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STABILITY OF A CONSTANT MEAN CURVATURE SURFACE IN R3

SUNG EUN KOH

We solve the question raised by Barbosa and do Carmo as to whether

there exists a complete, noncompact stably immersed surface in

R with nonzero constant mean curvature. We show that such a

surface is necessarily minimal, that is, its mean curvature is

zero.

1. Introduction.

Let M be a 2-dimensional orientable, connected non-compact

manifold and let x : M -*• J? be an immersion with constant mean curvature

h . A domain D c M with compact closure D is stable if

V u\2 - (4h2 - 2k)u2ldM > 0

for all piecewise smooth functions U with supports in D and satisfying

the "volume" restriction \udM = 0 } where k is the intrinsic Gaussian

curvature of M , dM is the area element of the induced metric, \^tj^\

is the magnitude of the gradient of u with respect to the induced metric.

The immersion x is stable if every such D is stable.

It should be remarked that our definition of stability is different
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from that in the case of a minimal immersion, but in the case that the

mean curvature h is a nonzero constant, our definition is more useful in

a sense as Barbosa and do Carmo demonstrated in [2]. In the same paper,

they proved that if the compact W-dimensional manifold M is immersed in

IE with nonzero constant mean curvature and the immersion is stable, M

is a sphere and then conjectured that there is no complete stable immersion

of a noncompact surface with nonzero constant mean curvature. The purpose

of this paper is to show that their conjecture is true.

In fact we prove

THEOREM. Let x : M J? be an immersion of a non-compact 2-

dimensional manifold with constant mean curvature h and M is complete

in the induced metric. If x is stable, then h = 0 , that is, x is a

minimal immersion.

Our theorem is related to the theorem of Chern [3] that if M is a

graph of a function defined over J? with constant mean curvature, then

the mean curvature is zero. It is also related to the recent result of

Mori [6] that if the stability inequality (*) holds for all piecewise

smooth functions with compact supports (without the "volume" restriction

\udM = 0) , M is a plane.

2. Proof of the theorem.

For convenience, let H denote the set of all piecewise smooth

functions with supports in D and F_ = {u e H | \udU = 0} . We start

from the following simple observation. If the stability inequality (*)

holds not only for u e F^ but also for u e H for every bounded domain

D, M is a plane by the previously remarked result of Mori. So, let us

assume that there is a bounded domain K such that (*) does not hold for

some V e H . For any bounded domain D with D n K = § and for
K

u e #_, , define u = av - bu. a = \udM , b = \vdM . Since u e F^ forD I J D

some 25 = D u K, u satisfies the stability inequality (*) ,

https://doi.org/10.1017/S0004972700026265 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700026265


Constant mean curvature surface

0 ± [ Cl'^l2 - (4h2 - 2k)u2)dM

- (4h2 - 2k)v2)dM

+ b2 frivol2 - (4h2 -2k)u2)dM .

t o o 9
Since Kl7«/;l - (4h - 2k)v )dM < 0 by assumption, it follows that

for all u £ ff_ with D n K = <f> . This fact implies that for every

bounded domain 0 with J n i ! = | , the first eigenvalue \JD) of the

2
operator A,. + (4h - 2k) is nonnegative, where A,, is the metric

M M

Laplacian acting on functions. We note that \JD) is characterized

variationally as

[ | V | - (4h2-2k)u2)dM

(1) \JD) = inf{-' I a £ S J
1 r p ' D

\udM

r p

(A) In this section, we shall prove the theorem when the area of

M is finite.

Fix a point p e K and let r be the distance from P and B
H

be a geodesic ball with radius R around p and assume K <= B for
R0

some Z?. . For a domain D , let y. (W denote the first eigenvalue of

the Dirichlet eigenvalue problem for Laplacian A . Since the Lipschitz

function g(r) = (r-2R)(r-RJ is zero on the boundary of Bon ~ B_ ,

we have
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for sufficiently large R and some fixed i?7 > R . Since the denominator

is of order R and the numerator is of order R and since the area of

M is finite, letting R to infinity, we can see that \in(B. ̂  B )
1 2R RQ

converges to zero. If the mean curvature h is not zero, V«(B ^ B )
1 R RQ

k + k
< h2 for some large R . Since 2h2 - k = 2. (— -)2 - k±„ =~Ck\+k2J > 0

where k^ t kg are principal curvatures, we have from (1) that

and since (Bov '
K'Bn ) n K = <ji , we get a contradiction.4X RQ

(B) In this section, we shall consider the case when the area of

M is infinite.

With the natural complex structure given by the immersion, we can

regard M as a Riemann surface. Since M is non-compact, the universal

covering of M is the complex plane C or the unit disc U in C by

the uniformization theorem.

(B.I) Let us first consider the case when M is covered by C

Then M is conformally equivalent to a cylinder or M is conformally

equivalent to the plane C (see page 230 of [7]). In any case, let

p o p

z = x + vy denote a complex coordinate for M so that | dz \ = dx + dy

is the flat metric on M and the metric induced by the immersion is

ds = v-(z) \dz\
Fix a point p e K and let r be the distance from p taken with

respect to the flat metric, Bn = [x e M\r(x) < R} . Assume K <= B for

R RQ

some R^ . Fix R^ > R- and for any R > R~ , choose a smooth function

f(r) so that f(x>) = 1 for ^ < r < R , fir) = 0 for r < RQ , r > 2R,

f'(r) > 0 for all rs \f'(r) \ < 3/R1~ Rg for r < ̂  and \f'(r)\ < 3/R

for r >_ R . Substituting this / for u in (*) and by the conformal

invariance of the Dirichlet integral we have
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(3/RJ-RQ)2 f dxdy + (3/R)2 \ dxdy

(4h2-2k)/dM > [ (4h2-2k)dM

> 2h8 I dM = 2h2 TArea of (BR ̂  BR )) .

Since the integral I dxdy has growth by a constant times R in
>R<r<2R
~ ~ 2

the cylinder case and by a constant times R in the plane case, letting

R infinity, we can see from the above inequality that the area of M is

finite, which is a contradiction.

(B.2) Now, let us consider the case then the unit disc U covers

M .

Since Smale's version of the Morse index theorem holds for the

immersion x : M -*• J? (see [2]) , we can show that the immersion

x o iv : U -*]R is also stable (see pages 521-526 of [7 ]) where TT is a

covering projection. So \.(D) > 0 for all D <= TJ % K for some bounded

domain K c JJ . Taking the same function f as in the case of the

universal covering C in (B.I) where r is a distance with respect to

the induced metric and duplicating Fischer-Colbrie and Schoen (see section

2 of [53) and noting that the area of U in the complete metric given by

the immersion x ° ir is infinite, we can show that there is a domain

B -v B for large R such that \n(Bn ^ B ) < 0 , which is a
R RQ 1 R RQ

contradiction since (B ^ B ) n K = <j> . Hence U cannot cover

R RQ

M and this completes the proof of the theorem.

Remark. There naturally arises the question, then, that what

complete minimal surface in Jf is stable in our sense. We have shown

that for some bounded domain K c M , M ^ K is stable in the sense of

minimal immersion, that is, the stability inequality (*) holds for
u e H , not only for u e F_. with D n K = & . This case has been

u u
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studied recently by Fischer-Colbrie. See [4] for details.

Note. After the preparation of this paper, M. do Carmo informed me that

da Silveira had solved the same problem independently. His result is

sharper. He showed that under the same condition x(M) is a plane.

References

[7] J.L. Barbosa and M. do Carmo, "On the size of a stable minimal

surfaces in R ", Amer. Jour, Math. 98 (1976), 515-528.

[Z] J.L. Barbosa and M. do Carmo, "Stability of hypersurfaces with

constant mean curvature", Math. Z. 185 (1984), 339-353.

[3] S.S. Chern, "On the curvatures of a piece of hypersurface in

euclidean space", Abh. Math. Sent. Univ. Humburg 29 (1965),

77-91.

[4] D. Fischer-Colbrie, "On complete minimal surface with finite Morse

index in three manifolds", Invent. Math. 82 (1985), 121-132.

[5] D. Fischer-Colbrie and R. Schoen, "The structure of complete

stable minimal surface in 3-manifold of non-negative scalar

curvature", Cam. Pure. Appl. Math. 33 (1980), 199-211.

[6] H. Mori, "Stable constant mean curvature surfaces in R° and H°",

Trans.Amer. Math. Soo. 279 (1983), 671-687.

[7] G. Springer, Introduction to Riemann surfaces, (Reading, Mass.

Addison-Wesley 1957).

Department of Mathematics,

Seoul National University,

Seoul, 151, Korea.

https://doi.org/10.1017/S0004972700026265 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700026265

