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Abstract. Let R bea d-dimensional Cohen—Macaulay (CM) local ring of minimal
multiplicity. Set S := R/(f), where f :=f], ..., f. is an R-regular sequence. Suppose M
and N are maximal CM S-modules. It is shown that if Exts(M, N) =0 for some
(d + ¢ + 1) consecutive values of i > 2, then Extg(M, N) = 0 for all i > 1. Moreover,
if this holds true, then either projdimgz(M) or injdimg(XN) is finite. In addition, a
counterpart of this result for Tor-modules is provided. Furthermore, we give a number
of necessary and sufficient conditions for a CM local ring of minimal multiplicity to
be regular or Gorenstein. These conditions are based on vanishing of certain Exts or
Tors involving homomorphic images of syzygy modules of the residue field.

2010 Mathematics Subject Classification. Primary 13D07; Secondary 13D02,
13HO5, 13H10.

1. Introduction. Throughout this paper, unless otherwise specified, all rings are
assumed to be commutative Noetherian local rings, and all modules are assumed to
be finitely generated. Let (R, m, k) be a Noetherian local ring. A celebrated result by
Auslander and Lichtenbaum, [2, Corollary 2.2] and [27, Corollary 1], is the following:

THEOREM 1.1 (Rigidity Theorem). Let R be a regular local ring. For R-modules
M and N, if Tor®(M, N) = 0 for some i > 1, then Tor]R(M, N)=0forallj>i

Heitmann [17] showed that rigidity may fail even when R is a Cohen—Macaulay
(CM) local ring and projdimg (M) is finite. Let S be a local complete intersection
ring of codimension c¢. In [30, Theorem 1.6], Murthy showed that ¢ + 1 consecutive
vanishing of Tors involving a pair of S-modules M and N forces the vanishing of
all subsequent Tors. We refer the reader to [5, Theorem 9.3.6] for a concise proof
of this result. Theorem 1.1 has been generalized further by Avramov and Buchweitz
in [6, Theorem 4.9]. They improved the number ¢ 4+ 1 of consecutive vanishing of
Tors by replacing it by cxs(M) + 1, where cxg(M) (< ¢) is the complexity of M;
see 2.9. Moreover, they proved a counterpart of this result for Ext-modules; see
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[6, Theorem 4.7]. In this paper, we prove analogues of Murthy’s result and that of
Avramov and Buchweitz for deformations of CM local rings of minimal multiplicity.

The multiplicity of an R-module M, i.e., the normalized leading coefficient of the
Hilbert-Samuel polynomial Py (n) (= length of M/m"' M for all sufficiently large n)
is denoted by e(m, M), or simply by e(M). In [1, (1)], Abhyankar showed that if R
is CM, then e(R) > p(m) — dim(R) + 1, where u(m) denotes the minimal number of
generators of m. If equality holds, then Ris said to have minimal multiplicity, or maximal
embedding dimension. 1t is well-known that if the residue field k is infinite, then R has
minimal multiplicity if and only if there exists an R-regular sequence x with the property
that m? = (x)m; see, e.g., [9, 4.6.14(c)]. Hence, every regular local ring has minimal
multiplicity. But the converse is not necessarily true, e.g., Ry = k[U, V]/(U?, UV, V?)
and R, = k[[U, V]]/(UV), where U and V" are indeterminates, and k is a field. Note
that R, is not even Gorenstein.

We now state our main results. We first give a result on the vanishing of Ext.

THEOREM 1.2 (Theorem 6.2). Let R be a d-dimensional CM local ring of minimal
multiplicity. Set S := R/(f1, ..., [f.), where f1, ..., f. is an R-regular sequence. Let M
and N be maximal Cohen—Macaulay (M CM) S-modules. Then, the following statements
are equivalent:

1) Extg(M , N) = 0 for some (d + ¢ + 1) consecutive values of i > 2.
(i) Exty(M, N)=0foralli> 1.
Moreover, if this holds true, then projdim z(M) or injdimx(N) is finite.

Next, we state our result on the vanishing of Tor:

THEOREM 1.3 (Theorem 6.4). With the hypotheses as in Theorem 1.2, the following
statements are equivalent:

(i) Tor¥(M, N) = 0 for some (d + ¢ + 1) consecutive values of i > ¢ + 2.
(i1) Torf(M, N)=0foralli > c+ 1.
Moreover, if this holds true, then projdimz(M) or projdimg(N) is finite.

We note that practically all results on complete intersection rings (including the
results of Murthy, Avramov and Buchweitz) do use the fact that projective dimension
of all modules over a regular local ring is finite. This fact is not necessarily true over
rings of minimal multiplicity. The essential property of rings of minimal multiplicity
that we use is the following: The first (and hence all subsequent) syzygy of a non-free
MCM module is Ulrich. (An MCM module is assumed to be non-zero). Recall that
an R-module M is said to be Ulrich if M is an MCM R-module and e(M) = w(M).
It should be noted that for an MCM R-module M, we always have e(M) > u(M).
Moreover, when k is infinite, then equality holds if and only if mM = (x)M for some
M -regular sequence x; see [8, Lemma (1.3)]. We refer the reader to [8, 18] for more
details on Ulrich modules.

As an application of our result, we show that the commutative version of a
conjecture of Tachikawa holds true for deformations of CM local rings of minimal
multiplicity; see Theorem 7.2. As other applications, we obtain a few necessary and
sufficient conditions for a deformation of a CM local ring of minimal multiplicity
to be regular or Gorenstein. These conditions are based on the vanishing of certain
Exts or Tors involving homomorphic images of syzygy modules of the residue field; see
Theorems 7.4 and 7.5. Similar criteria for a CM local ring of minimal multiplicity to be
regular or Gorenstein are given in Propositions 5.2, 5.4 and Theorems 5.6, 5.9. These
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criteria are motivated by the following results: [11, Corollary 1.3], [28, Proposition 7],
[4, Corollary 9], [34, 4.3 and 6.5], [14, 3.2, 3.4 and 3.7] and [13, 4.1, 5.1 and 5.5].

Here is an overview of the contents of the paper. In Section 2, we introduce some
notations and discuss a few results that we need. In Section 3, we show properties of
Ulrich modules as test modules for projective and injective dimensions. In Section 4, we
provide some results on the vanishing of Exts and Tors over CM local rings of minimal
multiplicity. These are the base cases of Theorems 1.2 and 1.3. In Section 5, we give
our results on regularity and Gorenstein properties of CM local rings of minimal
multiplicity. In Section 6, we prove our main results: Theorems 1.2 and 1.3. Finally, in
Section 7, we give applications of our results.

2. Preliminaries. Throughout the paper, R always denotes a CM local ring of
dimension d with the unique maximal ideal m and residue field k. For an R-module
M, and n > 0, we denote the nth syzygy module of M by QR(M), i.e., the image of the
nth differential of an augmented minimal free resolution of M.

2.1. To prove our results, we may without loss of generality assume that the
residue field & is infinite. If the residue field k is finite, then we use the standard trick to
replace R by R := R[X]mrx], Wwhere X is an indeterminate. Clearly, the residue field
of R’ is k(X), which is infinite. For more detail explanations, we refer the reader to [13,
Section 2.1].

2.2. Let M be an R-module, and x be an M-regular element. It is not always true
that e(m, M) = e(m/(x), M/xM). This holds true if x is an M-superficial element. An
element x € m is called M-superficial if there exists an integer ¢ > 1 such that

(m”“M v xX) NmM =m"M foralln > c.

It is well-known that if k is infinite, then there exists an M-superficial element. If
dim(M) > 1, then for every M-superficial element x, it can be shown that x ¢ m?,
which yields that u(m/(x)) = u(m) — 1. If depth(M) > 1, then one can easily show
that every M-superficial element is M-regular; see, e.g., [19, p. 67, paragraph 3] for the
case M = R. Moreover, if x € R is both M-superficial and M -regular, then e(m, M) =
e(m/(x), M/xM); see [32, Corollary 10(5)]. Thus, in view of these results, we obtain
the following:

LEMMA 2.3.
(1) Assume that x € Risboth R-superficial and R-regular. If R has minimal multiplicity,
then R/(x) also has minimal multiplicity.

(i1) Let M be an R-module. Assume that x € R is both M-superficial and R & M-
regular. If M is Ulrich, then so is the R/(x)-module M /xM.

We recall the following lemma concerning the behaviour of consecutive vanishing
of Exts or Tors after going modulo a regular element.

LEMMA 2.4 (29, p. 140, Lemma 2]. Suppose M and N are R-modules. Let x be an
R ® M & N-regular element. Set (—) := (—) Qg R/(x). Fix two positive integers m and
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n. If Exti(M, N) = 0 (resp. TorR(M, N) = 0) for alln < i < n+ m, then

Ext%(ﬁ,ﬁ):O foralln <i<n+m-—1,
<

(resp. Tor?(M, N)=0 foralln+1<i<n+m).

By considering the long exact sequences of Ext (resp. Tor) modules, and using
induction on j, one can prove the following:

LEMMA 2.5. For R-modules M and N, we have the following isomorphisms:
(i) Ext} (QR(M), N) = Ext/(M,N) foralli>1and;j > 0.
(i) Torf (R (M), N) = Torf (M, N) foralli>1andj> 0.

Using a standard change of rings spectral sequence, we obtain the following:

LEMMA 2.6 [33, Theorem 10.75]. Set S := R/(f), where f is an R-regular element.
Let M and N be S-modules. Then, we have the following long exact sequence.

0 — ExtL(M, N) —> ExthL(M, N) — Ext%(M, N) —

Exty(M, N) —> Extio(M, N) —> Ext§ (M, N) —
Exti! (M, N) —> Extif (M, N) — Extiy(M, N) —> -+ .

The following is the counterpart of Lemma 2.6 for Tor-modules.

LEMMA 2.7 [33, Theorem 10.73].  Set S := R/(f), where f is an R-regular element.
Let M and N be S-modules. Then, we have the following long exact sequence.

S — Torf(M, N) — Torﬁl(M, N) — Torirl(M, N) —
Tor? (M, N) —> Tor®(M, N) — Tor?(M, N) —

Tory (M, N) — TorR(M, N) — Tor{(M, N) —> 0.

Here, we collect a few well-known facts about canonical modules for later use.
PROPOSITION 2.8. Let R be a CM local ring.

(1) Let R be complete. Then, R has a canonical module wg (cf. [9, 3.3.8]). Moreover,
every MCM R-module M of finite injective dimension can be expressed as M = w
for somer > 1, see [12, Corollary 21.14].

(1)) Let M be a CM R-module, and wgr be a canonical module of R. Then,
Exth(M, wg) = 0 for all i # dim(R) — dim(M); see, e.g., [9, 3.3.10].

(iii) Set R := R/(f1,....f.), where f1, ..., f. is an R-regular sequence. Suppose that R
has a canonical module wg. Then, R’ also has a canonical module wg, and wgp =
or/(f1, ..., fo)wr (cf [9,3.3.5(a)]). Note that injdimg(wr) is finite (by definition
of canonical modules). Using induction on ¢, one can prove that injdimg(wg) is

finite.
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2.9. Let M be an R-module. For each i > 0, let B;(M) := ranky (Torf(M, k)) be
the ith Betti number of M. Set Py (z) := Z@() Bu(M)z", the Poincaré series of M. The
complexity of M is defined to be

cxXg(M) := inf {b € Zx ’ lim sup (M) < oo} .

n— 00 nb=1

It is possible that cxg(M) = oco. For an R-module M, we have cxg(M) < cxg(k); see
[5, 4.2.4]. If R is a complete intersection ring of codimension ¢, then it follows from
[35, Theorem 6] that cxg(k) = c¢. Furthermore, for each i =0, ..., ¢, there exists an
R-module M; such that cxg(M;) = i.

2.10. For a local ring (R, m, k), Serre showed a coefficientwise inequality

(1 + )y

P < : )
z) 1 — 3%, rank (H;(K.))Z!

of formal power series, where K, is the Koszul complex on a minimal set of generators
of m. If equality holds, then R is said to be a Golod ring.

3. Behaviour of an Ulrich module as test module. Here, we study Ulrich modules.
We start with the following theorem, which shows that every Ulrich module behaves
like a test module that detects the finiteness of homological dimensions for MCM
modules.

THEOREM 3.1. Let M be an Ulrich R-module, and N be an MCM R-module.

(i) If Exty(M, N) = 0 for some (d + 1) consecutive values of i > 1, then injdimg(N)
is finite.
(it) If Extx(N, M) = 0 for some (d + 1) consecutive values of i > 1, then N is free.
(i) If TorR(M N) = 0 for some (d + 1) consecutive values of i > 1, then N is free.

Proof. We prove this theorem by using induction on d. Let us first consider the base
case d = 0. In this case, since M is Ulrich, we have mM = 0, i.e., M is a non-zero k-
vector space. Therefore, Exti(M, N) = 0 for some i > 1 yields that Ext(k, N) = 0 for
some i > 1, which implies that injdim (M) is finite. For (ii) and (iii), Ext(N, M) = 0
or Tor®(M, N) = 0 for some i > 1 yields that Exty(N, k) = 0 or TorX(k, N) = 0 for
some i > 1, which implies that projdimy(X) is finite. Since R is Artinian, we obtain
that NV is free.

We now give the inductive step. Assume that ¢ > 1. In view of 2.1, we may as
well assume that the residue field k is infinite. Hence, there exists an R@® M & N-
superficial element x. Since depth(R® M & N) =d > 1, we obtain that xis(R® M &
N)-regular. Set (—) := (—) @z R/(x). Clearly, Risa CM local ring of dimension d — 1,
and N is an MCM R-module. Moreover, M is an Ulrich R-module by Lemma 2.3(ii).
In view of Lemma 2.4, since Exti(M, N) = 0 for some (d + 1) consecutive values of
i > 1, we get that Ext(M, N) = 0 for some d (= dim(R) 4 1) consecutive values of
i > 1. Therefore, by the induction hypothesis, we obtain that injdimz(N) is finite, which
implies that injdim z(N) is finite. For (ii) and (iii), Exty(N, M) = 0 (resp. TorR(M N) =
0) for some (d + 1) consecutive values of i > 1 yields that Ext’. (N M) =0 (resp.
TorR(M N) = 0) for some d (= dim(R) + 1) consecutive values of i > 1. In both cases,
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by the induction hypothesis, we get that projdimz(N) is finite, and hence projdim ()
is finite, which gives that N is free as N is MCM. O

As an immediate corollary of Theorem 3.1(i), we obtain a characterization of
Gorenstein local rings provided there exists an Ulrich module. The reader may compare
this result with [24, Theorems 2.2 and 2.4].

'COROLLARY 3.2. Let M be an Ulrich R-module. Then, R is Gorenstein if and only if
Ext(M, R) = 0 for some (d + 1) consecutive values of i > 1.

As a consequence of Theorem 3.1, we prove that Ulrich modules are Ext-test
as well as Tor-test modules, which detect the finiteness of projective dimension for
arbitrary modules.

COROLLARY 3.3. Suppose M and N are R-modules, where M is Ulrich. Set t :=
depth(N). Then, the following statements hold true:

() If Extiy(N, M) =0 for some (d + 1) consecutive values of i >d —t+1, then
projdim () is finite.

(i) If Tor®(N, M) =0 for some (d + 1) consecutive values of i >d—t+1, then
projdimg(N) is finite.

Proof. For ashort exact sequence 0 - U — V — W — 0 of R-modules, by virtue
of the Depth Lemma, we have depth(U) > min{depth(V"), depth(W) + 1}. Using this
fact, one can prove that Q% (N)is an MCM R-module. In view of Lemma 2.5, we get
that

Extiy(N, M) = Exty ™" (QF_(N), M) and

Tor(N, M) = Torf ,_,, (U _,(N). M)

for all i > d — t + 1. Therefore, from the hypothesis of (i) (resp. (ii)), we obtain that
Exty (QF_(N), M) = 0 (resp. Tor[ (QF_(N), M) = 0) for some (d + 1) consecutive
values of j > 1. Hence, in either case, it follows from Theorem 3.1 that Q¥ (N) is free,
and hence projdimg(N) is finite. O

The following corollary shows that Ulrich modules are Ext-test modules, which
detect the finiteness of injective dimension for arbitrary modules.

COROLLARY 3.4. Let M and N be R-modules, where M is Ulrich. Let Extiy(M, N) =
0 for some (d + 1) consecutive values of i > 1. Then, injdimz(N) is finite.

Proof. We may assume that R is complete. In view of [3, Theorem A], we may
consider an MCM approximation of N, i.e., an exact sequence0) - ¥V - X — N — 0
of R-modules, where X is MCM and Y has finite injective dimension. Since M is
MCM, we have that ExtiR(M, Y) = 0 for every i > 1; see, e.g., [9, 3.1.24]. Therefore,
Exth(M, X) = Exty(M, N) = 0 for some (d + 1) consecutive values of i > 1. Since X
is MCM, it follows from Theorem 3.1(i) that injdim x(X) is finite, and hence injdim zx(N)
is finite. ]
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REMARK 3.5. In particular, by virtue of Corollaries 3.3 and 3.4, Ulrich modules
belong to the following subcategories of mod(R) studied in [10]:

T(R) := {M : every N with TorX (M, N) = 0 has projdimg(N) < oo},
EP(R) := {M : every N with Exth(N, M) = 0 has projdimg(N) < oo} and
EI(R) := {M  every N with Ext3°(M, N) = 0 has injdimg(N) < oo} ,

where mod(R) denotes the category of all (finitely generated) R-modules. Moreover,
in view of [10, Proposition 2.7], if R is a local complete intersection ring, then every
Ulrich R-module M has maximal complexity, i.e., cxg(M) = codim(R).

4. Vanishing of Exts and Tors over CM local rings of minimal multiplicity. In
this section, we study the vanishing of Exts or Tors over CM local rings of minimal
multiplicity. We need the following well-known lemma, which shows the existence
of Ulrich modules provided the base ring has minimal multiplicity. It is essentially
contained in [8, 2.5].

LEMMA 4.1. Let R be a CM local ring of minimal multiplicity. Let M be a non-free
MCM R-module. Then, QX(M) is an Ulrich R-module for every n > 1.

Let us fix the following hypothesis for the rest of this section.

HyproTHESIS 4.2. Let (R, m, k) be a d-dimensional CM local ring of minimal
multiplicity. Let M and N be R-modules. Set s := depth(M) and ¢ := depth(N).

The following theorem particularly shows that over a CM local ring R of minimal
multiplicity, TorlR(M ,N)=0 for all i > 0 if and only if either M or N has finite
projective dimension. It should be noted that, in [21, Theorem 1.9], Huneke and
Wiegand showed this result when R is a hypersurface (i.e., a regular local ring modulo
a regular element).

THEOREM 4.3. Along with Hypothesis 4.2, further assume that Tor®(M, N) =0
Jor some (d + 1) consecutive values of i > 2d — (s + t) + 2. Then, either projdim (M)
or projdimg(N) is finite.

Proof. By virtue of Depth Lemma, one can prove that QX (M) and QX (N)

d—s
are MCM R-modules. If projdimg(M) is finite, then there is nothing to prove. So we
may assume that projdimz(M) is infinite. Therefore, Q¥ (M) is a non-free MCM R-
module. Hence, in view of Lemma 4.1, we have that QX 41(M)is an Ulrich R-module.
Applying Lemma 2.5(ii) twice, we obtain that
Tor (M, N) = Tor y_,1) (41 (M), N)
= Tor zR—(d—s-H )—(d—1) (Q§—s+1 (M), Qﬁ_t(N )) ’
for all i—(d—s+1)—(d—-t>1, ie, for all i>2d—(s+1t)+2. These
isomorphisms, along with the hypotheses of the theorem, yield that
Tor[ (QF 1 (M), QF_(N)) =0,

for some (d + 1) consecutive values of j > 1. It then follows from Theorem 3.1(iii) that
QR (N) is free, and hence projdim(N) is finite. ]
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Here, we give the counterpart of Theorem 4.3 for Ext-modules.

THEOREM 4.4. Along with Hypothesis 4.2, further assume that ExtiR(M, N) =
0 for some (d + 1) consecutive values of i > d — s+ 2. Then, either projdimgz(M) or
injdimg(N) is finite.

Proof. If projdimg(M) is finite, then there is nothing to prove. So we may assume
that projdimgz(M) is infinite. Hence, as in the proof of Theorem 4.3, we get that
QR +1(M) is an Ulrich R-module. In view of Lemma 2.5(i), we obtain that

Extiy(M, N) = Exty "V (@F (M), N),

foralli—(d—s+1)>1,1ie, forall i > d — s+ 2. These isomorphisms, along with
the hypotheses of the theorem, provide that Ext} (25, (M), N) = 0 for some (d + 1)
consecutive values of j > 1. Therefore, by virtue of Corollary 3.4, we obtain that
injdimgx(N) is finite. O

REMARK 4.5. The authors thank Saced Nasseh for informing them that analogous
results of Theorems 4.3 and 4.4 have been obtained in [31, Corollaries 6.5 and 6.6].
They proved these results over CM local rings with quasi-decomposable maximal
ideal; see [31, Definition 4.1]. In particular, a non-Gorenstein CM local ring with
minimal multiplicity (and with infinite residue field) has quasi-decomposable maximal
ideal ([31, Example 4.7]). Although their results are more general than ours, but in
the special case of rings of minimal multiplicity our results are more complete and
proofs are more simple and elementary. Not only our results cover the case where R is
Gorenstein with multiplicity e(R) = u(m) — d + 1, but also we consider the vanishing
of Exts for i > d — s + 2, while they consider it for i > d — s + 5. For a Gorenstein
local ring R with multiplicity e(R) = u(m) — d + 2 and p(m) > 2, it is shown in [20,
3.6 and 3.7] that Exti(M, N) = 0 for all i > 0 if and only if either M or N has finite
projective dimension.

REMARK 4.6. If R is a CM local ring of minimal multiplicity, then R is Golod; see
[5, 5.2.8]. It is shown in [25, Proposition 1.4] that for modules M and N over a Golod
ring R, if Extiy(M, N) = 0 for all i > 0, then either projdimgz(M) or injdimg(N) is
finite. The counterpart of this result for Tor-modules is obtained in [22, Theorem 3.1].
It should be noted that over CM local rings of minimal multiplicity, Theorems 4.3 and
4.4 are considerably stronger that require only finitely many vanishing of Exts or Tors
to detect finiteness of homological dimensions.

The following example shows that Theorems 4.3 and 4.4 are not necessarily true
if R does not have minimal multiplicity.

EXAMPLE 4.7. Let R = k[X, Y]/(X?, Y?), where k is a field. Let x and y be the
images of X and Y in R, respectively. Then, R is an Artinian local ring with the maximal
ideal m := (x, ). Since m?> # 0, R does not have minimal multiplicity. Set M := (x) and
N := (). Let E be the injective hull of k over R. Set (—)" := Hompg(—, E). Considering
the minimal free resolution of M:

o >R RS R0,
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one may compute that TorX(M, N) =0 for every i > 1. Hence, Extih(M,NV)=
Tor,R(M ,N)¥ =0 forevery i > 1. Since M is annihilated by x, it is not free. Similarly,
N is not free. By Matlis Duality, it can be verified that NV is not injective.

The following well-known example shows that the number of consecutive vanishing
of Tors (resp. Exts) in Theorem 4.3 (resp. 4.4) cannot be further reduced.

EXAMPLE 4.8. Let k[[X, Y]] be a formal power series ring in two indeterminates
X and Y over a field k. Set R :=k[[X, Y]]/(XY). Suppose x and y are the images
of X and Y in R, respectively. Set m := (x, ). Clearly, (R, m, k) is a CM local ring.
It can be easily shown that e(R) = 2, u(m) =2 and dim(R) = 1. Therefore, R has
minimal multiplicity. Set M := (x), an ideal of R. Note that M is an MCM R-module.
Considering the minimal free resolution of M:

S RERSRER—O
we can easily compute the following:

TorX, (M, M) = (x)/(x*) #0 foralli> 0,
Torfi(M, M)=0 foralli>1,

Exti(M, M) = (x)/(x*) #0 foralli>1 and
Exta (M, M) =0 foralli>0.

Note that both projdimz(M) and injdimz(M) are infinite.

As a corollary of Theorems 4.3 and 4.4, we obtain a few necessary and sufficient
conditions for a CM local ring of minimal multiplicity to be Gorenstein.

COROLLARY 4.9. Let (R, m, k) be a CM local ring of minimal multiplicity. Set
d := dim(R). Let w be a canonical module of R. Then, the following statements are
equivalent:

(1) R is Gorenstein.
(i1) Torf(w, w) = 0 for some (d + 1) consecutive values of i > 2.
(ili) Extz(w, R) = 0 for some (d + 1) consecutive values of i > 2.

Proof. It is a well-known fact that R is Gorenstein, if and only if projdimg(w) is
finite. So the corollary follows from Theorems 4.3 and 4.4.

REMARK 4.10. In [7], Avramov, Buchweitz and $ega proved in several significant
cases the following commutative local analog of a conjecture of Tachikawa: If
Ext’k(a), R) =0 for all i > 1, then R is Gorenstein. In a particular case, they showed
that if there is an R-regular sequence x such that m* C (x), then Exti(w, R) = 0 for
all 1 <i<d+ 1 implies that R is Gorenstein; see [7, Theorem 5.1]. We note that if
the residue field £ is infinite and R has minimal multiplicity, then there is a minimal
reduction J of m such that m?> C J. The implication ‘(iii) = (i)’ in Corollary 4.9 does
not quite follow from the result of Avramov, Buchweitz and Sega. We should also note
that our proof is considerably simpler than theirs.

5. Criteria for regular and Gorenstein local rings via syzygy modules of the residue
field. In this section, we give a number of necessary and sufficient conditions for a
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CM local ring of minimal multiplicity to be regular or Gorenstein. These criteria are
based on the vanishing of certain Exts or Tors involving syzygy modules of the residue
field. Throughout this section, we are going to refer the following:

HypPoTHESIS 5.1. Let (R, m, k) be a CM local ring of minimal multiplicity. Set
d := dim(R).

5.1. On homomorphic images of finite direct sums of syzygy modules. Here, we
consider the vanishing of Exts and Tors involving homomorphic images of finite direct
sums of syzygy modules of the residue field. One may compare the following result
with [13, Theorem 4.1].

PROPOSITION 5.2. Along with Hypothesis 5.1, assume that M and N are non-zero
homomorphic images of finite direct sums of syzygy modules of k. (Possibly, M = N). Set
iy := 2d — depth(M) — depth(N) + 2. Then, the following statements are equivalent:

(1) R is regular.
(i) TorR(M, N) = 0 for some (d + 1) consecutive values of i > iy.
Moreover, if N is MCM, then we may add the following:

(iii) Exto(M, N) = 0 for some (d + 1) consecutive values of i > i.

Proof. (i) = {(ii) and (iii)}: If R is regular, then projdim (M) is finite, and hence
projdimgz(M) = d — depth(M) (by the Auslander—-Buchsbaum Formula). Therefore

TorlR(M, N)=0= Extk(M, N) foralli>d— depth(M) + 1.

(i1) = (i): By virtue of Theorem 4.3, either projdimz(M) or projdimg(N) is finite.
In either case, it follows from [28, Proposition 7] that R is regular.

(iii) = (i): In view of Theorem 4.4, either projdimgz(M) or injdimg(N) is finite. If
projdim (M) is finite, then R is regular (due to [28, Proposition 7]). In other case, we
have that injdim () is finite. Then, by virtue of [14, Corollary 3.4], we get that R is
regular, which completes the proof of this implication. O

REMARK 5.3. Although Proposition 5.2 is stronger than the result [13, Theorem 4.1]
in many directions, but one disadvantage is that here we consider the vanishing of ith
Ext or Tor for i > 2 at least.

Here are the criteria for Gorenstein local rings. The reader may compare this result
with [13, Theorems 5.1 and 5.5].

PROPOSITION 5.4. Along with Hypothesis 5.1, let M be a non-zero homomorphic
image of a finite direct sum of syzygy modules of k. Set iy := d — depth(M) + 2. Then,
the following statements are equivalent:

(1) R s Gorenstein.
(it) Extx(M, R) = 0 for some (d + 1) consecutive values of i > iy.
Moreover, if R has a canonical module w, then we may add the following.

(iii) Tor®(M, w) = 0 for some (d + 1) consecutive values of i > iy.

Proof. (1) = (ii): If R is Gorenstein, then injdimgz(R) = d (see [9, 3.1.17]). Hence,
Extiy(M, R) =0foralli >d+ 1.
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(i1) = (i): By virtue of Theorem 4.4, either projdimg(M) or injdimg(R) is finite.
If projdimg(M) is finite, then R is regular (due to [28, Proposition 7]), and hence R is
Gorenstein. In other case, injdimg(R) is finite, i.e., R is Gorenstein. So, in both cases,
we obtain that R is Gorenstein.

(i) = (iii): If R is Gorenstein, then @ = R. Hence, Tor?(M, ) = 0 for all i > 1.

(iii) = (i): In view of Theorem 4.3, either projdim;(M) or projdimg(w) is finite.
If projdimg(M) is finite, then R is regular (by [28, Proposition 7]), and hence R
is Gorenstein. In other case, projdimg(w) is finite, which also implies that R is
Gorenstein. O

5.2. On direct summands of syzygy modules. We now provide a few criteria for a
CM local ring of minimal multiplicity to be regular or Gorenstein in terms of direct
summands of syzygy modules of the residue field. We use the following elementary
result. This is probably known. But for the sake of completeness, we give its proof here.

LEMMA 5.5. Let (R, m, k) be a d-dimensional local ring (not necessarily CM).
Let N be an R-module. Fix an arbitrary integer n > 1. Suppose Extp(k, N) = 0 for all
n<i<n+d. Then injdimzp(N) <n— 1.

Proof. We claim that ExtR(R/p, N) =0 for all p € Spec(R). Fix p € Spec(R).
If possible, assume that Ext}(R/p, N) # 0. Then, we must have p # m, and hence
d > 1. Moreover, in view of [9, 3.1.13], there exists a prime ideal q; 2 p such that
Ext’,’;”l(R/ql,N) #0. If gy =m, then we are getting a contradiction. So we may
assume that q; # m. Then, we must have d > 2, and there is a prime ideal q; 2 q,
such that Ext’}{z(R/qz, N) # 0 by [9, 3.1.13]. This process must stop after some finite
number of steps. That means we obtain the situationthatm =¢q, 2 q,—1 2 --- 2 q 2 P
and Ext}"(R/m, N) # 0 for some 1 < r < d, which is a contradiction. Therefore,
Extr(R/p, N) = 0 for all p € Spec(R), which implies that injdimz(N) < n — 1 (see [9,
3.1.12)). O

We now give the criteria for regular local rings.

THEOREM 5.6. Along with Hypothesis 5.1, assume that M and N are non-zero
direct summands of some syzygy modules of k. (Possibly, M = N). Then, the following
Statements are equivalent:

(i) R is regular.
(i1) Torf(M , N) = 0 for some (d + 1) consecutive values of i > 1.
(i) Extx(M, N) = 0 for some (d + 1) consecutive values of i > 1.

Proof. (i) = {(ii) and (iii) }: If R is regular, then projdimz(M) < d, and hence
TorlR(M, N)=0= Ext}(M, N) foralli>d+1.

{(ii) or (iii)} = (i): To prove these implications, we may without loss of generality
assume that R is complete. In view of 2.1, we may also assume that k is infinite. To
prove (i) = (i) and (iii) = (i), we use induction on d. If d = 0, then the implications
follow from [13, Theorem 4.1] as every R-module is MCM in this case. So we assume
that d > 1, and the implications hold true for all such rings of dimension smaller
than d.

Since the residue field of Risinfiniteand d > 1, there exists an element x € m ~ m?,

which is both R-superficial and R-regular. Set (—) := (—) ®g R/(x). In view of
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Lemma 2.3(i), we have that R is a (d — 1)-dimensional CM local ring of minimal
multiplicity. Suppose that M and N are direct summands of QR(k) and QRF(k),
respectively, for some m, n > 0. The following three cases may occur.

Case 1. Assume that m = 0. In this case, M must be equal to k. Therefore, the
statement (ii) (resp. (iii)) yields that TorR(k, N) = 0 (resp. Exti(k, N) = 0) for some (d +
1) consecutive values of i > 1, which gives that projdim () is finite (resp. injdimz(N)
is finite by Lemma 5.5), and hence the implications follow from [28, Proposition 7] and
[14, Theorem 3.7], respectively.

Case 2. Assume that n = 0. In this case, N must be equal to k. So the statement (ii)
(resp. (iii)) yields that Tor®(M, k) = 0 (resp. Exti(M, k) = 0) for some i > 1. Therefore,
in either case, we obtain that projdimg(M) is finite, and hence R is regular by [28,
Proposition 7].

If none of the above two cases holds, then we must have the following:

Case 3. Assume that m, n > 1. In this case, since QR (k) and QX (k) are submodules
of free R-modules, and x is R-regular, we obtain that x is regular on both QX (k) and
QR(k). Hence, since M and N are direct summands of Q& (k) and QR(k), respectively, x
is regular on both M and N as well. Therefore, by virtue of Lemma 2.4, the statement
(ii) (resp. (iii)) yields that

TorR(M,N) =0 (resp. Exti(M, N) = 0), (1)

for some d conEcutive_Values ofi > 1. Let us now fix indecomposable direct summands
M’ and N’ of M and N, respectively. Then, from (1), we get that

TorR(M',N') =0 (resp. Exti(M’', N') = 0), 2)

for some d (= dim(R) + 1) consecutive values of i > 1. Since M is a direct summand of
QR(k), we have that ‘M is a direct summand of QR(k). Hence, M’ is a direct summand
of QR(k). In view of [34, Corollary 5.3], we obtain the following isomorphism of
R-modules:

QR (k) = Qf (k) & QX (k).
It then follows from the uniqueness of Krull-Schmidt decomposition [26, 21.35] that
M’ is isomorphic to a direct summand of QR (k) or QR (k). In a similar way, we get
that N’ is isomorphic to a direct summand of QR(k) or QF | (k). Thus M’ and N’
are non-zero direct summands of some syzygy R-modules of the residue field & of R.
Therefore, for both (i1) = (i) and (iii) = (i), in view of (2), by the induction hypothesis,
we obtain that R is regular, and hence R is regular as x € m \. m” is an R-regular
element. O

REMARK 5.7. It should be noted that in Theorem 5.6, unlike Proposition 5.2, we
consider the vanishing of ith Ext or Tor fori > 1.

REMARK 5.8. In view of [13, Example 4.3], one obtains that the number (d + 1) of
consecutive vanishing of Exts or Tors in Theorem 5.6 cannot be further reduced.

Here, we give the criteria for Gorenstein local rings.
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THEOREM 5.9. Along with Hypothesis 5.1, assume that M is a non-zero direct
summand of some syzygy module of k. Let w be a canonical module of R. Then, the
following statements are equivalent:

(i) R is Gorenstein.

(i) ExtR(M, R) = 0 for some (d + 1) consecutive values of i > 1
(1i1) Torfe(a), M) = 0 for some (d + 1) consecutive values of i > 1.
(iv) Exth(w, M) = 0 for some (d + 1) consecutive values of i > 1.

Proof. (i) = (ii): If R is Gorenstein, then Exti(M, R) = 0 foralli > d + 1.
(i) = {(iii) and (iv) }: If R is Gorenstein, then w = R, and hence

Tor®(w, M) = 0 = Extiy(w, M) foralli> 1

(i1) = (i), (iii)) = (1) and (iv) = (i): As before, we may without loss of generality
assume that R is complete, and the residue field k is infinite. We prove these implications
by using induction on d. If d = 0, then these implications follow from [13, Theorems 5.1
and 5.5]. So we assume that d > 1, and these implications hold true for all such rings
of dimension smaller than d.

Suppose that M is a direct summand of QX (k) for some m > 0. Let us first consider
the case m = 0. In this case, M must be equal to k. Then, the statement (ii) gives that
Ext(k, R) = 0 for some (d + 1) consecutive values of i > 1. Hence, by Lemma 5.5, we
obtain that injdimg(R) is finite, i.e., R is Gorenstein. If m = 0, then the statement (iii)
(resp. (iv)) yields that Tor®(w, k) = 0 (resp. Exti(w, k) = 0) for some i > 1. In either
case, we obtain that projdimg(w) is finite, which implies that R is Gorenstein. Thus, all
three implications hold true when m = 0. So we may assume that m > 1.

Since the residue field of Risinfinite and d > 1, there exists an element x € m ~ m2,
which is both R-superficial and R-regular. Set (—) := (=) ®x R/(x). By Lemma 2.3(),
we have that R is a (d — 1)-dimensional CM local ring of minimal multiplicity. Since
M is a direct summand of QX (k), we get that M is a direct summand of QR (k). We fix
an indecomposable direct summand M’ of M. As in the proof of Theorem 5.6, one
obtains that

M’ is isomorphic to a direct summand of QR(k) or Qm 1 (k). 3)

Since x is R-regular and m > 1, we get that x is QR(k)-regular, and hence x is M-
regular. Since w is an MCM R- module x is w-regular as well. Therefore, in view of
Lemma 2.4, the statements (ii), (iii) and (iv) yield that Ext’ (H R)=0, Torﬁ(a M) =
and Ext%(a, ‘M) = 0 (respectively) for some d consecutive values of i > 1, which 1mp1y
that

Ext’, H(M',R) =0, Tor (w, M) =0 and Ext’, (@, M') =0, 4

(respectively) for some d (= dim(R) + 1) consecutive values of i > 1. It is a well-known
fact that  is a canonical module of R. Thus, from each of (ii), (iii) and (iv), in view of
(3) and (4), by the induction hypothesis, we obtain that R is Gorenstein, and hence R
is Gorenstein as x is an R-regular element. ]

6. Vanishing of Exts and Tors over deformation of CM local rings of minimal
multiplicity. Suppose S is a quotient of a d-dimensional CM local ring of minimal
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multiplicity by a regular sequence of length c¢. Let M and N be MCM S-modules. In
this section, it is shown that if Ext(M, N) = 0 for some (d + ¢ + 1) consecutive values
of i > 2, then Extg(M ,N) =0 for all i > 1. Moreover, if this holds true, then either
projdimgz(M) or injdimg(N) is finite; see Corollary 6.3 for more general case when
M and N are not necessarily MCM. We also prove that if Torf(M, N) = 0 for some
(d + ¢ + 1) consecutive values of i > ¢ + 2, then Tor;s(M, N)=0foralli > c+1,and
either projdimz(M) or projdimg(N) is finite; see Corollary 6.5 for more general case.
Let us fix the following hypothesis for this section.

HyproTHEsIS 6.1. Let (R, m, k) be a d-dimensional CM local ring of minimal
multiplicity. Set S := R/(f1, ..., f.), where f1, ..., f. is an R-regular sequence.

We now prove our main result of this section for Ext-modules.

THEOREM 6.2. Along with Hypothesis 6.1, further assume that M and N are MCM
S-modules. Then, the following statements are equivalent:

1) Ext’s(M , N) = 0 for some (d + ¢ + 1) consecutive values of i > 2.
(i) Exty(M, N)=0foralli> 1.
Moreover, if this holds true, then either projdimgz(M) or injdimg(N) is finite.

Proof. We may assume that R (and so S) is complete. The implication (ii)
= (i) follows trivially. So we need to prove the implication (i) = (ii). Suppose
that Exti(M, N) =0 for some (d + ¢+ 1) consecutive values of i > 2. We show
that Exty(M, N) = 0 for all i > 1. Moreover, we prove that either projdimgz(M) or
injdim,(N) is finite. We prove these assertions by using induction on c.

Let us first consider the base case ¢ = 0. In this case, S = R. Therefore, by virtue of
Theorem 4.4, either projdim (M) or injdimgx(N) is finite. If projdim (M) is finite, then
by the Auslander-Buchsbaum Formula, we get that M is a free R-module, and hence
Extg(M ,N) =0foralli > 1. Inthe other case, i.e., if injdimx (V) is finite, then in view of
Proposition 2.8(i), we have that N = w, for some r > 1. Hence, by Proposition 2.8(ii),
we obtain that Extg(M, N) = 0 foralli > 1. This completes the proof for the base case.
We now assume that ¢ > 1.

Set R := R/(f1,...,f.—1). Clearly, S = R'/(f.). Since Exts(M, N) =0 for some
(d 4+ ¢ + 1) consecutive values of i > 2, in view of Lemma 2.6, we get that

Exth (M, N) = 0 for some (d + ) consecutive values of i > 3. ©)

Note that depthg (M) = depthy(M) = dim(S) = dim(R’) — 1. Similarly, we have

that depthy (N) = dim(R’) — 1. By virtue of [3, Theorem A], we have an MCM
approximation of N as R’-module:

0—Y—N—N—0. (6)

That is, (6) is a short exact sequence of R'-modules, where N’ is an MCM R’-module,

and injdimg (Y) is finite. Since depthy(N) = dim(R’) — 1, by the Depth Lemma, Y

is an MCM R’-module. Therefore, in view of Proposition 2.8(i), ¥ = wée' for some

[ > 1. Since M is an MCM S-module, we get that M is a CM R’-module of dimension
dim(R’) — 1. Hence, by Proposition 2.8(ii), we obtain that

Exth (M, Y)=0 foralli 1. (7)
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The short exact sequence (6) yields the following long exact sequence:

- —> Extho (M, Y) —> Extlo (M, N') — Exthy (M, N) (8)
— Extif'(M, ¥) —> --- .

Therefore, in view of (5) and (7), we get that
Ext% (M, N') = 0 for some (d + ¢) consecutive values of i > 3. )
We now consider a short exact sequence of R'-modules:
0—M —F—M—0, (10)

where F is a free R’-module. Since depthy (M) = dim(R’) — 1, by the Depth Lemma,
M’ is an MCM R’-module. The short exact sequence (10) yields the following long
exact sequence:

oo — Exth (M, N') —> Exth(F, N') —> Extl(M', N') (11)
— Extf' (M, N') — ---.

Note that Exty (F, N') = 0 for all i > 1. Hence, in view of (9) and (11), we obtain that
Exth,(M’, N') = 0 for some (d + (¢ — 1) + 1) consecutive values of i > 2. Therefore,
since M’ and N’ are MCM modules over R = R/(fi, ..., f.—1), by the induction
hypothesis, we get that

Extip(M',N')y=0 foralli> 1. (12)

We also obtain that either projdimgz(M’) or injdimgx(N') is finite.

We now show that Ext(M, N) = Oforalli > 1. In view of (11) and (12), we obtain
that Exty (M, N') = 0 for all i > 2. Hence, (7) and (8) yield that Ext’, (M, N) = 0 for
all i > 2. Therefore, by virtue of Lemma 2.6, we get that

Exti(M, N) = Exts2(M, N) foralli> 1. (13)

Since Exty(M, N) =0 for some d +c+ 1 (> 2) consecutive values of i > 2, the
isomorphisms (13) yield that Ext(M, N) = 0 for all i > 1.

It remains to show that either projdimgz(M) or injdimz(N) is finite. We show this
by considering the following cases:

Case 1. Suppose projdimg(M’) is finite. Then, in view of the short exact sequence
(10), we obtain that projdimg(M) is finite because F is a free R'-module and projective
dimension of R' = R/(fi, ..., fe_1) as an R-module is finite.

Case 2. Suppose injdimg(N’) is finite. Consider the exact sequence (6):

0—Y—N —N—O0,

~

where Y = wj, has finite injective dimension as an R-module; see Proposition 2.8(iii).
Therefore, injdim (V) is finite. U

As a corollary of Theorem 6.2, we obtain the following:

COROLLARY 6.3. Along with Hypothesis 6.1, assume that M and N are S-modules.
Set iy := dim(S) — depth(M). Then, the following statements are equivalent:

https://doi.org/10.1017/5S0017089518000459 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000459

720 DIPANKAR GHOSH AND TONY J. PUTHENPURAKAL

(1) Extg(M, N) = 0 for some (d + ¢ + 1) consecutive values of i > iy + 2.
(i) Ext(M, N) =0 foralli>iy+ 1.
Moreover, if this holds true, then either projdim (M) or injdimx(N) is finite.

Proof. We may assume that R (and so ) is complete. Let Exti(M, N) = 0 for some
(d + ¢+ 1) consecutive values of i > iy + 2. We need to show that Ext((M, N) = 0 for
alli > ip + 1, and either projdimz(M) or injdimg(N) is finite.
In view of Lemma 2.5(i), we obtain that
Extg(M, N) = Extg * (25 (M), N) foralli—iy> 1. (14)
So Ext) (2 (M), N) = 0 for some (d + ¢ + 1) consecutive values of j > 2. Consider
an MCM approximation of N, i.e., an exact sequence 0 - ¥ —- X — N — 0 of S-
modules, where X is MCM and injdimg( Y) is finite. Since Qg(M )isan MCM S-module
and injdimg(Y) is finite, we obtain that Extl (5 (M), Y) = 0 for all i > 1. Therefore,

Extl, (Qi(M)’ X) = Extj (Qf}(M), N) foralli>1. (15)

It then follows that Ext) (3 (M), X) = 0 for some (d + ¢ + 1) consecutive values of
j = 2. Hence, by virtue of Theorem 6.2, we get that

Exty (25(M), X) =0 forallj> 1. (16)

Moreover, we obtain that either projdimg (2{(M)) or injdimg(X) is finite. It
follows from (14), (15) and (16) that Ext((M, N) =0 for all i > iy + 1. Note that
if projdimp, (€23 (M) is finite, then projdim (M) is finite because projective dimension
of S=R/(fi,...,f.) as an R-module is finite. Since injdimg(Y) is finite, ¥ has a
finite resolution by wg; see, e.g., [9, 3.3.28(b)]. But, in view of Proposition 2.8(iii),
ws = wr/(f1, ..., f-)or has finite injective dimension as an R-module. Therefore,
injdimg(Y) is finite, which yields that injdimg(N) is finite provided injdimg(X) is
finite. This completes the proof of the corollary. O

Here, we prove our main result of this section for Tor-modules.

THEOREM 6.4. Along with Hypothesis 6.1, further assume that M and N are MCM
S-modules. Then, the following statements are equivalent:

6] Torl-S(M, N) = 0 for some (d + ¢ + 1) consecutive values of i > ¢ + 2.
(ii) Tor}(M,N)=0foralli> c+ 1.
Moreover, if this holds true, then either projdimgx(M) or projdimy(N) is finite.

Proof. We may assume that R (and so S) is complete. The implication (ii) =
(1) follows trivially. So we need to prove the implication (i) = (ii). Suppose that
Torf(M, N) = 0 for some (d + ¢ + 1) consecutive values of i > ¢ + 2. We show that
Torf(M ,N)=0 for all i > ¢+ 1. Moreover, we prove that either projdimg(M) or
projdim () is finite. To prove these assertions, as in the proof of Theorem 6.2, we use
induction on c.

We first consider the base case ¢ = 0. In this case, S = R. Therefore, by virtue
of Theorem 4.3, either projdimgz(M) or projdimg(N) is finite. If projdimg(M) is
finite, then by the Auslander—Buchsbaum Formula, M is a free R-module, and hence
Torf(M, N) = 0 for all i > 1. In another case, i.e., if projdimg(N) is finite, then N is
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a free R-module. In this case also, ToriS(M ,N) =0 for all i > 1. This completes the
proof for the base case ¢ = 0. We now assume that ¢ > 1.

Set R := R/(fi,...,fe—1). Clearly, S = R'/(f.). Since Tor$(M, N) =0 for some
(d 4+ ¢ + 1) consecutive values of i > ¢ + 2, in view of Lemma 2.7, we get that

TorX (M, N) = 0 for some (d + ¢) consecutive values of i > ¢ + 3. (17)
Note that depthy (M) = depthg(M) = dim(S) = dim(R’) — 1. Similarly, one obtains
that depthy (V) = dim(R’) — 1. Consider the following short exact sequences of R'-
modules:

O-M—-F—->M-—->0 and 0—- N —-G— N0, (18)

where F and G are free R’-modules. Clearly, by the Depth Lemma, M’ and N are MCM
R’-modules. The short exact sequences (18) yield the following long exact sequences:

- — Tor® (M', N) — Torf (F, N) — TorX (M, N) (19)
— Tor®(M', N) — -
and
- — Torﬁl(M’, N) — Torﬁl(M/, G) — Torﬁl(M’, N) (20)

— Tor®f(M', N') — -

respectively. Note that TorX (F, N) = 0 = Tor® (M’, G) for all i > 1. Therefore, in view
of (17) and (19), we obtain that

Torf’(M ', N) = 0 for some (d + ¢) consecutive values of i > ¢ + 2. (21)

Hence, (20) and (21) yield that TorlR’ (M', N') = Oforsome (d + (¢ — 1) + 1) consecutive
valuesof i > ¢+ 1 (= (¢ — 1) + 2). Therefore, since M’ and N are MCM modules over
R = R/(f1, ..., fc—1), by the induction hypothesis, we get that

TorR(M/,N'y=0 foralli>(c—1)+1(= o). (22)

We also obtain that either projdimgz(M’) or projdim(N’) is finite. Hence, in view of
the short exact sequences (18), we get that either projdim z(M) or projdimg(N) is finite
(because F and G are free R'-modules and projective dimension of R" = R/(f1, ..., fe—1)
as an R-module is finite).

It remains to show that Tor?(M, N) = 0 for all i > ¢+ 1. In view of (20) and
(22), we obtain that Tor®(M’, N) =0 for all i > ¢+ 1. Therefore, (19) yields that
Tor® (M, N) = 0 for all i > ¢ + 2. Hence, by virtue of Lemma 2.7,

Tor; (M, N) = Tor},,(M, N) foralli>c+ 1. (23)
Since ToriS(M ,N) =0 for some d + ¢+ 1 (> 2) consecutive values of i > ¢ + 2, the

isomorphisms (23) yield that Tor,-S(M ,N)=0 for all i > ¢+ 1. This completes the
proof of the theorem. O

As a corollary of Theorem 6.4, we obtain the following:
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COROLLARY 6.5. Along with Hypothesis 6.1, further assume that M and N are
S-modules. Set iy := 2 dim(S) — depth(M) — depth(N). Then, the following statements
are equivalent:

(i) Tor®(M, N) = 0 for some (d + ¢ + 1) consecutive values of i > iy + ¢ + 2.
(i) Torf(M, N) =0 foralli> iy +c+ 1.
Moreover, if this holds true, then either projdimz(M) or projdimg(N) is finite.

Proof. Let Tor?(M, N) = 0 for some (d + ¢ + 1) consecutive values of i > iy + ¢ +
2. Set ¢y := dim(S) — depth(M) and cy := dim(S) — depth(N). Then, iy = cpr + cy.
In view of Lemma 2.5(ii), we obtain that

Tor) (M, N) = Tor? . (QF (M), N) = Tor}

i—cy i—iy

(@5 (M), 5 (N), (24

for all i—iy>1. Therefore, Tor; (RS (M), Q5 (N)) =0 for some (d+c+1)
consecutive values of j > ¢+ 2. Since QfM(M) and QfN(N) are MCM S-modules,
by virtue of Theorem 6.4, we get that

Tor! (27 (M), @3 (N)) =0 forallj>c+ 1. (25)

We also obtain that either projdimg (5 (M)) or projdimg (25 (N)) is finite, which
yields that either projdimz(M) or projdimg(N) is finite because projective dimension
of S=R/(f1,...,f.) as an R-module is finite. It follows from (24) and (25) that
Torf(M, N) =0 foralli > iy +c+ 1. O

REMARK 6.6. With the hypotheses as in Corollary 6.5, Tor? (M, N) = 0 foralli > 0
does not necessarily imply that either projdimg(M) or projdim (V) is finite, due to an
example of Jorgensen [23, 4.2], where S is even a local complete intersection ring of
codimension 2. Then, by virtue of [6, Remark 6.3], we observe that the same example
works for Ext-modules also, i.e., Extg(M ,N) =0 for all i > 0 does not necessarily
imply that either projdim¢(M) or injdim (V) is finite. However, if R is a non-Gorenstein
CM local ring with minimal multiplicity and infinite residue field, by [31, 3.1 and 4.7],
there is an R-regular sequence y such that S := R/(y) is a fibre product. Then, by [31,
Corollaries 6.2 and 6.3], the vanishing of Tor$ (M, N) (resp. Exti(M, N)) for all i >> 0
implies the finiteness of projective or injective dimensions of the modules M and N
over S.

7. Applications. In this section, we assume the following:

HyprotHEsIs 7.1. Let (R, m, k) be a d-dimensional CM local ring of minimal
multiplicity. Set S := R/(f1,...,f.), where f1, ..., f. is an R-regular sequence. Also
assume that R has a canonical module wg. So ws = wgr/(f1, .. ., f:)wr is a canonical
module of S.

Our first application is that conjecture of Tachikawa holds true for S. In particular,
we prove the following:

THEOREM 7.2. Along with Hypothesis 7.1, if Exts(ws, S) = 0 for all i > 0, then S
is Gorenstein.

https://doi.org/10.1017/5S0017089518000459 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000459

VANISHING OF EXTS AND TORS 723

Proof. By virtue of Theorem 6.2, either projdimg(ws) or injdimg(S) is finite.
Therefore, in view of Lemma 7.3, we get that either projdimgz(wg) or injdimg(R) is
finite. In both cases, R is Gorenstein, and hence S is Gorenstein. O

The following results are well-known and easy to prove.

LEMMA 7.3. Let A be alocal ring, and M be an A-module. Let x € A be an M -regular
element. Then, the following statements hold true.

(i) injdim (M) is finite if and only if injdim (M /xM) is finite.
(ii) projdim (M) is finite if and only if projdim ,(M /xM) is finite.

As another application, we obtain the following:

THEOREM 7.4. Along with Hypothesis 6.1, assume that M and N are non-zero
homomorphic images of finite direct sums of syzygy modules of k over S. (Possibly,
M = N). If Tor?(M, N) = 0 for all i > 0, then S is regular.

Proof. Note that cxg(M) = cxs(N) = cxs(k) (due to [4, Corollary 9]). In view of
Corollary 6.5, either projdimgz(M) or projdimg(N) is finite. Suppose projdimg(M) is
finite. Hence, by virtue of [15, Theorem 3.1], we obtain that cxg(M) is finite. Therefore,
cxs(k) is finite, and hence S is a complete intersection ring (by [16, (2.3)]). Suppose
codimension of S'is /. Then, cxg(M) = cxs(N) = cxgs(k) = [. Since Torl-S(M, N) = 0for
all i > 0, in view of [5, 9.3.9], it follows that / = 0, and hence S is regular. O

Our final application is the following:

THEOREM 7.5. Along with Hypothesis 7.1, let M be a non-zero homomorphic image
of a finite direct sum of syzygy modules of k over S. Then, the following statements are
equivalent:

(1) S is Gorenstein.
(i) Ext\(M, S) =0 foralli> 0.
(iii) Tor?(M, ws) = 0 for all i > 0.

Proof. As in the proof of Theorem 7.4, we note that if projdimg(M) is finite, then
S is a complete intersection ring, and hence S is Gorenstein.

(ii) = (i): Suppose Ext(M, S) = 0 for all i > 0. Then, by virtue of Corollary 6.3,
either projdimg(M) or injdimg(S) is finite. If projdimgy(M) is finite, then S is
Gorenstein. In other case, i.e., if injdimg(S) is finite, then by Lemma 7.3, injdimg(R)
1s finite, i.e., R is Gorenstein, and hence S is Gorenstein.

(iii) = (i): Suppose Tor$ (M, ws) = 0 for all i 3> 0. Then, in view of Corollary 6.5,
either projdimg(M) or projdimg(ws) is finite. In either case, by a similar way as above,
one obtains that S is Gorenstein. ]
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