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Abstract This paper first studies the multiplicity of normalized solutions to the non-autonomous
Schrédinger equation with mixed nonlinearities

—Au = du + hex)|ul92u + nluP~2u, = €RV,

fRN |’lL|2 dz = a‘27

where a, e, > 0, q is L?-subcritical, p is L?-supercritical, A € R is an unknown parameter that appears
as a Lagrange multiplier and h is a positive and continuous function. It is proved that the numbers of
normalized solutions are at least the numbers of global maximum points of A when € is small enough. The
solutions obtained are local minimizers and probably not ground state solutions for the lack of symmetry
of the potential h. Secondly, the stability of several different sets consisting of the local minimizers is
analysed. Compared with the results of the corresponding autonomous equation, the appearance of the
potential h increases the number of the local minimizers and the number of the stable sets. In particular,
our results cover the Sobolev critical case p = 2N/(N — 2).

Keywords: normalized solutions; multiplicity; stability; non-autonomous Sobolev critical Schrédinger
equation; variational methods

2020 Mathematics subject classification: 35A15; 35J10; 35B33

1. Introduction and main results

In this paper, we study the multiplicity and stability of normalized solutions to the
non-autonomous Schrodinger equation with mixed nonlinearities:

—Au = \u+ h(ex)u|?2u + nlu|P~%u, xRV, (1.1)
Jen [ul? dz = a?,
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2 X. Li, L. Xu and M. Zhu

< 400, N=1,2,
<2" =355, N >3,
an unknown parameter that appears as a Lagrange multiplier. The function A satisfies
the following conditions:

(h1) h e C(RN,R) and 0 < hg = inf__pn h(z) < max, o h(z) = hmax;

(h2) heo = hm|z|~>+oo h(.T) < hmax;

(h3) h™ (hmax) = {a1,a2,...,a;} with a; =0 and a; # a;, if i # .

A solution u to the problem (1.1) corresponds to a critical point of the functional:

whereNZl,a,e,n>0,2<q<2+%<p and A € R is

1 1
E(u) := B /]RN |Vul? dz — Q/RN h(ex)|u|? dx — Z/RN |ul? dx, (1.2)

restricted to the sphere:
S(a) :={uc H' R"Y): / lu|? dz = a®}.
RN
It is well known that E. € C'(H'(RY),R) and
El(u)p = / VuVedz — / h(ex)|u|?up dx — 77/ lulP~%up dz,
RN RN RN

for any ¢ € HY(RY).
One motivation driving the search for normalized solutions to Equation (1.1) is the
nonlinear Schrodinger equation:

0
%04 A+ g9 =0, (ta) ER xRV, (1.3)
Searching for standing wave solution ¥ (t,z) = e "Mu(x) of Equation (1.3) leads

to Equation (1.1) for u if g(|s|*)s = h(ex)|s|?"%s 4 n|s[P~?s. Since the mass [pn [¢|? dx
is preserved along the flow associated with (1.3), it is natural to consider the L?-norm
of u as prescribed. Moreover, the variational characterization of normalized solutions is
often a strong help to analyse their orbital stability, see [7, 10, 33, 34] and the references
therein.

In the study of normalized solutions to the Schrédinger equation:

—Au=Mu+ |ulPu, xcRY, (1.4)

the number p := 2 + 4/N, labelled L?-critical exponent, is a very important number,
because in the study of Equation (1.4) using variational methods, the functional

1

1
= = Vul?de — = P LN
J(u) : 2/RN| ul|* dx p/RN|u| dz, we H (R"Y),

is bounded from below on S(a) for the L?-subcritical problem, i.e., 2 < p < 2 + 4/N.
Thus, a solution of Equation (1.4) can be found as a global minimizer of J|g(,),
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see [32, 36]. While for the L2-supercritical problem, i.e., 2 +4/N < p < 2, Jls(a is
unbounded from below (and from above). Related to this case, a seminal paper due
to Jeanjean [17] exploited the mountain pass geometry to get a normalized solution,
see [3, 4, 8, 14, 16, 20, 21] for more results about problems with unbounded functional. In
the purely L2-critical case (i.e., p = 24+4/N), the result is delicate. Recently, Soave [33, 34]
considered the Schrodinger equation with double power form nonlinearity:

—Au = M+ plu|T 0+ [uP2u, e RY. (1.5)

Under different ranges of p and ¢, they investigated the geometric characteristics of the
functional corresponding to Equation (1.5) and studied the existence, multiplicity, orbital
stability and instability of the normalized solutions, see [2, 18, 19, 23, 35, 39] for more
results. The multiplicity of normalized solutions to the autonomous Schrodinger equation
or systems has also been considered extensively at the last years, see [2, 3, 5, 12, 14, 16,
19-21, 27, 28].

As to the non-autonomous Schrodinger equation:

—Au+V(z)u=u+ f(u), zcRY, (1.6)

under different assumptions on V and f, the existence of normalized solutions to (1.6)
has been studied by many researchers. Ikoma and Miyamoto [15] and Zhong and Zou
[43] considered Equation (1.6) with general L?-subcritical nonlinearities by applying
the standard concentration compactness arguments, see also [24, 30, 37] for results
to Equation (1.6) with special L?-subcritical nonlinearities f(u) = |u|P~2u. See [25, 30]
for results to Equation (1.6) with special L?-critical nonlinearities, [6, 29, 30, 37] for
results to Equation (1.6) with special L?-supercritical nonlinearities, and [11] for results
to Equation (1.6) with general L2-supercritical nonlinearities. In addition, the orbital
stability of the set consisting of the normalized ground state solutions to Equation (1.6)
was studied [6, 15]. There are relatively few studies about the mixed problem:

—Au+ V(x)u = A+ plu”2u + |[uff?u, xRN, (1.7)

Li and Zhao [24] studied the existence and orbital stability of normalized ground
state solutions to Equation (1.7) for ¢ is L?-subcritical and p is L2-critical. When

p = J\QI—JL, Kang and Tang [22] studied the existence of normalized ground state solu-

tions to Equation (1.7) in each of these cases 2 < p < 2 + %, p =2+ % and

2+ % <p< 13—1:/2 Moreover, the strong instability of such solutions was also studied for

the case 2+% <p< % As to the studies about the multiplicity of normalized solutions

to the non-autonomous Schrédinger equation, Yang et al. [42] studied Equation (1.6)
with f being L?-subcritical and satisfying Berestycki-Lions type conditions. Alves [1]
considered the multiplicity of normalized solutions to

—Au = \u+ h(ex)f(u), x€RY, (1.8)

with f being L?-subcritical. As far as we know, there are no studies about multiplicity of
normalized solutions to non-autonomous Schrédinger equation with mixed nonlinearities.
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4 X. Li, L. Xu and M. Zhu
In this paper, motivated by [1], we study the multiplicity of normalized solutions to
Equation (1.1).

To state the main results, let us first introduce some necessary notations. For r > 1,

the L™-norm of u € L"(RY) is denoted by ||u||,.. For every N > 3, there exists an optimal
constant S >0 depending only on N such that

S|lul|Ze < ||Vul3, vu € DV2(RY), (Sobolev inequality), (1.9)

where D*?(R™) denotes the completion of C2°(R") with respect to the norm ||ul| p1,2 ==
IVull2. Let

oo, N =1,2, N N
2<t< and = — — —.
2. N>3 2 t

The Gagliardo-Nirenberg inequality (see [40]) says that there exists an optimal
constant Cy; > 0 depending on N and ¢ such that

lulle < Cwallully Va3, Vue H(RY). (1.10)

Note that if we let Cpy ox := S_%, then (1.9) and (1.10) can be written in a unified form:

- <oo, N=1,2
ully < Cnellulls™ | Vul|2t, 2<t ’ e 1.11
Julle < Covellally™™ [Vl Sy Nos (111)
Let p and ¢ be as in Equation (1.1) and set
PYp—2 PIp—2 2—qvq
5. P~ 1% (2 - qw)”” Clg \ P71 [ CF, \ PP (112)
O 2—qy \pwp—2 q p ' '
We make the following assumptions on Az, 17 and a:
pyp—2 2—qvq 1
(hmaxaq(1_7q)> PYp=aq (nap(1_7p)) Pip=aa = (1.13)
and
— 1 __ N2 _ 1
(hmaxaq(PW)) PapT g, T pip—aq
—1
a2\ PI—d7q (1.14)
(2 —q7)Cx 2752 o

q(p—2)

The multiplicity result of this paper is as follows.
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Theorem 1.1. Let N,¢,a,n,p,q,h be as in Equation (1.1), hpmaq, a and n satisfy con-
dition (1.13). If p = 2*, we further assume that Equation (1.14) holds. Then, there exists
€0 > 0 such that Equation (1.1) admits at least | couples (uj, \;) € H*(RYN) x R of weak
solutions for € € (0,e) with [on |u;|*dz = a®, X; <0 and Ec(u;) <0 forj=1,2,...,1.

Remark 1.2. We make some notes on conditions (1.13) and (1.14):

(1) In studying the normalized solutions to the autonomous Schrédinger equation (1.5)
with mixed nonlinearities ¢ < 2+% < p, the first step is to study the lower bound function
of the functional to the problem (1.5) and then assume the maximum of the lower bound
function is positive, see [18, 33, 34] for more details. In our non-autonomous problem (1.1),
we also obtain a lower bound function g,(r) for the functional E.(u) and the condition
(1.13) is added just to guarantee the maximum of g,(r) is positive (see §2) so that we
can truncate the functional E.(u) and obtain the local minimizer of the functional with
negative energy. So in some sense, the condition (1.13) is very weak.

(2) When p = 2*, the condition (1.14) is added for technical reasons in order to obtain
the PS condition for the truncated functional E. r(u) (see Lemmas 4.4) and it can be
weakened if we can give the explicit expression of Ry (see Lemma 4.4).

To prove Theorem 1.1, we follow the arguments of [1] (see also [9]). In [1], multiple
solutions to the problem (1.8) are perturbed from the global minimizer of the functional
J|s(a) corresponding to the limit problem:

—Au= M u+pf(u), zecRN. (1.15)

There the arguments depend on the existence of a global minimizer and the relative
compactness of any minimizing sequence of the functional J |s(a)- While in our problem
(1.1), the appearance of the L?-supercritical term n|u|[P~2u implies that the functional to
the limit problem:

—Au = M+ plu|? 20+ glulP2u, xRV, (1.16)

with ¢ < 2+ 4/N < p is unbounded from below (and from above). In view of the studies
of [18, 33], we know that the functional in this case has a local minimizer. So we try to
perturb multiple solutions to Equation (1.1) from the local minimizer of the limit problem
(1.16). If we restrict the limit functional to a bounded region to obtain the local minimizer
as did in articles [18, 33], we cannot obtain the connection of the functional to Equation
(1.1) and the limit functional to Equation (1.16) for the appearance of the potential. To
avoid this difficulty, we employ the truncated skill used in [2, 31], and then we can isolate
the local minimizer and finally obtain the multiplicity of normalized solutions to the
problem (1.1). The application of truncated functions and the appearance of the Sobolev
critical exponent p = 2* make the analysis challenging. In [2], the authors studied the
multiplicity of normalized solutions to the autonomous Schrédinger equation (1.16) with
g < 2+4+4/N < p = 2* in the radially symmetric space Hﬁad(RN) by using truncated
skill and genus theory. Note that our problem (1.1) is non-autonomous and not radially
symmetric, so their method does not work in our problem.

We also consider the stability of the solutions obtained in Theorem 1.1. For this aim,
we give the definition of stability.

https://doi.org/10.1017/50013091523000676 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091523000676

6 X. Li, L. Xu and M. Zhu

Definition 1.3. A set Q C HY(RY) is stable under the flow associated with the
problem:

98 4 AP+ h(ex) |12 + P2 =0, ¢> 0,2 € RV,

(1.17)
¥(0,2) = uo(x)

if for any 6 > 0 there exists v > 0 such that for any ug € H'(RN) satisfying
diStHl(RN)(Uo,Q) <,
the solution ¥(t,-) of problem (1.17) with ¥ (0,2) = ug satisfies

sup dZStHl(RN)(I/)(t’ ')7 Q) <.
teRT

Theorem 1.4. Let N,a,n,q,h and €y be as in Theorem 1.1, p < 2*, e € (0,€q), (1.13)
hold. Then, Q; (i = 1,...,1) is stable under the flow associated with the problem (1.17),
where Q; is defined in Equation (5.1). Since the definition of Q; needs many notations
used in the proof of Theorem 1.1 in § 2—4, so we do not give it here.

Theorem 1.5. Let N,a,n,q,h and €p be as in Theorem 1.1, p = 2*, ¢ € (0,¢p),
(1.13) and (1.14) hold. Further assume that h(z) € CY(RY) and h/(z) € L= (RY). Then,
Q; (i =1,...,1) is stable under the flow associated with the problem (1.17).

Remark 1.6. (1) The definition of the sets €; (i = 1,...,1) seems so natural. They
act like potential wells to attract solutions that start around them and guarantee the
stability, see the proof of Theorem 1.4 in §5 which is very interesting.

(2) In this paper, the solutions obtained in Theorem 1.1 are local minimizers and they
are probably not ground state solutions, since the potential A does not have symmetry
and thus these [ different solutions probably have different energies. So in some sense, we
obtain the stability of local minimizer set €2;, which is different from most of the existing
results concerning the stability of ground state solutions set (see [18, 26, 33]). Moreover,
by the definition of ;, we know Q; N Q; = 0 for i#j. So we obtain the stability of
different sets Q; (¢ = 1,...,1), which is very different from the existing results about the
stability of the only one set of ground state solutions.

(3) For the limit problem (1.16) with ¢ < 2+ 4/N < p, authors [18, 33] obtained a
normalized local minimizer to (1.16) with negative energy which is also a ground state
solution and the ground state solutions set is stable. In view of the results of this paper, it
seems that the appearance of the potential & increases the numbers of the local minimizers
and the numbers of the stable sets.

This paper is organized as follows. In § 2, we define the truncated functional used in
the study. In § 3, we study the properties of the truncated autonomous functional. In §4,
we study the truncated non-autonomous problem and give the proof of Theorem 1.1. In
§5, we prove the stability results Theorem 1.4.
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Notation: The usual norm of u € H1(RY) is denoted by ||u||. C,Cy, Ca, . .. denotes any
positive constant, whose value is not relevant and maybe change from line to line. o, (1)
denotes a real sequence with 0, (1) — 0 as n — +o0o. ‘=’ denotes strong convergence and
‘" denotes weak convergence. B,.(z¢) := {x € RY : |z — x| < r}.

2. Truncated functionals

In the proof of Theorem 1.1, we will adapt for our case a truncated function found in
Peral Alonso ([31], Chapter 2, Theorem 2.4.6).

In what follows, we will consider the functional E. given by Equation (1.2) restricted
to S(a). By the Sobolev inequality and the Gagliardo—Nirenberg inequality (1.11), we
have

1 1
E.(u) > f/ |Vu|2d:1:—fhmax/ |u|qu—ﬂ/ |ulP dz
2 JgN q RN P JrRN

1 1
> §||Vu||§ _ ghmaxch\lyqaq(l_’yq)||VU||3’WJ _ gcg’paz)(l—’m)llvu”gw (2.1)
= 9a([[Vull2),

for any v € S(a), where
1
9a(1) = =1% — “hpaxC% an(l_'yq)r‘”q — QC’% pap(l_“’p)rmp, r> 0.
q ’ p

Set gu(r) = r?w,(r) with

_ _ n — —
PmaxCy an(l Ya)pag=2 _ ZoR pap(l w2,
: p N

=

1
we (r) := 5~
Now we study the properties of w, (7). Note that

<2, 2<t<2+4/N,
vy =2, t=2+4/N, and ~Yox = 1.
>2, 24+4/N <t <2*

It is obvious that lim,_, ,+ w,(r) = —oo and lim, o we(r) = —oo. By direct
calculations, we obtain that

1
wa(r) = = POy a0 (g = 2r7° gcﬁpap“””)(mp — 2)rPp 3,

)

Then, the equation w/,(r) = 0 has a unique solution:

1
2 — q70) e at=70)\ P57
ro = <( qu)q N.a s (22)

(P — DECK @0
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and the maximum of w,(r) is

1 _Ppyp—2 2-q7q
wq(r0) = R B (hmaxaq(kvq)> PYP—47q (nap(lﬂp)) e

where B is defined in Equation (1.12). Thus under the assumption (1.13), the maximum
of w,(r) is positive and w, (1) has exactly two zeros 0 < Ry < Ry < oo, which are also

the zeros of g,(r). It is obvious that g,(r) has the following properties:

9a(0) = ga(Ro) = ga(R1) = 0;  ga(r) <0 for r > 0 small;
lim, s 400 9o (1) = —00;  ga(r) has exactly two critical points;

r € (O,Ro) and ry € (R07R1) with ga(’/‘l) < 0 and ga(rg) > 0.

(2.3)

Now fix 7: (0,400) — [0, 1] as being a non-increasing and C'* function that satisfies:

r@y={ b Hrsfo
0, ife>Ry

and consider the truncated functional:

1 1
E.r(u):= f/ |Vu|? dz — f/ h(ex)|u|?dx — QT(HVU”Q)/ |ul? da.
RN q JrN p RN

2

Thus,

1 1
Ber(u) 2 GVl — s O a0 Va5

- gT(IIVU\Iz)Cﬁ,pa}’(lw)HVUIIQW
= ga(HquQ)’

for any u € S(a), where
- Lo 1 q (1-7q) n P (1-p)
Ja(r) = Sl 5hmaXC’N7qaq T pta — 5T(T)CN7PCLP PP,

It is easy to see that g,(r) has the following properties:

Ja (1) = go(r) for all r € [0, Rol;

Ja(r) is positive and strictly increasing in (R, +00).
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Correspondingly, for any g € (0, hmax], we denote by J,,, J,r : HY(RY) — R the
following functionals:

1 p n/
Ju(u) == = *de— = Idy — -+ Pd 2.8
)= [ valar =2 Carar =2 [ s 28)

and

1
Tr(w)i=g [ uPde =2 [ puprde = Ze(val) [ jupds. - (29)

The properties of J, 7 and E. 7 will be studied in § 3 and 4, respectively.

3. The truncated autonomous functional

In this section, we study the properties of the functional J, 7 defined in Equation (2.9)
restricted to S(aq), where p € (0, hymax] and a1 € (0, a).

Lemma 3.1. Let N,a,n,p and ¢ be as in FEquations (1.1) and (1.13) hold, u €
(0, hmagl, 0 < a1 < a. Then the functional J,, v is bounded from below on S(a1).

Proof. By Equations (2.6) and (2.7), for any u € S(a1),

J,u,T (’U,) 2 max,T’ (’LL)

vV
N =

T

IVull3 = ~hmaxC; y01

| =

n (1-7p)
- I;T(IIVUIlz)Cﬁ,pazf PVl

> Ga(IVull2) 2 inf ga(r) > —oc.

The proof is complete. O

Lemma 3.2. Let N,a,n,p,q be as in Equations (1.1) and (1.13) hold, p € (0, hunas),
0<ar <a Tyra =infuesa) Jur(u) <0.

Proof. Fix u € S(ay). For t >0, we define u:(x) = t%u(m). Then, us € S(aq) for all
t>0. By 7 > 0 and gy, < 2, we obtain that

IN

1
Tz () iéNWm&m—%Awam

1
= ftQ/ |Vul>de — Ht‘”q/ |u|? d,
2 JgN q RN

<0

for ¢ >0 small enough. Thus, T, 4, < 0. The proof is complete. O
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Lemma 3.3. Let N,a,n,p and q be as in Equations (1.1) and (1.13) hold, u €
(0, honaz). Then

(1) JM’T € Cl(Hl(RN)7R);

(2) Let ay € (0,a]. Ifu € S(a1) such that J, r(u) <0, then [|Vu|2 < Ry and J, r(v) =
J,(v) for all v satisfying ||[v||l2 < a and being in a small neighborhood of u in H'(R™).

Proof. (1) is trivial. Now we prove (2). It follows from J,, r(u) < 0 and
T () 2 gay ([Vull2) = ga([[Vell2),

that go(||Vull2) < 0, which implies that |Vulls < Ro by (2.7). By (1) and J, r(u) < 0,
we obtain that J, r(v) < 0 for all v in a small neighborhood of u in H'(RY), which
combined with ||v||2 < a gives that ||Vv||2 < Ry and thus J, r(v) = J,(v). The proof is
complete. O

For any ay € (0, a], we define

my(ar) = uei‘gl(fal)JM(u)7 V(ay) :={u € S(ay) : ||Vull2 < Ro}.

Since J,7(u) > ga; ([[Vull2) > ga(|Vul2) for any v € S(ai), by Lemma 3.1, we
obtain that

Tu,T,al = ueiSn(fz‘ll) JM,T(U) = mu(al)' (31)

In ([18], Lemma 2.6 and Theorem 1.2), the authors obtained that

Lemma 3.4. Let N,a,n,p and q be as in Equations (1.1) and (1.18) hold, p €
(0, humaz). Then
(1) a1 € (0,a] — my(a1) is continuous;

2
(2) Let 0 < a1 < az < a, then %m“(@) <my(ar) <0.

Consequently, by Equation (3.1) and Lemma 3.4, we obtain that

Lemma 3.5. Let N,a,n,p and q be as in Equations (1.1) and (1.18) hold, p €
(0, hunaz). Then
(1) ay € (0,a] = Yy 1., is continuous;

2
(2) Let 0 < a1 < az < a, then %T“’T’W <Yu1a <O.

The next compactness lemma is useful in the study of the autonomous problem as well
as in the non-autonomous problem.

Lemma 3.6. Let N,a,n,p and q be as in FEquations (1.1) and (1.13) hold, u €
(0, hinag], a1 € (0,a]l. {u,} C S(a1) be a minimizing sequence with respect to Y 1.4, -
Then, for some subsequence, either
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(i) {un} is strongly convergent,

or

(ii) There exists {yn} C RN with |y,| — oo such that the sequence vy, () = up(z + yn)
is strongly convergent to a function v € S(a1) with J, 7(v) =Y, 1.4, -

Proof. Noting that | Vu,|2 < Ry for n large enough, there exists u € H*(RY) such
that u,, — u in H*(RY) up to a subsequence. Now we consider the following three

possibilities.
(1) If w # 0 and |lul]|]s = b # a1, we must have b € (0,a1). Setting v, = u, — u,
dy, = ||vn||2, and by using

|3 = llonll3 + l[ull3 + 0n (1),

we obtain that ||v,|l2 — d, where a3 = d? + b2, Noting that d,, € (0,a;) for n large
enough, and using the Brézis—Lieb Lemma (see [41]), Lemma 3.5, ||Vu,|3 = ||Vul|3 +
Vo3 + 0n (1), [[Vul|3 < liminf, 4o [[Vun||3, 7 is continuous and non-increasing, we
obtain that

1 1% n
Ty ra +0n(l) = Jur(un) = §\|V0n||§ - 5an||2 - ];T(IIVunllz)anIIZ

1 Iz n
+ S IVulld = =lulld = =7 ([Vunl2)[lull} + 0on(1)
2 q P
> JN’T(Un) + J;L,T(“) + On<1)
>Yyrdn + Yurs+on(l)
d2
2 ;;;TM,T#H + TuvT,b + On(l)-

Letting n — 400, we find that

d2
Yy Tay 2 ?TH,T#H + T
1

d? b2
> TTH,T,% + TTM,TJH = TM7T7G1’
aj ay

which is a contradiction. So this possibility can not exist.
(2) If |ul|2 = a1, then u,, — uin L?(RY) and thus u,, — u in L}*(RY) for all t € (2, 2*).
Case p < 2%, then

TH,T,al = nEIJIrloo J#,T(Un)

: 1 2 M n
= i (5190l = Zlunly - o9 o)l

n—-+oo

2 J#’T(’LL).

As u € S(ay), we infer that J, 7(u) = Ty 1.4,, then ||Vu,|l2 = |[Vull2 and thus u, — u
in H'(RY), which implies that (i) occurs.
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Case p = 2%, noting that |Vu,|l2 < [[Vuy|l2 < Ro for n large enough, and using the
Sobolev inequality, we have

1
Jur(vn) = Ju(va) = /RN Vo, |? do — g/RN lon]? dz — g/RN v, |P da

n_1 *
§57||an||§ +on(1)
2

Y

1
1903 -

1 n 1 *
2 2 2
Va2 (2 - ?STT*HVUnHQ ) + o0n(1) (3.2)

1 n 1 *
> Va3 (2 T T Rj 2) +0,(1)
)

1 _
= Han||§ghmax01"v7qaq(1‘74>l%g”‘1 2 Foa(1),

*_ _ —2
because wq(Rg) = % — %%RS 2 _ %hmaXC;}anq(l va) RET = 0. Now we
sz ’
remember that

T/%Tval — JMT(U»,L) > JMT(Un) + JH,T(U) + On(l) (33)

Since u € S(a1), we have J, r(u) > Y, 1 q,, which combined with Equations (3.2) and
(3.3) gives that | Vv,||3 — 0 and then u, — uw in H'(R"). This implies that (i) occurs.

(3) If u = 0, that is, u, — 0 in H*(RY). We claim that there exist R,3 > 0 and
{yn} C RY such that

/ lu,|?da > B3, for all n. (3.4)
BR(yn)

Indeed, otherwise we must have u, — 0 in LY(R") for all ¢ € (2,2*). Thus, for p < 2%,
Jur(un) > 5[ Vun |3 + 0,(1), which contradicts Jy, 7(un) = Tyura, < 0. For p = 2%,
similarly to (3.2), we obtain that

1 _
Ty (ug) > ||Vun||§5hmaxc;’v,qaq“—”q>1%8’*q ou(1).

We also get a contradiction in this case. Hence, in all cases, Equation (3.4) holds and
|yn| — 400 obviously. From this, considering @, (x) = un(z + yn), clearly {u,} C S(a1)
and it is also a minimizing sequence with respect to Y, 7 .,. Moreover, there exists
u € HY*(R™)\{0} such that @, — 4 in H*(RY). Following as in the first two possibilities
of the proof, we derive that i, — % in H*(RY), which implies that (ii) occurs. O
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Lemma 3.7. Let N,a,n,p,q be as in Equation (1.1), p € (0, hpmas], a1 € (0,a], (1.13)
hold. Then, T, .4, is attained.

Proof. By Lemma 3.1, there exists a bounded minimizing sequence {u,} C S(a1)
satisfying J,, r(u,) — Y, Ta as n — +oo. Now, applying Lemma 3.6, there exists
u € S(ay) such that J, r(u) = Ty 7.4, The proof is complete. O

An immediate consequence of Lemma 3.7 is the following corollary.

Corollary 3.8. Let N,a,n,p and ¢ be as in Equations (1.1) and (1.13) hold. Fizx
ar € (0,a] and let 0 < puy < p2 < hopag- Then, Ypy 10y < Ty Toay -

Proof. Let u € S(ay) satisfy J,, 7(u) = YTy, 1.a;- Then, Ypy 10, < Jupr(u) <
Jjj.l,T(u) = T/LI,T,H,I'
4. Proof of Theorem 1.1

In this section, we first prove some properties of the functional E. 7 defined in
Equation (2.5) restricted to the sphere S(a), and then give the proof of Theorem 1.1.
Denote

Jmax,T = Jhmax,Tv Tmax,T,a = Thmax,T,(u
and
Joo, 1 = Jhoo. T YooTa = Theo,T,a-

It is obvious that Joo 7(4) > Jmax,7(¢) and Ee 7(u) > Jmax,r(u) for any v € S(a). By
Lemma 3.1, the definition:

Perai= inf Eer(u),
Moo= b Eer(u)

is well defined and I'c 7.4 > Thax,7,a-
The next lemma establishes some crucial relations involving the levels I'c 74, Yoo 7.a
and Tmax,T,a~

Lemma 4.1. Let N,a,n,p,q,h and € be as in Equations (1.1) and (1.13) hold. Then

lim Sup Fe,T,a < Tmaz,T,a < Too,T,a <0.
e—0t

Proof. By Lemma 3.7, choose u € S(a) such that Jmax 7(t) = Tmax1.4- Then,

1

1
Lot Brl) =3 [ VP2 [ hieolulda

o ’y
Le(ivull) [ | o
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Letting € — 07, by the Lebesgue dominated convergence theorem, we deduce that

lim sup Fe,T,a < lim sup EE,T(U) = Jh(O),T(u) = Jmax,T(u) = Tmax,T,av
e—07F e—0t

which combined with Lemma 3.2 and Corollary 3.8 completes the proof. O

By Lemma 4.1, there exists €3 > 0 such that I'c 74 < Yoo 1,0 for all € € (0,€1). In the
following, we always assume that € € (0,€;). Similarly to the proof of Lemma 3.3, we
have the following result, whose proof is omitted.

Lemma 4.2. Let N,a,n,p,q,h,e be as in (1.1), e € (0,€1), (1.13) hold. Then

(1) E.r € C*(H*(RY),R);

(2) If u € S(a) such that E. r(u) <0, then ||Vu|l2 < Ry and E.r(v) = Ec(v) for all
v satisfying ||v]|2 < a and being in a small neighborhood of u in H*(RY).

The next two lemmas will be used to prove the PS condition for E. r restricted to
S(a) at some levels.

Lemma 4.3. Let N,a,n,p,q,h be asin (1.1), € € (0,¢€1), (1.18) hold. Assume {u,} C
S(a) such that Ee r(u,) — ¢ as n — +oo with ¢ < Yoo 1,0 If uy, = u in HY(RY), then

u# 0.

Proof. Assume by contradiction that v = 0. Then,

1 a
c+0n(1) = Ecr(upn) = Joo7(tn) + 5/}1{{1\7 (hoo — h(ex))|un|? dz.

By (he), for any given § > 0, there exists R >0 such that ho, > h(x) — 9 for all |z| > R.

Hence,

1
c+0n(1) = Ecr(upn) > Joo7(tn) + f/ (hoo — h(ex))|u,|? da
9 JBR(0)

5
—f/ |t |7 da.
q./)B

R/

Recalling that {u,} is bounded in H*(R") and u,, — 0 in L(Bg/(0)) for all ¢ € [1,2*),
it follows that

¢+ 0p(1) = Eer(up) > Joo r(un) — C + 0,(1),

for some C>0. Since 6 >0 is arbitrary, we deduce that ¢ > Yo 7,4, which is a
contradiction. Thus, u # 0. 0

Lemma 4.4. Let N,a,n,p,q and h be as in Equation (1.1), € € (0,¢€1), Equation (1.13)
hold. If p = 2%, we further assume that Equation (1.14) holds. Let {u,} be a (PS).
sequence of E.r restricted to S(a) with ¢ < Yoo 1.4 and let u, — u. in H(RN). If u,
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Multiplicity and stability of solutions to schrodinger equation 15

does not converge to u. strongly in H'(RN), there exists B> 0 independent of € € (0, ¢1)
such that

lim sup ||un, — uell2 > B.
n—4oo

Proof. By Lemma 4.2, we must have ||Vu,|2 < Ry for n large enough, and so, {u, }
is also a (PS). sequence of E restricted to S(a). Hence,

Ec(up) = ¢ and ||Eclgq)(un)ll =0 asn — +oo.

Setting the functional ¥ : H!(RY) — R given by:

1
W) = [ P de
R

it follows that S(a) = ¥~1(a?/2). Then, by Willem ([41], Proposition 5.12), there exists
{An} C R such that

IE(un) = AW (n)|| g—1 vy = 0, as n — +oo. (4.1)

By the boundedness of {u,} in H'(RY), we know {)\,} is bounded and thus, up to
a subsequence, there exists A. such that A, — A as n — +o0o. This together with
Equation (4.1) leads to

El(ue) — AV (u) =0, in HY(RY), (4.2)
and then
IE{(vn) = AW (vn) || g-1ny = 0, asn — +oo, (4.3)
where v,, := u,, — u. By direct calculations, we get that

Yoora> lim E(uy)
n—-+oo

1 1
= lim (Ee(un) — —El(up)un + 5)\n||un\|§ + on(1)>

n——+o00 2
1 1
= lim [()/ h(ex)|u,|? dz
n——+oo 2 q rN
1 1 1
a8 npd 7)\77, 2 n 1
+<2 p)n/RN|u| w+2 a +o()]
>1)\€a2,
-2

which implies that

<0, forallee(0,e). (4.4)
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16 X. Li, L. Xu and M. Zhu

By Equation (4.3), we know

Vo, |2 dz — A o2 d —/ h n‘?d—/ WP de =o0,(1), (4.5
Ly vontae=a [ e [ neulrae—n [ opde=o,0). @)

which combined with Equation (4.4) gives that

27
/ |an|2dx—L2’T’a/ v, |? da
rN a RN

(4.6)
<_ hmax n d n d On, 1).
/]RN ‘7) | * n/RN |U | r ( )

If u,, does not converge to u. strongly in H'(R™), that is, v, does not converge to 0
strongly in H*(RY), by (4.6) and the Sobolev inequality, we deduce that

2Too a
/ |V, |* de — 72T/ v, |? da
RN a RN
< hmaxCRy gllonl|” + nCK pllvnll” + 0n(1).

So there exists C' > 0 independent of € such that ||v,|| > C and then by Equation (4.6):

lim sup (hmax/ |vn | dx + n/ |vn|P dx) > C. (4.7)
n—-+oo RN RN

Case p < 2%, by (4.7) and the Gagliardo—Nirenberg inequality (1.11), there exists 5 >0
independent of € € (0, €1) such that

lim sup ||v,]|2 > B. (4.8)

n—-+oo

Case p = 2%, if

limsup/ |vp |9 da > C,
RN

n—-+oo

for some C >0 independent of €, we obtain (4.8) as well. If
lim inf limsup/ |vp|Tdz =0 and lim inf lim sup ||v,||2 = 0,
e—0t n—o+oo JRN e—0t n—o+oo

by Equation (4.7) we have

lim inf lim sup/ |vg [P da > C,
RN

e—0t n—-+oo
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and by Equation (4.5) we have

lim inf lim sup/ |V, |? dz = lim inf lim supn/ |vn P de.
RN + RN

e—0T n—+oo e—0 n—+oo

Applying the Sobolev inequality to the above equality, we obtain that

liminf lim sup || Vv, ||3 = lim inf lim sup n||vn||§: < lim inf lim sup 775’_2*/2||an||%*7
e—0t n——+oo e—0t n—+oo e—0t n—+oo

which implies that

N—2
Ry > 1imiﬂflimsup [Vonlle >n~ "2 SN/A4, (4.9)

e—0 n—+oo

On the other hand, by the assumption (1.14), we have

N—
Ry < "To 8N/, (4.10)

Indeed, by the expression of rq in Equation (2.2), Equation (1.14) is equivalent to

N—2

o <1 T S

NP4

(4.11)

Since Ry < 19 < Ry (see §2), we obtain Equation (4.10), which contradicts
Equation (4.9). So we must have Equation (4.8) for the case p = 2*. The proof is
complete. O

Now, we give the compactness lemma.

Lemma 4.5. Let N,a,n,p,q and h be as in Equation (1.1), € € (0,€1), 5 be as in
Lemma 4.4,

. B?
0< Po < min {TOO,T,Q - Tmam,T,aa ?(TOO,T,G - Tmaz,T,a) )

and Equation (1.13) hold. If p = 2*, we further assume that Equation (1.14) holds. Then,
E. 7 satisfies the (PS). condition restricted to S(a) if ¢ < Y ez 1,0 + Po-

Proof. Let {u,} C S(a) be a (PS), sequence of E, r restricted to S(a). Noting that

¢ < Yoora <0, by Lemma 4.2, {u,} is bounded in H'(RY). Let u, — u, in H'(RY).
By Lemma 4.3, u, # 0. Set v, := uy, — ue. If up, — u, in H*(RY), the proof is complete.
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18 X. Li, L. Xu and M. Zhu
If u,, does not converge to u, strongly in H!(RY) for some € € (0,¢;), by Lemma 4.4,

lim sup ||v,]|2 > B.

n—-+4+oo

Set b = ||tell2, dn = ||un|l2 and suppose that ||v,|l2 — d, then we get d > 5 > 0 and
a? = b? + d?. From d,, € (0, a) for n large enough, we have

c+0n(1) = Ecr(un) > Eer(vy) + Ee 7(ue) + 0n(1). (4.12)
Since v,, — 0 in H'(R"), similarly to the proof of Lemma 4.3, we deduce that
Ecr(vn) > Joo, () — 6C + 0,(1) (4.13)

for any 6 >0, where C' >0 is a constant independent of 4, € and n. By (4.12) and (4.13),
we obtain that

¢+ 0n(1) = Eer(up) > Joo7(vn) + Eer(ue) — 0C + 0, (1)
Z Too,T,dn + Y‘max,T,b - 6C + On(l)
Letting n — 400, by Lemma 3.5 and the arbitrariness of § > 0, we obtain that
d? b2
c 2 Too,T,d + Tmax,T,b Z 72TOO,T,G. + 72Tmax,T,a
a a
2
= Tmax,T,a + E(TOO,T,a - Tmax,T,a)

62
> Tmax,T,a + ﬁ(’roc,ﬂa - Tmax,T,a)7

2
which contradicts ¢ < Tmax,7.a + %(TOO,T@ — Tmax,T,qa). Thus, we must have u,, — u.

in H'(RM). 0

In what follows, let us fix p, 7 > 0 satisfying:

Bj(a;) N Bs(aj) =0 for i#j and i,j € {1,...,1};

We also set the function Q. : H'(RY)\{0} — RY by

_ Jev x(e@) uf? dz
Qclw) = RfRN lul2dz ’

where y : RN — R¥ is given by:

() x, if |2| <7,
X)) =
X i, iffa] > 7
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The next two lemmas will be useful to get important PS sequences for E, 1 restricted

to S(a).

Lemma 4.6. Let N,a,n,p,q and h be as in Equations (1.1) and (1.18) hold. Then,
there exist e € (0,€1],p1 € (0,po] such that if € € (0,€2), u € S(a) and Ecr(u) <

Tmaz,T,a + P1, then

(4.14)

Qc(u) € Kg
Proof. If the lemma does not occur, there must be p,, — 0,¢, — 0 and {u,} C S(a)
such that
Ee, 7(tn) < Thmax,T.a + pn and Qe (up) & Kg.
Consequently,
Tmax, 7o < Jmax,7(Un) < Eep 7 (Un) < Timax, 7,0 + Pns
then

{UN} - S(a) and JmaX,T(un) — Tmax,T,a-

According to Lemma 3.6, we have two cases:
(i) up, — u in HY(RY) for some u € S(a),
or

(ii) There exists {y,} C RY with |y,| — +oo such that v, (z) = u,(z + y,) converges

in H'(R™) to some v € S(a).
Analysis of (i): By the Lebesgue dominated convergence theorem,

0. () = S XEnDNunP o fo x(O)lul*d
en\Yn fRN |Un|2 dz f]RN |U|2dx

:OEKﬁ.
2

From this, Q., (u,) € Kj; for n large enough, which contradicts Q,(u,) ¢ K; in
2 2

Equation (4.14).

Analysis of (ii): Now, we will study two cases: (I) |epyn| — +oo and (II) €y, — y for

some y € RV,
If (I) holds, the limit v,, — v in H*(RY) provides

1 1
EEn,T(un):f/ |an\2dx—f/ h(enx + €nyn)|vn|? d
RN q JrRN

2
(Y all2) / [P da
p RN

— Joo,T('U)~
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Since Ee,, 7(tn) < Tmax, 1,0 + pPn, we deduce that

Too,T,a S Joo,T(v) S TmaX,T,aa

which contradicts Yoo 7,6 > Tmax,7,¢ in Lemma 4.1.
Now if (IT) holds, then

1 1
E., r(u,) = 3 /]RN |V, |> de — 6[}%N h(enx + €nyn)|vn|? da

=21 0all) [ | lonl? do

= Jny),r (),
which combined with E,, 7(un) < Tmax, 1,0 + pn gives that
Thiy).Ta < Jniy),r(V) < Tmax,Ta-
By Corollary 3.8, we must have h(y) = hmax and y = a; for some ¢ = 1,2,...,l. Hence,

- f]RN X(an)lun|2 dz B f]RN X(an + €nyn>|vn|2 dz

Qen(un) - fRN |un|2 dz - fRN ‘UTL|2 dz
24
L e
f]RN [v]2 dz 5

which implies that Q.,, (u,) € K; for n large enough. That contradicts Equation (4.14).
)
The proof is complete. O

From now on, we will use the following notations:

o Ot = {u € S(a) : [Qc(u) —a;| < p};
o 00 :=={u € S(a): |Qc(u) — a;| = p};
o Ol = infueeé E.r(u);

o = inf, o Eer(u).

Lemma 4.7. Let N,a,7n,p,q and h be as in Equations (1.1) and (1.13) hold, € and
p1 be obtained in Lemma 4.6. Then, there exists e3 € (0, 2] such that

BZ: < Tmaz,T,a + % and 62 < Bz:a fOT’ any € € (07 63)'
Proof. Let u € S(a) be such that

Jmax,T (U) = Tmax,T,a .
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For 1 <i <, we define

ol (x) ::u(:r—%), z e RV,
€

Then, ¢ € S(a) for all e >0 and 1 <14 <. Direct calculations give that

, 1 1 n
Ev6 A — 2d _ = h i Qd _ ! Pd’
i) =5 [ Valar—2 [t +adlultds = r(|Vuly) [ b ds
and then

Wm B r(il) = Jp(a;),r (1) = Jmax,7 () = Timax 1a- (4.15)
e—0t

Note that

e x(ex + ap)|ul? dx

() = — a; as e — 0%,
Q( ) fRN|U|2d£E

So 4t € 6! for € small enough, which combined with Equation (4.15) implies that there
exists €3 € (0, e2] such that

ﬁ:; < Tmax,T,a + %, for any € € (07 63)‘

For any v € 96%, that is, v € S(a) and |Q.(v) — a;| = p, we obtain that |Q.(v) € K

5
Thus, by Lemma 4.6, ’
Ecr(v) > Thax,r,a +p1, foralve 802 and € € (0, €3),

which implies that
Bl = inf Eer(v) > Ymaxta+p1, forallec (0,e3).
veEDYE
Thus,
Bl < i, forall e € (0,€3).
O
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. Set ¢y := €3, where €3 is obtained in Lemma 4.7. Let € €

(0,€9). By Lemma 4.7, for each i € {1,2,...,l}, we can use the Ekeland’s variational
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principle to find a sequence {u’,) C 6! satisfying:
Bor(ui) = 8 and [l (ud)] >0, asn - oo,

that is, {uf}, is a (PS)ﬂg sequence for E, 1 restricted to S(a). Since 8¢ < Tmax.T.a + Po,
it follows from Lemma 4.5 that there exists u’ such that u!, — v’ in H*(R"). Thus

u' €0, E.r(u') =3 and E€7T|'S(a)(u") =0.

As

and

Bﬁ(ai) N Bﬁ(aj) = (Z) s for 4 7é j,

we conclude that u! # w/ for i#j while 1 < 4,j < [. Therefore, E. 7 has at least [
non-trivial critical points for all € € (0, €p).

As E.r(u') <0 for any i = 1,2,...,1, by Lemma 4.2, v’ (i = 1,2,...,1) is in fact the
critical point of E. on S(a) with E.(u’) < 0 and then there exists A; € R such that

—Au’ = \u® + hiex)|u |72t +put P2tz e RY.

By using E.(u') = 8¢ < 0 and E/(u*)u’ = \;a?, we obtain that

1 ; 1 1 , 11 ,
§A1a2 = E.(u") + (q — 2> /RN h(ex)|u'|? dx + (p - 2> /]RN '[P da,

which implies that A; < 0 for ¢ = 1,2,...,l. The proof is complete. O

5. Stability

In this section, we investigate the stability of the solutions obtained in Theorem 1.1. For
any i = 1,2,...,[, we define

Qi L= {’U (S 92 : E67T|{S‘(a)(v) = 07 EG,T(U) = ﬂz}

. 4 (5.1)
={v el Elsy(v) =0, Ec(v)=48, [[Vv[l2 < Ro}.

Next we show the stability of the sets ; (¢ = 1,...,() in two cases p < 2* or p = 2*.
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Proof of Theorem 1.4. Letting r; be such that g,(r;) = B, and considering
Equation (2.6), the definition of ; and 8¢ < 0, we know that

[Volla <71 < Rg, for any v € ;.
Let a; > a be such that g, (Ro) = %2 There exists § >0 such that if
ug € H'(RY) and dist ;1 vy (uo, €2i) <6,

then

Ro—1m1

2 .
HU0||2 <ai, ||VU0||2 <rn+ ) Ee,T(UO) < gﬁz

Denoting by (¢, -) the solution to Equation (1.17) with initial value ug and denot-
ing by [0,Tmax) the maximal existence interval for w(t,-), we have classically that
either 9(t,-) is globally defined for positive times, or |V (¢, )| = 400 as t = Typxs
see ([38], Section 3). Set @ = |Jugl|2. Note that ||t (¢, -)]l2 = |Juoll2 for all ¢ € (0, Timax) by
the conservation of the mass. If there exists € (0, Tinax) such that [|[Va(£,-)||l2 = Ro,

then

which contradicts the conservation of the energy:
2 .
E.(Y(t,)) = Ec(ug) < 5527 for all ¢t € (0, Tyax)-
Thus,
IV¥(t, )2 < Ry, forall t € [0, Tmax)s (5.2)

which implies that (¢, ) is globally defined for positive times.

Next we prove that (; is stable. The validity of Lemma 4.5 for complex valued func-
tion can be proved exactly as in Theorem 3.1 in [13]. Thus, the stability of ; can be
proved by modifying the classical Cazenave—Lions argument [10] (see also [24]). For the

completeness, we give the proof here. Suppose by contradiction that there exist sequences
{upn} C HY(RY) and {t,,} C RT and a constant 6, > 0 such that for all n > 1,

1
inf n— 0| < — 5.3
nf fluo., v < (53)

and

it (b =] = 6o, (5.4)
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where 9, (t,-) is the solution to (1.17) with initial value ug . By Equation (5.2), there

exists ng such that for n > ng it holds that ||V, (¢, )||2 < Ro for all ¢ > 0.
By Equation (5.3), there exists {v,} C €; such that

2
lwo.n — ol < —.
n

(5.5)

That {v,} C Q; implies that {v,} C % is a (PS) 5; sequence of Er restricted to S(a).

From the proof of Theorem 1.1, there exists v € €2; such that

i o, — ol =0,

which combined with (5.5) gives that

lim ||ug, —v| =0.
n—+oo

Hence,

lim
—+0o0

=lelo=a,  lim Fo(ugn) = Belv) = B < B

Then by the conservation of mass and energy, we obtain that

i et )la =0, lm B((t) = B forany 20,
Define
a'd)n(tf)
onlt,) = £>0.
&) = s

Then ¢,(t,-) € S(a) and
lon(t, ) — ¥n(t, )| = 0 as n — +oo uniformly in ¢ > 0,
which combined with Equation (5.6) gives that

aug,n

lim_{j¢n(0,-) = vl =

li
n——+0o n—+00

— ’UH =0.
l|wo,nl2

(5.7)

Hence, ¢, (0,-) € 01\00! for n large enough because v € 91\(99z Using the method of

continuity, lim, 4o Fe(pn(t,+)) = B¢ for all t > 0, and B¢ < B¢, we obtain that:

for n large enough, ¢, (t,-) € 0:\00! for all ¢t > 0.

(5.9)

From (5.7)—(5.9), {¢n(tn,-)} C 0% is a minimizing sequence of E, r at level 3%, and from

the proof of Theorem 1.1, there exists © € 67 such that

lim H@n( ny ) — 1~)H =0,

n—-+oo
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which combined with (5.8) gives that

lim ||t (tn, ) — 0| = 0.

n—-+oo

That contradicts (5.4). Hence €; is stable for any i = 1,2,...,1[. d

Proof of Theorem 1.5. The proof can be done by modifying the arguments of §3
and 4 in [18] and using the arguments of the proof of Theorem 1.4, so we omit it. O
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