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Abstract

We study the optimal investment-reinsurance problem in the context of equity-linked insurance products. Such
products often have a capital guarantee, which can motivate insurers to purchase reinsurance. Since a reinsurance
contract implies an interaction between the insurer and the reinsurer, we model the optimization problem as a
Stackelberg game. The reinsurer is the leader in the game and maximizes its expected utility by selecting its optimal
investment strategy and a safety loading in the reinsurance contract it offers to the insurer. The reinsurer can assess
how the insurer will rationally react on each action of the reinsurer. The insurance company is the follower and
maximizes its expected utility by choosing its investment strategy and the amount of reinsurance the company
purchases at the price offered by the reinsurer. In this game, we derive the Stackelberg equilibrium for general
utility functions. For power utility functions, we calculate the equilibrium explicitly and find that the reinsurer
selects the largest reinsurance premium such that the insurer may still buy the maximal amount of reinsurance.
Since in the equilibrium the insurer is indifferent in the amount of reinsurance, in practice, the reinsurer should
consider charging a smaller reinsurance premium than the equilibrium one. Therefore, we propose several criteria
for choosing such a discount rate and investigate its wealth-equivalent impact on the expected utility of each party.

1. Introduction

Motivation. This paper is driven by a practical problem that appears in life insurance, namely the optimal
choice of investment strategies for equity-linked insurance products and the corresponding reinsurance
strategies. Reinsurance in such products can help insurance companies to meet their obligations toward
clients, that is, pay back a guaranteed capital amount to the policyholder (buyer of an equity-linked insur-
ance product) at the end of the investment horizon. For example, in the previous decade, the insurance
company ERGO started offering a pension product “ERGO Rente Garantie” with a capital guarantee
of 80% or 100% of clients contributions. According to the product description,' clients’ contributions
are invested in the money market and a target volatility fund (TVF) and are reinsured by Munich Re.’
In that product, the investment strategy of the insurer is fully transparent to the reinsurer, as the TVF
is constructed in full agreement with a reinsurer, that is, the insurer does not have much investment

I'See https://www.yumpu.com/de/document/view/22247401/expertenwissen-zur-ergo-rente-garantie.
2See https://www.focus.de/finanzen/steuern/ergo-ergo-rente-garantie_id_3550999.html.
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freedom. Note that there are other ways of ensuring that capital guarantees are reached, for example, a
constant-proportion portfolio insurance (CPPI) strategy or a put-option replicating strategy of the invest-
ment portfolio. However, those ways are highly challenged in practice. A CPPI strategy does not leave
much freedom for insurers to generate decent surplus for their policyholders and shareholders when
interest rates are low. A put-option replicating strategy of the insurer’s individual portfolio might be too
expensive due to transaction costs. Furthermore, insurance companies, especially smaller ones, may not
have a trading department necessary for dynamic hedging. If, on the other hand, an insurance company
buys reinsurance from a reinsurance company, it can lower its transaction costs, does not need a trading
department for hedging its position, and can get rid of at least some of the risk in its books.

Next, we describe in more detail the practical problem that motivates our research. An insurance
company (insurer for short) sells an equity-linked product with a capital guarantee to a customer. The
insurer is willing to run its own individual investment strategy in some sub-universe of a global liquid
market. It does not want to disclose its investment strategy to a third party like other insurers or rein-
surers. Focusing on its own investment strategy, the insurer can buy (partial) reinsurance on a simple
investment strategy in the global liquid market or even another liquid sub-universe of the global market.
To get a reasonable reinsurance contract, the investment strategy to be reinsured should be transparent,
easy to understand as well as implement, and sufficiently correlated with the individual investment strat-
egy of the insurer. A typical candidate is a constant-mix strategy. The reinsurance contract (put option)
usually has a long maturity, is not continuously traded in the market and, thus, has to be bought over-
the-counter, that is, from a reinsurance company. Due to a long maturity of the put option modeling the
reinsurance contract and the impossibility to trade it on exchanges, the reinsurance company can charge
an additional price margin above the expected discounted loss of the contract.

Note that, in practice, it may be beneficial for the insurer to disclose its investment strategy to the
reinsurer. In that case, the parties can agree on a reinsurable portfolio that has a higher correlation with
the insurer’s portfolio and/or has lower costs for hedging. As a result, the reinsurer may offer a lower
price for reinsurance in practice. However, even if the insurance company discloses fully its investment
strategy, the company may want to deviate from the agreed reinsurance strategy in the future, for exam-
ple, once a financial market shock happens and the company needs to adjust its strategy. Additionally,
the individual investment strategy might not be standardized or explainable by simple rules and might
also have discretionary components so that the reinsurer may not be willing to reinsure it.

As a reinsurance contract is an agreement between a primary insurance company and a reinsur-
ance company, it implies interaction/negotiation between involved parties. In the simplest case, the
insurance company chooses the amount of reinsurance, which we call the reinsurance strategy of the
insurance company. The reinsurance company selects the price of the reinsurance. If the reinsurer takes
into account only its own preferences when creating a reinsurance contract, the reinsurance premium
might be too high for the insurer to accept the contract and, therefore, the insurer may not be willing
to buy as much reinsurance as the reinsurer expects. On the other hand, if the reinsurance premium is
too low, the insurer chooses to buy reinsurance for more claims, but the net profit of this deal may be
suboptimal for the reinsurer due to the low price. Hence, the outcome for the reinsurer would be worse
than expected. The described interaction between the parties motivates the usage of game-theoretical
concepts for modeling.

Since there are significantly more insurance companies than reinsurance companies worldwide (e.g.,
see Albrecher et al., 2017), the reinsurance company has a rather dominant position in the negotiation
process when setting up a reinsurance contract (e.g., see Chen and Shen, 2018; Bai et al., 2022). In
addition, the reinsurance company is often larger than the primary insurance company and acts interna-
tionally, whereas the insurer often acts on a national level (e.g., see Albrecher et al., 2017). Therefore,
the reinsurer is likely to have more investment opportunities and has the ability to assess how the insurer
reacts to various specifications of a reinsurance contract, in particular, its price. Due to this differ-
ence in negotiating power and information asymmetry, the reinsurance contract can be considered as
a hierarchical game between both parties.
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The above-mentioned situation suits well to the concept of Stackelberg games. These games have
a hierarchical structure where the leader “dominates” the follower, that is, the leader moves first and
selects his/her strategy knowing the future optimal response of the follower, whereas the follower moves
afterward and chooses its strategy depending on the choice of the leader.

According to the above, we study a Stackelberg game between an insurer and a reinsurer in the context
of an equity-linked insurance product with a capital guarantee.

Modeling aspects and research questions. In our model, we consider one reinsurer, one insurer, and
one representative client. The representative client pays an initial contribution to the insurance company
that invests the money — on behalf of the client — in financial markets. The insurer can buy reinsurance
from the reinsurance company only at the beginning of the investment period.* In the reinsurance con-
tract, the insurer chooses the amount of risk transferred to the reinsurer, which we call the reinsurance
strategy, and the reinsurer selects the reinsurance price. We model reinsurance as a put option, which is
written on the potential losses related to some benchmark investment portfolio. This benchmark port-
folio is highly correlated with but not necessarily equal to the individual investment portfolio of the
insurer. This models the situations when the reinsurance company is not willing to reinsure the insurer’s
individual investment strategy, for example, due to its high riskiness and nontransparency, because the
insurer does not want to disclose its strategy, or because the reinsurer only wants to sell reinsurance
based on a standard market index. The aim of each party is to maximize its expected utility of the total
terminal wealth, where the total terminal wealth consists of the terminal portfolio value including the
reinsurance payoff. However, the reinsurer (leader) moves first and chooses its strategy first knowing the
optimal response of the insurer (follower). Afterward, the insurer (follower) selects its strategy knowing
the optimal strategy of the reinsurer (leader). The solution to a Stackelberg game is called the Stackelberg
equilibrium.
Using the described setting, we answer the following research questions:
1. How can we analytically derive the Stackelberg equilibrium?
2. What happens with the parties’ expected utilities in case one of the parties deviates from the
Stackelberg equilibrium, for example, the insurer does not buy reinsurance or the reinsurer sets
a reinsurance contract price lower than the equilibrium one?
3. What is the impact of model parameters on the Stackelberg equilibrium?

Contribution. We contribute to the existing literature as described next.

First, we formulate and analyze a novel Stackelberg game between a reinsurer and an insurer, which
is more realistic than Stackelberg games previously studied in the literature. In contrast to them, in our
model, the reinsurance is written on potential losses within an insurance product rather than the whole
surplus process of an insurer and is purchased at the beginning of the investment period, not dynamically
traded at future points. Additionally, we allow that the investment portfolio in the insurance product
and the underlying portfolio in the reinsurance contract are not identical. Second, we draw insightful
economic conclusions from the equilibrium of the considered game. In particular, we find that in the
Stackelberg equilibrium, the reinsurer selects the largest reinsurance premium such that the insurer may
buy the maximal amount of reinsurance. The insurer’s expected utility becomes constant with respect
to the amount of purchased reinsurance, which is why, in practice, the reinsurer should charge a lower
(discounted) safety loading of the reinsurance premium than the equilibrium one in order to secure a
deal with the maximal amount of reinsurance. In this regard, we show that the reinsurer’s expected
utility in case of a discounted safety loading is higher than the expected utility corresponding to the case
when no reinsurance is sold, which can happen for the equilibrium safety loading without a discount.
Thus, we provide three different ways how the reinsurer can determine a reasonable discount and show
that for the discounted safety loading the optimally acting insurer may significantly reduce its product

3In reality, the reinsurance contract can be adjusted at regular intervals, for example, annually. To solve the corresponding
problem with several discrete adjustments during the investment period, our model can be applied sequentially.
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costs without decreasing its expected utility. For example, in the base parametrization of our model, if
the reinsurer charges only 86.73% of its equilibrium safety loading, then the insurer needs 16 bp* less
initial capital if it switches from an “old” product with optimal investment strategy without reinsurance
to a “new” product with reinsurance. The cost benefits can be substantially higher depending on the
investment strategy in the former insurance product.

Portfolio optimization literature. Our contribution to this stream of literature lies in solving a novel
portfolio optimization problem with nonstandard features by combining existing advanced techniques.
To the best of our knowledge, this problem has not been considered earlier. First, we solve a portfolio
optimization problem with a fixed position in a put option using the idea of linking option and stock
market in Korn and Trautmann (1999).° Second, we solve a portfolio optimization problem with an
investment strategy constraint and a fixed-term investment in a put option by combining the concept
of auxiliary markets from Cvitani¢ and Karatzas (1992) and the generalized martingale approach from
Desmettre and Seifried (2016).

Literature overview. Next, we provide an overview of the relevant literature and organize it in three
groups. The first stream of literature is related to risk sharing between insurance and reinsurance com-
panies in the context of pension and equity-linked products. The second group of sources is devoted
to Stackelberg games between an insurer and a reinsurer. The third stream of literature is related to
advanced portfolio optimization techniques, which we combine to solve the novel Stackelberg game
considered in this chapter.

Insurance focus. The first paper that considered the usage of reinsurance in portfolio selection in a
life insurance context is Miiller (1985). The author considers a static investment-reinsurance problem
for a pension fund, where preferences are described by an exponential utility function and there are no
constraints on the terminal wealth. However, the interaction between the reinsurer and the pension fund
in terms of contract parameters is not taken into account.

Escobar-Anel et al. (2022) revisit the usage of reinsurance for life insurance products and solve in a
Black—Scholes market a dynamic investment-reinsurance problem for an insurer with no-short-selling
and value-at-risk constraints. The researchers assume that reinsurance is dynamically traded and fairly
priced.® In our paper, we consider a similar but more realistic setting, namely the reinsurance is traded
only at the initial time and its price can be higher than the fair price of the corresponding put option.
Moreover, we model the interaction between the parties as a Stackelberg game. To make it analytically
tractable, we drop the value-at-risk constraint, which was present in Escobar-Anel et al. (2022) though.

In the general scope of risk management techniques for equity-linked insurance products and vari-
able annuities, two types of hedging strategies are distinguished: static and dynamic. Our proposed
approach based on a reinsurance contract on a suitable benchmark portfolio is an example of a static
hedging strategy to protect the insurer’s investment portfolio against the market risk. Another common
approach to control the riskiness of a portfolio is a terminal wealth constraint based on risk measures
like the value-at-risk or the conditional tail expectation. However, for the reasons mentioned in the pre-
vious paragraph, the model in this paper does not incorporate such constraints. For a survey of risk
management techniques for equity-linked insurance, see Feng ef al. (2022) and references therein.

Stackelberg games in insurance. There are different ways to model the interaction between a reinsurer
and an insurer in a reinsurance contract. For example, Li et al. (2016) consider a general insurance group
which consists of an insurance and a reinsurance company. The authors solve a reinsurance-investment
problem for the general insurance group which incorporates the decision of the insurance company and
the reinsurance company. Another way to model a reinsurance contract is via the principal-agent prob-
lem, for example, Gu et al. (2020) solve a reinsurance-investment problem where the principal assumes

41 bp =1 basis point = 0.0001.

SWe use the idea from Remark 5.2 of Korn and Trautmann (1999) and prove a similar statement as Theorem 5.1 in Korn and
Trautmann (1999).

OThe price of reinsurance is equal to the fair price of the corresponding put option, that is, the reinsurer does not charge anything
extra, for example, a safety loading.
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a worst-case scenario. To the best of our knowledge, the first paper solving a reinsurance problem with
investment returns in the context of a Stackelberg game is Chen and Shen (2018). The researchers con-
sider a reinsurer who offers reinsurance on the whole claim process of an insurer. The authors assume
that the reinsurance contract can be adjusted dynamically by the reinsurer and the insurer. Further papers
on Stackelberg games in the context of insurance—reinsurance interaction are Chen and Shen (2019), Bai
et al. (2022), Chen et al. (2020), Yuan et al. (2022), Yang et al. (2022), and Bai et al. (2021). In all of
them, the reinsurance is offered on the whole portfolio of aggregated insurance obligations and the rein-
surance can be dynamically adjusted over the investment horizon. Chen and Shen (2018), Chen and
Shen (2019), and Chen et al. (2020) assume that the reinsurer and the insurer invest only their surplus
process risk-free, whereas in Bai et al. (2022) the parties invest in a more complex financial market that
includes one risky asset. Gavagan et al. (2022) study the Stackelberg game between a reinsurer and an
insurer with model uncertainty, assuming that the reinsurance is not dynamically adjusted. However,
the authors do not consider investment strategies in the game. Another application of Stackelberg games
in insurance, for example, is the model of Asmussen et al. (2019). The authors used the framework
of a Stackelberg game to model the competition of two insurance companies for their clients. Last but
not least, we would like to mention Boonen and Ghossoub (2022), where the authors derive the optimal
static reinsurance premium and indemnity function in a Stackelberg game between an insurer and a rein-
surer whose preferences are described by monotone risk measures. Using a model without investment
opportunities, the researchers show that the Stackelberg equilibrium makes the insurer indifferent with
the status quo of not buying reinsurance. We are not aware of any publications focusing on an optimal
investment-reinsurance problem in the context of a Stackelberg game where reinsurance is static and
offered within an equity-linked insurance product. Our research fills this gap.

Portfolio optimization focus. The seminal papers Merton (1969) and Merton (1975) introduced and
solved the classic continuous-time portfolio optimization problem. There are no portfolio constraints,
no fixed-term investments, and no investments in options. Since then, various extensions have been con-
sidered, which were tackled either by the Hamilton—Jacobi—Bellman (HJB) approach or the martingale
approach.

In our paper, the Stackelberg game consists of two utility maximization subproblems. Each of them
has features that do not allow direct usage of standard solution methods.

When solving the insurer’s optimization problem, we are dealing with two peculiarities:

1. A fixed long position in the put option, which is also a control variable.
2. The put option is not spanned by the assets that the insurer trades.

To solve such an optimization problem, we combine the ideas of Desmettre and Seifried (2016) and
Cvitani¢ and Karatzas (1992). Cvitani¢ and Karatzas (1992) solve a constrained optimization problem,
where the investment strategy constraint is given by a convex set. The authors construct a family of
unconstrained optimization problems in different auxiliary markets and find the unconstrained opti-
mization problem that models the required portfolio constraint in the original market. In our case, an
auxiliary market is the global market with changed drift coefficients, where the reinsurance contract is
spanned. This way we make the fixed investment spanned and manage to derive closed-form solutions
via Desmettre and Seifried (2016). In Desmettre and Seifried (2016), the authors develop a generalized
martingale approach to solve an optimization problem where the investor can additionally invest in a
fixed-term security at the beginning of the investment period. The first step of the approach is to find the
optimal investment in the risky asset for a fixed position in the fixed-term security, which requires the
inversion of conditional random utility functions.” The second step is to find the optimal investment in
the fixed-term security given the investment in the risky assets by maximizing the corresponding value
function with respect to a fixed-term position.

7If the fixed-term investment is not spanned, the inversion of conditional random utility functions rarely leads to closed-form
solutions. However, we circumvent this problem by treating the insurer’s problem as a portfolio optimization problem with an
investment strategy constraint and transforming it to the unconstrained one in an auxiliary market, where the put option is spanned.
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When solving the optimization problem of the reinsurer, we face the following two challenges:

1. A fixed short position in the put option, which is predetermined by the insurer.
2. A safety loading as an additional control variable of the reinsurer.

In contrast to the insurer’s case, the reinsurer as a larger player trades in the global market and thus
can hedge its fixed position in the reinsurance contract. For this reason, we use the concept of replicat-
ing strategies from Korn and Trautmann (1999). Their idea is to link the stock and the option market
via replicating strategies of options. Once the link is established, the researchers combine it with the
classic martingale approach to solve the optimization problem that contains investment in stocks and/or
options. To overcome the second challenge of the reinsurer’s problem, we solve it in two steps, where
the second one is the maximization of the reinsurer’s value function with respect to the safety loading.
The difference to the setting of Desmettre and Seifried (2016) is that the safety loading is the control
variable, not the position in the fixed-term asset

Paper structure. In Section 2, we describe formally the financial market as well as the Stackelberg
game between the reinsurer and the insurer. The optimal solution to the Stackelberg game is derived in
Section 3. It is divided into the subsections devoted to the optimization problem of the insurer and the
optimization problem of the reinsurer, as the corresponding solution approaches differ. In Section 4, we
consider the special case of a power utility function and a fixed upper bound on the reinsurance strategy
of the insurer. In Section 5, we conduct numerical studies in the context of the German market. First,
we analyze the Stackelberg equilibrium numerically and investigate its sensitivity with respect to the
parties’ risk aversion coeflicients and with respect to the model parameters influencing the fair price
of the put option. Second, we study how deviations from the Stackelberg equilibrium influence each
party’s expected utilities. Section 6 concludes the paper. In Appendix A, we provide the proofs of the
main results from Section 3. Appendix B contains the proofs of results from Section 4. In Supplementary
Materials, which are available online, we provide auxiliary lemmata, additional plots, and discussions
on other utility functions as well as the potential inclusion of actuarial risks in our model.

2. Problem setting

In our model, the relationship between the reinsurer and the insurer is modeled by a Stackelberg game,
where the reinsurer is the leader and the insurer the follower of the game. Before we introduce our model,
we give a general definition of a Stackelberg game. For more details on Stackelberg games, see Osborne
and Rubinstein (1994), Fudenberg and Tirole 1991), or Bressan (2011). For applications of Stackelberg
games in the context of reinsurance, see Chen and Shen (2018), Chen and Shen (2019), Chen et al.
(2020), Asmussen et al. (2019), or Bai et al. (2022).

A Stackelberg game is a game with two players, called a leader and a follower, and a hierarchical struc-
ture. The players have objective functions J; (a;, ar) :A; X Ar — R for i € {L, F}, respectively, where a;
is an action of the leader chosen from the set of admissible actions A; and a; an action of the follower
chosen from the set of admissible actions Ar. The aim of players is to maximize their objective function
with respect to their action. The hierarchy in the game should be understood as follows. The leader of a
Stackelberg game dominates the follower and, therefore, the leader chooses its action first, knowing the
response of the follower, and afterward the follower acts depending on the action chosen by the leader.

The Stackelberg game between the leader and the follower is defined as:

maxJ;(a, ay)
ap AL
s.t. a. € arg max Jr (a., ar) .
ap€AF

The procedure of solving a Stackelberg game is backward induction. This means that the follower
first solves its optimization problem for all possible actions of the leader. Second, the leader solves its
optimization problem knowing the optimal response actions of the follower.
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A solution (az,a;) to a Stackelberg game is called a Stackelberg equilibrium if it satisfies two

conditions:
a; € arg max Jy (a}, ar) (SEC))
apeAfp
‘]L (aL, a[:) < ‘]L (az, a;) A4 (aL, ap) GAL X AF s.t.ar € arg max JF (aL, aF) . (SECZ)
arpeAf

Condition (SEC) ensures that aj. is an optimal solution to the optimization problem of the follower.
The second condition (SEC,) states that whenever there are several optimal responses of the follower
to an action of the leader, the follower chooses the best response for the leader (cf. Bressan, 2011).
Hence, this is also called an optimistic bilevel optimization problem (cf. Mallozzi and Morgan, 1995;
Wiesemann et al., 2013; Zemkoho, 2016; Liu et al., 2018).

Now, we introduce our model, namely specify the financial market, sets of admissible
actions of each player and players’ objective functions. Let 7 >0 be a finite time horizon and
(W®)rero.1 = (W(£), Wa(D))")sepor; @ two-dimensional Brownian motion on a filtered probability space
(Q, F, (F)eto.1» Q). We denote by (x;, x,)" a two-dimensional column vector. The basic financial mar-
ket, which we denote by M, consists of one risk-free asset S, and two risky assets S;, S,. The prices of
these assets are given by:

dSy(t) =So(H)rdt, Sp(0) =1,
dS, () =S1()(pdt + 0,dW, (1)), §1(0) =5, >0,

dS(1) =S,(H)(1adt + 02 (pdW, (1) + /1 — p2dW,(1))), $,(0) =5, >0,

with constants r e R, w, >r, u, >r, oy >0, 0, >0, and p €[ — 1, 1]. Note that r can be negative. S,
can be interpreted as a bank account, and S, is a risky fund in the individual investment strategy of the
insurer. This fund cannot be reinsured. S; is a risky fund, which is reinsurable. We also use the following
notation:

1231 (o] 0
W= o= 1:=(,DT;
[2%] 00 0pa/1 = p?
yi=o(w—rl) Z(@t):= ety W,

where |-|| denotes the Euclidean norm on R?.

We consider one representative client, one insurer, and one reinsurer. The insurer sells an equity-
linked product to the representative client. Therefore, the representative client pays an initial contribution
v; > 0 to the insurer and expects to receive a capital guarantee G, > 0 at the end of the investment period.
The insurer invests the initial contribution in assets S, and S;. To increase the chances of delivering
a capital guarantee Gy to the client, the insurer can buy reinsurance from the reinsurer to cover the
downside risk of its portfolio at the beginning of the investment period. At the end of the investment
period, the insurer receives the payment of the reinsurance contract. The reinsurance is modeled by a
put option with the strike price being equal to the capital guarantee Gr and the underlying asset being a
benchmark portfolio.

We assume that the benchmark portfolio is a constant-mix portfolio with respect to S, and S,. This
is motivated by the equity-linked insurance product “ERGO Rente Garantie,” where the reinsurable
fund is a TVF. In the Black—Scholes market, constant-mix strategies and target volatility strategies
are equivalent. An advantage of a constant-mix portfolio is that the reinsurer can assess the poten-
tial loss quite well and can calculate the price easily. We denote the benchmark constant-mix strategy
by 7(t) = (0, )7 for all ¢ € [0, T]. Hence, the constant-mix strategy consists of investing 1 — 7 ¥
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of the wealth in Sy and 7 in S,. So the price dynamics of the benchmark constant-mix portfolio® is
given by:
dSo(?)

dvvl,ng(t) — (1 _ 7TCM) Vw,nlg(t) 5 (t) + jTCMVy,,nB(t) CfgSZ(i;)
0 2

=V @) (- 7% (2 = )+ VAW (1) 4/ T= W (1))
Vi (0) =v.

Note that the benchmark portfolio is in general not equal to the individual investment strategy, but
they should have high correlation so that the reinsurance indeed provides downside protection to the
insurer. In practice, the parties choose a suitable benchmark portfolio while negotiating the reinsurance
terms. For the insurer, the benchmark portfolio must resemble its individual portfolio, whereas for the
reinsurer the benchmark portfolio must be transparent, simple to hedge, and convenient to price. For
example, if the insurer knows its long-term target position in S}, then 7 can be chosen to this level,
given that S, has a high correlation with S; and is hedgeable for the reinsurer. Another aspect that can
be considered for choosing the benchmark portfolio is how costly and complicated it is to hedge the put
option for the reinsurer.

The reinsurance, which is modeled by a put option P with a payoft, is given by:

P(T)=(Gy — VV””B(T))+_
The fair price of the put option P at time ¢ in the basic financial market is calculated by:
P(t) = 2(t)71]E [z(T)(GT _ VVIJB(T))+|‘/—-;] )

We assume that the insurer can buy &, reinsurance contracts (put options) and call &, the reinsurance
strategy of the insurer. Furthermore, we assume that the reinsurance contract is priced using the follow-
ing principle: the price is given by (1 4 6z)P(0) at time O, where 6y is the safety loading chosen by the
reinsurer and P(0) the fair price of the put option in the basic financial market.” The safety loading 6y is
assumed to satisfy 0 < 6 < 6™*. Given an admissible 6, the reinsurance amount is assumed to satisfy

max ., __ H Vi P

P=f=ET=mn {a +9R)P(0)’é}’
where & > 0 is a constant independent of 0. The fraction in the definition of £™* is required to ensure
that the insurer has enough initial capital to buy the desired amount of reinsurance. As for &, it should be
close to 1 to prevent the insurer from speculating with the reinsurance by buying an excessive amount
of it, which may be required by regulatory institutions in practice.

We denote the insurer’s relative portfolio process by 7;(f) = (77,1 (2), 7,2(1)) ", t € [0, T]. The wealth
process of the insurer is given by:

v n . . ASo(t
AV T (1) =(1 = (1) = )V T (025 (’((t)) @1
0
v, 7 ds (t) v OR),TT dSZ(t)
NV 10(1,0R). 1 f 1 NV 10E1.0R)71 ¢ ,
+ (DY, (0 0V, 05

VR () v, — (1 4+ 6)P(0) =: vyo(&;, Or).

8Deviating from a constant-mix investment strategy for the benchmark portfolio makes the overall problem much more chal-
lenging, as then we may not be able to analytically derive the fair price of the option, which should be determined at the product
inception date # = 0. Estimating the option price via Monte-Carlo simulations would be possible.

Note that this is almost the expected value premium principle. The expected value premium principle is given by (1 + 6)E[X],
where 6 is the safety loading and E[X] the expected nondiscounted loss under the real-world measure. In our case, the reinsurance
premium is given by the expected discounted loss of the benchmark portfolio under the risk-neutral measure. Note that the expected
loss of the benchmark portfolio is not the expected loss of the insurer.
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The total terminal wealth of the insurer is given by the insurer’s terminal wealth plus the payment
from the reinsurance:
VVI,O(EIﬁR)JTI(T) + EIP(T).

Similarly to the insurer, the reinsurer’s relative portfolio process is given by 7z = (77, (1), T22(1) T,
t € [0, T]. Therefore, the reinsurer’s wealth process is

v n v A (3
AVE ST @) =1 = 7,00 = ea )V ) ‘)((t)) (22)
0
v, T, dS (t) v, OR),m dSZ(t)
NV, R0(E1OR), TR f 1 NV R0E1,OR), TR f ,
+ 7R (1) Vi ( )—Sl(t) + R2(H) Vi (€3] S,(0)

VREIOTR () —y 4 £(1 4 0r)P(0) =2 Vio(&1» Or)s

where vg > 0 is the initial wealth of the reinsurer before issuance of a reinsurance contract. The total
terminal wealth of the reinsurer equals the terminal wealth less the reinsurance payoff:

VVR.O(EI.QR)JTR (T) _ §1P(T).

We denote by Uy and U; the utility functions of the reinsurer and the insurer, respectively. The utility
functions are assumed to be strictly concave, continuously differentiable, strictly increasing and to fulfill
the Inada conditions, that is, for i € {R, I} it holds

U(0):= liir(r)l U;(x) = oo and U;(c0) = liTm U;(x)=0.
The set of admissible strategies of the insurer is defined in the following way:

A; = {(m1, &)| m; self-financing, 7;(¢) € K Q-a.s. Vt € [0, T], & € [0, £§™],
VSR 1y > 0 Q-aus. Vi € [0, T] and

E[Uv; " (1) + &P | < oo}

where K := R x {0} defines the constraint on the insurer’s investment strategy and models the insurer’s
preference to invest in the individual risky asset S, only, x~ := max{—ux, 0} for x € R.
The set of admissible strategies of the reinsurer is defined by:

Ay := {(mwg, Or)| 7 self-financing, 6; € [0, 6™*],
VRO 1y > () Q-a.s. Vi € [0, T] and

E [UR (V;R.O(flvek)w”R(T) _ E]P(T)>_i| < OO} ]

The definitions of admissible strategies ensure that the considered optimization problems are well
defined. Self-financing investment strategy means that no money is injected into or extracted from the
portfolio during the investment period. The finiteness of the expectation ensures that the expected ter-
minal utility exists. For more information, please, see Korn and Trautmann (1999) and Cvitani¢ and
Karatzas (1992).

The aim of each party is to maximize its expected utility of the total terminal wealth. Hence, the
Stackelberg game between the reinsurer (leader) and the insurer (follower) is given by:

sup B [U (Vi T) — 7 00P(T) )| (SG)
(TR.OR)EAR
St (E'(80), (- |6r)) € arg max E [U, (V,V""@”QR)’"’(T) + $,P(T)>] .
(pénen
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3. Solution to the Stackelberg game

In this section, we solve the Stackelberg game (SG) using the idea of backward induction. First, we solve
the insurer’s optimization problem:

sup E[U, (V1) + &P(T)) | P)
(m1.6NEA]
for each admissible safety loading 8 € [0, 6™*], that is, we find the optimal response (57;( - |0g), &/ (6k))
€ A, of the insurer. Second, knowing the responses of the insurer, we solve the optimization problem of
the reinsurer:
sup B[ Uy (Vi (1) — g 00P(D)) | (i)
(TR.OR)EAR

that is, we find the optimal strategy (s, ;) € Ag. The Stackelberg equilibrium in the game (SG) is then
given by the solution (r;(-), 0%, 7 (:16;) . & (6;)). as it fulfills (SEC)) and (SEC,).

3.1. Solution to the optimization problem of the insurer
In this subsection, we solve the optimization problem of the insurer for each admissible safety loading
0x € [0, 6™]. We face two challenges in solving the optimization problem (77;): the insurer cannot invest
in §,, hence, the optimization problem (P;) is constrained, and it has a fixed-term investment in the put
option.

The procedure of solving the optimization problem of the insurer (7;) is as follows. First, we consider
a family of auxiliary financial markets as per Cvitani¢ and Karatzas (1992). In each auxiliary market, we
can solve an unconstrained optimization problem with the generalized martingale method introduced by
Desmettre and Seifried (2016), that is, we find the optimal investment strategy and the optimal reinsur-
ance strategy. Second, we find the optimal auxiliary market for which the solution to the unconstrained
optimization problem coincides with the solution to the constrained optimization problem.

Auxiliary Market. The financial market consisting of Sy, S}, and S, is referred to as the basic financial
market M. Next, we introduce the concept of an auxiliary market as per Cvitani¢ and Karatzas (1992).
Consider a convex set K =R x {0}. Its support function is given by §:R* — R U {+00} with

0 ifx; =0
8(x):= —inf (x"y) = — inf (xy)) =1 ’
) .VEK( y) ,VIER( ) {—i—oo, otherwise.
The barrier cone of K is defined by:
K:= {xeR*8(x) < 400} = {x e R’|x, =0} = {0} x R.

For x € K, we have 8(x) = 0. Let the class of R2-valued dual processes be given by:

E[f ||)\(t)||2dti| < 00, E[/ B(A(t))dt:| <oo}.
0 0

It holds for A € D that A(¢) € K Q-a.s for all € [0, T], that is, A,(t) =0 Q-a.s. for all € [0, T'].
Let A € D. In the auxiliary market M, the dynamics of assets is given by:

dSH(t) =SH0)(r + S(L(0)dt = Siy(1)rdt,
dSy(1) =S7(0) [(1 + 21 (1) + 8 O)dt + o1dW, ()] = SO (1 dt + 01d W, (1)),

D:= { A = (A(1))ieq0.r) Prog. measurable

30 =S30) [ (12 + 320 + 5GONdr + 0 (AW, (0 + T = p2aWi(0)) |

=$30) [ (2 + Ja()dt + 2 (pdW, (0 +/T= p2aw0) |
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since 8(A(#)) = 0 and X,(r) = 0. We denote the market price of risk and the discount factor (also called
pricing kernel) in the auxiliary market by:

() =y +0o A1) and Z,(r) := exp <— rt— % / lly:.(s)*ds —/ yk(s)TdW(s)>.
0 0

To apply the generalized martingale method introduced by Desmettre and Seifried (2016), we only
need the stochastic payoff of the fixed-term security and its price at time 0, which is not necessarily
a price based on the risk-neutral valuation. Therefore, we are only interested in P(7T") and P(0). P(T)
is a random variable that is F;-measurable. By risk-neutral valuation, P(T) = (Gy — V'""5(T))* and
P(0) = E [Z(T)(G; — V""™5(T))*]. Note that in general P(0) = E[Z(T)P(T)] # E[Z,(T)P(T)].

The wealth process of the insurer V,"*"**™ in M, is given by:

dsi ()

AV = (1 =m0 = mae) V0

3.1

dsy(®) woterowa ) AS5(0)

Si‘(t) + 7T1,2(t)VA ® S%(l‘)
V1,0(61.UR). T dS

= (1= m,(0) = ma )V, (1) SO(’(S)

ds, (1) oo A8 (1)
Hv, () ——=
5.0 + )V, () S,(0)
+ VT () T,
additional term

VT 0y = v, — &,(1 + B)P(0) = vy0(&r, O).

+ i I(I)V” 0(&1.0R). 1 (t)

(3.2)

+ Lo (Z) V)‘\’I,O(él OR)TTY (t)

The unconstrained optimization problem of the insurer in M, is given by:

sup E U, (v () + 6P(D)) | (7))

(T.EDEN}

where

A} := {(m;, &)| 7 self-financing, Yo (1 > 0 Q-a.s. Ve € [0, T1,
£€[0,6™ ] and E [ ( VST 4 &P(T)) } < oo},

Note that (P}) does not have the investment strategy constraint as in (7;), but for the optimal 1*,
which has to be found, the solution to the unconstrained problem will satisfy the constraint 7, = 0. We
denote the solution to (P}) by:

(w;.&7) carg sup E [ Uy (V""" (1) + &P(T)) |.

(t1.£DeA}

Random utility function. As in Desmettre and Seifried (2016), we define the random utility
function by:

U,(x) := Uy(x + &P(T))

for x € [0 00), where &; € [0, £™*]. The utility function U, is random, since P(T') is a random variable.
Hence, U,:[0, +00) — [U;(§,P(T)), +oo) and U, is continuously differentiable, strictly increasing and
strictly concave. Therefore, it holds U/. [0, +00) — (0, Uj(&,P(T))] and

Uj(x) = Uj(x + &P(T)).
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We denote the inverse function of U} by i,:(O, +00) — [0, +00). For y € (0, U,(§,P(T))], it is given
by I,(y) — & P(T), where I, denotes the inverse of U,. For y > U,(§,P(T)), we set ?(y) := 0. Hence, the
random inverse function j, is bijective on (0, U,(&,P(T))].

Proposition 3.1 (Optimal solution to (P})). Assume that for all y € (0, 00)
E [Z.(DL,GZ.(T))] < 00 and E [U, (I, (yZ.(T)))] < 00
holds. Then, there exists a solution (n:, ?;‘;‘) to (P}), where

&' e arg max v(§)).
gre[0,gmar]

The function v is given by:
v(&) = E [U; (max {L"EVZ,(D), &PT))].
where the Lagrange multiplier y* := y*(§,) is given by the budget constraint:
E[Z,(D)("Z(T)] = v, = &(1 + 6)P(0).

Vi o (& OR)TE

The optimal terminal wealth V(T) := 'V, *(T) is given by:
V(D) =1 (y* (§) Zu(D)) = max{l, (y* (§7) Z.(T) — & P(T), 0}

and the optimal wealth process V is given by:

Vi(t)=Z,(0"'E[Z(T)V(DIF] for te[0,T].

If I, and %}@) are polynomially bounded' at 0 and oo, the optimal 7} is given by:

Ry 5 ~ o dl ~
Vi =—(o") VAZA(I)I]E[ZA(T)))* (&) ZA(T)d_y (" (EHZu(T)) I}"z} (3.3)
Q-a.s. forall t € [0, T1].
Proof. See Appendix A. g

The assumption of the finiteness of expectations in Proposition 3.1 is standard (cf. Cvitani¢ and
Karatzas, 1992; Desmettre and Seifried, 2016) and ensures that the optimal Lagrange multiplier y*(&;) >
0 (given an arbitrary but fixed &) in the corresponding problem exists.

Hence, by Proposition 3.1, we know that under some conditions there exists the optimal solution
(n;, E;‘) to the unconstrained optimization problem of the insurer (P;'). In the next proposition, we show
how the solutions of the optimization problem of the insurer (7P;) and the unconstrained optimization
problem of the insurer (P}) are linked.

Proposition 3.2 (Optimal solution to (P;)). Suppose that there exists A* € D such that for the optimal
solution (7}, &) to (P}"), we have 7}.(t) € K Q-a.s. for all t € [0, T]. Then (r},&):= (7}., &) is
optimal for the constrained optimization problem of the insurer (P;).

Proof. See Appendix A. O

Remark to Proposition 3.2. In the case of a deterministic utility function, A* can be found by a
minimization criterion, which is given in Example 15.1 of Cvitani¢ and Karatzas (1992). As we have a
random utility function, we cannot apply this minimization criterion, and the search for the optimal A*
is more involved. In Section 4, we have a concrete power utility function for the insurer and we find the
explicit form of A* that satisfies Proposition 3.2.

10As per Desmettre and Seifried (2016), a function 4:(0, 00) — R is called polynomially bounded at 0 and +oc if there exist
¢, k € (0, 00) such that for all y € (0, co)
k
1
R = c'(y + ;)
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3.2. Solution to the optimization problem of the reinsurer

We now know the optimal responses of the insurer to each possible safety loading 6% € [0, 6™*]. We
write (’.;‘,*(HR), ) (t|0R, E,*(GR))) to emphasize the dependence of the insurer’s optimal strategy on 6y €
[0, 6™]. To derive the Stackelberg equilibrium, we need to solve the optimization problem (P;**) of
the reinsurer. In contrast to (P;), we face only one challenge in (P;R’QR): the reinsurer has a fixed short
position in the put option.

In comparison to the insurer, the reinsurer has a larger investment universe and can hedge the
put option. Thus, we adapt the approach proposed by Korn and Trautmann (1999) based on repli-
cating strategies. In this approach, we work mainly with trading strategies instead of the relative
portfolio processes. A trading strategy is an R3-valued progressively measurable stochastic process
o) = (po(1), (1), p2(1)), t € [0, T], such that Q-a.s.:

T T
/l(po(t)|ds<~|—oo and /(pl.z(t)ds<+oo ,ie{l,2}.
0

0
We consider only self-financing trading strategies, which means that they satisfy

t t t

wo(t)So(t)+<P1(t)51(t)+§0z(t)52(1)=V(§0,0)+/¢o(S)dSo(S)+/§01(S) dSl(s)+/(p2(s) dsy(s),

=V(p.t) 0 0 0

where V(g, t) is the portfolio value and V(gp, 0) is the initial wealth of the decision-maker. We denote
the trading strategy of the reinsurer by ¢z. If @5 is a self-financing strategy with Vip(gg, 1) >0 Q -a.s.
vVt € [0, T, it is linked to the relative portfolio process 7 via the formula:

_eri(0) - Si(0) .
TRi() = —VR((PR, = Vte[0,T],i€{0,1,2}, (3.4)

with Ve(gg, £) = VeGR4 ) as. for all £ € [0, T].

We solve the optimization problem of the reinsurer (P**) as follows. First, we transform the opti-
mization problem (P;%*) with respect to (w.r.t.) the portfolio process 7z and 6y into an optimization
problem (P¢**) w.r.t. the trading strategy @ and 0. Second, we use the idea of Desmettre and Seifried
(2016) and solve the optimization problem (PL) given a fixed 6; € [0, 0™*]. For this, we transform
the optimization problem (P§*") into the optimization problem (P¢**) w.r.t. the trading strategy @
given fixed 6; and afterward transform the optimization problem (P%*)) into the optimization prob-

lem (PR O="5 0y k. the trading strategy ¢ given fixed 6 and a fixed position &(f) = —&;(6x)

in the put option P. Then, we solve the optimization problem (P,‘?Rlek'sm;éf (HR)) by applying the idea
of Korn and Trautmann (1999) and use (3.4) to calculate 7( - |6;) from the optimal trading strategy
@5 (- |6z). The optimization problems (PL%) and (P,?RWR'E(”;E’* (HR)) are stated in Appendix A in the proof
of Proposition 3.3 to keep this subsection clearer. Lastly, we solve the optimization problem (P w.r.t.
O for the given optimal portfolio process 7 ( - |0g).

Therefore, we first transform the optimization problem (P;*) w.r.t. the portfolio process 7y into the
optimization problem (P¢***) w.r.t. the trading strategy @z. We use the notation V' OGHIRE for the wealth
process of the reinsurer w.r.t. the trading strategy ¢. Hence, the optimization problem of the reinsurer
w.r.t. the trading strategy ¢y, is given by:

sup E [ Us <Vl‘;R,0($1*(9R)ﬂR>s(ﬂR(T) — 51*(9R)P(T)>] , (P

(@ROR)EARR
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where A% is the set of all admissible trading strategies and safety loadings of the reinsurer:
A% = {(goR, 0)| @r self-financing, Vi % 4y > 0 Q-as. Vi € [0, T,
0x € [0, 6™ and E [UR(V;““'* R0 Ty s,*(eR)P(T))—] < oo} .
Let 6; € [0, 6™*] be arbitrary but fixed. Our aim is to solve the optimization problem:

sup E [UR (V;R,o@i‘(em,em,w(T) —& (GR)P(T))] , (Perioe)

(PRi(VJRﬂR)GA%R

where 6 in (P{***) emphasizes that 6 is not a control variable there. To find the optimal trading strategy
@2 that solves (Pg<'"), we adjust Theorem 5.1 mentioned in Remark 5.2 in Korn and Trautmann (1999).

Proposition 3.3 (Optimal solution to (PgX'")). Assume that it holds for all y € (0, 00)
E[Z(DI(YZ(T))] < o0,

. . . ,
where Iy is the inverse function of Uy,

(a) There exists an optimal trading strategy ¢} for the optimization problem (Pg* “%). The optimal
total terminal wealth in the optimization problem (P{** ) is given by:

ViSO T) — £ 6)P(T) = Ik (60 Z(D)
where yy, = yi(6r) is the Lagrange multiplier determined by:
E [Z(D)Ix (;Z(D))] = vi + & (0)6xP(0). 3.5)

(b) Let ¢} be the optimal trading strategy of the stock optimization problem, where the reinsurer
only invests in the assets Sy, S, and S, (i.e., no investment in options). Then, the optimal trading

strategy @y to the optimization problem (Pg* %) is given by:

VR0 & OR0RR (1) — Zf_ @5 (DSi(1)
—= PR (D=8,
So(®)

7MY (1) (D(d,) — 1)
$:()

@;4’0(1‘) =

Pra() = G, (1) + &/ (Ok)

>

where

Gr

In (—VVIIE“)) + (r +3 (oanM)2 )(T -1
d, = d. (t,V"7"(1)) = .

TMo, /T — t
Proof. See Appendix A. O
Remark to Proposition 3.3. The assumption of the finiteness of expectations in Proposition 3.3 is
standard (cf. Korn and Trautmann, 1999) and ensures the existence of the optimal Lagrange multiplier
Vi > 0.
Proposition 3.3 yields the the optimal terminal value V,:,R’O(s’ (HR)’GR)’WR(T) and the optimal trading strat-

egy ¢; in the reinsurer’s optimization problem (Pg" &) for an arbitrary but fixed 6. The next proposition
determines the optimal safety loading.

Proposition 3.4 (Optimal safety loading). Let @y ( - |0r) be the optimal trading strategy for ( PLR) given
an arbitrary but fixed 6 € [0, 0™ ]. Then, the optimal 6 is given by:

67 = arg max E [UR (V,?"“@'* ORI () _ g (GR)P(T))] .

Orel0,0max]

Proof. See Appendix A. 0
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3.3. Stackelberg equilibrium

Proposition 3.5 (Stackelberg equilibrium). The Stackelberg equilibrium of the Stackelberg game (SG)
is given by (n,’g ('|0,§) 08, 1) ('|0,§) V& (9,’;)), where
o 75 (:16;) is given by:

P (t16) - Si(1)

vro&] (05)05)0%

Vi )

s, (110) =

where @y, is given by Proposition 3.3,
« 0y is given by Proposition 3.4, and
. (yr,* (-|0,’§) &) (6’,‘;)) are given by Propositions 3.1 and 3.2, such that

& (o) =max {511 B [, (V"9 )+ 7)) |

— swp E[U, (v,‘”“(f”g“”'* (T)+§,P(T))”. (3.6)

§r(m§Nens
Proof. See Appendix A. O
Remarks to Proposition 3.5.

1. (3.6) ensures that (SEC,) is fulfilled, that is, if there exist several best responses of the insurer
to the reinsurer’s optimal action, then the insurer chooses among them the best response that
is also best from the reinsurer’s perspective.

2. We get analytical representations of the optimal relative portfolio processes 7 and 7}, which
depend on 6; and & (6;). For common utility functions, such as power, HARA, or logarithmic,
the optimal reinsurance amount &; (9};), & (0,’;) =&, but the optimal safety loading 6;; has to
be numerically computed by solving a nonlinear equation.

4. Explicit solutions for power utility functions

In this section, we give explicit solutions for the special case when the reinsurer and the insurer have
power utility functions, that is, for x € (0, co)

U( — l bR d . l by
R(x) = 5 x’® and U;(x) := 5 X
R 1

with bg, b; € (— 0o, 1)\{0}. In addition, we assume that the upper limit £™ is fixed and equals & > 0
withf < — 1
(1 +6z*)P(0)

Corollary 4.1 (Response of the insurer). Assume that the insurer has a power utility function with
b; € (— o0, D\{0}. Then the optimal A* € D is given by:

.
(o}
A= (O, Uio(u. —r)—,uz+r>
1

and the Merton strategy wl in the auxiliary market M, by:

() = (00) " (41" —rl). (4.1)

1—b,
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Therefore, the optimal response of the insurer to any admissible action of the reinsurer is

_ E[Z-(T)P(T)] — P
E, if g, < [Z;:( )P((O))] (0)’
. _ E[Z-(T)P(T)] — P(0
§O0={anyEc[0.8], ifo= 2 TDIZFO) (42)
P(0)
E[Z-(T)P(T)] — P
0, if 0, > [Z,-(T)P(T)] (0)’
P(0)
VG ORI () 4 ex(0) 7, (1) BIZ,. (T)P(T)| F,
7 (t)6g) =7 (b)) — (H"’%’(f@) : O BIZ (DPOIZ - [0, T]. (4.3)
VIVLU(S,( R).OR). ] (t)
Proof. See Appendix B. O
Remarks to Corollary 4.1. (4.3) can be rewritten in the following way:
« 1 -1, £1(00) 2, (1) 'E[Z,.(T)P(T)| F]
70} (t16g) = 7" (b)) + b (eo") A" +mibn= Y& GO () ’ (44)

I

constraint correction term reinsurance contract correction term

where 7 is the Merton portfolio process in the basic market M. If the insurer has no investment strategy
constraint, then A* = (0,0)" and 7 (b;) = ™ (b;). Moreover, if 1* = (0,0)7, then for any 6; > 0 we get
&(6r) = 0 due to (4.2) and, thus, 7;(#|6;) = 7,1 (b;) = ¥ (b)).

Otherwise, the insurer’s optimal portfolio process 7, is a Merton strategy with two correction terms
that account for the availability of the reinsurance contract and the difference between the insurer’s
individual portfolio and the reinsured portfolio.

Corollary 4.2 (Stackelberg equilibrium). Assume that the insurer and the reinsurer have power util-
ity functions with b;, by € (— 00, 1)\{0}. Then the Merton portfolio process in the basic market is
given by:

aM(by) = (oaT)71 (n—rl).

1 — by

Therefore, the Stackelberg equilibrium is given by:
EZ(T)P(T)] = PO) s

P(0) | ’

vroG} (05)0%)-0%
* * M R
7TR(I|9R)=7T (bR)

6% = min

R

4.5)

_&x (g* 0
O —§; (91?) P() T <HCMVV1J!B([)(CD((1+)l)gl* (9;)>, (4.6)

vroE] (04) 03k 0 V;;RD(%"[* (%) o0k ®

Vi

put hedging term

& (9;) = & by Equation (4.2) and ) ('|9,’§) is given by Equation (4.3).
Proof. See Appendix B. O
Remarks to Corollary 4.2. The strategy (4.6) can be seen as a generalized CPPI with the floor being
the value of the put-option position.
If the insurer has no portfolio constraint (i.e., A* =(0,0)7), then & (9;) =0 for any 6z > 0 (see

Remark to Corollary 4.1) and 7;(¢|0;) = 7™ (by) for all ¢ € [0, T]. The same equality holds if G, =0,
since then d, = 400, P(f) =0 for all ¢ € [0, T] and put-hedging term disappears.
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Table 1. Parameters for the numerical analysis.

Parameter Symbol Values
Interest rate r 1.02%
Drift coefficient for S, Iy 17.52%
Drift coefficient for S, o 12.37%
Diffusion coefficient for S, o, 23.66%
Diffusion coefficient for S, 0, 21.98%
Correlation coefficient P 80.12%
Benchmark CM strategy s (0%,29.48%)"
Initial value of S, Si 1
Initial value of S, Sy 1
Guarantee Gy 100
Initial wealth of insure vy 100
Initial wealth of reinsurer Vi 100
Relative risk aversion of insurer (RRA,) 1—b 10
Relative risk aversion of reinsurer (RRA) 1—by 10
Time horizon T 10
Maximal safety loading of reinsurer om 50%
Maximal amount of reinsurance Emx = 1.5

5. Numerical studies

In this section, we conduct numerical studies calibrated to the German market. The selection of the
parameters is stated and explained in Subsection 5.1. In Subsection 5.2, the Stackelberg equilibrium
for the base parameters from Subsection 5.1 is calculated, and we conduct a sensitivity analysis of the
Stackelberg equilibrium w.r.t. the behavior of the parties and w.r.t. a change in the put option price. In
Subsection 5.3, we show the impact of a deviation from the Stackelberg equilibrium on the expected
utilities of the parties.

5.1. Parameter selection

In this part, we discuss the selection of the parameters summarized in Table 1. For the majority of
parameters, we choose the same values as in Escobar-Anel et al. (2022), where they are calibrated to
the German market in the period from January 1, 2003, to June 8, 2020.

The risk-free rate is modeled by the Euro OverNight Index Average (EONIA) daily data. For cali-
brating the parameters of S, we use the TecDAX daily data and for calibrating the parameters of S,, we
use the DAX daily data.

In this way, we model the following situation: the insurer invests in bonds and prefers the technolog-
ical sector to a broad stock portfolio. One reason could be that the insurer’s asset manager has special
knowledge in the technology sector and/or believes that the TecDAX has a better performance than the
DAX. In contrast, the reinsurer considers the insurer’s technology-focused portfolio too risky to be rein-
sured. Therefore, the reinsurer offers reinsurance only on a mixed portfolio consisting of bonds and the
broad market index DAX.

The relative proportion 7Y of the constant-mix portfolio is selected such that it equals the optimal
initial proportion of the insurer in the risky asset without reinsurance.

In the German Life Insurance Market, the capital guarantee for the representative client is usually
less than or equal to 100% of the representative client’s initial endowment. For example, ERGO offers
the equity-linked insurance product “ERGO Rente Garantie” where the guarantee lies between 80% and
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100%."" In contrast, Allianz offers a guarantee between 60% and 90%.'> Hence, we assume that the
representative client has a 100% capital guarantee of the initial capital and investigate in the sensitivity
analysis a Gy varying from 60 to 110% of the initial contribution of the client.

For convenience, we set the insurer’s initial wealth v; to 100. It is natural to assume that the reinsurer
is a larger company with more initial capital. If reinsurance is offered on the whole company level, then
the initial wealth of the reinsurer should be higher than the initial wealth of the insurer, as stated in Chen
and Shen (2018). Since we consider reinsurance within a single insurance product, we assume that the
initial product-related capital of the reinsurer coincides with the initial wealth of the insurer, that is,
vg =v; = 100.

In Chen and Shen (2018), the authors assume that the reinsurer and insurer have the same risk aver-
sion. In contrast, Bai er al. (2022) assume that the insurer is more risk-averse than the reinsurer. Thus,
we first consider the situation where both parties have the same risk aversion. Afterward, we explore
the situations where the parties have different risk aversion. In the base case, we choose b; = by = —9,
which is consistent with Escobar-Anel et al. (2022).

For the maximal level of safety loading, we choose 50%. It was chosen in line with Chen and Shen
(2018) and Chen and Shen (2019) who chose an upper bound on the safety loading of the reinsurer
of 45%.

We do not allow that the insurer can speculate with the reinsurance by going short or buying too
much of it. Since the underlying of the put option is not the portfolio of the insurer but a correlated
portfolio, we allow that £™ =& = 1.5.

5.2. Stackelberg equilibrium
First, we calculate the Stackelberg equilibrium in the base case of parametrization and its sensitivity. It
is given by:

7:(0)=(31.67%, —16.42%)", 6} =20.86%,
77(0) =(31.69%,0%) ", £ (07)=15.

The optimal reinsurance strategy of the insurer is to buy the maximal amount of put options (i.e.,
& (9,’;) = &™), and the reinsurer sets the maximal price for the reinsurance such that the insurer still
buys reinsurance, which is about 20% higher than the fair price of the put option.

Next, we describe the results of our sensitivity of the Stackelberg equilibrium w.r.t. the change of risk
aversion of each party, the interest rate, the time horizon, and the capital guarantee. The corresponding
plots can be found online in Section 2 of Supplementary Materials.

Varying relative risk aversion (RRA) coefficients, we find that the higher the RRA of a party, the less
the party invests in or speculates with the risky assets. Interestingly, the values of the reinsurance contract
parameters in the equilibrium do not depend on the individual RRA coefficient of each party. This is
consistent with Corollary 4.2, from which we know that the equilibrium safety loading 6; depends
on the pricing kernel in the original as well as the auxiliary markets and the put-option parameters.
Hence, RRA coefficients do not influence 6y, if the benchmark strategy 5 is independent of them.
Figure 2.1 in Supplementary Materials corresponds to such a choice of 7. However, the insurer’s RRA
coefficient can have an indirect impact on the reinsurer’s choice of 6; through 7, because the benchmark
portfolio influences the fair price of the put option. If the risky asset investment share 7 ¥ in 77 decreases
with increasing b;, then the equilibrium safety loading increases. The remaining components of the
equilibrium have the same trends as indicated in Figure 2.1. The amount of reinsurance &; (9};) bought
by the insurer in equilibrium equals £ for any considered RRA coefficient, as expected from (4.2) and
(SEC,).

1See, for example, https://www.focus.de/finanzen/steuern/ergo-ergo-rente-garantie_id_3550999.html.
12See, for example, https://www.sueddeutsche.de/wirtschaft/lebensversicherung-allianz-kuenftig-ohne-beitragsgarantie-
1.5056917.
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Varying the interest rate r € {—2%, — 1%, 0%, 1%, 2%}, we find that the higher r, the higher the opti-
mal safety loading 6, since the fair price of the put option P(0) in the basic market M decreases faster
than the fair price of the put option E[Z*(T)P(T)] in the auxiliary market M,. (see (4.5)). Consistent
with Corollary 4.2, the interest rate has no influence on the reinsurance strategy of the insurer. The higher
the interest rate, the less the insurer invests in the risky asset. The interest rate has no notable influence
on the reinsurer’s optimal investment portfolio. The corresponding plots can be found in Figure 2.2 in
Supplementary Materials.

For increasing time horizon T € {1, 5, 10, 15, 20}, the equilibrium safety loading increases. In con-
trast, the time horizon has no influence on the optimal reinsurance strategy of the insurer and no notable
influence on the optimal investment strategy of the reinsurer and the insurer. The corresponding plots
can be found in in Figure 2.3 in Supplementary Materials.

Finally, we explore the sensitivity of the Stackelberg equilibrium w.r.t. the client guarantee Gy € {0.6 -
v, 0.7-v,0.8-v,,...,1.1-v;}, which is also the strike of the put option that models the reinsurance
contract. We observe that the optimal safety loading of the reinsurer is decreasing in G;. This follows
from the fact that the higher the guarantee, the more expensive the put option, which is why the maximal
additional safety loading at which the insurer may still be willing to buy reinsurance decreases. However,
Gr has no influence on the reinsurance amount that is purchased by the insurer in the equilibrium, that
is, & = &™* = 1.5. This stems from the definition of the Stackelberg equilibrium, where, in the case of
several equivalent optimal responses to the leader’s action, the follower chooses the response that is also
best for the leader’s perspective. When G; increases, the reinsurer’s investment in S, decreases due to
the hedge of its put position. There is no notable influence of G; on the optimal investment strategy of
the insurer. Figure 2.4 in Supplementary Materials contains the corresponding plots.

5.3. Impact of deviating from Stackelberg equilibrium

Recall from (4.2) that if the reinsurer chooses the safety loading below the critical value
(IE[Z*(T)P(T)] — P(0))/P(0), then the best action of the insurer is to buy the maximal amount of rein-
surance. However, if the reinsurer chooses 6; equal to that critical value, then the insurer’s best response
is to buy any reinsurance amount from the interval [0, § ]. Condition (SEC,) in the definition of the
Stackelberg equilibrium implies that the reinsurer chooses the critical value for safety loading and has
an optimistic view on the insurer’s response. In other words, the reinsurer “hopes” that the insurer selects
& (9;) = § . However, in practice, the insurer could also buy no reinsurance or any amount in between,
because its set of best responses is [0, é ]. Therefore, we study next the effects of a deviation of the
reinsurer from the optimal safety loading 6, on the reinsurer and the insurer. In the following, we denote
&' (6;) only by & to simplify notation.

The reinsurer should offer safety loadings equal to or below 8, as otherwise the reinsurance price is
too high for the insurer to buy it. We denote a discounted safety loading by Oz(or) = « - 6; witha € [0, 1].
If the reinsurance premium is higher than the fair price of the put option (i.e., & > 0), then the reinsurer
always gains from offering reinsurance with a discounted safety loading in comparison with not offering
reinsurance. In the Stackelberg equilibrium, the reinsurer has the highest gain in its utility from offering
reinsurance but is uncertain about the amount of reinsurance the insurer will buy. To get rid of this
uncertainty, the reinsurer can offer reinsurance with a safety loading 0;(«) with « € (0, 1). Note that a
deviation from the optimal safety loading means that the parties are not in the theoretical Stackelberg
equilibrium anymore. However, both of them are incentivized to do so. The insurer’s expected utility is
strictly larger than it is in the Stackelberg equilibrium as well as in the case of not buying reinsurance.
The reinsurer’s expected utility for a discounted safety loading is strictly larger than it is in the case of
not selling reinsurance. See Section 3 of Supplementary Materials for details.

After the reinsurer has decided to grant a discount on the safety loading to the insurer, we consider the
disadvantage/advantage to the reinsurer and the insurer in comparison with the Stackelberg equilibrium.
We study this using the concept of the wealth-equivalent utility change (WEUC) of a party, that is, insurer
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and reinsurer. In the calculation of WEUC, the expected utility of the party in the Stackelberg equilibrium
(or the Stackelberg equilibrium with a discount) is compared as a reference action combination to an
alternative action combination. The alternative action combination refers to a specific choice of the
safety loading as well as the investment strategy by the reinsurer and the amount of reinsurance as well
as the investment strategy by the insurer. WEUC equals the relative change of the party’s initial wealth
that is required to bring the party in the alternative action combination to the same expected utility as in
case of the reference combination of actions. We define it in a way such that our definition is consistent
with the definition of the wealth-equivalent utility loss in Larsen and Munk (2012).

To be specific, we denote a reference combination of actions by (ﬁR ('|0~R, §,) s éR, b} (-|§R, §,) , §,>

and an alternative combination of actions by (J%R (~|éR, é,) , éR, T (-|éR, é,) , é,)
Then the WEUC of the reinsurer is denoted by:

WEUCy (05, &.0n.&) := WEUC (7 (160.) . 0c) . (7 (160 ) .6%))

and satisfies the relation:

E [UR (Vzﬁﬁ”“(éuéfe)me Ty — & P(T))] _F [UR (V;Rms,,é,e),ﬁk (1) —& P(T))] ’
where

Ve (&, éR) — V- (1 + WEUCx (éR, £, b, é,)) +& (1 + éR) P(0).

Analogously, the WEUC of the insurer is denoted by:

WEUC, (r.&.6r. &) == WEUC, (7 (10n.8) &) (7 (16:.&) .6))
and satisfies the relation:

VWE
E [U, (V,’=°

R GRIIE

(D +&PD) | =E U, (v D)+ EPD)).
where
ypue (é, éR) = - (1 + WEUC, <§R, &, Ok, é,)) —§ (1 + éR) P(0).

The WEUC has an intuitive interpretation. If this quantity is positive, then the reference combination
of actions is better for the party of interest than the alternative combination of actions. In this case, the
WEUC indicates by which proportion the party has to increase its initial capital in case of the alternative
combination of actions so that it has the same expected utility as in the case of the reference combination
of actions. If the WEUC is negative, then the reference combination of actions is worse for the considered
party than the alternative combination of actions. In this case, the WEUC indicates by which proportion
the party can decrease its initial capital in case of the alternative combination of actions so that it has
the same expected utility as in the case of the reference combination of actions.

Figure 1 shows the loss of the reinsurer and the gain of the insurer in their utilities, when the
Stackelberg equilibrium is compared to an alternative situation with all actions being the same as in
the Stackelberg equilibrium but with a discounted safety loading. The gain of the insurer is of the
same amount as the loss of the reinsurer. Moreover, further investigations reveal that it does not depend
on the risk aversions of the parties. Hence, the insurer does not benefit more from deviating from the
Stackelberg equilibrium as the reinsurer loses. For example, a discount of 5% from 6; would increase
the WEUC of the reinsurer by 6bp of the initial capital.

In the next step, the reinsurer needs to choose a discount level o such that its WEUC is not too
“painful”. In the following, we present some ways to choose «. One way would be for the reinsurer
to choose an acceptable upper bound on its WEUC (see the blue line in Figure 1) and to exchange
uncertainty for a fixed defined WEUC. For example, if the reinsurer wants its WEUC to be at most
25bp, then it can choose « = 79.27% (see turquoise line in Figure 1).
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Figure 1. Comparison of WEUC: Stackelberg equilibrium (reference) and the same combination of
actions but with a discounted safety loading (alternative).

The other ways of choosing « can be related to product profitability. It can be measured by calculating
the probability that the reinsurer’s total terminal wealth is below its initial wealth:

Q@):= Q (V;R,ow,e(a),s;‘),nﬁ(,\9R<a>,s,*) (T) — £'P(T) < VR) .

This measure shows the product profitability of the reinsurance for the reinsurer and is shown in Figure 2.
The reinsurer can choose « in several different ways, which are based on:

« a tolerance level for the increase of the loss probability. For example, if the reinsurer is not
willing to increase its loss probability by more than 0.01% (compared to the loss probability
of Q(1) =0.4413% in the case of the Stackelberg equilibrium), then the reinsurer can choose
o = 86.73% (see green line in Figure 2);

« the maximal acceptable probability of loss. For example, if the reinsurer can tolerate at most
0.5% probability of loss, it can choose o = 20.74% (see purple line in Figure 2).

The reinsurance company can also use other criteria for choosing «, for example, other risk measures,
as the standard deviation, or different performance measures, as the adjusted Sharpe ratio.

In the insurance industry, the analysis of the product profitability is a common procedure, which is
also easier to communicate. Therefore, we choose as an example o = 86.73%. In this case, the reinsurer
limits the increase of the probability of loss to 0.0001.

In the remaining analysis, we study how the insurer benefits from buying reinsurance with a safety
loading of 6;(86.73%) (reference) instead of buying no reinsurance (alternative).

First, we determine the benefit of the insurer if it follows a dynamic portfolio strategy with
reinsurance (7;°( - |0r(86.73%), §;), &) (reference) instead of a dynamic portfolio strategy without
reinsurance (7;°( - |0, 0), 0) (alternative), the latter being its Merton strategy. Therefore, we calculate
WEUC,(6x(86.73%), &/, 0,0) and consider how the relative risk aversion and the time horizon influ-
ence this value. The result is shown in Figure 3(a). Since WEUC,(0x(86.73%), &, 0, 0) > 0O, the insurer
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Figure 3. Impact of relative risk aversion of insurer and investment horizon on WEUC,.

needs less initial capital if it follows the dynamic portfolio strategy with reinsurance instead of the
dynamic portfolio strategy without reinsurance. This means that the insurer can decrease its product
costs by buying reinsurance. The more risk-averse the insurer, the lower WEUC,(6:(86.73%), &/, 0, 0),
and the longer the investment period, the higher WEUC,;(6x(86.73%), &/, 0, 0). If the insurer’s rel-
ative risk aversion is given by RRA; =5 and the insurer offers a long-term equity-linked insur-
ance product with T =20, then WEUC,(6x(86.73%), &;,0,0) = 60bp. If the insurer gets more risk-
averse, then WEUC;(6r(86.73%), &;,0,0) decreases strongly. For RRA; =15 and T =20, we have
WEUC,(0x(86.73%), &/, 0,0) = 10bp.

Lastly, we consider the benefit of the insurer if it follows the dynamic investment strategy with rein-
surance (77, (- |6x(86.73%), &;'), &) (reference strategy) instead of the constant-mix strategy without
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reinsurance ((15%, 0), 0) (alternative strategy). We consider this constant-mix strategy without rein-
surance, since it approximates the long-term investment strategy of an average life insurer due to Griindl
and Gal (2017). Therefore, we calculate WEUC;(6z(86.73%), &/, 0, 0) and analyze the impact of the rel-
ative risk aversion and investment horizon; see Figure 3(b). Analogous to the analysis before, the insurer
needs less initial capital if it follows the dynamic strategy with reinsurance instead of the constant-mix
strategy without reinsurance. The more risk-averse the insurer, the lower WEUC,(6x(86.73%), &/, 0, 0),
and the longer the investment period, the higher WEUC,(6x(86.73%), &/, 0,0). If the insurer’s rela-
tive risk aversion is given by RRA; =5 and the insurer offers a long-term equity-linked insurance
product with 7'=20, then WEUC;(6r(86.73%),&;,0,0) =7275bp. If the insurer gets more risk-
averse, then WEUC,(6x(86.73%), &;,0,0) decreases strongly. For RRA; =15 and T =20, we have
WEUC,(6x(86.73%), &/, 0, 0) = 287bp.

6. Conclusion and further research

In this paper, we derive and analyze a Stackelberg equilibrium in a Stackelberg game between a rein-
surer and an insurer, which appears in the context of an equity-linked insurance product with a capital
guarantee. We assume that the reinsurance is only purchased at the beginning of the investment horizon
and is not continuously adjusted.

To solve the Stackelberg game analytically, we use backward induction and combine in a novel way
the concept of auxiliary markets by Cvitani¢ and Karatzas (1992), the generalized martingale approach
by Desmettre and Seifried (2016) and the replicating strategies approach by Korn and Trautmann (1999).

We find that in the Stackelberg equilibrium, the reinsurer selects the largest safety loading of the
reinsurance contract such that the insurer may still be willing to sign it. However, for this equilibrium
value of the safety loading, the insurer’s expected utility function becomes independent of the amount of
reinsurance due to its high price. Thus, in practice, the reinsurer should consider offering a reinsurance
contract with a safety loading that is lower than the equilibrium one. It is still beneficial for the reinsurer
as long as the safety loading is positive. We present some possible ways how the reinsurer can choose its
final (discounted) safety loading. In addition, if the reinsurer offers a discount on the safety loading, the
insurer can substantially decrease product costs for the client when switching from an old strategy, for
example, a constant-mix strategy without reinsurance, to the optimal dynamic strategy with reinsurance.

In our numerical studies, the cost benefits for the insurer varied from a few basis points to
126.68%, depending on the investment horizon, the insurer’s risk aversion, and the old strategy used in
comparison.

The Stackelberg equilibrium depends on the financial market model. It is an open interesting question
for future research whether our results can be extended to more complex financial market models or if
the addition of mortality or surrender risks prevents the analytical tractability of the Stackelberg game.

Supplementary material. To view supplementary material for this article, please visit http://doi.org/10.1017/asb.2023.32.
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A. Proofs of main results

Proof of Proposition 3.1. The proof follows immediately from Corollary 3.4 and Theorem 4.3 in
Desmettre and Seifried (2016). O

Proof of Proposition 3.2. The proof is based on the proof of Proposition 8.3 in Cvitani¢ and Karatzas
(1992) and consists of two parts:
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o We fix & € [0, £™] and prove that 7}, is optimal for (7;) given the fixed &;.
» We prove that £, is optimal for (7;) given the optimal portfolio process ;" = 7 }’..

Part 1. Let & € [0, £™*] be fixed. For the initial wealth, it holds that
V)‘:I,()(EIﬂR)«”I(O) — Vlw.o(élﬁk).ﬂl (0) (Al)
Let 7; such that (77;, &) € A,, that is, it holds that 7;(¢) € K Q-a.s. for all ¢ € [0, T]. Hence, for all A € D
and t € [0, T] we have 7,(¥) " A(r) = 0, whence
VVLO(EI,@R),HI(I) _ V\’I,O(Elﬂk)»ﬂl(t) >0 Q—a S (A 2)
; =V > .S, .

A

where the equality follows from 7,(£)"A(f) = 0 and (A.1). Using (A.2) for t = T, we obtain
E [U, (v (1) + &,P(T) ] —E [U, (Vi) + &,P(T) ] < o0
Therefore, (77, &) € A}. It follows that A; C A} and

sup  E[U; (v (1) + &iP(D)) |

RIHEIRIPINY]

2 sup B[, (VT + g p) |

ar:(rEnEn]

(2 sup E [U; (V;"U(EI’QRW(T) + §,P(T))] , (A.3)

(T EDEn}

where (a) follows from Equation (A.2), and (b) from A; C A}. Let A* € D and the optimal portfolio
process 7}, for the unconstrained optimization problem of the insurer (P}") given a fixed & such that
(7., &) € A} and 7;.(t) € K Q-aus. for all 7 € [0, T]. Then,

“2)

V:i.l)(flﬂk)»”;f* (1)Z V["Lo(%lﬁk),ﬁ,’f* () Viel0,T). (A.4)

Hence, (n;‘*, ‘51) € A; and

sup  E[ Uy (VD) +6P(T)) |

*
(T EDEN)

) [U, (V{i“””’”‘”f* T + §,P(T)>] (A5)
R (U, (v ) + &P |

< sup B[ (VRO +epm) | (A6)
nr:(mrEDEA]

where (a) follows from the definition of 7}, (b) from Equation (A.4), and (c) from (71;1, é,) € A,
All in all, we have

]E[U, (v;’:"@"e’”‘”f*(T)+s,P(T))](é sup E[U, (v;’:O(S”"R)’”’(T)+s,P(T))]

*
n,:(n,.él)eA;‘

2 sup E[U (V@) +gP)) ]

ar:(rENEN]

where (a) follows from Equation (A.5) and (b) from Inequalities (A.3) and (A.6). Therefore, 7 is
optimal for the optimization problem of the insurer (7;) given a fixed &;.

Part 2. Denote by &, the optimal reinsurance amount in the unconstrained optimization problem of
the insurer (P}") given 7}, € K, that is,

vr,0ErOR) i (ED)

& € argmax,, oo E | Uy (V]! () +&PMD)]. (A7)
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Observe that:
&l (1. &) € AV} =10,6™ = {&] (7..&) € A} (A.8)
Then,
E [U, (V,”’*“gf* T (T + s;;P(T))] Wy [U, (V;’i”@’f* AOTE (T + EI*P(T))]

L s B[ (v @ ap)]

e ) eny”

sup E [Ul (VIVLU(%,HR),H;} (T) + é]P(T))iI ,
& (nf &) enr

@8

(A.2)
Therefore, &, is optimal for (7;) given ). € K, and we conclude that (n;, E;‘*) solves (P)). O

Proof of Proposition 3.3. The proof is based on the proof of Theorem 4.1 in Korn and Trautmann
(1999).

First, we define a new wealth process of the reinsurer with investment in the assets Sy, S, and S,, and
additionally in the put option P. We denote by & () = —&;*(0¢) the trading strategy w.r.t. P. The wealth
process VRO ORIR) 0 E)

R

is given by:
AV T OID (1) = 0 o(D)ASo(1) + Pra (DS, (1) + 2 (NdS(1) + ENP (1), (A.9)
VOO 0) =y + & (BBRP(0) =2 Tro(E; Br). 0.
Note that vgo(&,°(6r), 6r) is not equal to vg (&, (6r), Or):
Tro(& (Or), O) =Vi + & (Or)0xP(0) = vy + & (O)(1 + 6p)P(0) — & (Br)P(0)
=Vio(&] (6r). 6) — & (BR)P(0).
Since,

VR IR (T — o (TISo(T) + @ (T)S(T) + 9o (T)SA(T) + &(T)P(T)

and the reinsurer has a short put position —&;(6z), the optimization problem (PgF%) is equivalent to the
optimization problem given by:

sup E[UR(V,‘;R’O(S’ (GR)ﬁR)v(WR’E)(T))] (,ngwk,s(z)zfg, (gk))
wReA‘zRWR.S(n:—s,* (OR)
s.L. E()=—&(Or) V1 €0, T].
AGREOTTI s the set of all admissible strategies @y in the optimization problem (Pg* "= ).

ALRREO=-5 00 {goR self—ﬁnancing|V;R.o(sﬂgm,gm,(m)(t) Qa0
e |:U (VDR‘O(EI* <9R)~9R>,<¢R,s>(T))_i| < 00}
R R ‘

As shown on page 6 in Escobar-Anel et al. (2022), the dynamics of the put is given by:
dP(t) =[V"™(1)(D(dy) — D™ (1o — 1) + rP(n)]dr
+ VITE)(@(dy) — Dot M (pdWi (1) + /1 — p2dW, (1)),
and the trading strategy v (£) = (Yo (2), ¥1(2), ¥,(1))7, t € [0, T1, that replicates the put is
P =7 V(@) — 1) T VI (@(d) - 1>>
So(?) o $,(1) ’
as shown in Lemma 1.1 in Supplementary Materials of this paper.

Y1) = ( (A.10)

https://doi.org/10.1017/asb.2023.32 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2023.32

ASTIN Bulletin 155

V]";R.o(éf (OR)OR)(¢R &)

Hence, for the wealth process it follows that:

VoG RGO 1y — o ((DS0(1) + Pra (DS1(0) + Pra(DS2 (1) + E(D)P(7)

(A.10)

=" @ro(DSo(1) + Yr1(DS1 (D) + Pra(DS2() + E@O Yo (DSo(D) + & (D) Y(1)S2(2)
= (@ro() +E@OYo(D)So(1) + @r1(DS1(D) + (@ra(t) + E(DV2())S2(D)
=:Lro(DSo(1) + Lr 1 (1)S1(2) + Lr2(D)SH(D),

where

Cr(t) = (Lro(D), Cra (D), é’R,z(l‘))-r = (@ro(®) + EOYo(D), Yr1(D), Pra(t) + E(NYa(1)" (A.11)

is a self-financing trading strategy. Hence, the dynamics is given by:

AV OOMRD () — e (D)dSo() + L (DS (1) + Lra (DS ().

The wealth process V< ) ¢ quals the wealth process of the reinsurer w.r.t. the trading strategy

Cr (i.e., only an investment in the assets Sy, S}, and S, without an investment in the put option P). If the

trading strategy ¢y is admissible for the optimization problem (szek,s(r):—s, (HR)), then the trading strategy

¢x is admissible to the portfolio optimization problem (P3/**"=%)

VBR'O(éf(OR),OR),({R,O)( H= V;R,o(é,*(f)k)ﬁk),(wk,é) (t)>0Vre[0,T)

and

E [UR (V;’R,O(sl*(oR)ﬁR)s(fR,O)(T))7] -F [UR (V;R.O(Ef(GR)sGR),(WRsE)(T)>i| < 0.

By the standard martingale method (i.e., the investor/reinsurer has only an investment in the assets Sy,

S,, and S,), there exists an optimal trading strategy ¢, to the optimization problem (P k50=0y and the

V;R,o(éf (OR)OR)(51:0)

optimal terminal wealth is given by:

V;R,O(EI*(QR),GR),({;;,O)(T) _ IR(y;(QR)Z(T)),
where y; = y3(0g) is determined by the budget constraint:

E[Z(D)Ik (viZ(T))] = v + & (0x)0xP(0).

OR.E()=—EF (6,
P‘PR| RE(D=—E]( R)) and

Therefore, there exists an optimal trading strategy ¢ for the optimization problem (P

VI‘;’R,O(E,* OR)OR)P}6)

the optimal wealth process is given by:

VRGO (1 R0 OGO oy O (O)Z(T))
R — VR — IR\VR\YR .
By (A.11), we get for the optimal trading strategy ¢ the following representation:

Pr1 (D) = Ep, (D) (A.12)

Pro(1) = Lo (1) — ED V(1) = L4, (1) + 5/ (Or) (1) (A.13)

Vi'R,o(E,*<9R).9R),(wE£)(t) _ Z; 90;,,-([)5,'(5) +&(Or)P()
So(1) '

Pro(D) = L) — EDYo(1) = (A.14)

Since the optimization problems (P¢*'*) and (P,fRWR'sm;E’ (HR)) are equivalent, it holds that there exists

an optimal trading strategy ¢j, to the optimization problem (Pgrr) given by (A.14), (A.12), and (A.13).
The optimal terminal wealth of the reinsurer is given by:

VTR (L) = v T - 800 P(T) = IO Z(T)) + £ @) P(T)
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and the optimal wealth process by:
V;[(,O(Sf((')R)vHR)"ﬂE(t) :?(t)_lE [2(]—-) (V;R.O(SI*WR)ﬁRL((p}S,&)(T) + 51*(0R)P(T)> |]:ti|

:V;R,o@,*(ex).efo,(w;,a (1) + £ O)P(1).
Hence, it follows for the optimal trading strategy ¢y from (A.14), (A.12), and (A.13):
@r1 (D) =8z,(D),
ra (D) =Lz (1) + & (OR)Y2(1),
VROE] ORLORR (1) — 21'2:1 (p;’[.(t) Si(7)
So(1) '

(p;,()([) -

Proof of Proposition 3.4. We define the function «:[0, 0™*] — R by:
k@) = | Ux (Vi) = & 0P ) | = B [Us (k0360 ZT) ]

where y}, = y;(6z) is the Lagrange multiplier determined by the budget constraint:
E [Z(O1x (viZ(T))] = veo +&; (6x)6xP(0).
We show that the map 6 — «(6g) is continuous. As per Proposition 3.1, &( - ) is given by:

£ (6) = arg max (€., 0)
§€[0,£6max(0)]

with £™(0) =min{&, —L—} and v(£,0):= E[U,(max{l,(yj‘(s,O)Z*(T)),:‘EP(T)})], where the

(14+6)P(0)
Lagrange multiplier y; = y;(§, 0) is given by the budget constraint of the insurer:

E[Z«(D)[(y; Z,+(T))] = v — §(1 + Oz)P(0).

The Lagrange multiplier y; (&, 6) is continuous w.r.t. £ and 6, since 1, is a continuous function and v, —
E(1 + 6x)P(0) is continuous w.r.t. £ and 6. Furthermore, we have that the functions /;, max, and U, are
continuous. Therefore, the function v is continuous w.r.t. £ and 6. In addition v is strictly concave w.r.t.
(by Lemma A.3 in Desmettre and Seifried, 2016), if U; is strictly concave. Since U; is a utility function, it
is strictly concave. Furthermore, the map 6 +— £™*(0) is continuous. By the Berges Maximum Theorem,
we conclude that the map 6 — &;(6) is continuous too.

Next, we argue that 6 — «(9) is continuous. The Lagrange multiplier yj(6) is continuous, since I is a
continuous function and v + &;(6)6 P(0) is continuous w.r.t. 8. Furthermore, we have that the functions
Iz and Uy are continuous. Therefore, the function « is continuous w.r.t. 8. Since [0, 8™*] is compact, it

follows from the Weierstrass Theorem that there exists 05 such that 6; = arg max « (6g). O
Arel0,0max]

Proof of Proposition 3.5. We show that Conditions (SEC,) and (SEC,) are fulfilled:

By Propositions 3.1 and 3.2, the optimal response (711* (~|9,’§) & (9;)) solves the optimization
problem of the insurer. Thus, (SEC)) holds by definition.

By Propositions 3.3 and 3.4, the optimal strategy (7;( - ), 6;) solves the optimization problem of
the reinsurer. If the insurer has several replies to the reinsurer’s strategy (5, 6;), then we need to find
(n,* (-|9]§) V& (9;;)) from the set of best replies of the insurer, that is,

B [Ue (Vi i) - )| < B[ U (v DD g ) D) | As)

for all &; in the set of best replies of the insurer. Note that the reinsurer’s value function does not depend
on ;. Thus, we focus only on &; and show now that the reinsurer’s value function is increasing in &,.
For the total terminal wealth of the reinsurer, it holds for &; € [0, £™*]

V;RAO(EDQE)’”; (T) — §P(T) = I ()’ZZ(T)) s (A.16)
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where y} solves the budget constraint:
E [Z(D I Z(T))] = ve + E0:P(0). (A.17)
It holds
E [UR(V,:"‘O@”Q;)’”E(T) — S,P(T))] increasing w.r.t. &

& @ iTR (T _ g P(T) increasing w.rt. & & 5, decreasing w.r.t. &

where (a) follows from the fact that Uy, is an increasing function and (b) from (A.16) and the fact that I
is a decreasing function due to the strict concavity of Ug. By (A.17), the Lagrange multiplier decreases
if and only if & increases, since I is a decreasing function. Hence, the value function of the reinsurer
increases if &; increases. Therefore, (A.15) is fulfilled if the optimal reinsurance strategy of the insurer
in the Stackelberg equilibrium is given by:

& (67) = max { &R [ U, (V;,,o(si‘,emnf(T) +e P(T))]

= sup E[u, (v (T)—i—E,P(T))]}.

FHGEAINN]

B. Proofs of example results
Proof of Corollary 4.1. For A € D, the Merton portfolio process 7} in the auxiliary market M, is given
by:

T (by) = (00T) " (1t +A() - r1).

1
l - b[
By Proposition 3.1, the insurer’s optimal portfolio process 7; in the auxiliary market M, satisfies
w0V =7 (b)(Vi(0) + E:Z.(6) "BIZ(TDP(T) s ry-0)| F

where V; is the insurer’s optimal wealth process in M,. Since £™ < % and & <&™, it holds
v o(&, Or) > 0 and, therefore, V;(#) > O for all 7 € [0, T]. Therefore,

Vi) + & 7,0 BIZ(T)P(T)| F]
Vi '
We find now A* € D such that 7). (1) e K =R x {0} for all € [0, T].
Since 7} is given by 7} multiplied by a random variable bigger than zero, it is sufficient to find

A* € D such that )7 € K. Hence,
1 - Hy—=r
(O’UT) I l ek.
L—b, o + 150 —

Since A* € D has to hold, we have A}(¢) = 0. It follows

0
A== .
() P =) —patr

From Lemma 1.2 in Supplementary Materials, we get that for a power utility function:

(1) = 7" (by)

(b)) €K <

1 ~ b
V(@) =E [b—(y}‘(E)Zm(T))""l}, (B.1)
1
where the Lagrange multiplier y; (&) is determined by the budget constraint:

E[Z(1) (052 ()77 = €P()) | = v = §(1 + 80P ().
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Hence, we obtain
Vi(E) = () — £(1 + B)P(0) + EE[Z,. (T)P(T))" Bl Z,. (T) 511 (B.2)

and, therefore,

@2 1 ~ o [ by ql-br
W(E) 2 (v = £(1+00P(O) + EEIZ, (DPDV'E [Zo(DyT |
. 1

It follows for the optimal reinsurance strategy & = &;(6x) that:

l ~ ~ b’ 1-by
£ —arg max (—(v, — &(1+ 6)P(0) + &E[ZMT)P(T)])ME[ZM(T) bi—1 ] )
£€l0.£] b’
g, if — (14 6x)P(0) + E[Z.(T)P(T)] > 0,
=1any £ €[0,&], if — (14 6x)P(0) + E[Z-(T)P(T)] =0,
0, if — (14 6x)P(0) + E[Z-(T)P(T)] < 0.
. it 6, < E[Z,-(T)P(T)] — P(O)’
P(0)
S E[Z,.(T)P(T)] — P(0)
any £ € [0,£], if 6 70) , (B.3)
0. i 6, > E[Z,-(T)P(T)] — P(0)
P(0)

Proof of Corollary 4.2. Due to Corollary 4.1, the optimal reinsurance strategy &;(6z) is given by
(B.3). From Proposition 3.4 and (A.16), it follows for the optimal safety loading 6 that

1 ~ b
0, =arg max E [_@Z(QR)Z(T))/,,Q’L}
oreloom») | br

(3.5) 1 5 ~ b PR )
2arg max — (v + & (@p)0eP(0)* E [Z(T) ] — arg max £ (6x)6x.

Ogel0,0max] UR Orel0,0max]
Hence, the reinsurer chooses the largest 6; € [0, 8™*] such that &;(6z) = é_' , that is,

o |EIZ«(DPM)] = PO) .
0y =min ,0™M .
P(0)
By the definition of the Stackelberg equilibrium (see Conditions (SEC,) and (SEC,)), the optimal reinsur-

ance strategy of the insurer is given by &/ (9;) = £ (i.e., the insurer chooses the response to the optimal
safety loading, which is the best for the reinsurer). O
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