207 

This insensitivity is, of course, automatically reflected in the least-squares 
procedure. In particular, we obtain as the exact least-squares solution : 

31 
^jT^ X 0 X c 

(5.9) , AU = ' - ' AU,„, 
XT1 xicxlc 

i — \ 

where AU/,. is the trial value used to compute the time delays and Doppler 
shifts. The subscripts 0 and c denote observed and computed values 
while x1 denotes the ith of a total of M measurements which include 
both time delays and Doppler shifts (e. g., x> may be a 7 and x'rl a Admea­
surement). The error, ov, associated with each measurement, is arbi­
trarily taken to be the combined measurement and computational error 
(see section 5.B). Under the (probably inadequate) assumption that 
such errors are independent, unbiased, and Gaussianly distributed, the 
resultant standard deviation for the AU is given by 

1 

•"-[i(3)'] "Ai-~ 
The AU determined in this manner from the Newcomb ephemeris 

is 499-°o6o8 — 0.00004 light-sec, whereas including the Duncombe 
corrections yields an AU of 499-oo516 ± o.oooo/f light-sec. Only the 
latter value will be used in the sequel. But in view of the probability 
that significant errors still remain in the basic planetary ephemerides, 
we prefer to adopt a considerably larger value for the probable error 
in this determination of the AU, i. e., i t 0.001 light-sec. Assuming 
a value of 299 792.5 km/s for the speed of light (2I) yields an AU 
of 149 098 000 ± 3oo km. Further, assuming 6378.15 km to be the 
exact value for the mean equatorial radius of Earth leads to a solar 
parallax of 8".79416 ± o".00002. 

We emphasize the value of the AU expressed in light-seconds since 
that is the basic unit being determined by these experiments. In addi­
tion, the accuracy in light-seconds is higher or at least no lower than 
in kilometers; the percentage error in the adopted value of the vacuum 
speed of light might even be larger than that in some radar time-delay 
measurements. The result for the solar parallax is also degraded by 
the inaccuracy in the value used for the mean equatorial radius of Earth, 
recent determinations having ranged at least from 6 378.084 km (by 
Spencer Jones [20]) to 6378.165 km (by Kaula [21]). 

(21) See, for example, Froome [22]. 
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D. Sensitivity of measurements to ephemeris errors. — Since the measu­
rements may have disclosed systematic errors in the planetary ephe-
merides, we investigate the sensitivity of time delays and Doppler shifts 
to small changes in the (elliptical) elements of the orbits of Earth and 
Venus (22). (We ignore all effects associated with the moon, the other 
planets, and the mutual perturbations of Earth and Venus, although 
when more precise radar measurements are made some of these effects 
will definitely be of iaterest.) To first order 

where afe and a[r (i — i -> 6) denote the orbital elements of Earth and 
Venus, respectively. The partial derivatives, to lowest order in eccen­
tricity (2:i), have been evaluated for the set of elements a, e, &>, T, &, and i, 
where a is the major semi-axis, e the eccentricity, co the argument of 
perihelion, T the time of passage through perihelion, Q the right ascen­
sion of the ascending node, and i the orbital inclination. Since a is 
known with considerably higher precision than the others, and since, 
in our approximation, errors in T and w are indistinguishable, we omit 
the sensitivities to errors both in a and in T. The values of the remaining 
partial derivatives, in the vicinity of the 1961 Venus conjunction, are 
plotted in figures 8 and 9. As is to be expected for nearly-circular, 
nearly coplanar orbits, the sensitivity of 7 and A/" to errors in the argu­
ment of perihelion is almost equal to the sensitivity to errors in the longi­
tude of the node. Similarly, the sensitivities to errors in wE and ilE 
are opposite in sign and almost equal in magnitude to those in wv and £v-
Both time delays and Doppler shifts are least sensitive to inclination 
angle errors. 

It is also apparent, again in agreement with simplified quantitative 
considerations, that time delays are insensitive to errors in relative 
longitude [(<5a)E + d&jv)— (dw v +5i2 v )^ o] at conjunction, whereas 
Doppler shifts are most sensitive at this point but are insensitive 
about 70 days from it. 

The short-period variation in the time-delay residuals that seems to 
be present before conjunction is similar to that which would be intro-

(-) At present, the uncertainty in c is about 1 part in io6 whereas (see table II) 
four of the time-delay measurements have estimated probable errors as small 
as 2 parts in io7. 

(23) i. e., to the lowest nonvanishing order. 
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duced by a small error in the eccentricity of Earth. For the amplitude 
and phase to correspond, oeE would have to be approximately io~' ;^ o".2 
(i. e., if o".2 were subtracted from el9 the preconjunction observed resi­
duals would be reduced). A somewhat smaller error (but of the same 

— O EARTH 
»-t— VENUS 

o- o-

1.0 

0 

1 0 
_̂ •—' 

1 1 1 1 1 1 1 1 1 1 1 

1.0 

0 

-1 0 

■♦-■,,"""" 

1 1 1 1 1 1 1 
-̂ — Q 

1 

# 

1 1 1 

14 
MARCH 

C37-369 1961 

Fig. 8. — Partial derivatives of the time delay with respect 
to the elements of the orbits of the Earth and of Venus. 

sign) in the eccentricity of Venus would combine with <5e,.: to maintain 
approximately the same observed small residuals after conjunction. 
(The effects of such changes in eccentricity on the Doppler shift residuals 
would be quite small compared to the corresponding measurement and 
computational errors.) While the presence of small errors in the plane­
tary orbital elements thus appears to be a possible source of the observed 
residuals, more experiments must be performed before a definitive 
conclusion can be reached. 
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6. Comparison with radar results of other observatories. — 
Other radar determinations of the AU from the 1961 inferior conjunction 
of Venus have been reported by JPL and RCA in the United States, 

-

-

^ ^ ~ 

1 1 

EARTH ^_ 

VENUS ' 

1 1 

2>€ 

1 1 1 

G „ -r» O 

1 1 1 

l - 0 . 2 1 -

0.4 

0.2 

0 

0.2 

-0.4 

s ^ ^ v <*^ ~"~"-̂  

^ " - • - ' ^ ^ - - I N F E R I O R CONJUNCTION 

1 1 1 I I I 1 1 1 1 1 
14 

MARCH 
7 19 

APRIL 
13 

MAY 
6 18 

JUNE 

1961 

Fig. 9. — Partial derivatives of the Doppler shift with respect 
to the elements of the orbits of the Earth and of Venus. 

by the University of Manchester (Jodrell Bank) in the United Kingdom, 
and by the Institute of Radio Engineering and Electronics of the Academy 
of Sciences of the U. S. S. R. 

The AU given by JPL [16] was i4g 598 800 ± 200 km. This result 
seems to differ significantly from the 1/49 698 000 ± 3oo km obtained 
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here using the Millstone data. However, closer examination discloses 
that : 

1. JPL used a value for the speed of light higher by o.5 km/s, which 
resulted in an AU higher by approximately 25o km (2V). 

2. The Duncombe corrections applied by Lincoln Laboratory and 
by JPL resulted in different predictions (see section 5.B); and 

3. JPL did not obtain a final value for the AU by a least-squares 
analysis but, rather, by an extrapolation procedure based on the assump­
tion that the measurement errors were less significant than the ephemeris 
errors and that the latter were mainly in the relative longitudes of the 
two planets. The sensitivity of time-delay measurements to such errors 
vanishes at conjunction. Therefore, JPL fitted a straight line to 
the AU's calculated from these measurements and took as the resultant AU 
the ordinate at conjunction of this straight line. The AU's obtained 
from the Doppler shift measurements were processed in a similar 
manner: The two branches of the curve (representing approximately 
the fractional sensitivity of Doppler measurements to errors in relative 
longitude before and after conjunction) were fitted to the set of AU's 
calculated from the observed Doppler shifts and were extrapolated 
to the elongation points. The co-ordinates at these two points were 
selected as estimates for the AU (2'), and were combined in a straight­
forward manner with the estimate from the time-delay measurements 
to yield a final value. 

The actual time-delay and Doppler shift measurements were not tabu­
lated in the JPL article; only graphs of the resulting values for the AU 
were given. It is therefore not easy to reprocess their data on the basis 

(2l) J P L now uses the lower value c = 299 792.5 km/s (see the paper presented 
to the Symposium by Muhleman). 

(25) Actually, the sensitivity of Doppler shift measurements to errors in relative 
longitude does not vanish at elongation. For the simple example of coplanar, circular 

orbits, the corresponding interplanetary range rate (which, to first-order accuracy in - > 

is proportional to the Doppler shift) is given to first order in - by 

6.1 R = —^— ( « h - ^ ) s i n (uE—uy)f 

and the sensitivity of R to an error in relative longitude is therefore 

„ Ok RERV ( , . R tRv . „, J , . 
6-'2 d{ „ K _ „ V ) = —R~ { c o s( " K ~ " V ) - H5T- «■"-( " E - " V ) I K - * v ) . 

The right side vanishes at approximately 70 days before and 70 days after inferior 
conjunction (see fig. 9). That this sensitivity does not vanish at the elongations 
has only a small effect on the values obtained for the AU by extrapolating to these 
points. 
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of our ephemeris. An attempt was made, however, to deduce measu­
rements from the values of the AU that JPL obtained using the Newcomb 
ephemeris (which was previously shown to be closely related to ours, 
at least for range predictions). A least-squares analysis was then per­
formed on the basis of our Duncombe ephemeris and assumed standard 
errors of o.i ms for all time-delay measurements and 0.2 c/s for all 
Doppler shift measurements. The resulting value for the AU is 
499.0058 ± 0.001 light-sec ^ 149598 200 ± 3oo km (-•), where the error 
represents mainly our inability to interpolate accurately from JPL's 
graphs. 

It appears probable, therefore, that the discrepancy between the values 
for the AU determined by JPL and by Lincoln Laboratory is more 
apparent than real. The differences may lie more in the interpretation 
than in any inherent incompatibility of the two sets of data. 

The experiment at the Moorestown facility of RCA [17] was intended 
primarily to show that bona fide radar echos were received. Consi­
dering the over-all transmission and detection system, Maron [23] esti­
mates the probable error in the three Moorestown time-delay measu­
rements to be about 2Xio~ ! s . Processing these measurements using 
our Duncombe-corrected ephemeris leads to an AU of 

498 .998 ± o.oo3 light-sec ^ 149 596 000 rh 900km. 

This result differs from ours by slightly more than twice its estimated 
probable error. The accuracy of the measurements made at Jodrell 
Bank [24] was limited by long (3oXio~3s) pulse lengths; the result 
obtained there on the basis of the Newcomb ephemeris was given as 

499.011 ± 0 . 0 1 7 light-sec & 149 600 000 zh 5 000 km. 

(This rather large error implies that the Duncombe corrections would 
not change the result significantly.) 

The experiment performed in the U. S. S. R. [25] yielded a value 
of 499-0095 :± 0.002 light-sec which disagrees with our determination 
by about twice the quoted root-mean-square error. Since the Soviet 
report included neither the measured nor the predicted values of the 
echo delays, it is not possible for us to ascertain reliably the cause of 
this disagreement. However, the formula given there for time delay 

3 
is similar to our equation (5.3) except for a factor of r which appears 

as the coefficient of R (27). On the assumption (confirmed by Kotel-

(26) Of course, in view of the possibly large-errors in our calculations of Doppler 
shifts (see section 5.B), this agreement with the Millstone result might not be particu­
larly significant. 

(27) Their formula led to a larger computed time delay (during the period tha t 
their measurements were made), and hence to a smaller value for the AU. 
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nikov [26]) that this formula was in fact used in the reduction of the 
Soviet data, we recalculated the AU using our equation for time delay, 
and found the value 499.0141 ± 0.002 light-sec ^ 149 600 700 db 600 km, 
which makes the disagreement even more serious. 

No reports have yet been published on determinations of the AU from 
radar observations made during the inferior conjunction of Venus 
in 1962 (28). However, Klemperer [7] revealed that the Jicamarca 
facility of the U. S. National Bureau of Standards obtained an echo time 
delay of 316.8490 ± 0.001 s, appropriate for a radar pulse transmitted 
on 2 December 1962 at UT i5 : 02 : 43. Using our Duncombe ephemeris 
in conjunction with this measurement leads to an AU of 

499.0017 ± 0.001 light-sec ^ 149 597 000 ± 3 0 0 km. 

In view of the uncertainty in determining the reflecting point of the 
radar signals, it is possible that the 3.5 ms discrepancy between the AU's 
determined from the 5o Mc/s and from the 44° Mc/s experiments might 
arise from a 33o km difference in the altitudes from which the respective 
waves were reflected. However, no meaningful conclusions can be 
drawn from such a limited comparison. 

The U. S. S. R. also established radar contact with Mercury in 1962 [27]. 
This experiment yielded for the AU the approximate value 

499*01 ± o.o3 light-sec, 

and supports the other radar-based determinations. (See, also, the 
paper presented by Muhleman where preliminary results are reported 
concerning a 1963 radar contact with Mercury.) 

The above-discussed values for the AU, and the corresponding values 
for the solar parallax, are summarized in table III (2y). The accom­
panying uncertainties are intended to approximate probable errors 
(except where otherwise noted). 

Considering all these radar results, we can conclude with perhaps 90 % 
confidence that the true value for the AU lies within the interval 
499.005 ± 0.007 light-sec & 149 598 000 ±2100 km. More radar echos 
obtained at different frequencies from the various inner planets will 
probably reduce this uncertainty by one or two orders of magnitude 
within the next few years, provided that sufficiently accurate ephemerides 
are used in the data reduction. Since, for a proper interpretation of 

(28) Note, however, the discussion in the paper presented to this Symposium by 
Muhleman. 

(29) Although the radar determination of the solar parallax differs significantly 
from tha t found by Rabe (in fact by ten times the probable error quoted by him), 
the former, being more direct and more extensively checked, is undoubtedly more 
reliable. 
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these experiments, the accuracy of the computations is as important 
as that of the measurements, the different groups engaged in radar 
astronomical research should compare calculations as well as processed 
results. 
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