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FINITE p-GROUPS WITH ISOMORPHIC SUBGROUPS

JOHN ]J. CURRANO

1. Introduction. Throughout this paper, p will denote a prime and ¢ an
integer greater than 1. We consider those finite p-groups P, which satisfy the
following conditions:

(1.1) P has subgroups R and Q, both of index p, and there is an isomorphism ¢
of R onto Q which does not fix any non-identity subgroup of R setwise.

Our main results will be the following theorems.

THEOREM 1. Let P be a finite p-group of order p*. Then the following two state-

ments are equivalent.
(a) P satisfies (1.1).
(b) There are integers u, v, and k and elements x1, . .., x, in P satisfying:

(1.2) 2¢/3=2ustv=t—u,andu+9v/2 <k =t

(1.3) P = {x1,...,%:);

1.4) x2=1 for 12154t

1.5) [x1,x] =1 for 1 £21=u;

(1.8) [x1, %] € (Xpp1,..-,%ipy for u+1=1=k;

(L.7)  [x1, %] € (Xkeutty - -« Xutixy for B+1=1=t; and

(1.8) if 0 £j <t and [x1, x1+5] = £°@ ... x,°D with a(m) € GF(p), then

forany i with 1 £ 1 =t — j, [%4, Xopg] = 0041%P . L0450
Futhermore, if P satisfies (1.1), we also have

(1.9) [xly Xy xm][xiy Xmy xl][xm: X1, xl] = 1 f07’ 1 é 1;’ m é t; and

IIA
IIA

m L.

(1.10) if p = 2, then [x1, X, X1] = [X1, X, ¥n] =1 for 1

THEOREM 2. Let u, v, and k be integers satisfying (1.2). There is a group P of
order p* which satisfies (1.1) and which is generaled by elements xi, ..., i,
subject to the relations (1.4) and

(1.11) [xy, x;] = x, 0—HLD | g eU=iHLImI4D,

where e(m, n), 1 £n < m = t, are any elements of GF(p) which satisfy:
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(1.12)

@) em,n) =0 for 1 =n=<m=u;

b) em,n)Z0foru+1=m=konlyifv+1=n=m— v

() emn)Z0fork+1=m=tonlyifk—u—+1=n=u-+m-—Ek;

d) 2EELeGm)em —i4 Lj—i4+1) —eG—i+ 1L, n—i41)
Xem,j)=0fork+2=k+i<m=Ztandv+1=n=<u;

(e) w16t —j+1n—j+1e(m,j) —e(m—j+1,n—j+1)
Xet,j))=0fork+1=2c=mEtandv+m—k<nZu;

(f) ifp =220 elm f)e(G,n) =0 for B+ 1<m <t and
v=n<m-+u—*~k—ovand

@) i p =220 elm elm —j+1,n—j+1) =0 for
E+1=m=tandk —u-+v+1=n=m-—o

=
m

Conversely, if a group P of order p* satisfies (1.1), there are integers u, v, and k
satisfying (1.2) such that P is generated by elements x1, . . ., x, of order p which
satisfy (1.11) and (1.12).

In the proof of Theorem 2, we shall see that conditions (a)-(g) are forced by
(1.3)-(1.10). Moreover, (1.5)-(1.8) are statements about the commutator
structure of P which we shall derive using only this structure, (1.9) is the
“Jacobi identity,” and only the derivation of (1.10) will require the use of the
associative structure of P; in fact, (1.10) is forced on us by this structure. With
this in mind, one can check that the proofs we give for Theorems 1 and 2, and
those of the facts we use from [2], can be modified to prove the following

results.

THEOREM 1. Let & be a nilpotent Lie algebra of dimension t over a field K.
T'hen the following two statements are equivalent:
(1.13) & has subalgebras M and N, both of codimension one, and there is an
isomorphism, o, of M onto N fixing no nonzero subalgebra of M.
(1.14) There are integers u, v, and k satisfying (1.2), and elemenis x4, . . ., x,
in L which span &L as a vector space over K, such that

@) [xwxy] = 0 for 1 <1 £ u, where [ ] denotes multiplication in L ;

(b) [x1x:] € Span {xp41, . . ., Xip} foru+ 1 £ 1 =k, whereSpan {x,, ..., x,}
denotes the vector subspace of £ spanned by x,, . . ., xs;
(c) [xwx:] € Span{xi—uit, « -« s Xuri—z) for B+ 1 <4 = ¢; and

d)if0 £Jj < tand [x1%144] = asx2 + .. . + ayc;with a, € K, then for any i
withl <12t — 7,

[xixi+j] = Q2X ;41 + e e + QX it j—1.

TaEOREM 2'. Let K be a field and let u, v, and k satisfy (1.2). Then there is a
nilpotent Lie algebra X over K with generators xi, . . . , x, and Lie multiplication
given by
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(1.15) [xx)] =e(G—74+ 1, Dx;+...+e(f—7+ 1,5 — 1+ L)x;, where
emm), 1 = n <m = t, are any elements of K which satisfy (1.12)
(a)-(e).

Furthermore, dimg & = t,£* = 0, and & satisfies (1.13).

Conversely, if a nilpotent Lie algebra £ of dimension t over K satisfies (1.13),

there are integers u, v, and k satisfying (1.2), and elements x, . . . , x, of & such
that ¥ = Spani{xy, ..., x,} and (1.15) holds. Furthermore, £* = 0.

All groups considered in this paper are assumed to be finite. If G is a group
and 7 a positive integer, we let G; denote the 7th term of the lower central series,
defined inductively by G = G and G431 = [G;, G]. We write H < G if H is a
normal subgroup of G.

Most of the results in this paper constitute a portion of the author’s doctoral
dissertation. Free use is made of the work of Sims [6] and of Glauberman [2].
The author is especially indebted to Professor Glauberman for his many
suggestions.

2. Preliminary results.
LeMMA 2.1 (Glauberman [2, Proposition 2.1]). Let P be a p-group of order p*

satisfying (1.1). Then there are elements x1, . . ., x, in P such that:
21) @ R=(1,...,%m1)and P = (R, x,);
() w1, ..., x0)| = piforl =4 =t and

() o) =xq1forl =7=t—1.

In the remainder of this section, let P be a p-group of order p*satisfying (1.1).
Choose %1, ..., x; as in Lemma 2.1.

If Py # 1, let u be a positive integer minimal subject to [x;, Xyy;] # 1 for some
j. If Py=1, let u=1% Let v=1—u.

If P35 1, let k be a positive integer minimal subject to [x;, xxy5] ¢ Z(P) for
somej. If Py = 1,letk =t.Thenl =u <k = 4.

By (2.1) and induction, every x € P can be expressed uniquely in the form
x = x°D ... x5, where a(t) € GF(p), for 1 <1 =<t Define elements
e(i,7) € GF(p),for1 £4,7 =t by

(2.2) [x1, 2] = x,°CDxae8D | 000,
LemMA 2.2 (Glauberman-Sims [2;6]). Let P be a p-group of order p* satisfying
(1.1).

(@) u=2t/3and k= u+ v/2.

(b) If Py # 1, [x4y Xyps) Z 1 for 1 £ ¢ = 0.

() If Py # 1,e(k + L,u+ 1) #0oretk + 1,k —u+1) #0, and
[y ke € Z(P) for 1 =17 =t — k.

() Forl1 =i 2v, Cp({x1, . . . v Xuri) = Kagtyee e xy) and
CP(<xiy ceey xl>) = <x11+1y e ey xu+i—1>-

https://doi.org/10.4153/CJM-1973-001-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1973-001-2

4 JOHN J. CURRANO

) Z(P) = (xps1,+ -+, Xu).
®) P' € (Xp—ur1y - - -, Xx), Which is elementary abelian.

Lemma 2.3 (P. Hall. [3, p. 19]). Let G be any finite group. Then
(@) [x, 974 2'ly, 271, x)*[z, x~1, y]® = 1, for any x, v, 3 € G; and
(b) if G4 = 1, then for any x, y, 2z € G, [x, v, 2]y, 2, ][z, x, y] = L.

LEMMA 2.4 [4, p. 150]. Let G be any finite group and x, y, z € G.
(a) [xyy Z] = [x) Z][x7 2, y][yv Z]'
(b) [x,yz] = [x, 2)[x, y][x, v, 2].

Lemma 2.4 is often used in calculations, even when it is not explicitly
mentioned.

LemmA 2.5 (von Dyck [5, Section 18]). If a group G is given by a system of
defining relations, and if a group H is given by these relations and some further
relations in the same symbols, then H is isomorphic to a factor group of Q.

3. Proof of Theorem 1. Let P be a p-group of order p*. We first show that
(a) implies (b). So assume that P satisfies (1.1). Let x1, ..., x, be as in
Lemma 2.1, so (1.3), (1.4), and (1.8) hold. Define «, v, and k as in Section 2,
so (1.5) holds. By Lemma 2.2 and the definitions, we obtain (1.2).

Letu + 1 <4 = k. Then [x1, x;] € Z(P) by the definition of k. If [x;, x,] = 1,
(1.6) is clear. Otherwise, by Lemma 2.2(f),

3.1) [x1, 2] = x£,2 . .. x,%®,

wherev 4+ 1 =m =n Zu,a(m) #£ 0,and a(n) # 0. Now, [x,_ 11, %, € Z(P)
since 7 < k. Also, by (3.1) and (2.1),

[xt—i+1, xt] = <Pl_i([x1y xz]) = % un™ .. xl—i+na(n)-

As before, we obtain t — 71+ 7 < u, son ¢ — v and (1.6) holds. (1.7) is
proved in a similar manner using Lemma 2.2(g). Thus (a) implies (b). Now
Theorem 1 will follow from Theorem 2 and the following lemma.

LeMMA 3.1. Let P be a p-group of order p* satisfying (1.2)-(1.8).

(1) Each element x € P has a unique expression of the form x = x4
where a(1), ..., a(t) € GF(p).

(2) P satisfies (1.9) and (1.10).

(3) Define elements e(i,j) € GF(p) by

. xla(l)

3.2) [, 4] = 21°C0D L x, 800 for 1 24 =t

Then the elements e (1, j), for 1 < j < 1 £ ¢, satisfy (1.12) and P satisfies (1.11).
(4) If Theorem 2 is true, P satisfies (1.1).

We shall need the following corollary in Section 4.
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CoROLLARY 3.2. Let P be a p-group of order p' satisfying (1.1), let xy, . . . , %,
be as in Lemma 2.1, and let u, v, and k be as in Section 2. Then P satisfies (1.11)
and (1.12).

Proof. By the portion of Theorem 1 which we have proved, P satisfies
(1.2)-(1.8). The corollary follows from Lemma 3.1(3).

Proof of Lemma 3.1. (1) is clear from (1.2)-(1.8), as is

(3.3) [0 %] € (Xpmutty - -+, 2), for 1 =<4, <t

Let T = {(X4—yt1, ..., xz). Using (1.2), (1.6), and (1.8), we obtain

(3.4) [, ;] € (Xpy1, ..., %) for 1 =202t x;€T.

Now, S = (Xpt1, ..., %) © Z(P) by (1.2) and (1.5), so it follows from (3.4)
that

(3.5) [PTICSC T NZ(P).

Therefore, T'C Zy,(P) and " <1 P. By (8.3), PP C I'C Z;(P), so Py = 1.
Now (1.9) follows from Lemma 2.3 (b).
Assume p = 2. By (1.4) and Lemma 2.4, we obtain
1 = [xlzy xm] = [xly xm][xlv Xmy xl][xlv xm]; and
1 = [xly xm2] = [xly xm]z[xly Xmy xm]
But 7 is elementary abelian by (1.4), (1.5), and (1.8), so [x1, x,]* = 1 for
1 £ m £ t. Furthermore, P; C Z(P) since P, = 1. Now (1.10) follows. This
completes the proof of (2).
By (1.5)-(1.8), [x;, x;] = x,0—+0LD | | gy e0—i+1i=i+D gnd
(3.6) efmyn) =0 for 1=m<n =t

We now show (a)-(g) of (1.12).

(a) follows from (1.5), (b) from (1.6), and (c) from (1.7). Let S be as in the
proof of (2) and let b+ 2 <m Ztand 2 =¢ =m — k. Then m — k < u,
so [x1, x; = 1. Therefore, (1.9) implies that

[xiv Xmy xl] = [xﬂw X1, xi]—l'

Expanding this, using (3.2), (3.6), (1.5)-(1.8), and the fact that S & Z(P),

we obtain
u+m—k ¢ 1 " u+m—k ¢ )
e(m—i+1, j—it+ _ e(m,j
[e1, %] = H [oes, 5] .
j=u+1 j=u+1

Expanding this and collecting factors, we obtain

wtm—k  j—u+1 '
e(§.n)e(m—i+1, j—i+1)—e(j—it+l,n—i+Delm,5) __ 1
Xy = 1.
j=u+1 n=v+1

(The order of the factors x, is unimportant as x, € S & Z(P).) By (1), the
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exponents appearing for each x, must sum to zero. This gives (1.12)(d).
(e) follows in the same way from (1.9) with k2 + 1 <7 Zm < ¢

If p =2, (1.12)(f) and (g) are proved from (1.10) in a similar manner,
using [x1, %p, x1] = 1 for (f) and [x1, X, %] = 1for (g), withk + 1 <m < &
This completes the proof of (3).

Now assume Theorem 2 is true. By (1.2), (1.4), and (3), P satisfies the
hypotheses of Theorem 2. Thus P satisfies (1.1). This completes the proof of
Lemma 3.1.

4. A reduction. The second half of Theorem 2 follows from Corollary 3.2.
So suppose P is a p-group generated by elements xy, . . . , ¥, subject to relations
(1.2), (1.4), and (1.11), as in Theorem 2. Let 7" = {(X;_yt1, . . . , ¥x). Then T is
elementary abelian and P’ C T" by (1.2), (1.11), and (1.12). Therefore,
|T| = p*, and by (1.4), P/T is elementary abelian of order at most p**.
Thus |P| £ p'.

So to prove Theorem 2, it suffices to construct a group H of order p*
satisfying (1.2), (1.4), and (1.11), and to show that H satisfies (1.1). For
then H will be a homomorphic image of P by Lemma 2.5, so P will be iso-
morphic to H and therefore have order p¢ and satisfy (1.1).

The remainder of the paper is devoted to the construction of a group H with
the desired properties.

5. The Case & = ¢. We first construct H when & = ¢. This corresponds to
those cases in Theorem 2 when P; = 1.

THEOREM 5.1. Let u = k = t. Let H be an elementary abelian group of order

ptand let {x1,...,x} beabasisof H. Then (1.2), (1.4), and (1.11) are satisfied.
Define an automorphism ¢ of H by ¢(x,) = x4 for 1 £ 7=t — 1, and
o(x,) = x1. Then H and o|{(x1, . . ., x—1) satisfy (1.1).

Proof. This is immediate, since (1.12)(b)-(g) are vacuous.

In the remainder of this section assume that k = t and 2¢t/3 < u < t. Then
(1.12) (c)-(g) are vacuous. Assume that e(4, j), for 1 £ 7, j < ¢, are elements
of GF(p) which satisfy (1.12) if j £ 7 and which are zero otherwise.

Define, for 1 = 7,7, m = ¢,

6.1) e@,jym)=e¢e—1+1,m—<1+1) for 1 =27=jm =4 and
e(t,j, m) = 0 otherwise.

Let H = {(a1,...,a,)|a; € GF(p) for 1 =i =4}, a set with |H| = p-.

Define a product on H by

(a1, .o ya) by, ..., b)) = (c1,...,¢Cs),

where
t—1 11

Cn = Qn + by — 2, Zle(i,j, m)ab;, for 1 =m £t

=1 j=it+
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Define x; ¢ H by x; = (6s1,...,0;) for 1 <7 =t, where 8;; is the
Kronecker delta.

LemMA 5.2 (a) H is a group of order p'.
(b) [x4, 5] = %8890 | x,830 for 1 <457 £ 8
C)xf=1forl1 <1 =t

Proof. Denote (a1, ...,a;) € Hby (an).
Clearly (0, 0, ..., 0) is an identity for H. If (a,) € H, let
t—1 [
(5.2) n) = (—a,,, - > > e, g, m)a,aj)
=1 j=it+1

and (a,)(bm) = (cn). Then a straightforward calculation shows that
(53) Cp = Z 6(7, S, m)e(iy jr r)aiaja-?v

where the sum is over all 7, s,7,and jwithl1 Sr <s=<tand1 =71<j =t
Now, if e(r, s, m)e(s, 7, 7) is nonzero in some term, then by (5.1) r Z v + 7 =
v+ 1 (otherwise ¢(7,7,7) =0) and s — 7 = u (otherwise e(r, s, m) = 0);
thatis s=27+u =29+ 1+ u = ¢+ 1, which is impossible. Thus (¢,) =
,...,0), and (b,) is a right inverse to (a,,).

Thus to show that H is a group under the given multiplication, it remains to
verify the associative law. Let (an), (bnm), (cn) € H and define (d,) =

{ (@n) On)} (cn) and (fn) = (an){(bn)(cn)}. Then
5.4) dn — fu = Z le(r, s, n)e(, 7, s)abic, — e(r, s, n)e(s, 7, r)adici],

where the sum is as in (5.3). So it would suffice to show that each term of (5.4)
is zero. Arguing as before, we see that e(r, s, n)e(s, 7, s) # 0 in some term of
(5.4) implies thats =2 7 + u = # + 1 and thats < j — v. Therefore,t + 1 = j,
which is a contradiction. We also obtain a contradiction if e(r, s, n)e(7, 7, 7) ¥ 0,
so each term in (5.4) is zero. Thus (d,) = (fs) and H is a group.

Now we show (b). By (56.1), [x;,x,] =1 = x,8D | x40 while for
1 =4 < j =t, adirect calculation leads to

[04, %3] = 2,7t Moy = o080 L 0,

Finally, using induction we obtain x,? = (0,...,0), and the lemma is
proved.

By the preceding lemma and the definitions, H is a group of order p‘
satisfying (1.2), (1.4), and (1.11). So to complete the proof of Theorem 2 in
the case £ = ¢, we must prove that H satisfies (1.1).

LemMA 5.3. (a) [(x1, ..., x| = pifor 1 i = ¢,

(b) Each x € H has a unique expression of the form x = x,°D ... x® for
some elements a(1),...,a(t) € GF(p).

Proof. Let H; = (x1,...,%) for 1 <4 <t By Lemma 5.2(b) and (5.1),
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[x;, x:41) € H; for 1 £ j < 4. Thus, H; < Hyy1 and Hypa = Hi(%441), so by
Lemma 5.2(c), |[Hi| = p and |H 1 : Hy| £ p. Therefore, letting Hy = 1,

t
p'=IH| = I |Hi:Hia| < 9"
Therefore, |H; : H; 1| = pforl <17 < ¢,s0|H,;| = p* Inparticular, x; ¢ H ;1.
Now (b) follows by an easy induction.

LEMMA 54. Let R = {x1,...,%.1) and Q = (X, ..., %x,). Then there is an
isomorphism ¢ of R onto Q with ¢ (x;) = xu1for 1 =7 =t — 1. In particular,
H, R, Q, and ¢ satisfy (1.1).

Proof. Let G be the group defined by generators gy, . . ., g,~1 and relations:
(5.5) gf =1 for 127=1t—1;and
lgi, g] = @D L g 80D for 1sisjst— L

Then, since e(7, 7, m) = 0if m < 7 or m = j, each element g of G has an ex-
pression of the form g = g"M...g, "D, with the «(i) € GF(p); so
|G| £ p*~%. By (5.5) and Lemmas 5.2 and 2.5, the mapping ¢ given by ¥(g;) =
x; for 1 £4 =t — 1, extends to a homomorphism, ¢, of G onto R. But
|R| = p*%, so |G| = p*~* and ¢ is an isomorphism. Similarly, the mapping 6
given by 6(g;) = x4;41 for 1 =7 £ ¢ — 1, extends to an isomorphism, 6, of
G onto Q, since

e+ 1L,ij+1,m+1)=em—14+1,m—j+ 1) = e, jm).
Let ¢ = ¢~ 1. Then ¢ is the desired isomorphism. An easy calculation, using

Lemma 5.3(b), shows the last statement.
This completes the construction of H in the case k = ¢.

6. The Case & < {. Now we construct H when k& < ¢, using an inductive
argument. Let %, v, and & be any integers satisfying (1.2) with 2 < /. This
corresponds to those cases in Theorem 2 when class P = 3. (By Lemma 2.2,
class P < 3.)

Let e(z,7), for 1 £ 4, j = t, be elements of GF(p) which satisfy (1.12) if
7 £ 1 and which are zero otherwise. Define elements e (s, j, m) of GF(p), for
1=<4,j,m=t asin (5.1).

Let H = {(a1,...,a;)|a;: € GF(p)}, a set with p' elements. For 1 < m = ¢,
let H™ be the subset {(a1,...,a:)|¢mt1=...=a, =0} of H, so that
|H™| = p™. Let ¢ be the map of H¢~ into H given by ¢ (a1, ..., a.,1,0) =
0,a1,...,a,1). Forl1 =4 =t letx; = (841,...,08:) € H.

Define multiplication in H® by

6.1) (@1, ...,a:,0,...,0)(01,...,0(,0,...,0) = (c1,...,6¢,0,...,0)

where

k—1 k
em =Gy + by — > > e(d,j,mapd, for 1<m<Ek.

i1 =il
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We now proceed to define inductively a multiplication on H™, k + 1 <
m = t, and to show that H™ satisfies (1.1).
Solet 2 + 1 = m = t. By induction, we may assume that

(6.2) (a) H® isagroupof order p*, 1 <7 =< m — 1,
Dd) 20 L xpy ™D = (¢(1),...,a(m — 1),0,...,0);
(c) ¢|H™? is an isomorphism of H™ 2 into H™ D with
o) = x4 forl 7 =m — 2;

(d) [x4 2] = x,500D L fBImDforl SIS jSm— 1;
(e) Z(H(m—l)) 2 <xm—u+1v LRI yxu> 2 <xv+1y ceey xu); and
() H™D) C Ermutty -+« s Xurn-—t+1) & Kput1y -+ o K )
(Note that for m = k 4+ 1, (6.2) follows from (6.1), (5.1), and Lemmas 5.2,
5.3, and 5.4.)
Let F= H™, R = H™Y and Q = ¢(R). Define a multiplication on Q by
(6.4) e(@)e(d) = ¢(ab) fora,b € R.

This makes Q a group and ¢ an isomorphism of R with Q. Also, by (6.2) (c), if
¢(a) and ¢(b) lie in R M Q, then multiplication in Q and in R agree.
If 2 < 7 £ m, we see, using (5.1), that

[xi’ xm] = ﬁ"([xi—l: xm—l]) = xomD xme(i,m,m).
Therefore, combining this with (6.2)(d), we obtain

(6.5) [xg x;] = 250D o x, 0 0m for 1 <7 <jij<m—1lor
22157 m.
LetS = RN Q,sothatS < Rand S < Q. We inductively make the follow-
ing definitions:
(66) (a) {xly xm} = g8 [ g, L
(b) {x1a+1’ xm} = {xlay xm}[{xla, xm}: xl:l{xl! xm}) for 1 é a é P - 2;
(©)  {x1® 2,1} = {217 ww} {x1% 20} [{21% ¥n°, xn], for a fixed a,
1<a=p—1andforl =c =p — 2;
d) {xn% %19 = {x1% 2} forl a,¢c <p —1;and
(e) {x1% xn® = 1if ac = 0(mod p).
All the elements defined in (6.6) lie in S.
Write the element, (a1,...,0n,0,...,0), of F as (a1, x,an,), where
X = (0,02,...,(Lm_1,0,...,0) ES
Define multiplication in F by
(67) (a! X, b)(C, Y, d) = (a + ¢, (xl_cxlxlc){xmb’ xlc} [xmby {xmbr xlc}]
X (®n"yxn"), 0 + d).
(All the factors appearing in the middle expression on the right lie in Q, so
we may associate anyway we please.)
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LemMMA 6.1. Under the muliiplication defined in (6.8), (0,...,0) = (0,1,0)
is an identity for F and every element of the set R \J Q has an inverse in F.

Proof. We observe that multiplication of elements of R (respectively Q) in
Fand in R (respectively Q) yield the same result. Now the lemma is obvious.

LemMma 6.2. (a) {x:% %} = (1%~ )x1%)xn’ = [x1% %% for all a,
¢ € GE(p).

D) [xs, 5] € Oopmptty « - oy Xp)-

(©) [xs x5 2] € Kptty v v Xu) & Z(R)NZQ) for 1 = 4,4, n < m. Thus,

([x4, %5, %4), ] = 1 for all x € F.
(d) pr = 2, [xl» Xmy xl] = [xl, Xy xm] = 1.

Proof. f x,y € Rorx,y € Q, let {x,y} = [x,9]. Then, if 1 =7 =j < m,

{05 %5} € (Kpout1y - -+ 5 %) Dy (6.2)(f), (6.4), and (1.12). These, together with
(6.2) (e), yield
(68) [{xiy xl}’ xn] € <xv+11 LRI )xu> g Z(R) N Z(Q)

for1 £ 14,7, n < m, so (b) and (c) will follow from (a).

(d) will follow from (a) and
(69) if p = 2, [{xly xm}v xl] = [{xl» x,,,,}, xm] =L
But, by (6.2) and (1.12),

m+tu—k

(6.10) [fx1, %}, 21] = H % xlle(l,m,i)

Jj=u+1
mtu—k Jj—v 14 1 i
— H H x"—e( »Jm) e(l,m, §) .
j=u+1 n=yv
The exponent appearing for x,v =nw <m+u —v —k <k, in (6.10) is
n+v n+v

— > e(lj,m)e(l,mj) = — X, e(f,n)em,i) =0

P B} F=t1
by (1.12)(b) and (f). Thus [{x1, xn}, x1] = 1.

A similar argument, using (1.12)(g) in place of (f), shows the rest of (6.9).
Therefore, (d) will follow from (a).

We next prove that
(6.11) [fx:% %,%) 0 .7 = [{wq, x5}, %,]°0

forl £4,j,n <mand 0 £a,b0,¢c,d =p—1. Letl =4, j, # < m and let
y = {x;, x;}. Then, using (6.8) and induction, we obtain

[yay xn] = [y) xn]ar [y’ xna] = [1)’, xn}a’ and [xiay ij] = _’)’ab
modulo Z(R) M Z(Q), for 0 = a, b < p — 1. These now yield (6.11).
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Using (6.8)-(6.11) and Lemma 2.5, and calculating, we obtain

1% %0°] = {21% %" oen 6, {20n” 6, %1%} ]

_ ("ﬁ (e, 2} [(1%, 27, 2] (2%, xm}>_ (1, %}, 0]

i=1

—(p—c¢) [{ , xm]—a(ll—-c) (p—c—1) /‘H—acz.

= {x", %} X1, Xm}

Then we obtain
(6'12) [xla! xmc] = {xlay xM} c[{xlr xm} ’ xm](ac2—ac)/2

by calculation if p > 2 and by (6.9) if p = 2.
Finally, applying (6.6), (6.11), and induction to (6.12), we obtain (a).
This completes the proof of the lemma.

We now summarize the facts we shall require about commutators.

LEMMA 6.3. (a) [x4 x;] = 29D [ x,%070™ for 1 < 4,7 < m.

(b) [x,y,2] € Z(R) N Z(Q), [[x%, 3*1°, 2] = [x,y, 5]”, and [[x,y], [z, w]]=
1, for any x,y, 3, win the set T = S\J {x:° x,.°|le € GF(p)} and any a, b, c,d €
GF(p).

(©) [x1% %] = [%1, Xn]?°[X1, Xm, %1] D25} %, %,]@P—D2 for any a,
¢ € GF(p).

Proof. (a) follows from (6.5) and (6.6).

The first part of (b) follows from Lemma 6.2. Then the second part is
proved in the same way as (6.11). Finally, by Lemma 6.2(b) and induction,
[x, y] and [z, @] lie in (xX;—y+1, . . . , %%), Which is an elementary abelian subgroup
of R by (1.12) and the definitions. This completes the proof of (b).

(c) follows from (6.12) and a further argument similar to that preceding
(6.12).

LEMMA 6.4. The associative law holds in F, so F is a group under the multiplica-
tion defined in (6.7).

COROLLARY 6.5. (6.2) kolds with m replaced by m + 1.

Proof. By Lemma 6.4, F = H™ is a group. (a)-(d) are clear from (6.2) in R,
the definitions, and Lemma 6.3. (e) and (f) follow from the definitions, (1.12)
and Lemma 6.3.

Before proving Lemma 6.4, we complete the proof of Theorem 2. By
Lemma 6.4 and induction on m, H = H® is a group satisfying (6.2) with
m=1t+1.Let R = H*Dand Q = ¢(R). Then, by (a), |[H:R| = |H:Q| = »p,
and by (c), ¢ can fix no non-identity subgroup of R. Thus H, R, Q, and ¢
satisfy (1.1), which completes the proof of Theorem 2.
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Proof of Lemma 6.4. We make repeated use of Lemma 6.3. If (¢, x, ),
(c,y,d), and (f, 2, g) are in F, a direct calculation shows that
((a, %, 0)(c,y,d))(f,2,8) = (ea+ ¢+ f, X1Xs,b + d + g) and
(@,x,0)((c,y,d)(f,2,2) = (a+c+f, ViV, b+ d + g),
where
X1 = alw, 21 ][’y 1[0, 21°, 207][0® [200®, 1]y, 2000,
Xo = [yly, 20", 22 ][0+, 2o/ ][, F, (20077, 20 7])2] 2, 2,070,
Vi = xlw, 2020, w24 ][’ %247, w17y [y, %0 lyly, %17], %,,7"], and

Y2 = [xmdy xlf] [xmdy xlfv xm—b] [xmdy xlfy xmd]_lz[zy xm_b—d]~

Expanding these expressions, using Lemma 6.3, collecting commutators of
length 3, and comparing the resulting expressions, we observe that it would
suffice to show that [y, x,,, x1]7%" = [x1, %, Y]y, %1, %)%/, or

(613) [xmr Y, xl][xly Xms y][y! X1, xm] =L

However, using Lemma 6.3, we obtain

[xm» Y1y e, xl] = [xmy Vi1, xl][xmy Ya, xl]

and similar statements about the other two triple commutators appearing, so
it suffices to show (6.13) for y = x;, 2 <72 < m. So let a = [xn, x4, x1],
b = [x1, ¥m, x:], and ¢ = [x;, x1, x,]. We consider three cases.

Case 1. If 2 =1 =m — k, c € [Z(F),x,] = 1 (here Z(F) is the set of all
elements of F which commute with every element of F) by Lemma 6.3(a),
(6.1), and (1.12). Furthermore, using these and expanding, we also see that

ut+m—k—ov+1

(lb — H xna(n),
n=v+1
utm—k
where am) = 2 e(l,j,n)eli,m,j) — eG,j, me(l,m, j)
Jj=u+l
u+m—=~k

> e(Gn)em —i+ 1,7 —i4+1)

Jj=u+1
—e(j—i1+1,n—1+4 Le(m, )
=0
by (1.12)(d). Thus abc = 1 in this case.

Case 2. If m — k<1 =<k, thena =0 =c¢ =1 by Lemma 6.3, (6.1), and
(1.12).

Case 3. If k < 12 < m, thena = 1 and bc = 1 by arguments similar to those
in Case 1, with the roles of ¢ and ¢ interchanged, and with (1.12)(d) replaced
by (1.12)(e) in the last step.

This completes the proof of (6.13), the lemma, and Theorem 2.
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