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STABILITY OF A CONSTANT MEAN CURVATURE SURFACE IN R

Sunc Eun KoH

We solve the question raised by Barbosa and do Carmo as to whether

there exists a complete, noncompact stably immersed surface in

R with nonzero constant mean curvature. We show that such a
surface is necessarily minimal, that is, its mean curvature is

zZero.
1. Introduction.
Let M be a 2-dimensional orientable, connected non-compact

manifold and let x : M *zﬁﬁ be an immersion with constant mean curvature

h . A domain D M with compact closure D is stable if
(*) J[Izvulz - (an? - ) Iam > 0

for all piecewise smooth functions # with supports in D and satisfying
the "volume" restriction fudM = 0 , where Kk is the intrinsic Gaussian
curvature of M , dM is the area element of the induced metric, IVMu|

is the magnitude of the gradient of u with respect to the induced metric.
The immersion x is stable if every such D is stable.

It should be remarked that our definition of stability is different
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from that in the case of a minimal immersion, but in the case that the
mean curvature A 1is a nonzero constant, our definition is more useful in
a sense as Barbosa and do Carmo demonstrated in [2]. 1In the same paper,

they proved that if the compact 7n-dimensional manifold M is immersed in

lﬁn+1 with nonzero constant mean curvature and the immersion is stable, M
is a sphere and then conjectured that there is no complete stable immersion
of a noncompact surface with nonzero constant mean curvature. The purpose
of this paper is to show that their conjecture is true.

In fact we prove

THEOREM. Let == : M 1?3 be an immersion of a non-compact 2-
dimensional manifold with constant mean curvature h and M 1is complete
in the induced metric. If x <is stable, then h =0 , that is, x 1is a

minimal immersion.
Our theorem is related to the theorem of Chern [3] that if M is a

graph of a function defined over .m” with constant mean curvature, then
the mean curvature is zero. It is also related to the recent result of
Mori [6] that if the stability inequality (*) holds for all piecewise

smooth functions with compact supports (without the "volume" restriction

JudM =0) , M is a plane.

2. Proof of the theorem.

For convenience, let HD denote the set of all piecewise smooth

functions with supports in D and FD ={u € HD | IudM = 0} . We start

from the following simple observation. If the stability inequality (%)

holds not only for u € FD but also for u ¢ HD for every bounded domain

D, M is a plane by the previously remarked result of Mori. So, let us
assume that there is a bounded domain X such that (*) does not hold for

some U € HK . For any bounded domain D with D n K =¢ and for

define u = av - bu, a=fudM, b=JvdM. Since U € F. for

uekH
D

D,

some D >DuK, u satisfies the stability inequality (*) ,
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[
In

< J (lvjil? - (o’ - 207 am

azj(\VMMZ _ (ah® - mvdyam
+ ng(IdeZ - (an? - adram
. 2 2 2 . .
Since J(lval - (4n" - 2k)v")dM < 0 by assumption, it follows that

f“"nf"z - (ah? - aram > 0

for all u € HD with D n X =¢ . This fact implies that for every
bounded domain D with D n K = ¢ , the first eigenvalue AI(D) of the
operator AM + (4h2 - 2k) is nonnegative, where AM is the metric

Laplacian acting on functions. We note that AJ(D) is characterized

variationally as
LIVMLIZ - an® - autram

JuZdM

(1) A,(D) = inf{ | u e iy}

(3) 1In this section, we shall prove the theorem when the area of
M is finite.

Fix a point p € K and let r be the distance from P and BR

be a geodesic ball with radius R around p and assume X ¢ BR for
0

some R For a domain D , let uI(D) denote the first eigenvalue of

0"
the Dirichlet eigenvalue problem for Laplacian AM . Since the Lipschitz
function g(r) = (r-2R)(r-R_) 1is zero on the boundary of B,, ~ B, ,
0 2R RO
we have
W, (B, _~B_ ) < (v, g|%am / Zam
1°2RV"R) = wp. | M 5 g °
2R RO 2R Ro
2 2
f lvgl®an 7 [ g"dM
P2r" PR, Pr" g,
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for sufficiently large KR and some fixed Rl > Ro . Since the denominator

4 . .
is of order R and the numerator is of order RZ and since the area of

M is finite, letting R to infinity, we can see that UZ(BZR N BR )

0
converges to zero. If the mean curvature % is not zero, ul(BR ~ BR )
[
k,+k
2
< h2 for some large R . Since 2h2-k = 2. (—1-2—2)2 —k1k2=%(k1+kz)§ 0

where k1 s k2 are principal curvatures, we have from (1) that

Wom?-wl <o,

A

2
}‘J(BZR'\'BRO) < ul(BZR '»BRO) -2h

and since (BZR’VBR ) nK=¢ , we get a contradiction.

(B) In this section, we shall consider the case when the area of
M 1is infinite.

With the natural complex structure given by the immersion, we can
regard M as a Riemann surface. Since M is non-compact, the universal
covering of M is the complex plane (€ or the unit disc U in (C by

the uniformization theorem.

(B.1) Let us first consider the case when M is covered by c .
Then M is conformally equivalent to a cylinder or M is conformally

equivalent to the plane ( (see page 230 of [7]). In any case, let

. 2
z=x+1y denote a complex coordinate for M so that |dz|? = da® + dy2
is the flat metric on M and the metric induced by the immersion is
2 2
ds® = u(z)|dz|
Fix a point p € K and let r be the distance from p taken with

respect to the flat metric, BR = {x ¢ M|r(z) < R} . Assume KX c BR for
0

some Ro . Fix Rl > RO and for any R > RZ , choose a smooth function

f(r) so that f(r) =1 for Rzgr;R,f(r).—.o for r;RO,r;ZR,

WA

f'(r) > 0 for all r, |f'(r)|:_3/R1—Ro for r < R, and |f'(r)| < 3/R

for r > R . Substituting this f for u in (*) and by the conformal

invariance of the Dirichlet integral we have
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(3/R,-R)) 2 [ dady +
R ér;R
,

[ 1
(nl-ox) Fam >
on? j am = o’
B_~B

v

28"PR

]

R Rl
Since the integral J dxdy has gr
R<r<2R

the cylinder case and by a constant time
R

finite, which is a contradiction.

infinity, we can see from the above i

(B.2) Now, let us consider the ca

Since Smale's version of the Morse

immersion x : M +.R5 (see [2]), we can

X o U +1R3

is also stable (see pages

covering projection. So A,{D) > 0 for
1 =

domain K < U . Taking the same functio

universal covering (¢ in (B.l) where r

(3/r)% J dexdy
R<r<2R

J (ah?-2k) am
BRNBRJ

(Area of (BR v BR )) .

1

owth by a constant times K in

2 .
s R in the plane case, letting

nequality that the area of M is

se then the unit disc U covers

index theorem holds for the
show that the immersion

521-526 of [1]) where 7 is a

all D c U~ K for some bounded

n f as in the case of the

is a distance with respect to

the induced metric and duplicating Fischer-Colbrie and Schoen (see section

2 of [5]) and noting that the area of U
the immersion xeomw

BR ~ B

is infinite, we can

Ry

contradiction since (B

v BR ) nK=2¢

0

for large R such that AJ(BR "

in the complete metric given by
show that there is a domain

B_ ) < 0 , which is a

Ry

. Hence U cannot cover

M and this completes the proof of the theorem.

Remark. There naturally arises the question, then, that what

is stable in our sense. We have shown

M~ K

complete minimal surface in 4R3

that for some bounded domain XK < M is stable in the sense of

El
minimal immersion, that is, the stability inequality (*) holds for

ueH_ |, This case has been

D not only for u € FD with DnK=4¢ .
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studied recently by Fischer-Colbrie. See [4] for details.

Note.

After the preparation of this paper, M. do Carmo informed me that

da Silveira had solved the same problem independently. His result is

He showed that under the same condition 2(M) is a plane.
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