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Abstract

We consider the Bergman spaces consisting of harmonic functions on the unit ball in R" that are square-
integrable with respect to radial weights. We will describe compactness for certain classes of Toeplitz
operators on these harmonic Bergman spaces.

1991 Mathematics subject classification (Amer. Math. Soc.): 47B35, 47B38.

1. Introduction

Let n > 2 be a fixed integer. We use the notation B = {x € R" : |x| < 1} and
S =0B = {x € R" : |x| = 1}. Let o denote the rotation-invariant area measure on
S, normalized so that ¢ (S) = 1. If u is harmonic on B, then « has the mean value

property
(1.1) uly) = /u(y +r&)do(g),
s

whenever the ball B(y,r) C B. For —1 < a < oo letdV,(x) = (1 — |x]))*dV (x),
where V' denotes Lebesgue volume measure on R". The harmonic Bergman space
b**(B) is the space of all harmonic functions u which are in L*>(B, V,). Integrating
(1.1) with respect to » we obtain

1
=7 dV,(x),
u(y) Vu(B(y9 r)) B(y.r) M(X) (\)
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2] Toeplitz operators on Bergman spaces 137

whenever B(y, r) C B. Consequently, if u is harmonic on B, then

1 , 172
(1.2) [u(y)l < V.BG.)" (/B(y‘r) e (x)| dVa(X))

(1.3) lull.

S S
~ Vu(B(y,rn'?
whenever B(y, r) C B. Inequality (1.3) implies that 5>*(B) is a closed subspace of
L*(B,V,), thus a Hilbert space. We denote the orthogonal projection of L*(B, V,)
onto b**(B) by Q,. For f € L>(B) the Toeplitz operator T; : b*>*(B) — b**(B) is
defined by

Tou = Q[ ful, u € b**(B).

The operator T is clearly bounded on b**(B): ||T;|l < || f]le. For certain classes of
symbols we will describe when these operators are compact.

2. Preliminaries

Inequality (1.3) shows that for fixed y € B the linear functional u +— u(y) is
bounded on b**(B). By the Riesz-Fischer Theorem, there exists a unique function
R, (-, y) € b**(B) for which

2.1 u(y) = (u, Ry(-, y)), u € b**(B).

The mapping R, is called the harmonic Bergman kernel of b>*(B). Note that the
projection operator Q, is the integral operator with kernel R,:

(2.2) Qu[f1(y) =/f(X)Ra(x,y)dVa(X),
B

for f € L*(B, V,) and y € B. The Bergman kernel is easily expressed in terms of the
so-called zonal harmonics. We recall some terminology before we define these zonal

harmonics.
A polynomial on R” is homogeneous of degree m (or m-homogeneous) if it is a
finite linear combination of monomials xf' -« -xk where k, - - - , k, are non-negative

integers such that k; +- - - +-k, = m. Note that a polynomial p on R” is homogeneous
of degree m if and only if p(tx) = t" p(x) for all x € R" and all + € R. The space
F,(8) of restrictions to S of harmonic homogeneous polynomials of degree m, the
so-called spherical harmonics of degree m, is a (finite-dimensional) Hilbert space
with respect to the usual inner product on L(S, do’), where o denotes the normalized
surface-area measure on S. For each & € S the linear functional p — p(§) on
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the space 7%, (S) is uniquely represented by a harmonic m-homogeneous polynomial
Z (-, &), called the zonal harmonic of degree m at £. Extending Z,, to a function on
R"” x R" by setting Z,,(x, y) = |y|"Z.(x, y/|y|), and using that each zonal harmonic
Z,(-, &) is real valued (see [1, pp. 78-79]) we have

(2.3) /p(K)Zm(C, ydo () = p(y)
N

for every harmonic m-homogeneous polynomial p. Spherical harmonics of distinct
degrees are orthogonal, that is,

Q4 /pqda=0
S

if p and ¢ are harmonic homogeneous polynomials of distinct degree. If p is an
m-homogeneous harmonic polynomial, then, using integration by polar-coordinates,

1
/P(X)Zm(x,)’)dVa(X) =nV(B)/ r"_l/P(ri)Zm(l'K,Y)dU(C)(l —rh)*dr
B 0 N

1
= nV(B)P(Y)/ rEmIt A — ) dr
0

(% +mI(e+ 1)
FrG+m+a+1)

n
= EV(B)p(y)

It follows that
2 i FrG+m+a+1)

2.5) R0 = 58 & +ml(a+ 1)

Zn(x, y).

m=0

Using that Z,,(y, y) = h,,|y|*", where h,, denotes the dimension of the space %, (S)
(see [1, page 80]), we get

Ry (y,y) =

2 if‘(%+m+a+l)

2 Y17
nV(B) 2 T2 +mT @+ 1)

m=0

The numbers #,, can be expressed in terms of binomial coefficients:

) _
(2.6) n,= (""" L(mTm T,
n—2 n—2

for m > 1 (see [1, page 94]), and it is easily shown that A, ~ 2m"~%/(n — 2)! as
m — oo. By Stirling’s formula, I'(m + ¢)/m! ~ m“~' as m — oo, forall ¢ > 0.
Using =~ to denote that the ratio of two quantities is bounded above and below by
constants independent of the variable, we thus have (I'(5 +m+a+1)/ T'(5+m))h, =

['(m + n 4+ «)/m!, and conclude that
1
2.7 Ry, y) ® ————r.
P A=y
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3. Compact Toeplitz operators with continuous symbols

In this section we will describe compactness of Toeplitz operators on the harmonic
Bergman spaces b>(B) with uniformly continuous symbols. Our results generalize
those recently obtained by Miao [4] for Toeplitz operators on the unweighted harmonic
Bergman space (¢ = 0). Miao made use of the explicit formula for the reproducing
kernel of the unweighted harmonic Bergman space given in [1, Chapter 8]. For
weighted harmonic Bergman spaces no such formula is available, and we will use a
different approach to obtain estimates on the reproducing kernels.

PROPOSITION 3.1. Let —1 < a < oo. If f € L*(B) has compact support, then T¢
is compact on b**(B).

PROOF. If f € L>*(B) is supported in pB, where 0 < p < 1, then
/flf(x)lIRa(x,y)lde(x)dV(y) < IIflloof R, (y, y)dV(y) < oo,
B JB pB

so Ty is Hilbert-Schmidt on b**(B).

PROPOSITION 3.2. Let —1 < a < 00. In b**(B) we have R,(-, ¥)/||R.(-, y)|| = O
weakly as |y| — 1°.

PROOF. Using the reproducing property and (2.7) we have

_
(1= Iy’

It is easily verified that V,(B(y, (1 — |y])/2) = (1 — |y|)"™. So, if u € b**(B), then
it follows with the help of (1.2) that

K“ _R(_L)_>1 <C (/ (P dv, (x))l/2
NIRRT Bly.(1=1¥))/2) ) ’

and thus (4, Ro (-, )/IIR. (-, Y|} — Oas |y| = 17

”Ra('w y)”2 = <Ra('# )’), Ra(" )’)) = Ra(y’ )’) =~

For —1 < a < oo and f € L*™(B) define the Berezin transform fof f by

Ra("y) , Ra('vy) >’ eB
“Ra(’y)” ”Ra(’y)"

foy= <Tf

Note that even though this is not reflected in the notation, f does depend upon .
Clearly, | f(y)| < IT7ll < | flloo, forall y € B.
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If T; is compact on b**(B), then T; maps weakly null sequences to norm null
sequences, so that by Proposition 3.2, [T, (R, (-, )/ R.(-. »)IDI| — O as |y| — 17,
and thus f(y) — 0 as |y| — 1-. We do not know whether the converse is true in
general. In the next section we will prove that the converse holds if f is a radial
function. Let Cy(B) denote the subalgebra of C (B) consisting of all continuous
functions g on B such that g(y) — 0Oas|y| — 17. For uniformly continuous symbols
we have the following result.

THEOREM 3.3. Let —1 < < oo and f € C(B). Then: T; is compact on b**(B)
ifand only if f € Co(B).

In the proof we will need the following lemma.

LEMMA 3.4. Let —1 < @ < 0o. If0 < § < 1, then there exists a finite positive
number Cs such that |R,(x, y)| < Cs whenever x, y € B are such that |x — y| > 8.

PROOE. If k is an integer, then it follows from [2, Lemma 3.2] that there exists a
finite number C such that | R, (x, y)| < C/(1=2x-y+|x[*|y|*)"**/2 forall x, y € B.
Since 1 = 2x -y + [x)2 |y = |x — y?+ (A = |x>)(1 — |y]*) > |x — y|?, we obtain

(3.5 [R(x, )| <
[x

_ y[ll+k ’

for all x, y € B, and the stated result follows with C; = C/§"**.
Suppose k — 1 < a < k, where k > 0 is an integer. Using (2.5) it is easy to verify
that

k!
e + DTk

1
(36) Ra(_X, y) = a) f 2f”+2a+le(f.X, {))(1 _ Iz)k-a_l dr.
- 0

If x, y € B are such that |[x — y| > § it follows from (3.6) and (3.5) that

k! !
Ra , < . 2t11+2a+1 R.(t 1y 1 _[2 k—a~ldt
IR (x, y)| = F(a+1)r(k—a)/0 |Ri(2x, 1y)|( )

k! 2C

1
< 12a~k+l 1— 12 k—a—1 dt.
T I+ DItk — o) §7+F ,/0 ( )

So the constant C; = CT' (e — £ + Dk!/(8"* (e + DT (% + 1)) works.
2 2

PROOF OF THEOREM 3.3. The implication using f € Cy(B) follows easily from
Proposition 3.1.

https://doi.org/10.1017/5144678870000135X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870000135X

[6] Toeplitz operators on Bergman spaces 141

To prove the other implication we need only show that f — f € Cy(B). Using
Lemma 3.4 and the observation that

3 1
fy) —fy)=——— /(f(x) ~ FONRL(x, y) dV,(x)
Ra()’, )’) B

we get

Fo) = FOl < R( /If(x) FO) Rax, yY2 dVa(x)

1 2CH f lloo
Sw(a)_’ Ra(x’y)zdva(x)_i_ifL
R.(y,y) Jsirs) R,(y,y)

< 0@+ G = [y "™ fllos

where w(8) = sup{|f(x) — f(z)| : x,z € B, |x —z| < §}. Letting |y] - | we
obtain

limsup|f(y) — f(DI < w(é),

yl—1-
for each 0 < & < 1. Since f € C(B), w(8) — 0 as § — 0 we conclude that
FO) = f(y) > 0as|yl — 1.

If £ (b*%(B)) denotes the Banach algebra of all bounded linear operators on
b**(B), and ¥ denotes the ideal of compact operators in .Z(b**(B)), then the
essential spectrum of an operator T in .%(b**(B)), denoted by o,(T), is the spectrum
of the operator T + ¥ in the Calkin algebra £ (b**(B))/. X .

THEOREM 3.7. Let —1 < a < oo and f € C(B). The essential spectrum of the
operator Ty on b>*(B) is 0,(Ty) = f(S).

In the proof of the above theorem we will make use of Hankel operators. For
f € L=(B) the Hankel operator H; : b**(B) — L*(B,dV,) is defined by H;u =
(I — Q) ful, u € b**(B). In [5] it was shown that for every f € C(B) the Hankel
operator H; is compact on b**(B). The following identity gives a simple relationship
between Toeplitz and Hankel operators:

(3.8) Tpe —T;T, = H;Hgv
for f, g € L*(B).

PROOF OF THEOREM 3.7. We first show that f(§) C o.(T;). Suppose & = f (&),
with ¢ € S. We claim that T,_; cannot be left-invertible in the Calkin algebra, so that
& € 0,(Ty). To prove this claim we first observe that the argument in the proof of
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Theorem 3.3 shows that ||(f — f(»))Ra (-, ¥)/ R, YII|| = Oas|y| — 17, and thus
|T;—¢ R, )/ Ru(-, )II| = Oas y — ¢ in B. If T is a bounded linear operator on
b>*(B), then

Ra y Rot sy
<(1—TT,_§) (3) R y)>

<T Ra('s }’) T*Ra('» }’)>
, - 1
IRaCo W R, P

T IR IR W)

as y — ¢ in B. It follows that TT;_, — I cannot be compact on b>*(B), proving our
claim.

To complete the proof we show that if £ € C\ f(§), then T;_; is invertible in the
Calkin algebra. Suppose & ¢ f(S). Then there are 0 < r < 1 and g € C(B) such
that (f —&)g = 1 on B\ B(0,r). The function h = 1 — (f — &)g is compactly
supported, so by Proposition 3.1, T}, is compact on b>(B). Using (3.8) we have

Tr—Ty = Tiy-erg — H}_EHg =1-T, - H;Hg'

By [5, Theorem 4.3], the operator H}Hg is compact, thus T, + H}Hg € X, and
consequently Ty _; is right-invertible in the Calkin algebra. That T;_; is also left-
invertible in the Calkin algebra is proved similarly.

COROLLARY 3.9. Let —1 < a < o0o. If f € C(B), then the essential norm of T;
on b**(B) is given by || Ty |l = sup, | f ().

PROOF. By (3.8), T/ Ty — T;T; = H:H; — Hf*H} is compact on b>*(B). Thus
T; + ¢ is normal in the Calkin algebra, so that its norm is equal to its spectral radius,
and the stated result follows from Theorem 3.7.

4. Compact Toeplitz operators with radial symbols

Korenblum and Zhu [3] proved that for a radial symbol the Toeplitz operator on
the Bergman space of analytic functions on the unit disk is compact precisely when
its Berezin transform vanishes near the unit circle. In {6] the author generalized
Korenblum and Zhu'’s result to the setting of weighted Bergman spaces of analytic
functions on the unit ball in €". The following theorem shows that the analogous
result holds for Toeplitz operators on weighted harmonic Bergman spaces.

THEOREM 4.1. Let —1 < a < oo and let f be a bounded measurable radial
function on B. Then: Ty is compact on b**(B) if and only if f € Co(B).

The proof of Theorem 4.1 makes use of the following lemma.
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LEMMA 4.2. If f is a bounded measurable radial function on B, then each homo-
geneous harmonic polynomial of degree m is an eigenvector of Ty with eigenvalue
given by

FrG+m+a+1) [!

4.3) A =
FrE+mU@e+1) Jo

2r 21 (ry(1 — r¥)* dr,

where ¢ is a bounded measurable function on [0, 1), for which f (x) = ¢(|x|), for all
x € B.

PROOE. If p is an m-homogeneous harmonic polynomial, then, using (2.3), (2.4)
and (2.5),

G +m+a+1)
nV(B)[' (5 +mT(x+1)

/P(Z)Ra(ri ydo(g) = r"p(y)
S

and thus we have

(Tfp)(y)=/f(X)P(X)Ra(x,y)dVa(X)
B

1
=nV(B)/ r"+'"_'<ﬂ(r)/P(é’)Ra(r€, y)do () —r’)*dr
0 N

r¢+m+e+1) (!

2=l (n (1 — rH)* dr,
Fermi@rn ) & 204

= py)
establishing the proof.

As in Korenblum and Zhu’s argument, we will need a Tauberian theorem. The
following lemma follows from a classical result of Hardy and Littlewood (see [6]).

LEMMA 4.4. Let 0 < v < 00, and let (b,,) be a sequence of complex numbers for
which sup{|(m + 1)b,, — mb,,_(| : m > 1} < 0o. Then:

. I'm+v+1) B
v+1 m
(1-1 E TGO D) bt™ >0 as t—1

m=0
if and only if b,, — 0 as m — oc.
PROOF OF THEOREM 4.1. If f(x) = ¢(}x]|), for all x € B, where ¢ is a bounded

measurable function on [0, 1), then integrating by polar coordinates, using (2.5) and
(2.4), it is readily verified that

1 ir(§+m+a+1)

Rk | Y177
Ry, ¥) &5 TG +mT(e+1) Y

fo) =
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where A, is as in (4.3).
Now, suppose f(y) — Oas |y| — 17. Using (2.7) we get

rG+m+a+l)
— 1y |)"+"Z

n hm)»mf,\'lzm -0
T+ mT(a+ 1)

(4.5)

m=0
as |y| — 1. We will use Lemma 4.4 to prove that 4,, — 0 as m — 0o. We first
show that sup{m|A,, — A,_| : m > 1} < oc. Rewriting the integrand in the integral
in (4.3) using 2@ (r) = @(r) — (r)(1 — r?), it is easily seen that

2 2 ré+m+a+1 [ S )
Am _ n—+2m-+ 2a L (2 ) 2’,n+_mf}(p(’_) (1 _ ’.-)OH-I d",
n+2m-—2 reG+mae+1) Jy
thus
)‘-m - )\m—l

. 2(1+aw) rG+m+a+1)
T n4+2m=2""" rGg+mrl+1)

1
2’.11*2/;1‘3(!)(’.) (l _ ,.2)or+l d'.’
0
and the claim follows from the estimate

I 1
)/ 2’.n+2m—3(p(’,) (1 _ ’,2)a+l d’,l S ”(p”oo/ 2',nvlm—3 (1 _ ’,2)01-+-1 d’.
0 0
Fr&+m-—DI'(e +2)

= [ flls S C——
Write
rG+m+a+1) _Tm+n+a)
FrE+mTa+D ™" mThr+ao
Then

(m + l)bm - mbm—l - {(m + l)am - mamfl})‘m + nl()\-m - )\m—l)am—ls
where the a,, are given by

mTn+a) TG+m+a+1)
Fm+n+a)TE+mT@+1) "

ay, =

It follows that the b, satisfy the condition of Lemma 4.4 once we show that the
(m + Da,, — ma,,_, are bounded. A calculation shows that

(m+ Da, — _(m+l)!I“(n+ot)F(%+m+a+l)( )
o T e TG +ml @+ 1) "
B-—nm+n+a)2—-3)-1 m!T(n+a)l'(5 +m+a)

m+n+a-DGE+m—-1) Tm+n+a—-DIE+m— D@+ 1)

m-—1-
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It follows easily from (2.6) that
nm+2m-2Y(n—-1) nm+m-—4)!

m(m — 1) (m—2'(n—2)!"
for m > 2, thus h,, — h,_, ~ m"~>. Recalling that k,, &~ m™~2, our claim that the
(m + 1)a,, — ma,,_, are bounded follows with the help of Stirling’s formula. Applying
Lemma 4.4 we conclude that b,, — 0 as m — oo. Since the a,, have a non-zero limit,
we conclude that A,, — 0 as m — 00, and thus T, is compact on b>e( B).

hm - hmfl -

5. Compact Toeplitz operators with discontinuous symbols

We write b2(B) for the unweighted harmonic Bergman space b*°(B). If T; is
compact on b*(B), then T;: need not be compact. In fact, there are functions f on
B for which T; is compact, and T;- is the identity operator on b*(B). We will show
this by considering a class of Toeplitz operators whose symbols are radial functions
taking only the values 1 and —1.

Let (1) and (s;) be sequences of positive numbers converging to 1 with 0 = r, <
§; < Fy < 2 < ---,and define f on B by

. =1, ifr <lx| <s,
(5.1) fx)= .
I, if s < |x| < resae
By Lemma 4.2 the eigenvalues of T, are given by
(52) }\m — Z (rI:IIIZm _ 2s21+2m + r]:z+2m) .
k=1

THEOREM 5.3. Let f be the function given by (5.1) with r, = 1 — 1/k, where

¢ > 0,and s, = (ry + ri1)/2. Then: Ty is trace-class on b*(B) ifc < 1/(n —1).

PROOF. Note that each of the terms of the series in (5.2) is positive. Using that the
multiplicity of A, is A,, and the fact that 4, =~ (m +n — 2)!/m!, we conclude that

tr(Tf) = Z Anh, Z Z {rf:lZm + ’n+2m 23£+2m} h,
m=0

=1 m=0
o o0
n+2m n+2m n+2m (m+n—2)'
SCZZ {resyr + o — 2502 T =T
k=1 m=0 - .
x rn i 25"
= C k+l + k _ k .
Zl { (1 _ ’l\ l)n 1 (1 — "/3)”_] (1 _ si)n—l
x5
< Z
=1

(1 — ’k)"+]
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where 8, = riy1 — 85 = 8¢ — 1. So,if Y o 87 /(1 — )™ < oo then T; is trace-class
onb*(B). Forry = 1—1/k‘and sy = (ry+riyp1)/2 wehave 28, = 1/k“—1/(k+1)° =
1/k<*', thus 82/(1 — r;)"™' = 1/k>~"~D¢_and we see that T is trace-class on b*(B)
if (n —D)c < 1, thatis,ifc < 1/(n —1).

THEOREM 5.4. Let f be the function given by (5.1) with s, = (ry + ri11)/2 and put
8 = 41 — Sk = sy — 1. Then: Ty is compact on b*(B) if and only if

& /(1 —r)—>0 as k— oc.
In the proof of the above theorem we will need the following lemma.

LEMMA 5.5. Let m be a positive integer, and let (r;) be an increasing sequence of
positive numbers converging to 1 and 26, = ry,, — ri, for all k, then

> 268, 1
5.6 <
(5-6) ; (1 =r)y"tt — (1 =—0)m

forall0 <t < 1.
PROOF. Since ryy, > ry, we have
j+1 j+l1

r = > e — )G A D > 23+ D&,

and consequently

. . 1 ; 1
28 2j <— j+l_ J+1 - l_rj+l <
E Wy = 7 E ( Vi ) j+1( 1 )_j+1

Thus

22 28: 2. (j +m)! G+m! 1 .
_— = 28 t/ < t-/
;(l_rﬁ)mﬁ Z lm' {Z r l Z ’m' j+1

j=0
1 1 il < 1
Com A=) T a-n
proving the stated result.

PROOF OF THEOREM 5.4. Write R for the reproducing kernel of b*(B).
Step 1. Using equation (2.5) it is easy to show that for 0 < r < 1 we have

[ RGPV =3 2mr

rB m=0
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Consequently,
- 1 xX o0
657 fy = YO A 2my = 257 A Py P
RO, ) = 7=t
Step 2. Similar to the proof of Theorem 5.3: there exists a finite positive constant
C such that
foy<ca —|y|2)"i{ i }
- A=y - Q=-rfyp A=siypr]’
forall y € B.

Step 3. There is a finite positive constant M for which we have the inequality

n n n 2
i e 25 M

+ — ’
A =rialyPy A =rflyPr A=y = A =rZly)m?

forallk > landall y € B.
Step 4. It follows from steps 2 and 3 and Lemma 5.5 that

~ K n n 2S"
<C( = v}y l Tt + " _ k }
fO = CO-N 2\ Goa ey Y T~ sy
o0 82
! _ 2\n k
HCU=bD Y T

k=K
K n " ¢
=Ca-bir e R e o e o
K n Y 3
s CU=bEy ;{a A e —ZS?(W)"}

’ ( 8/\ )
+ C'sup ,
kEK 1 *rk

for all y € B and every integer K > 1. Because each of the terms in the series (5.7)
is positive,

i 5
limsup | f(y)| < C’sup(1 kr )
— Ik

[¥[—17 k>K

for every integer K > 1. So, if 8,/(1 — r;) — 0 as k — oo, then f(y) — 0 as
ly] = 17, and by Theorem 4.1, T; is compact on b*(B).

https://doi.org/10.1017/5144678870000135X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870000135X

148 Karel Stroethoff [13]

To prove the converse, note that the inequalities in steps 2 and 3 can be reversed to

obtain \
. 20 1)
M =cd -1y )y —F——
f) =c—yP ; T
for all y € B. In particular, for £ € S we have frg) = (1 - rdy" 8 /(1 — ryr+2,
which easily implies that (6,/(1 — r))? < Cf(r&), forall k > 1. If T} is compact
on b*(B), then f(r.&) — 0, and hence 8, /(1 — r;) — 0 as k — oo.

COROLLARY 5.8. Let f be the function given by (5.1) withr, = 1 — 1/k°, where
¢ > 0and sy = (ry + ri41)/2. Then Ty is compact on b*(B).

PROOF. Since 8, = 1/k“*', we have 8§, /(1 — r;) ~ 1/k.
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