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HOLOMORPHIC AUTOMORPHISMS AND
CANCELLATION THEOREMS
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§1. Statement of the result

In this note, complex analytic spaces are always assumed to be re-
duced and connected.

Let X be a complex analytic space of positive dimension and A a
complex analytic subvariety of X. We call A a direct factor of X if there
exist a complex analytic space B and a biholomorphic mapping f: A X B
— X such that, for some be B, f(a, b) = a on A, and a complex analytic
space X to be primary if X has no direct factor, not equal to X itself, of
positive dimension. By a primary decomposition of X, we mean a cartesian
product X, X X, X --- X X, of primary complex analytic spaces X, X, - - -,
X, of positive dimension, such that X, X X, X --- X X, is biholomorphic
to X. We shall give examples of primary decomposition in § 7.

Now, consider the following condition (C) for an arbitrary complex
analytic space X:

Given arbitrarily a complex analytic space Y and a holomorphic
(C) mapping ¢: Y X X— X, if ¢(¥,, -): X — X is a biholomorphic
mapping for some y,€ Y then

(5, ) = ¢(y, ) on X for every ye Y.

We denote by C the collection of all complex analytic spaces which satisfy
the condition (C).

Throughout this note we are concerned with two classes of complex
analytic spaces, (1) hyperbolic complex analytic spaces in the sense of
Kobayashi [4] and (2) compact complex analytic spaces of general type
(see the following, extracted from Ueno [10]).

Let M be a compact complex analytic manifold with the canonical
line bundle K(M). The Kodaira dimension x(M) of M is equal to an in-
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teger £(0 < ¢ < dim¢ M) provided that
dim, H'(M, mK(M)) <

']

0 < lim sup

m— + o

or —oo otherwise. Note that the Kodaira dimension is a bimeromorphic
invariant of compact complex analytic manifolds. For a compact irreduc-
ible complex analytic space X, the Kodaira dimension x(X) of X is defined
as the Kodaira dimension of any desingularization of X. A compact com-
plex analytic space X is called of general type (or of hyperbolic type in
the terminology of [10]), if X is irreducible and #(X) = dim¢ X.

We shall show the following in § 2.

ProrosiTiON 1 (cf. Royden [9]). Every hyperbolic complex analytic space
is contained in C.

ProposiTiON 2. Every compact complex analytic space of general type
is contained in C.

ProposiTioN 8. Let X and Y be complex andlytic spaces. Then the
product X X Y is contained in C if and only if X, Y are contained in C.

And, we shall prove in §4

THEOREM 1. Take an arbitrary complex- analytic space X of positive
dimension, which is a member of C. Then X possesses a unique primary
decomposition X, X --- X X,. Here, the uniqueness means that if Y, X ---
X Y, is another primary decomposition of X then (1) m = n and (2) for
any biholomorphic mapping f of X; X -+ X X, to Y, X --- X Y, there are
biholomorphic mappings ;: X, — Y, (=1,---,n) such that f=f, X --- X
f.on X, X --- X X, aofter a suitable reordering of Y,, ---,Y,.

CorROLLARY 1. Let X, Y and V be complex analytic spaces of the col-
lection C. If V X X is biholomorphic to V X Y, then X is biholomorphic
to Y.

For an arbitrary complex analytic space X, let Aut(X) denote the
group of all biholomorphic mappings of X to X itself.

Let X be a complex analytic space of the collection C and assume
that

X=X1X"'XX1XX2><"'XX2X"'><XPX"'X.AX1;

~" Y-
n1 terms ng terms np terms
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(n, + n, + - -+ + n, = n) for primary complex analytic spaces X, X,, - -+, X,
which are not biholomorphic to each other. Consider the subgroup G of

Aut (X) which is induced naturally by permutations, namely, ¢ € G if and
only if

02y, Xy, -0y %) = (X Xy *++5 %,,) 0D X
for some permutation (¢, 0, - -+, 0,) of (1,2, .-+, n) such that

{dn1+'--+ni_1+1’ ° '9am+--o+ni} = {nl + - + n,_; + 11 R () + .- + nz}
1<i<p.

Obviously G is group-isomorphic to a direct product of some symmetric
groups. Immediately from Theorem 1, we obtain

CoroLLARY 2. For each fe Aut(X), there exist uniquely f .....n;_ +1
o furan, €AW X)) @G=1,---,p) and o € G such that

f=oo(fix - Xf) onX.

This means that Aut (X) is a semidirect product of G and ¢ normal sub-

group
z}ut X)) X -+« X Aut (X,) X Aut (X)X -+« X Aut (Xgl)
ni t;rms ng te\;'ms
X oo xAut(X,,)x cee X Aut(Xg,)
of Aut (X).

Note that the above Corollary 2 implies Satz 3.4 of Peters [8], which
is a generalization of a theorem of H. Cartan. We shall prove the fol-
lowing cancellation theorems in §5 and §6.

THEOREM 2. Let X,Y and V be complex analytic spaces such that
V x X is biholomorphic to VX Y. If V is hyperbolic, then X is biholo-
morphic to Y.

THEOREM 3. Let V be a compact complex analytic space of general type.
Suppose that X and Y are compact irreducible complex analytic spaces such
that V X X is biholomorphic to V X Y. Then X is biholomorphic to Y.

The author would like to express his sincere thanks to Professor H.
Fujimoto for his valuable suggestions.
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§2. Proofs of Propositions

Proof of Proposition 1. Let X be a hyperbolic complex analytic space.
Take arbitrarily a complex analytic space Y and a holomorphic mapping
$:Y X X— X such that ¢(y,, -) € Aut (X) for some y,€ Y. We have to
prove that ¢(y, -) = &(y,, -) on X for every ye Y. Since Y is connected,
every two points of Y can be connected by a chain of holomorphic map-
pings of the unit open disc D (in the complex line C) into Y (cf. Kobayashi
[4], p. 97). Hence it suffices to prove the above for the case Y = D. Sup-
pose that Y = D. Without loss of generality, we may assume that ¢(z, -)
= identity on X for some z,e¢ D. Let S be the set of all singular points
of X and take an arbitrary point x, of X — S. Define the holomorphic map-
pings ¢, (n=1,2, ---) of D into X as follows:

6:(2) = Hz,x) and ¢,.(2) = ¢(2,6.2)) onD(n=12--.).

Obviously, ¢.(z) = x, for n =1,2,---. Now, fix holomorphic local coor-
dinates at x, in X. Since X is hyperbolic, the family {¢,}.., is equicon-
tinuous on D. This implies that, for every positive integer /, there exists
a positive constant A, such that

} AP (5

<4 (=12-).

On the other hand, since ¢(z, x) = x on X, the mapping ¢ has a power
series expansion of the form

#(z, %) = x + a(x)(z — 2)' + Oz — 2)*")
near the point (z), x,) in D X X. Then ¢, has the expansion

$.(2) = %, + na(x)(z — z)" + O((z — 2,)""")
near 2, in D (n = 1,2, ---). Thus we see that

4. (20)

dzt <Al (n=1,2,---).

o1 na(x)] = H

Hence a(x,) = 0. This means that ¢(z, x) = x locally at (2, x,) in D X X.
Since D is connected and S is nowhere dense in X, we see that ¢(z, x) =
x on D X X. This completes the proof.

Proof of Proposition 2. Let X be a compact complex analytic space
of general type. Take arbitrarily a complex analytic space Y and a holo-

https://doi.org/10.1017/50027763000019188 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000019188

HOLOMORPHIC AUTOMORPHISMS 95

morphic mapping ¢: Y X X — X such that ¢(y,, -) € Aut (X) for some y, € Y.
We have to prove that ¢(y,-) = ¢(y, ) on X for every yeY. Let
Hol (X, X) be the set of all holomorphic mappings of X into X and con-
sider the mapping

é: Y- Hol (X, X)

defined by the formula ¢(y) = ¢(y, -) € Hol (X, X) for each y € Y. Obviously,
# is a continuous mapping into the space Hol (X, X) equipped with the
compact-open topology. It is well known that Aut (X) is open in Hol (X, X).
On the other hand, by Corollary 14.3 of Ueno [10], Aut(X) is finite.
Hence each member of Aut (X) is isolated in Hol (X, X). This implies that
é is constant, i.e., ¢(y, ) = ¢(3, -) on X for every ye Y. This completes
the proof.

Proof of Proposition 3. Suppose that X and Y are contained in C.
Take arbitrarily a complex analytic space S and a holomorphic mapping
$: S X XX Y— X X Y such that ¢(s,, -, -) € Aut (X X Y) for some s, € S.
Then we have the holomorphic mapping

Y=0(Sp, ) log:SX XX Y>XXY.

Write = (2, 8): S X X X Y— X X Y, where « and 8 are mappings from
S X X X Yinto X and Y respectively. Since y(s,, -, -) = identity on X X Y,

al(sy, -, y) = identity on X for any ye Y and
B(ss, x, -) = identity on Y for any xeX.

This implies that afs, x,y) = a(s,, x,y) and B(s, x,y) = p(s,, x,y) for any
(8, x,)€S X X X Y, because X and Y are contained in C. Thus we see
that (s, x, ¥) = ¥(s,, %, y) = (x,y) and hence ¢(s, x, y) = ¢(s,, x,y) for any
(s,%,¥)e S X X X Y. This means that X X Y is also contained in C.

Conversely, suppose that X X Y is contained in C. Take arbitrarily
a complex analytic space S and a holomorphic mapping ¢: S X X — X such
that ¢(s,, -) € Aut (X) for some s,€ S. Let us define the holomorphic map-
ping ¥:SX X X Y— X X Y by the formula

¥(s, x,y) = (4(s, x),y)  for any (s,x,y)e SX X X Y.

Obviously, ¥ (s, -, -) € Aut (X X Y). By the assumption, (s, x,y) = (s, x, ¥)
for any (s,x,y)e S X X X Y. Hence ¢(s, x) = ¢(s,, x) for any (s, x) €S X
X. This means that X is contained in C. Similarly we see that Y is
contained in C. This completes the proof.
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§3. Lemmas

In this section we fix the situation as follows:

Let X, Y, V and W be complex analytic spaces. Let h = (¢, ¥): X X
V— Y X W be a biholomorphic mapping and write A™' = (&, 8): Y X W—
X x V. Take an arbitrary point x, of X and put Y’ = ¢(x,, V): = {¢(x,, V);
veVi(CY)and W = y(x, V) (C W).

LemMma 1. Suppose that X is contained in C. Then we have the fol-
lowing:
(1) Y (resp. W) is a complex analytic subvariety of Y (resp. W) and
hx,, V) =Y X Win Y X W; hence h(x,, -): V— Y’ x W’ is biholomorphic.
(2 ¢(x0, By, w)) = y for any (y,w)e Y’ X W'
() Y(x, By, w)) = w for any (y,w)e Y X W'
@) If Y (resp. W) is contained in C, then W’ (resp. Y’) is a direct factor
of W (resp. Y).

Proof. (1) Obviously,
h(xo, V) = {((x5, V), ¥, V)); v VYT Y X W,

Consider the holomorphic mapping n:(V X V) X X— X defined as =((v, w),
x) = a(é(x, v), ¥(x, w)) for each ((v, w), x)e(V X V) x X. Evidently, =((v,
v), -): X— X is the identity mapping on X for any ve V. Since X is
contained in C, we see that a(¢(x, v), ¥(x, w)) = x for all xe X and v, we V.
This means that A-(Y’ X W) C {x;} X Vin X X V. Hence h(x, V) =Y
X W’. Since h: X X V— Y X W is biholomorphic, Y’ X W’ is a complex
analytic subvariety of Y X W and then Y’ (resp. W) is a complex analytic
subvariety of Y (resp. W). Clearly, A(x,, -): V— Y’ X W’ is biholomorphic.
(2) Take any (y,w)e Y X W. Then a(y, w) = x, and so

¢(x0, ﬁ(yr w» = ¢(oz(y, w)’ :B(y’ w)) =Y.
(8) Similarly, for any (y, w)e Y X W',
P, By, w)) = w .

(4) Suppose that Y is contained in C. Consider the complex analytic
space X’ = X X Y’ and the biholomorphic mapping y of X X V to X’ X
W’ defined by the formula

7(x, v) = ((x, ), ¥() e X’ X W for each (x,)e X X V,

https://doi.org/10.1017/50027763000019188 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000019188

HOLOMORPHIC AUTOMORPHISMS o

where ¢ = ¢(x, -): V— Y and ¢ = (x,, -): V— W. Then A/ =yoh™:Y
X W— X’ x W is biholomorphic. Write &/ = (¢, ¢): Y X W— X’ X W’.
Then '(y, W) = ¥(8(y, W)) = W’ for any ye Y’ by (3) above. By (1) ap-
plied to A: Y X W X' X W, W(y, - ): W W' X W (C X’ X W) is bi-
holomorphic for an arbitrarily fixed point y of Y’, where W’ = ¢'(y, W).

Furthermore
B (y, w) = (x5, 5), w)  for all we W’
because
¢y, w) = (aly, w), §(x, By, w))) = (%, 9)
and

¥V (y, w) = P(x, fly, w)) = w  for all we W’

by (2), (3) above. This means that W’ is a direct factor of W. If W is
contained in C, then we see that Y’ is a direct factor of Y by applying
the above argument to the biholomorphic mapping (Y, ¢): X X V—> W X Y.
This completes the proof.

LemMmA 2. Suppose that X, Y, V and W are contained in C and that
(%, -): V— W is biholomorphic. Then (1) ¥(x, -) = (%, -) on V for all
xeX and (2) ¢(-,v) = ¢(-, w) on X for all v, we V and, moreover, ¢(-,v):
X— Y (e V) is biholomorphic.

Proof. Consider the holomorphic mapping (x,, ) le: X X V— V.
Then we see easily that (x, -) = J(x,, ) on V for all xe X, because V
is contained in C. Hence

h(x, v) = (¢(x, V), Y¥(x,, V) for all (x,v)e X X V.

This implies that A(-,v): X — Y X {y(x,, v)} (C Y X W) is biholomorphic
for every ve V, ie., ¢(-,v): X — Y is biholomorphic for every ve V. Since
X and Y are contained in C, we see easily that ¢(-, v) = ¢(-, w) on X for
all v, we V.

LemMmA 3. Suppose that X and Y are contained in C and that V and
W are primary. If (x, -): V— W is non-constant, then (x,, -): V— Wis
biholomorphic.

Proof. By Lemma 1, A(x,, -): V— Y X W’ is biholomorphic, where
Y = ¢(x,, V)(C Y) and W’ = (x,, V) (C W). Note that dimc; W > 0,
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because (x,, -): V— W is non-constant. Since V is primary and dim, W’
> 0, necessarily dim; Y’ = 0. This means that ¢(x,, -): V— Y is constant
and (x,, -): V— W’ is biholomorphic. Now, by Lemma 1, W’ is a direct
factor of W. Since W is primary, we conclude that W/ = W. Hence
(%, -): V— W is biholomorphic.

§4. Proofs of Theorem 1 and Corollary 1

Proof of Theorem 1. Let X be a complex analytic space of the col-
lection C and let X, X --- X X, be a primary decomposition of X. Take
another primary decomposition ¥, X .-+ X Y, of X. Since X, X --- X X,
and Y, X --- X Y, are biholomorphic to X, they are contained in C.
Hence, by Proposition 3, X, - -+, X,, ¥, -, Y, X, X --- X X, (i =2,---,n)
and Y, X --- X Y, (j =2,---, m) are also contained in C. Take an arbi-
trary biholomorphic mapping

f:(ﬁ’,fm)xx XXn“')Y1>< e X Ym-

Then, after a suitable reordering of Y, --.,Y,, we may assume that
fulxy -+, %, 4, -): X, = Y, is non-constant on X, for some (x, ---, x,_,) of
X, X -+ X X,_.,.. By Lemma 3, we see that f,(x,, ---,%,_;, -): X, = Y, is

biholomorphic. Furthermore, by Lemma 2, f,(x, -, %,_;, -): X, — Y, is
independent of (x,, ---,%,.,) in X, X -+ X X,_, and

(fl(')xn)y ""fm—l("xn»:Xl X X Xn_x“) le X -+ X Ym_,

is a biholomorphic mapping which is independent of x, in X,. By these
argument, Theorem 1 is easily proved by induction on n.

Proof of Corollary 1. Suppose that V X X is biholomorphic to VX Y
for complex analytic spaces X, Y and V contained in C. Let X, X -+ X
X, Y X - XY,and V, X --- XV, be the primary decompositions of X,
Y and V, respectively. Obviously, VX -+ X V, X X, X --- X X, and V
X+ XV, XY, X ... XY, are primary decompositions of V X X. Note
that V x X is contained in C by Proposition 3. Hence, by Theorem 1,
£ =m and {X|, -+, X}} is equal to {Y}, --,Y,} as sets of biholomorphic
classes of complex analytic spaces. Then X, X ... X X, is biholomorphic
to Y, X --- X Y, i.e.,, X is biholomorphic to Y.
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§5. Proof of Theorem 2

Let V be a hyperbolic complex analytic space and let X, Y be complex
analytic spaces such that V X X is biholomorphic to V X Y. Decompose
X and Y by complex analytic spaces V’, V”/, A and B so that the follow-
ing hold:

(1) X is biholomorphic to V' X A and Y is biholomorphic to V" X B.
(2) V'’ and V" are hyperbolic.

(8) A and B have no direct factor of positive dimension which is
hyperbolic.

Consider the hyperbolic complex analytic spaces C= VX V' and D=V
X V”. Then we have a biholomorphic mapping A = (¢, ¥): C X A — D X
B. Take any point x of C. By Lemma 1, we have the following:

(4) D = ¢(x, A) and B’ = (x, A) are complex analytic subvarieties of D
and B, respectively.

() h(x,-):A— D x B is biholomorphic.

Since the subvariety IV of the hyperbolic complex analytic space D is
hyperbolic, A has a direct factor which is hyperbolic. Hence it is neces-
sary that dimg D’ = 0. This means that ¢(x, -): A — D is constant for any
xe C. Now, write »' = (a, 8) on D X B by holomorphic mappings «:D
X B—C and f:D X B— A. Then, by the similar argument above,
a(z,-): B— C is constant for any ze D. Thus we have, for arbitrarily
fixed points y,€ A and w, € B, a(é(x, y,), w,) = x on C and ¢(a(z, wy), ¥,) = 2
on D. This means that C is biholomorphic to D. Hence V’ is biholo-
morphic to V” by Corollary 1. Take any x,e C and put {2} = ¢(x,, 4) C
D. Then (2, v(x,¥)) =y on A and (x,, (2, w)) = w on B, because x,
= alg(%o, ¥o), Wy) = a2, Wy) = a2, w) for any we B. This means that A
is biholomorphic to B. Hence V’ X A is biholomorphic to V" X B, i.e,
X is biholomorphic to Y.

§6. Proof of Theorem 3

Decompose X and Y by compact irreducible complex analytic spaces
V', V”, X, and Y, so that the following hold:
(1) X is biholomorphic to V' X X, and Y is biholomorphic to V" X Y..
(2) V’ and V” are of general type.
(8) X, and Y, have no direct factor of positive dimension which is of
general type.
Put V,=V X V' and V, = V X V”. Then V, and V, are of general type
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(cf. Ueno [10], p. 69). Since V X X is biholomorphic to V X Y, we have
a biholomorphic mapping ~ = (¢, ¥): V, X X, —» V, X Y. Put V, = ¢(v, X))
(C V) and Y, = (v, X)) (C Y, for each ve V.. By Lemma 1, h(v, -): X,
— V, X Y, is biholomorphic for every ve V,. Write A~ = (a, f): V, X Y,
— V. X X,. Now, take any y,¢ Y, and put S = a(V,y,). Then S is a
compact irreducible complex analytic subvariety of V,. Consider the holo-

morphic surjection @ = a(-, y,): V;— S. Then we have the following asser-
tion:

a'v)y=1V, for any ve S.

Proof of the above assertion. Take any v € @ '(v), where ve S. Then
oV, y) =v and hence (V,y)eh(v,X)) =V, X Y,. Hence ve¢V, Con-
versely assume that v e V, for some veS. Since v = a(v’,y, for some
V' eV, ¥ =9, ", y)) e Y,. Hence (V,y)eV, X Y, =h(v,X,). Then
alv,y) = v, i.e., Vea(v). This completes the proof of the assertion.

Now, put n = Min {dim; @ '(v); ve S}. Since @ '(v) = V, = ¢(v, X)) is
irreducible for every ve S, we see easily that U = {ve S;dim; V, = n} is
open dense in S (cf. Proposition 7 of Holmann [2]). Furthermore, dim, V,
= n + dim; S by the maximal rank theorem (cf. Narasimhan [12], Chapter
VII). On the other hand, by Theorem 6.12 of Ueno [10], there exists an
open dense set U’ of S such that

H(V) < t@ (V) + dimg S = #(V,) + dimg S

for any ve U’. Note that U N U’ is also open dense in S. Since V, is
of general type, i.e., &(V,) = dim¢ V,, we obtain

«(V,) = n = dimg V,

for any ve U N U’ because of the general fact that #(V,) < dim, V, (ve V).
Hence V, is of general type for any ve U N U’. Since X, is biholomorphic
to V, XY, (ve V) and it has no direct factor of positive dimension which
is of general type, we obtain n = 0 necessarily. This means that ¢(v, -):
X, — V, is constant for every ve U. In fact ¢(v, -): X, — V, is constant
for every ve S, because U is dense in S. Furthermore, dim; V, = dim, S
< dim, V,. By applying the above argument to A™: V, X Y, -V, X X,,
we have dim, V, < dim, V,. Hence dim, V, = dim, V, = dim; S. By the
irreducibility of V,, we see that S = V,. Consequently ¢(v, :): X, — V; is
constant for every ve V.. Hence the biholomorphic mapping 5 has a
representation
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h(vr x) = (¢1(l)), 1!/‘(1), x»

for each (v,x)e V, X X,, where ¢,: V, — V,. Similarly, 2! has a represen-
tation

h™(w, 2) = (y(w), f(w;, 2))

for each (w,2)e V, X Y,, where «a,: V,—> V. We see easily that V, is
biholomorphic to V, and X, is biholomorphic to Y,. Then, by Corollary
1, V' is biholomorphic to V”. Hence V’ X X, is biholomorphic to V" x
Y,, i.e., X is biholomorphic to Y.

§7. Example

In this section complex analytic manifolds are always paracompact
and connected. Let M be a complex analytic manifold of complex dimen-

sion n. Consider the complex vector space H of all holomorphic n-forms
f on M such that

[ =D AF<e.
Then H is a Hilbert space with the inner product
()= =0 fAg forfgeH.

Further we know that H is a separable Hilbert space. Hence we have
the Bergman kernel form K, defined on M X M (cf. Kobayashi [6],
Lichnerowicz [11]). Suppose that

(A.1) Given any point z of M, there exists an fe H such that f(z) + 0.
Then, associated with the Bergman kernel form K, on M X M, we have
the positive semidefinite quadratic form ds% on M which is invariant under
the holomorphic automorphism group Aut (M) of M (see [6]). The complex
analytic manifold M is called a Kobayashi manifold if the form ds% is
positive definite on M; then dsj}; is called the Bergman metric on M. It
has been proved in [6] that, for any complex analytic manifolds M, N of
complex dimension m, n respectively,

KMXN = ("DmnKM AN KN on (M X N) X (MX N) .

Take any complex analytic manifolds M and N such that M X N satisfies
the condition (A.1) above. Using the Fubini’s theorem we see that M and
N satisfy the condition (A.1). Then we have
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dsl . n = dsiy + dsk on M X N.

Hence M and N are Kobayashi manifolds, if M X N is a Kobayashi mani-
fold. In fact, the converse is also true (cf. [6]). We obtained that if M
is a Kobayashi manifold with a primary decomposition M, X --- X M,, then

(M, dsy) = (M, dsiy,) X -+ X (M, dsiy,) .

By the uniqueness of the (Kahler) de Rham decomposition of Kéahler
manifolds (cf. Kobayashi and Nomizu [7]), we can conclude that, for any
simply connected complete Kobayashi manifold (M, ds%), primary decom-
positions of M are given by the (Kihler) de Rham decompositions of the
Kiahler manifold (M, ds%).

ExamprE 1. Let D be a homogeneous bounded domain of C™ (the
cartesian product of the complex line C). Then the Bergman metric of
D is complete, and D is simply connected (cf. [3]). Kaneyuki [3] proved
that the (Kdhler) de Rham decomposition of D is given uniquely by the
product of irreducible homogeneous bounded domains D,, ---, D, up to
isometries. Since D is hyperbolic (cf. Kobayashi [4]), by Theorem 1 we
see that D, X --- X D, is the unique primary decomposition of D. Fur-
thermore, if each D, is not biholomorphic to D, G xj =1, ---,n), then
Aut (D) = Aut (D)) X --- X Aut (D,) by Corollary 2.
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