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DETERMINING UNITS IN SOME INTEGRAL GROUP RINGS 

BY 

E. G. GOODAIRE, E. JESPERS, AND M. M. PARMENTER 

In this brief note, we will show how in principle to find all units in the integral 
group ring ZG, whenever G is a finite group such that G/Z(G) = C^ x C2, and G/G' 
and Z(G) each have exponent 2, 3, 4 or 6. Special cases include the dihedral group of 
order 8, whose units were previously computed by Polcino Milies [5], and the group 
G = (a, b I a4 = 1 = b4, [b,a] -= a~2) discussed by Ritter and Sehgal [6]. Other 
examples of noncommutative integral group rings whose units have been computed 
include ZS3 ([2], [4]), and ZA4 ([1]), but in general very little progress has been made 
in this direction. For basic information on units in group rings, the reader is referred 
to Sehgal [7]. 

Before beginning, we would like to confess that we are slightly embarassed by the 
simplicity of what follows. However, we feel the results are interesting because very 
few noncommutative group rings have had their units completely determined. The 
ideas behind the computations originate in work on units of loop rings [3], and some 
of the arguments here can also be applied to that area, but we have elected to work 
solely with group rings in this paper. 

First we list a few simple properties of the groups we are interested in. 

LEMMA 1. Let G be a finite group such that G/Z(G) = C2 x C2. (1) G' = {l,e} 
where e G Z(G). (2)Ifg,he G, then hg = gh or hg = egh. (3) Ifg,h£Z{G), then 
hg — gh if and only if gh G Z(G). (4) The mapping * : G —> G, defined by g* = g 
if g G Z(G)> and g* = eg if g £ Z(G), is an involution. 

PROOF. TO prove Part 1, note that if G/Z(G) = (à,b), then [b,a] = bab~xa~x = 
babb-2a~l = baba^b'2 since b~2 G Z(G). Hence [b,a] = b(aba~lb~l)b-{ = 
aba~xb~x = [a, b] since [a,b] G Z(G). Similar arguments show that all other com­
mutators equal either 1 or [a,b]. 

Part 2 follows immediately from Part 1, while Part 3 is obvious. 
To prove part 4, we note first that * is certainly bijective. Let a, b G G. If a, b G 

Z(G\ then ab G Z(G), so {abf = ab = ba = b*a*. If a G Z(G), b g Z(G) (or con­
versely), then ab £ Z(G), so (ab)* — eab = (eb)a = b*a*. Finally, assume a £ Z(G), 
b <£ Z(G\ Then b*a* = (eb)(ea) = ba. If ab G Z(G\ then {abf = ab = ba by Part 3, 
so (abf = b*a*. If ab g Z(G), then (abf = eab = ba by Parts 2 and 3, so 
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again (ab)* = b*a*. Hence, in every case we have (ab)* = b*a*, so * is an involu­
tion. D 

Note that if * is extended Z-linearly to ZG, then it is still an involution on ZG. In 
fact, we have more. 

LEMMA 2. Let G and * be as defined in Lemma 1. If a G ZG, then aa* = a* a is 
in the centre ofZG. 

PROOF. Let g, h be any two elements in the support of a. 
If g y h G Z(G), then gh is obtained in the expansion of aa* and hg = gh is obtained 

in a* a, with the same coefficient. Note that gh and hg are in Z{G). 
If g G Z(G) and h 0 Z(G), then g (eh) and hg are both obtained when expanding 

aa* and they have the same coefficient. Note that g (eh) + hg = egh + gh is in the 
centre of ZG. Also (eh) g and g h are obtained in a* a. They have the same coefficient 
as the terms hg and g (eh) in aa*, and gh = hg, (eh)g = g (eh). Hence these products 
make the same (central) contribution to aa* and to a* a. 

The last case is where g 0 Z(G) and h 0 Z(G). If gh G Z(G), then g (eh) is obtained 
in aa* while (eh)g is obtained in a* a with the same coefficient, and Lemma 1 yields 
(eh)g =e(gh) = g(eh). 

Finally, assume g £ Z(G), h 0 Z(G) and gh £ Z(G). Again, g (eh) and h(eg) 
are obtained in aa* and they have the same coefficients. Further Lemma 1 tells us 
that g (eh) + h(eg) = hg + e(hg) is central. Also (eh)g and (eg)h are in a* a, with the 
same coefficients as above. But (eh)g = h(eg) and (eg)h = g (eh), so the result is 
proved. • 

Now let us see how to compute units. For this we assume that G is a finite group 
such that G/Z(G) ^ C2 x C2, and G/G' has exponent 2, 3, 4 or 6. 

Let u be a unit in ZG; we may assume it has augmentation 1. By Higman's result 
Z(G/G') has only trivial units [7], so u = g + (1 — e)a for some g G G, « G ZG. 
Hence u = g(l +(l — e)g~la) and thus we may assume g — 1. 

We note the following. 

LEMMA 3. Lef G satisfy the two conditions listed above and let * be as in Lemma 
2. If u = 1 + (1 — e)a, then uu* = u*u is in Z(Z(G)). Hence u is a unit in ZG if and 
only if uu* is a unit in Z(Z(G)). 

PROOF. We know from Lemma 2 that uu* = u*u is in Z(ZG). Let u = 1 + (1 — e) 
( Z X s ) . Then u* = 1 + (1 - e)(£g€Z(G)agg + Eg^z(G)ageS) = ' 1 + (1 - *) 

(EgGZ(G) <**£ ~ £g*z(G) as£)- T h u s ww* = ! + 2 ( 1 ~ eKT<8eZ(G) agS) + 0 - e)2 

Œg(EZ(G)a£#)2 ~ (1 — ^ Œ g ^ z c G ) 0 ^ ) 2 - T n e first three terms in this sum are in 
Z(Z(G)). In the final term, note that gh £ Z(G) if and only if gh — ehg by Lemma 1 
and (1 — e)ehg — —(1 — e)hg. Hence non-central products cancel. • 
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We are now able to give a procedure to compute all units in some integral group 
rings. 

PROPOSITION 4. Let G be a finite group such that G/Z(G) = C2 x C2, G/G' and 
Z(G) both have exponent 2, 3, 4 or 6. Then (1) all units of ZG are (up to ±G) of 
the form u — 1 + (1 — e)a, with u*u — uu* — 1; (2) this yields a set of quadratic 
diophantine equations for the coefficients of u, and thus the latter are "determined". 

PROOF. Let u be unit in ZG. As before we may assume that u is of the form 
1 + (1 — e)a. Lemma 3 tells us that uu* — u*u is in Z(Z(G)), and Higman's result 
now guarantees that all such units are trivial. Observing that, in the proof of Lemma 
3, every non-identity group element of uu* had an even coefficient, we conclude that 
uu* = u*u = 1. This will yield a set of quadratic diophantine equations for the 
coefficients of u which are equivalent t o w = l + ( l — e)a being a unit, and the units 
of ZG are therefore determined. • 

We give two examples illustrating how this procedure works. In the first, we classify 
the units in an interesting group of order 16 studied by Ritter and Sehgal [6], while 
in the second we classify again the well-known ([5]) units of the integral group ring 
ZD4. 

EXAMPLE 1. Let G = (a,b \ a4 = b4 = 1, [b,a] = a'1). Here G = {dti | 0 < / < 
3, 0 <j < 3}, Gf = {l,a2} and Z(G) = {l,a2,b2,a2b2}. Note that e = a2. 

Any unit of the type 1 + (1 — e)x can be written as 

u — 1 + (1 — e)(a\ + ot2b2 + a^a + a\ab2 + a$b + a^b3 + ajab + a%ab3). 

Hence 

u* — 1 + (1 — e)(oc\ + a2b2 — a^a — ot^ab2 — a$b — a^b3 — ajab — a%ab3). 

So 
uu* = 1 + 2(1 — e)(ot\ + a2b

2) + (1 — e)2(a2 + 2a\a2b
2 + a\ — a]e 

— 2a3a4<?/?2 — ale — ajb2 — a\b2 — 2a5a6 — a2b2 — a\b2 

- 2 a 7 a 8 ) 

= 1 + 2(1 — e)(a\ + a2b
2) + 2(1 — e)(a2 + a\ + a\ + a\ — 2a5a6 

— 2a7a8) + 2(1 — e)b2(2oc\a2 + 2a3a4 — aj — a\ — a2 — aj). 

Since uu* — 1, we conclude that u is a unit if and only if: 

ot\ + a2 + a\ + a\ -1- a\ — 2a^a^ — 2a7ag = 0, and 

a2 + 2a\ a2 + 2a3«4 — a2
5 — a\ — a2 — a\ = 0. 

Subtracting the second condition from the first, we obtain 

ax - a2 + (cri - a2)2 + (ûf3 - oc4)
2 + (a5 - a6)2 + (a7 - a8)2 = 0. 
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There are two sets of solutions to this diophantine equation, namely 

1. Ot\ = Of2, #3 = «4, #5 = «6? al = °̂ 8» 

2. ai = «2 — 1, a3 = «4, «5 = c*6, «7 = ag. 

In case l , w = l + ( l — e)(l + fr2)(ai + 0:3a + c^b + a7<2fr) and our conditions reduce 
to 

(1 + lax)1 + (2a3)2 - (2a5)2 - (2a7)2 = 1 + 2a{. 

In case 2, w = £ + (1 — e)(l + b2)(ai + a^a + «5/7 + a7ab) — ev, where v is a unit 
as in case 1. 

EXAMPLE 2. Let £>4 = (a, & | a4 = b2 = 1, 0* = ÛT1), the dihedral group of order 
8. Here G = {a'V | 0 < / < 3, 0 < j < 1}, D'A = {I, a2}, Z(D4) = {I,a2} and 
e — a2. Any unit of the type 1 + (1 — e)x can be written as 

u— 1 + (1 — e){oc\ + oc2a + a^b + oc^ab). 

So 
uu* = 1 + 2(1 - <?)(ai + a? + «2 - a2 - «4). 

Again since ww* = 1, we obtain that u is a unit if and only if: 

(1 + 2a0 2 + (2a2)2 - (2a3)2 - (2a4)2 = 1. 

We close with a few remarks. As mentioned in [6], 2-groups create the main problem 
in computing units. In [6], Ritter and Sehgal give a concrete generating set for a 
subgroup of finite index of the unit group of integral group rings ZG, where G 
belongs to a wide class of finite groups. The restrictions on this class are on the 
Sylow 2-subgroups, and the group mentioned in Example 1 is not in the class. 

However, this note provides a method of computing all units of the integral group 
rings ZG, where G is in the class Q of all finite groups G satisfying the conditions 
mentioned in Proposition 4. One easily verifies that if a group G is a direct product 
H x A, where A is an abelian group, then G is in Q if and only if H is in Ç and 
Z(G) xA has exponent 2, 3, 4 or 6. Further, one can verify that any group G in Q can 
be written in the form H xA, where A is an abelian group and H cannot be written as 
such a direct product. One could call the latter an indecomposable group in the class 

Q-
A somewhat tedious but straightforward argument shows that there are very few 

such indecomposable groups. The quaternion group Q and the dihedral group Z)4 are 
the two examples of order 8, while there are four of order 16, namely 

{a, b,c\aA = [a, b] = [a, c] = 1, a2 = b2 = c2 = [b, c]), 

(a,b\a4 = b4 = 1, [b,a] = a~2)7 

(a, b\a4 = b4 = (abf = [a2, b] = 1) and 

(a,b\as = (ab)2 = 1, b2 = a2). 
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There are three examples of order 32, namely 

(a,b,c \a4 = b4 = (abf = [a2\b] = [a,c] = [6,c] = 1, c2 = [a,b]), 

{a, b\a4 = b4 = [a2, b] = [a, b2] = [a, b]2 = 1) and 

(a,b \ a* = [a2,b] = [a,b2] = 1, a4 = b4 = [a,b\). 

Finally, there is one indecomposable group of order 64, namely 

{a, b, c\a4 = b4 = [a2, b] = [a, b2] = [a, b]2 - [a, c] = [b, c] = 1, c2 ~-= [a, b]). 
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