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Abstract

We characterise regular bipartite locally primitive graphs of order 2p¢, where p is prime. We show that
either p =2 (this case is known by previous work), or the graph is a binormal Cayley graph or a normal
cover of one of the basic locally primitive graphs; these are described in detail.
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1. Introduction

Studying locally primitive graphs has been a central topic in algebraic graph theory
for more than half a century. Giudici et al. [6] established a framework for studying
locally primitive bipartite graphs, which reduces the study to ‘basic’ objects in terms
of O’Nan-Scott types. In this paper, we will study locally primitive graphs based on
bidirect products of graphs, defined below.

DermviTion 1.1. Let £ be a connected bipartite graph with biparts U and W. The
bidirect square ¥*v? is defined to be the graph with vertex set (U x U) U (W x W)
such that (u;, uy) ~ (wy, wp) if and only if both u; ~w; and u, ~w; in X (where ~
denotes adjacency). Recursively, the bidirect mth power %™ is defined as the graph
with vertex set U™ U W” such that, if u; € U™, w; € W', uy € U and wy € W, then
(uy, up) ~ (Wi, wy) if and only if both u; ~ wy in 2%~ and uy ~ wy in X.

We remark that the square %2 is one of the connected component of the direct
product £ X X, see Section 2 for details. Giudici ef al. [5] used the bidirect product to
study homogeneous factorisations of graphs, calling it the bipartite product. We think
that ‘bidirect product’ is more appropriate.
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Let I'=(V, E) be a connected graph with vertex set V and edge set E. Denote by
I'(v) the neighbourhood of the vertex v, that is, the set of vertices adjacent to v. For a
subgroup X of Aut T, the graph I is called X-locally-primitive if, for each vertex ve V,
the action of X, the stabiliser of v, on I'(v) is primitive.

THeoREM 1.2. Let ¥ be a connected bipartite graph, and let T =X*%". Then T is
G-locally-primitive for some subgroup G of a wreath product X S ,,, where X < Aut Z,
if and only if ¥ is X-locally-primitive.

For the rich literature on locally primitive graphs, see the references in [6, 7]. In
particular, a theory is established in [6] for the global action analysis of such graphs.
The main point of the global action analysis is to take normal quotient and then to
analyse ‘basic objects’, defined below.

Let I'=(V, E) be a connected G-locally-primitive graph. If I is bipartite, then
let U and W be the biparts. We denote by G* the stabiliser of U and W, that is,
G* =Gy = Gy. Let N be a normal subgroup of G. Denote by Vy the set of N-orbits
in V. The normal quotient T'y of I induced by N is defined as the graph with vertex
set Vy, and two vertices B, C € V) are adjacent if there exist # € B and v € C that are
adjacent in I'. Then I is a normal multicover of I'y, and, further, if I and I'y have the
same valency, then I' is a normal cover of I'y, that is, the induced subgraph on [B, C]
for adjacent B and C is a perfect matching.

Let M < G be maximal subject to the condition that M has at least three orbits on V/,
and, further, M is intransitive on each of the biparts U and W if I is bipartite. Then
I' is a normal cover of the quotient I'y;, and each minimal normal subgroup of G/M is
transitive on Vj; or one of Uy, and W), if I is bipartite. Therefore, with respect to this
group G/M, the graph I'y; has no further nontrivial normal quotient. Such graphs lie in
the core of the class of locally primitive graphs, which are basic (or minimal) objects
for the class of graphs.

A bipartite locally primitive graph I is called basic if there exists a subgroup G of
AutI" which acts on I' locally primitively and any nontrivial normal subgroup of G is
transitive on at least on one of the biparts. This leads to the study of basic objects,
as described in [6, 7], associated with a theory based on the O’Nan—Scott—Praeger
theorem for quasiprimitive permutation groups, proved by Praeger in [14].

Locally primitive graphs of prime power order are characterised in [9, 10, 12]. Here
we characterise the family of graphs that are regular, bipartite, locally primitive, and
of order 2p¢, where p is prime. Typical examples include:

(i)  the complete bipartite graphs K. ,.;

(ii) the graphs K, ,. — p°K, obtained by deleting a 1-factor from K. .;

(iii) the incidence graph D;(l 1,5) and the nonincidence graph B;(l 1,5) of the
2-(11, 5, 1)-design;

(iv) the incidence graph PH(d,q) and the nonincidence graph PH(d, q) of the
projective geometry PG(d — 1, q), where d > 3; and

(v) the standard double cover of the Schlifli graph.
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Other basic graphs are bidirect powers of these graphs. We remark that the Schldfli
graph is the graph on isotropic lines in the U(4, 2) geometry, adjacent when disjoint,
which is a strongly regular graph of valency 16, and is a locally primitive Cayley graph
of the metacyclic group Zg > Z3 (see [1] or [2] for more details).

A bipartite graph I' = (V, E) is called a Cayley graph of a group R if AutI has a
subgroup which is isomorphic to R and regular on V. If further AutI" has a subgroup R
which is regular on V and R N (Aut I')* is normal in Aut I, then I is called a binormal
Cayley graph. Binormal Cayley graphs have many interesting properties; see [11].

The main result of this paper is to present a classification of regular locally primitive
graphs of order 2p™. The case where p = 2 is characterised in [12].

THeorem 1.3. Each regular bipartite locally primitive graph of order 2p™, where p is
an odd prime number; is either a binormal Cayley graph, or a normal cover of one of
the following basic G-locally-primitive graphs:

(l) I'= sz"pe 5

(ii)  the standard double cover of £, where m > 1 and X = K or the Schlifli graph;
(iii) T =X*" where m > 1 and

¥ =Di(11,5), E§(11, 5), PH(d, ), or PH(d, q).

We remark that a binormal Cayley graph is a normal cover of a biquasiprimitive
graph of affine type, and basic locally primitive biquasiprimitive graphs of affine type
are not yet completely determined, see [9].

For a positive integer s, an s-arc of a graph I' is a sequence of s+ 1 vertices
Vo, V1, - - . » Vs such that v; is adjacent to v;.; and v; # v;4p. A graph I is called locally
(G, s)-arc-transitive if, for each vertex v, the stabiliser G, is transitive on the t-arcs
starting from v for all 7 < s.

CoroLLARY 1.4. Each regular bipartite locally 2-arc-transitive graph of order 2p™,
where p is an odd prime number, is a normal cover of one of the following basic
locally (G, 2)-arc-transitive graphs:

. —1
(i) T =Kpepe, Kpepe — p°Ko, D;(l 1,5),D,(11,5), or PH(d, g);
(i) G*= Z;, = Gy, where G™ is a primitive affine group and G, = GE(V) is a primitive
permutation group.
In particular, regular bipartite locally 4-arc-transitive graphs of order 2p°, where p is
an odd prime number, are cycles or normal covers of PH(3, g).

It is shown in [10] that 4-arc-transitive graphs of order p° are all cycles. To extend
this result to the case of order 2p® where p is an odd prime number, one needs to
characterise the nonbipartite case, and so needs to extend the result of Guralnick [8] to
classify almost simple groups which have subgroups of index 2p°.

2. Bidirect product

Let Z; be a connected bipartite graph with vertex set V; and biparts U; and W;, where
i =1 or 2. Recall that the direct product £; X %, is the graph with vertex set V; X V;
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such that two vertices (vi,v2) and (v}, V) are adjacent if and only if v; ~v) in %;
fori=1and 2.

It is easily shown that £; X ¥, is disconnected and has exactly two connected
components, which are the induced subgraphs of £; X £, whose vertex sets are either
(U x Uy) U(Wy x Wy) or (U; x W) U (U X Wy).

Let X<AutX;, Y<AutX,, and G=XXxY. Then G acts on V =V X V, in the
following way:

W1, )™ = (], V).

For all elements (x, y) € G and vertices (v{, v2) and (v3, v4) in Vi X V5,

Wi, v2) ~ (3, v4) &= vy ~v3in Xy, and v, ~ v4 in X,
X X y ) .
& vi~viinZj,and vy ~ v, in I,

= (Vl’ VZ)(x’y) = (VJIC7 V;) ~ (Vgc’ VZ) = (VS’ v4)(x,y)‘
Thus, (x, y) is an automorphism of £; X ,, and
X XY <Aut(Z; X Xp).

In particular, if X; and Z, are both vertex-transitive, then so is £; X X,. However, the
direct product of two edge-transitive graphs is not necessarily edge-transitive.

ExampLE 2.1. Let £ = Ky 3 and 2, = K3 4. Then the connected components of £; X %
are K¢ 12 and Kgo. Because the two components are not isomorphic, X; X X, is not
edge-transitive.

Although the two components are not necessarily isomorphic, the following lemma
shows that each of them is edge-transitive.

Lemma 2.2. Assume that X, is X-edge-transitive, and X, is Y-edge-transitive. Then the
connected components of 1 X X, are (X X Y)-edge-transitive.

Proor. Let I' be the component of X; X X, with vertex set (U; X U,) U (W) X W>).
Take two edges {(u1, uz), (w1, w2)} and {(u}, u5), (W}, w))}. Then {u;, w} and {u], w}}
are two edges of Xy, and {up, wo} and {u}, w)} are two edges of X,. Thus, relabelling if
necessary, we may assume that there exist x € X and y € Y such that
uy=uj, wi=wi, w=uh,  w,=wh

Therefore the element (x,y) maps the edge {(ui,us), (wi,w)} to the edge
{(W], u5), (Wi, w))}. Hence I is (X X Y)-edge-transitive.

Similarly, the component with vertex set (U; X W,) U (U, X W) is also (X X Y)-
edge-transitive. |

Edge-transitive graphs are often described as coset graphs, which are defined as
follows.
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DeriniTION 2.3. For a group G and subgroups L, R such that L N R is core-free in G,
that is, contains no nontrivial normal subgroup, let [G : L] = {Lx | x € G} and [G : R] =
{Rx | x € G}. Consider the G-edge-transitive graph with vertex set [G : L] U [G : R] and
edges {Lx, Ry}, where yx~! € RL. This graph is called a coset graph, and is denoted by
Cos(G, L, R).

Lemmva 2.4, Let T'=(V,E) and G < AutT' be such that G is transitive on E and
intransitive on V. Then for an edge {u, w}, T is isomorphic to Cos(G, G,, G,,).

Coset graph representations for bidirect products are interesting and important.

Lemma 2.5. Let X1 be an X-edge-transitive graph and X, be a Y-edge-transitive graph,
both of which are connected and bipartite. Then

21 = COS(X’ XM] ki XWI) and 22 = COS(Y’ YuQ, YW2)3

where {uy, w1} and {uy, wo} are edges of £\ and X, respectively, and the two connected
components of 1 X X, are

Cos(X X Y, Xy X Yo, Xy, X Yy,)  and  Cos(X X Y, Xy, X Yy, Xuy X Y)).

Proor. Let G = X X Y, and let v be a vertex of £ X X,. Then v = (vq, v»), where v; and
v, are vertices of X; and X,. An element g = (x, y) € G lies in G, if and only if

1, v2) = v =8 = (v, )™ = (], 1)),

or, equivalently, v =v; and v’2 =, thatis, x€ X,, and y € Y,,. Thus, G, =X,, XY,,.
By Lemma 2.2, each of the components of £; X Z; is (X X Y)-edge-transitive.

Let {u;, w1} and {1y, w;} be edges of X and Z,. Then both {(u;, u,), (wy, w;)} and
{(u1, wo), (up, wy)} are edges of X; X X,, and they lie in different components. By
Lemma 2.4, the two components of X; X X, can be represented as coset graphs. O

The case where £ = Z, is especially interesting. Recall from Definition 1.1 that,
given a connected bipartite graph T with biparts U and W, we write %2 for the
connected component of ¥ X X with vertex set (U x U) U (W x W), and X" for the
connected component of ZX0"~1 x ¥ with vertex set (U"~! x U) U (W""! x W) when
m> 3.

The other component of X X X has vertex set (U X W)U (W x U), and is arc-
transitive provided that X is edge-transitive.

ExawmpLE 2.6. Let X = PSL(2, p), where p is a prime congruent to 5 modulo 8. Then
X has subgroups L = Ay (the alternating group) and R = D), (the dihedral group) such
that LN R = Z% and (L, R) = X. Thus, the coset graph X = Cos(X, L, R) is a connected
cubic graph and X-locally-primitive, but not X-arc-transitive.

Let U=[X:L] and W =[X: R]. Then the component of X X ¥ whose vertex set
is (U x W) U (W x U) is X 1 S ,-arc-transitive. The other component is %2, which is
X 1§ »-locally-primitive but not arc-transitive.

In terms of coset graphs, the mth power X" has a simple form.
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Lemwma 2.7, Suppose that £ = Cos(X, X,, Xp). Then
o = Cos(X™, Xy, X[’,").

If X is of valency {ky, kp}, then 2% has valency {K', k'), Further, Aut XXM has a
subgroup XS, that is,
Aut 20" > X1 S ,.

Proor. The bipartition of the vertex set of X is [X : X,] U [X : Xg], and the vertex set

of X" js [X : X,]™ U [X : Xg]™, which is equal to [X" : XU [X™ : Xl’?]. We may
inductively assume that

me(m—l) — COS(Xm_l, X(rf—l, ng—l).

By Lemma 2.5, 2" is a component of Cos(X"~!, X!, ng‘l) X Cos(X, Xo, Xp). It
follows that %" = Cos(X™, X7, Xg’).
LetI'=X%" Letu=(a,,...,a)and w= (8,0, ..., B) be vertices of I". Then

TGl = X2 X2 0 X2 = [Xq : Xo 0 Xl
L)l = X5 X2 N X = X5 1 X O Xl"

Thus, if X is of valency {ki, k»}, then I has valency {k7", k3'}.

Write g=(1,...,1;71)e XS, where 7 € §,,. For all elements g; = (xq, ..., Xu),
g2 =01,-..,Ym) € X", the following is true:

Xo81~Xgg = %'a € Xy Xy
(ylel’ T ’y;tl-xm) € (X{IXB XX XQXB)
= 07X, L ) € (XaXp X -+ X X Xp)®
= (g7 &% € XUX})® = X0 Xy
= (X;81)% ~ (Xg'g2)*.

Thus, g=(1,..., 1;x) is an automorphism of 2**" and XS ,, < Aut X*%"™, O
Now we are ready to prove Theorem 1.2.

Proor or THeorEM 1.2. Let X be a connected bipartite graph with biparts U and W,
and let I' = ™" with m > 2. Then I is a bipartite graph with biparts U™ and W™. In
this proof, H will denote the symmetric group S ,.

Assume that I' = 2" is G-locally-primitive, where G < X S,, with X < AutX.
Let Y=XtH. By Lemma 2.7, Y < AutI, and thus I is Y-locally-primitive. So, if
{u, w} is an edge of T, then Y, =¥, NY,, is a maximal subgroup of both Y, and Y,,.
Now Y, =X,tHand Y, =XgtH,and Y, =Y, NY,, = (X, NYp)t H. If it were true
that X, N Xz < A < X, then it would follow that ¥,,,, = (X, N X,) 1 H <AVH < X, U H,
which would be a contradiction. Thus, X, N Xz is a maximal subgroup of X,,; similarly,
X N Xp is a maximal subgroup of Xz. Therefore X is X-locally-primitive.
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Conversely, assume that X is X-locally-primitive. Let {a, 8} be an edge of X. Since
X, is primitive on [X, : X, N Xg] and Xp is primitive on [Xp : X, N X3], we see that
Xo N Xp 1s a maximal subgroup of both X, and Xz. Let G=X!H. By Lemma 2.7,
G is a subgroup of AutI', and G, = X, ' H and G,, = Xg ¢ H. Hence the arc stabiliser
Gy is equal to G, NG, = (X, N Xg) H. It follows from [4, Lemma 2.7A] that
G, N G,, is maximal in both G, and G,,. Thus, X" is G-locally-primitive. O

We end this section with an example.

ExawmpLE 2.8. Let X = PSL(2, p), where p is a prime congruent to 5 modulo 8. Let X
be the connected cubic X-locally-primitive graph defined in Example 2.6.

Then the bidirect mth-power X**" is a G-locally-primitive graph of valency 3™,
where G = X.S,,.

3. Order twice a prime power

LetI" = (V, E) be an X-locally-primitive graph with biparts U and W. Assume that X
is not transitive on V. Assume further that each minimal normal subgroup is transitive
on U or on W. Then I' is a ‘basic’ graph in the terminology of [6], and one of the
following properties hold.

(1) TI'is a complete bipartite graph.
(i) X is faithful on both U and W, and quasiprimitive on U.

The O’Nan-Scott—Praeger theorem [13] classifies quasiprimitive permutation
groups into eight types. Let X act faithfully and quasiprimitively on U, of degree
p¢, and N be a minimal normal subgroup of X. If N is a nonabelian simple group,
then X is almost simple; we write X is of type AS. If N is abelian, then N =Z,. and
X < N > GL(e, p); then X is called affine or of type HA. Assume now that N is neither
simple nor abelian; then X is primitive of product action type; we write X is of type PA.
More precisely, let H be a group acting on A, and P be a subgroup of the symmetric
group §;. Let G = H! P. Then G acts naturally on A’ by the so-called product action,
as follows: for (6, ...,6) €A, x=(hy,...,h)eH  andoc e P,

(Bar - YT = (g1, ..., @),

where ¢ =6, and / =i . It is known that G is primitive on A’ if and only if H
acts primitively but not regularly on A and P is a transitive subgroup of S;; see [4,
Lemma 2.7A].

Noticing that |U| = |W| = p°, we quote a theorem of Guralnick.

TueorEM 3.1 (Guralnick [8]). Let T be a nonabelian simple group with a subgroup H
of index p® with p prime. Then T = Ape, or PSL(m, q) with (¢" — 1)/(q — 1) = p®, or
PSL(2, 11) with p¢ = 11, or My with p¢ = 11, or Mp3 with p¢ = 23, or PSU(4, 2) with
p¢ =27. In particular, either T is 2-transitive on [T : H] or T = PSU(4, 2).

We first consider the case where X acts faithfully on both U and W.
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Lemma 3.2. Assume that X acts faithfully on both U and W, and quasiprimitively on U.
Then X acts primitively on both U and W, further, the actions of X on U and W are
permutationally isomorphic, and X is affine, or almost simple, or of product action

type.

Proor. Since |U| = p°, the quasiprimitive group X has degree p°. By Theorem 3.1, X is
primitive on U, and X is almost simple, affine or is of product action type. Moreover,
since |W|=|U|, X is also primitive on W, and XV and X" are permutationally
isomorphic. O

3.1. Almost simple groups. We need to introduce a special type of cover. Let
Y =(V, E) be a graph. The standard double cover ¥ of X is defined as the bipartite
graph with biparts U = {(u, 0) |u € V} and W = {(w, 1) | w € V}, such that two vertices
(u, 0) and (w, 1) are adjacent if and only if u, w are adjacent in Z.

It is easily shown that £ is connected if and only if X is connected and nonbipartite.
Moreover, if X is G-locally-primitive, then S is also G-locally-primitive, with the
natural actions of G on U and W. Thus, for each locally primitive graph X of order p°
with p prime, the standard double cover £ is an example satisfying our condition.

Now let I' = (V, E) be a connected bipartite graph with biparts U and W. Assume
that X < AutT is transitive on E and intransitive on V. Assume further that X,, and
X,, are conjugate in X, where u € U and w € W. Then the action of X, on W\ {w} is
equivalent to the action of X,, on W \ {w}. Hence, I'(«) is an orbit of X,, on W \ {w}.
It follows that I is the standard double cover of the orbital graph X of X acting on W,
where the arc set of T is equal to (w, v)* with v € T'(u).

LemmA 3.3. Let I be a connected bipartite graph with biparts U and W. Assume that
X < AutT is transitive on E and intransitive on V such that X, and X,, are conjugate
(in X), where ue U and we W. Then T is the standard double cover of an orbital
graph X of X acting on W. Furthermore, I is X-locally-primitive if and only if Z is.

We now consider the almost simple group case. We analyse the candidates for the
simple groups T appearing in the list of Guralnick in Theorem 3.1. Recall that the socle
soc(X) of a group X is the subgroup generated by all its minimal normal subgroups.

Lemma 3.4. Let X be almost simple, and assume that X, and X,, are conjugate in X for
some vertices u € U and w € W. Then either I' = K ,o — p°Ky, or I is the standard
double cover of the Schlifli graph.

Proor. Let T =soc(X). By Lemma 3.3, T is the standard double cover of an orbital
graph of X on W. Then, by Theorem 3.1, either X is 2-transitive on both U and W, or
T =PSU4, 2) and |U| = |W| =27. In the former case, I is the standard double cover
of a complete graph K., and so I' = K« ,» — p°K5. In the latter case, by [12], the only
locally primitive orbital graph of 7= PSU(4, 2) on W is the Schlifli graph; so I' is the
standard double cover of the Schlifli graph. |

ExawmpLE 3.5. Suppose that X = PSL(2, 11) acts on 11 points. Then X, = X,, = As, and
|U| =|W]|=11. Assume that X,, and X,, are not conjugate (in X). Then X, does not fix
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any point of W. The permutation degrees of X, = As that are less than 11 are 5 and 6.
It follows that X, acting on W has exactly two orbits, of sizes 5 and 6. Therefore I has
valency 5 or 6.

The graph of valency 5, denoted by D;(l 1, 5), is the incidence graph of the well-
known 2-(11, 5, 1)-design; that of valency 6 is the complement of Dé(l 1,5) in K111,

denoted by Dy(11, 5). Both Di(11, 5) and D,(11, 5) are 2-arc-transitive.

ExampLE 3.6. Let X = PSL(d, ¢) act on (¢ — 1)/(g — 1) points. Assume that X, and
X,, are not conjugate in X. Then

_ 1 ¢ -1
X, =X, =2[¢" "1« ——GLWd-1,9) and |U|=|W|= )
T g 1 g-1

Without loss of generality, we may assume that u is a l-subspace, and w is a
hyperplane. Now X, does not fix any 1-subspace, point of U, and

1
X, =[¢"" 1= ————GL(d - 1, g).
g™ ] da-1 ( )

Assume that u is contained in w. Now w is a space of dimension d — 1, and contains
exactly (¢! = 1)/(g — 1) subspaces of dimension one. Moreover, GL(d — 1, q) is
2-transitive on these 1-subspaces. It follows that X, is 2-transitive on I'(w). This graph
is actually the incidence graph of projective points and hyperplanes in the projective
geometry, denoted by PH(d, ¢). The graph PH(d, ¢) is 2-arc-transitive.

Assume that u is not contained in w. The number of 1-subspaces that are not
contained in w is equal to

qd—l qd—l_l

d-1
g-1 g-1 '

=9

It follows that X,, is 2-transitive on I['(w). This graph, denoted by PH(d, q), is the
complement of PH(d, ¢) in K,,,, where n = (¢® = 1)/(g — 1). It is not 2-arc-transitive.

Lemma 3.7. Let X be almost simple, and assume that X,, and X,, are not conjugate in
X forallue U and allw e W. Then T =DJ(11, 5), 5;(1 1, 5), PH(d, ¢), or PH(d, g).
Proor. Let T =soc(X). It follows from Theorem 3.1 that either 7 = PSL(2, 11) and
p°=11,0r T =PSL(d, q) and p® = (¢ = 1)/(g - 1).

In the former case, I' = Dé(l 1,5)or 5;(1 1, 5), as in Example 3.5. These two graphs

are locally (7', 2)-arc-transitive. L
In the latter case, I' = PH(d, ¢) or PH(d, ¢g), as in Example 3.6. O

3.2. Product action type. Assume that the actions of X on U and W are both of

product action type. Let {u, w} be an edge of I', where ue€ U and we W. Let N =
soc(X) = T!, where [ > 2 and T is one of the simple groups that appear in Theorem 3.1.
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Lemma 3.8. Suppose that N, and N,, are conjugate in N. Then T is the standard double
cover of a graph with form X" with m > 2, where ¥ = K or X is the Schlifli graph.

Proor. Since N is transitive on both U and W, we see that X,, and X, are conjugate in
X. By Lemma 3.3, T is the standard double cover of a locally primitive orbital graph
Iy of X acting U. Such a graph I'y is characterised in [12], which shows that Ty = ™,
where X = K- or X is the Schlifli graph. O

Next we consider the case where N,, and N,, are not conjugate.

Lemma 3.9. Assume that N, and N,, are not conjugate in N. Then T = X", where
m > 2 and |
Y= Dé(l 1,5), D,(11,5), PH(d, g), or PH(d, g).

Proor. In this case, it follows from Theorem 3.1 that either 7 = PSL(2, 11) and
N, =N, =A%, or T =PSL(d, q), associated with the actions on 1-subspaces and
hyperplanes. Thus, GV and G" are both primitive of product action type.

We may write the biparts U and W as U =[N : N,] =A™ and W =[N : N,,] = I1",
where A=[T :TslandII=[T : T;],andu=(6,6,...,8) andw=(m,«,...,n). Then
N,=T§ and N,, = T". Since I is G-locally-primitive, I" is N-edge-transitive. Thus,

I' = Cos(N, Ny, N,,) = Cos(T™, T§", T,").

By Lemma 2.5, we see that I' = 2" where X = Cos(T, Ts, T;). By Theorem 1.2,
¥ is T-locally-primitive. By Lemma 3.7, we conclude that

£ =D(11,5), D,(11, 5), PH(d, g), or PH(d, q),
as required. O

Proor or Theorem 1.3. Let I'=(V, E) be a connected bipartite G-locally-primitive
graph of order 2p¢. Assume that G has exactly two orbits on V, which are the biparts
of I', denoted by U and W.

Let M < G be maximal subject to the condition that M has at least three orbits on
each of U and W. Let Uy, and W), be the sets of M-orbits on U and W, respectively.
Then each minimal normal subgroup of G/M is transitive on Uy, or Wy, By [6], T'is a
normal cover of I'y;, M is semiregular on V, and either I'y; = K, ., or G/M is faithful
and quasiprimitive on both Ujs and Wy,.

The former case fits Theorem 1.3(i). For the latter case, by Lemma 3.2, the actions
of G/M on Uy, and W), are equivalent and of type HA, AS or PA. If these actions are
of type HA, then G/M has a normal subgroup, N say, which is regular on both Uy,
and Wy, and hence MN is a normal subgroup of G which is regular on both U and W.
Thus, I' is a binormal Cayley graph.

Assume finally that the actions of G/M on U, and W), are of type AS or PA. Then
by Lemmas 3.4 and 3.7 to 3.9, the quotient graph I'y, fits either part (ii) or (iii) of
Theorem 1.3. O
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In order to prove Corollary 1.4, we need to quote a result about the vertex stabiliser
of s-arc-transitive graphs. For a graph I" and an arc (u, w), denote by G the kernel of
G, acting on I'(«). Then the induced permutation group Gl;(“) is isomorphic to G,/ GL”.
Let G{}J = GE] N GEVH, the kernel of the arc stabiliser G,,, acting on the double star
I'(w) U T'(w). Then the well-known Thompson—Wielandt theorem tells us that G,[}J isa
r-group for some prime r. Moreover, the following result is already known.

Tueorem 3.10 (Weiss [15]). Let I be a connected (G, s)-arc-transitive graph where
s > 2. Then, for an arc (u, w), either G,[,lvl =1land s <3, or GLIJ is a nontrivial r-group
and soc(GE(“)) =PSL(d, q), where [T(w) = (g% — 1)/(q = 1) and r|q; furthermore, if
s>4, thend=2.

Observe that G, is an extension of the kernel GE] by the factor group Gg("), and,

furthermore, G'!! is an extension of G1!! by (GI!)'®) that is,
~ 11 ATW) ~ 1 1\T T
Gu= GG = GGG,
From the above theorem, the following statements follow.

Lemma 3.11. The stabiliser G, has at most two insoluble composition factors, and,

further, one of the following results holds.

(i) G, issoluble, and GE(") < ATL(1, 1), the 1-dimensional affine semilinear group.

(i1) Gy has only one insoluble composition factor, namely, SOC(GI,;(M)).

(iil)) Gy, has exactly two insoluble composition factors, one of which is soc(Gl;(“)) and
the other is the unique insoluble composition factor of Ggﬁf 2,

(iv) GE(”) is affine of degree r* and G, has exactly two insoluble composition factors

that are isomorphic to the unique insoluble composition factor of Ggﬁf ),

Proor or Cororrary 1.4. Let I be a 2-arc-transitive graph of order 2p¢, where p is an
odd prime. Then I" is G-locally-primitive and satisfies Theorem 1.3. We may assume
that each nontrivial normal subgroup of G has at most two orbits on the vertex set.
If T is a binormal Cayley graph, then it is easy to see that G* = Zy, » Gy.

Assume now that I is a standard double cover of X where X = K. or the Schlifli
graph. Then X* is 2-arc-transitive. If m >2 and X =K., then I" is a Hamming
graph, and is known not to be 2-arc-transitive. If X is the Schlédfli graph, then
G, > (Z‘21 »x As)". It follows from Lemma 3.11 that m = 1, and hence T itself is the
Schlifli graph and has valency 16. So G, = Zj > As or Z3 = S5, which is not possible
since neither Z‘z‘ > As nor Z‘z1 = § 5 has a representation of degree 16. Therefore X = K ¢
andI' = K o — p°Ks.

Suppose that I = %" where

T =Di(11,5), D,(11, 5), PH(d, ¢), or PH(d, ¢).
Then m =1 by Lemma 3.11. Obviously, ﬁ(d, g) is not 2-arc-transitive. Therefore

=X =Di(1, 5),55(11, 5), or PH(d, g).
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Finally, it is clear that neither K ,c nor Ky, — p°K, is 4-arc-transitive. By
Theorem 3.10, we conclude that if T is 4-arc-transitive, then I' = PH(3, ¢). O
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