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0. Introduction

Suppose F is an additively written free group of countably infinite rank with basis
T and let E = End(F). If we add endomorphisms pointwise on T and multiply them
by map composition, E becomes a near-ring. In her paper “On Varieties of Groups
and their Associated Near Rings” Hanna Neumann studied the sub-near-ring of E
consisting of the endomorphisms of F of finite support, that is, those endomorphisms
taking almost all of the elements of T to zero. She called this near-ring ®,. Now it
happens that the ideals of ®, are in one to one correspondence with varieties of
groups. Moreover this correspondence is a monoid isomorphism where the ideals of
@, are multiplied pointwise. The aim of Neumann’s paper was to use this isomor-
phism to show that any variety can be written uniquely as a finite product of primes,
and it was in this near-ring theoretic context that this problem was first raised. She
succeeded in showing that the left cancellation law holds for varieties (namely,
U(V)=U'(V) implies U = U’) and that any variety can be written as a finite product
of primes. The other cancellation law proved intractable. Later, unique prime fac-
torization of varieties was proved by Neumann, Neumann and Neumann, in (7). A
concise proof using these same wreath product techniques was also given in H.
Neumann’s book (6). These proofs, however, bear no relation to the original near-ring
theoretic statement of the problem.

The present paper originated in an attempt to find a near-ring theoretic proof of
unique prime factorization of varieties. In the course of this it was found that not only
does the set V, of varieties (or equivalently, fully invariant subgroups of F) possess a
natural monoid structure, but this can be extended to an equally natural multiplication
on C, the set of characteristic subgroups of F. Moreover, all results that could be
obtained near-ring theoretically about the arithmetic of V could also be obtained for
C. As a further indication that arithmetic in C is similar to arithmetic in V, Lemma
23.21 of (6), which H. Neumann uses to prove unique prime factorization of varieties,
can be restated verbatim for characteristic subgroups, and a proof of this would
amount to a proof of unique prime factorization in C.

The advantage of considering the full endomorphism near-ring E instead of &,
for the study of subgroups of F, is that the ordered bases of infinite rank subgroups
are elements of E. The set of ordered bases for elements of C, denoted BC, turns out
to be a multiplicative subset of E and contains a submonoid BV, consisting of the
ordered bases of elements of V. The problem of unique prime factorization in C
amounts to the problem of unique prime factorization up to multiplication by units in
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BC. As a possible indication that unique prime factorization holds in C we can show
that both cancellation laws hold in BC.
Arithmetically, V is a very special submonoid of C. In fact,

K,K'€ C, K(K')E V implies that K,K' € V.

This means that unique prime factorization in C implies unique prime factorization in
V. The wreath product proof of unique prime factorization in V does not extend to a
proof of that result for C. We conjecture that unique prime factorization does hold in
C but it is likely that much deeper methods than those developed in this paper will be
necessary to prove this.

The rest of the paper is divided into two sections. In the first we give some purely
near-ring theoretic results about E. We show, for instance, that the set of two sided
ideals of E is a monoid under pointwise multiplication and that the closed ideals of E
form a monoid isomorphic to V. In the second section we investigate the arithmetic of
C.

1. The Near-Ring End(F)

For a set A, let Z(A) denote the free group on A. Let T = {t;}7-; be a countably
infinite set and let F = F., = Z(T). Let E be the near-ring with underlying set End(F)
and with addition and multiplication defined as follows:

For f,g € End(F), f+2)t)=f(t)+g(t)forall t €T and f o g = f o g, where maps
are composed on the left.

Let S = {s;}=; be a countably infinite set disjoint from T. For t; € T, let t; = s; and
5; = t. The elements of E can be represented uniquely as infinite sums of the form:
iy wisi, w; € F. Addition is given by (Z wis;) + (€ u;s;) = £ (w; + u;)s;; multiplication by
(Z wisi) o (Z wi(ty)si) = 2 ui(w;)s.. We will use this infinite sum notation throughout this
paper, £ w;s; is understood to mean 7., w;s;.

If we let F have the discrete topology and then let F* = E have the induced
product topology, P, (E, P) is a topological near-ring. Note that x; - x in P if and only if
for N = 1 there exists an M = 1 such thati = M implies (x;); = (x); for 1 <j =< N.Itis easy
to see from this that ¢;—>a, b;—> b in P implies that a;+b,>a+b, a;ocb;>a°b in
P. Since P has a countable basis addition and multiplication are continuous in P. From
now on, by a convergent sequence in E we mean a sequence convergent with respect
to P.

Using the above topology we can define in E both infinite sums and infinite
products though in both cases we must specify the direction in which the sum or
product is taken.

For f € E, let (f); = f(t;). Given {f}.; C E, Z;= f; is the limit of {fi+ - - -+ fu}n=1;
2121 fi is the limit of {f, + - - - + fi}a>1. Whenever we write £, f; we mean ;27 fi. Also
define II;Z £ = Wm{fofs - - - faleat Ui fi =lim{f, . .. fof1}as1. Let e =idg be E’s multi-
plicative identity.
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Proposition 1. Let {f;};-,CE.

(a) 71 fi converges if and only if for N =0 there is an M =0 such that fori <M,
(fiIn = 0. Moreover, 221 f; converges if and only if 21— f; converges, if and only if
221 fi converges.

(b) II3Z fi converges if and only if for N = 1 there is an M =1 such that (fy . .. f)n
is a fixed point of f; for i > M.

(c) fi— e implies II;7] f; converges.

Proof. (a) =27 f; converges if and only if {E}., f;},-1 converges, if and only if for
all N =1 there exists an M =1 such that j,i =M = 3., (fi)v = Zi-, (fi)n. For all
N =1, there exists an M =1 such that is<M = (fi)y =0. Therefore X f;
converges & 32— f; converges & {S™, — f;}.>1 converges ©{Z!., fi}.=1 converges
& 227 fi converges.

(b) ;=1 fi converges © {f....fi}a=1 converges <> for all N =1 there exists an
M =1 such that i,j =M implies (fi...fon = ;... fi)n < for all N =1 there exists
M=1suchthati=M > (f,'. . .f|)N = (fM. . .f])N, ie. f,'(fM. . .f])N = (fM- . -fl)N for all
i=M.

(c) Let f; > e. Then for N =1 there exists M = 1 such that i = M implies (f))ny = In.
Therefore i= M implies (fi...f)n =(fi...fu)n. Hence for N =1 there exists an
M=1suchthati,j=M > (fi...filn =(fi ... fi)n. Hence II;Z f; converges.

We now use infinite products to express any automorphism of Z(T) in terms of
elementary Nielsen transformations. We take all facts concerning Nielsen reduced
subsets of F from Section 3.2 of (4). Following the definition given there we define an
elementary Nielsen transformation in our notation as follows:

Definition 1. An elementary Nielsen transformation is an element of E of one of
the following forms:

(1) 2 sy + (6 + t;)s; where i# ]
(2) EH;_,- s, + tis; + t,-s; where i# j.
() Ziui sk + —tis;.

Let Aut denote the group of automorphisms of F. Let N ={1,2,3,...}. For any
TE AUt, 7= Z;cn-a tiSi + Zica Ti5; Where 7,# 1; for all i € A. We write 7 as 7 =3¢, 7isi
with the understanding that for iZA (7);=tf Now for i#j, (t+ €t;)s; =
(et;s;)((4; + t))s))(et;s;). Similarly (etf; +t)s; can be written as a product of elemen-
tary Nielsen transformations. Thus any automorphism of F fixing all but finitely many
elements of T can be written as a finite product of elementary Nielsen trans-
formations. (See Section 3.2 of (4).)

Proposition 2. (a) With the relative topology from E, Aut is a topological group.
) I3 7 = 1, IIiX] 0: = o, where o;, T, 0, T € Aut, implies

—C0
=]+,

—n
o '=[lor"

i=1
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(c) Every 7 € Aut can be represented in the form,
T= ,ij: Ti = :l_j: T;,
where T, 7; are elementary Nielsen transformations.

Proof. (a) As E is a topological near-ring, we need only show that + =7 'isa
continuous map Aut— Aut. For this it suffices to show that 7; -  implies 7;'—> 77

Now if x; € Aut and x; — ¢, then for all N =1 there existsan M =1 such thati=M
implies that for 1<j=<N(x;); =¢ and so (x;')j =t. Therefore x;—>e if and only if
x7!'— e. Since multiplication is continuous in E, i>r> 7 'nseD>ri'roe > ril>
7L

(b) Since i =71 where 7,7€Aut, {II, 7},=1—>7 and so by part (a)
L, 7i%=1—>7"". Thus ;3 77'=7"". Similarly, II{Zjo; =0 implies that o™'=

—0 -1
i=1 T .

(c) Given 7 € Aut, define o, € Aut by induction as follows: Let o, = e. Suppose a;
has been defined for i <n, n=1. Let p, = 70, ... 0, and let 0,+; € Aut be such that
onri(t) =1t for all i>n+1 and ((Pugrs)r, .- ., (PnOar)n+1) is the result of Nielsen
reducing ((p.)1, . - . , (Pn)a+1) and putting those ¢; that occur in this result first, arranging
them in the order of their indices. One can verify by induction on n that

gp((pn)h ey (pn)n) = gp((7)19 e ooy (T)n)-

Thus for N =1 there exists an M =1 such that M’ =M implies ¢,,..., ty € gp(m)X;
and so ((va')l, ey (er)M') = (tl, ooy tNr(er)NH, ey (er)Mr). This follows from the
fact that if t € T is an element of a subgroup H of F and B is a Nielsen reduced basis
for H, then =t € B. Thus {p,},>1—>¢, and so II;iZ70: ="'+ =I;Z o;'. Each o' is a
finite product of elementary Nielsen transformations we have half of our result. The
other half is obtained by applying our representation for 7 to ! and then using part
(b).

We now apply the theory of Nielsen transformations to characterise the idem-
potents of Hanna Neumann’s near-ring ®, ={f € E|(f); =0 for almost all i}. For
x € E we write (x); = x, = x(t) and x; = (x); = (x); as long as this causes no confusion.

Proposition 3. For a€®,, a’= a_if and only if a = rfr”! where T € Aut and
fED, is of the form f=3,c4 (t + K))t, A a finite subset of T, K, € ngp(T — A) for
tE A.

Proof. a =3cpat where B ={t € T|a,# 0} is finite. Now there exists an x € Aut
such that x, =t for tZB and {(ax),#0|t € B} is Nielsen reduced. Let A=
{t€ T|(ax),#0}C B. Then f=x""ax =34 x '((ax),)t is idempotent with kernel
ngp(T — A) and {fi}es = }(x—lax)t}teA is free.

2=f>f(f—e)=0.For tEA, f,—t is in ngp(T — A) so f, =t + K, where K, €
ngp(T — A). Therefore f = Z,c4 (t + K;)t and a = xfx~!, completing the proof.

Problem. The above characterisation of the idempotents of @, can be extended
to the whole of E if the following is true:

https://doi.org/10.1017/50013091500003655 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500003655

ON THE ENDOMORPHISM NEAR-RING OF A FREE GROUP 107

f€ E > there exists an x € Aut such that {(fx),#0|tE€ T} is free. This is
equivalent to saying that if f € End(F), Ker(f) = ngp(B’) for some B’ C B, B is a basis
for F. As yet we have been unable to prove or disprove this.

Though E is not d.g., it is topologically d.g., as noted by Tharmaratnam in (8).
Thus every fE€ E can be written as an infinite convergent sum of distributive

elements.
Consider {tis;};;=1. These are clearly distributive elements. For fE€EE, f=
Tinywity)si = wi(tys) + watys) + - - - + wi(tisi) + - - - which is clearly a convergent

sum of distributive elements. This infinite sum representation gives multiplication in E
the same convenient structure it has in a d.g. near ring.

Proposition 4. The monoid of distributive elements of E is D = {7, disi|d; € T,
where T = T U{0}.

Proof. Let D denote E’s monoid of distributive elements. Clearly x € T° implies
xs; € D. Thus if d = =7, d;s;, d; € T? then if a,b € E,

(a +b)d =Zi- (a + b)(disi) = 2~ (a(disi) + b(disi)) = ad + bd,

since multiplication in E is continuous.

Now suppose d € D. Since t;5; € D we have dis; € D. Let di=w(t;,...,ty) in F
and let x = E;'=1 t,','S,','. For k = 1, (kX)(d,S,) = k(x(d,-si)) and so W(kt“, ey kt,‘,.) = kw. Thus
w=Mt for some MEZ and tET. Mits;€ED implies that (&t +t,f)Mts; =
(Mt + Mty)s; = M(t, + t))s;. Hence M is 1 or 0 and d; € T°, completing the proof.

We will now consider the ideal theory of E. First we need some notation. If x € E,
denote {x;|i =1} by cmp(x). Let gp(x)=gp(cmp(x)) and ngp(x) = ngp(cmp(x)). If
A CE, let gp(A) = gp(U ,ea cmp(a)) and ngp(A) = ngp( U e cmp(a)).

Note that the underlying group of the near-ring E is F* so we will often refer to
subsets of E of the form H* where H is a subset of F and H® = H* N ®,.

Definition 2. For ACE, A is left closed if E-ACA. A is right closed if
A-ECA. A is two-sided if A is right and left closed.

Remark 1. Forx € E, x - E = gp(x)“.
Remark 2. For a subgroup H of F, H” C E is a right closed subgroup of E.

Proposition 5. The following are equivalent:

(1) ACE s an ideal;

(2) ACE is a two-sided normal subgroup of E;

(3) ACE is a two-sided subgroup and Eg(a)‘” CAfora€A.

Proof. (1)=> (2): If ACE an ideal then A<E, EA=A and for x,y€EE, a€A,
(x + a)y — xy € A. Letting x =0, we have that A is right closed.

(2) = (3): Since |S| = w we may write S as a disjoint union, S = U ser {s;}i-;. Let
x=Zer Zic1fs, €EE, y=3er Zi-1 tisy EE. Take a€A. z=x+ay—-x€A so for
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fEF, i=1z,=x,+(ay),—x;=f+a-f{ By Remark 1, zE = gp(z)* = ngp(a)” C A.
(3)=> (1): We need only show that x, y € E, a € A implies that (x + a)y — xy € A.
But (x + a)y —xy = d + xy —xy where d € ngp(a)” C A. This completes the proof.

We now give explicit formulas for the two-sided subgroup, ideal, and right closed
subgroup generated by a subset of E.

Propeosition 6. For any ACE,
(1) The two-sided subgroup generated by A is

RL(A)= U{gp(B)"|B a finite subset of EA}.
(2) The ideal generated by A is
Ideal(A) = U {ngp(B)" | B a finite subset of EA}.
(3) The right closed subgroup generated by A is
R(A) = U{gp(B)”|B a finite subset of A}.

Proof. (1): x,y€ERL(A)=>xecgp(B)’, yEgp(C),B,CCEA finite x+y€E
gp(B U C)® and so x +y € RL(A). Thus RL(A) is a subgroup and similarly Ideal(A)
and R(A) is a subgroup. All three sets are right closed by Remark 2. Therefore R(A)
is a right closed subgroup.

For x€E and a finite B C EA, xngp(B)“’ Cngp(xB)* and x +ngp(B)’ —x is
contained in ngp(B)®. Hence Ideal(A) is an 1deal of E. Similarly one can show that
RL(A) is a two-sided subgroup of E.

Now suppose K D A, where K is a two-sided subgroup of E. Then K D EA.
Suppose that {b,, ..., b,} = B C EA, finite. Write S = U %, {s;};=1, a disjoint union of
countably infinite sets. Let f; = 7, ¢;s; for 1 <i<n. Then b = Z}_, bf; is in K. Thus
bE = gp(b)” = gp(B)” C K. This proves (1) and a similar argument proves (3).

To prove (2) suppose K D A is an ideal. Take a finite B C EA. As in the proof of
(1) we have b € K such that gp(b) = gp(B) Hence ngp(b) = ngp(B) and by Pro-
position 5, ngp(B)” = ngp(b)” C K. Therefore K D Ideal(A), completing the proof.

We now turn to the multiplicative structure of the set of two-sided subgroups of E
which we denote by RL.

Definition 3. For A, B € RL, define A - B= AB ={2}-, abi|a; € A, b; € B}.

AB is certainly a left closed subgroup of E but we do not know a priori whether it
is right closed since E is not d.g.. The following theorem shows that it is. The proof is
an adaption to E of H. Neumann’s proof that ideal multiplication is associative in @,

Notation. For w € Z(X), let

X(w)={x € X|x occurs in the reduced X-form of w.}
For fE E let

supp(f) = {t € T|f,# 0}.
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Theorem 1. A, BERL implies AB ={Z,abi|la;€E A,b;E B} =
{ab|a € A, b € B}. Thus RL forms a monoid under pointwise multiplication.

Proof. Take A, B € RL. It suffices to show that for a,, a; € A, by, b, € B,
a,b,+ a;b; = ab for some a € A, b € B.

Since F = Z(T) and T is infinite we may take right distributive elements (Proposition

4) f,f',8 &' in E such that ff' = gg’=e and T (f'(F)) N supp(g) = t(g'(F)) N supp(f) =
9, and so gf'=g'f=0. Let a=a,f+a,g, b=f'b,+g'b,. Then a€ A, b€ B, and

ab = (a\f + a:g)f'by + (aif + a,g)g’'b2
= (aff' + a:gf")b, + (aifg’ + a.88")b:
= (a,e + a0)b, + (a,0 + aze)b, = a,b, + azba.

This monoid RL is also a lattice with respect to containment and can be written as
a disjoint union of sublattices in the following way: Let V denote the set of fully
invariant subgroups of F. Then

RL = U yey RLy, where RLy={AE€RL|V®CAC V“}.

To see this suppose A is right closed, A C E. For i =1 define p;: E — F, an additive
homomorphism by p(f)=f; for fEE. A-(ts))=pi(A)siCA since A is right
closed. Hence p;(pi;(A)s;) Cpij(A), and so pi(A)Cp;(A). Thus for all i, j,pi(A)=
pi(A) = H, a subgroup of F. Clearly A C H* and since A D Hs; foralli, AD H®.If A
isleftclosed HE V.

Theorem 2. (1) RLV . RLU g RLU(V).

(2) The minimal and maximal ideals of RLy are Iy and V* respectively, where
Iv = U{ngp(A)”| A a finite subset of V}.

(3) The minimal and maximal elements of RLy are MV = U{gp(A)°||A a finite
subset of V} and V*® respectively.

(4) For U, VGX, Mv ' MU = MU(V) and V*-U*= U(V)w. Thus {MV}VEY and
{V*}vey are submonoids of RL anti-isomorphic to V.

Proof. Take A€ RLy, B€ RLy. Then V¥ .- UYCABC V*-U*Cc(U(V)). H.
Neumann proved in (5) that V@ - U® = U(V)“, This proves (1).

(2): V is clearly a two-sided normal subgroup of E and hence the maximal ideal
and the maximal element of RLy. Following the proof of Proposition 6, Iy is easily
checked to be an ideal of E. Suppose K € RLy is an ideal. For A ={a,,...,a,}CV,
f=as;+---+a,s,€ V'CK so by Proposition 5, ngp(A)® = ngp(f)* C K. Hence
Iy C K. This proves (2). o

(3): My is easily checked to be in RLy. Now if K D V® and K € RLy then for
A={ay,...,a}CV, f=ais;+---+a,s, € V¥ C K. Hence gp(A)® = gp(f)* C K and
so K D My. This proves (3). -

4): By (1), My - My D Myv,. Take v € My, u € My. Then v € gp(A)*, u € gp(B)”
where A, B are finite, ACV, BC U. But vu € gp(vu)” C gp(vB)”. Therefore since
vB Cc U(V) is ﬁnite, vu € MU(V)- Hence Mv . Mu (- Mu(v).
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It remains to show U(V)” = V* - U® where U, VCF are verbal. Now consider
=20 u(vy)lsi € U(V)®. T= Ui, T, a disjoint union where each T{t;}ji\. f=
Cri Zhy vty)Ci wi(ty)s) € Ve - U“ Thus U(V)® C V* - U“ On the other hand if
v=235 s and w=37, w(t;) s, then v-u=37, u(vylL,si€ U(V)’. Hence
Uw)* = ve - U®, proving (4).

Corollary 1. The closed ideals of E form a monoid anti-isomorphic to the monoid of
varieties. The anti-isomorphism is: V23 V> V<,

Proof. In light of Theorem 2, we need only show that A is a closed ideal of E if
and only if A has form V* for some V€ V. First V* is an ideal and it is clearly
closed. If A is a closed ideal then A € RLy for some V€ V and so V' C A. Now if
v € V¥, then for all n=1,Z], v;5; = p, € A. Since p,—»v and A is closed, v € A.
Therefore A = V*.

2. The Monoid of Characteristic Subgroups of F

In this section we use E to study the multiplicative structure of the set of
subgroups of F.

Definition 1. For M CE a semigroup, call x €EE an M-element if gp(x) is M
invariant, that is, M - gp(x). In particular, if x is an E-element we say x is verbal. If x
is an Aut-element, we say x is characteristic.

Definition 2. Suppose K C F is infinite rank. We say x € E is basic for K if
cmp(x) is a basis for K. By convention, 0 € E is basic for {0}. We call x € E free if
cmp(x) is free.

Remark 1. If M C E is a multiplicative semigroup then x is an M-element if and
only if m € M > mx = xm’ for some m' € E.

Remark 2. {x|x is basic for some K C F, rank(K) = w} = Mon(F, F) = {x EE|x is
free}.

Remark 3. The free elements of E form a multiplicative monoid.

Now suppose that K, U C F are subgroups where K is of infinite rank and U # 0 is
characteristic. Then we may take k, u € E such that k is basic for K, u is basic for U.
Define the product of subgroups K - U = U(K) = gp(ku). To show this product is well
defined we must show it is independent of our choice of k and u. So take k' and u’
basic for K and U respectively. Then there are x, y € Aut such that k' = kx and
u' = uy. k'u’ = kxuy = kux'y and so gp(k’'u’) C gp(ku). By symmetry we have equality
and hence the product of subgroups, U(K), is well defined. Note that k basic for K, u
basic for U implies that ku is basic for U(K). Note also that according to our
definitions, (K) = U©) = 0.
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It happens that the above definition of U(K) for U characteristic extends the
usual definition of U(K) for U verbal. To see this suppose U is verbal and take u
basic for U, k basic for K. gp(ku) = kU C{u(a,,...,a,)|u € U, a; € K}. But if x =
u(ay,...,a,) where u€ U and a; = a;(ky)i,, kj € cmp(k), then U verbal implies
x € gp(ku). Therefore gp(ku)={u(a,,..., a,)|u € U, a; € K}, which is the usual
definition of U(K).

Proposition 1. The set C of characteristic subgroups of F has a natural monoid
structure extending the monoid structure on V.

Proof. C will be multiplicatively closed if for k basic for K € C. x € Aut implies
that x' in xk = kx' is an element of Aut. But this must be so since k and xk are basic
for K. Thus C is multiplicatively closed. Clearly it has identity F. It remains to show
that the multiplication we have defined is associative: Take K, H, L € C with k, h, 1
basic for K, H, L respectively. (KH)L = gp((kh)l) = gp(k (hl)) = K(HL) since hl is basic
for HL.

We now introduce two multiplicative submonoids of (E, -) which will play a central
role throughout the rest of this paper.

Let BC ={x € E|x is basic for some K € C}, and let BV = {x € E|x is basic for
some V€ V}.

Proposition 2. BV C BC are multiplicative submonoids of E such that

(1) BV ={x € E|For y €EE, yx = xy' for some unique y' € E}.

(2) BC ={x € E|For y € Aut, yx = xy’ for some y’ unique in E}.

3) gp: BC - C and gp: BV - V are monoid epimorphisms. For a,b € BC gp(a) =
gp(b) if and only if a =bx for some x € Aut.

Proof. a,b € BV, f € E implies fab = af'b = abf"” for some f', f" in E since a, b
are both E-elements. Hence ab € BV since a, b are free. Now suppose a, b € BC.
x € Aut = xab = ax'b = abx" for some x’, x" € Aut by the proof of Proposition 1. ab
is therefore characteristic. It is free since a and b are free. Thus ab € BC.

Since for x free xz =xy implies z =y and any x basic for K€ C is an Aut-
element, C holds in (2). Now take x in the right hand side of (2). gp(x) is characteristic
and it remains to show that x is free. If not, there exists a k,0# k € E, such that
xk = 0. But then ¢ - x = x - ¢ = x - (¢ + k), a contradiction of the uniqueness of the e’
such that e - x = x - ¢’. Thus x is free and hence in BC. (1) is proved similarly.

(3): Since gp:BC—»C is a monoid homomorphism by the definition of multi-
plication in C and is onto since every 0 # K € C has a countably infinite basis and 0 is
basic for 0 € C, the first statement of (3) is proved.

Suppose a, b € BC. gp(a) = gp(b) = cmp(a), cmp(b) are bases for the same sub-
group of F = there exists x € Aut such that a = bx.

Proposition 2 allows us to define the following multiplicative homomorphisms.

Definition 3. For a € BV define Y,: E - E such that for x € E, xa = a(x)Y,. For
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a € BC define C,: Aut— Aut such that x € Aut implies that xa = a(x)C,. Both maps
are well defined by Proposition 2.

Proposition 3. (1) For a € BV, Y,|Aut = C,.

(2) Fora,beBV, Y, =Y,°Y,; fora,b € BC, Cy, =C,C,.

() For a€ Aut, (x)Y, =a 'xa for all x € E.

(4) For a€ BV, Y,:E—E is a multiplicative homomorphism. For a € BC,
C,: Aut— Aut is a group homomorphism.

Proof. BV C BC implies (1) is obvious from Definition 3.

2): Fora,bEBV,x€E, ab(x)Y,, =xab=a(x)Y,b =ab(x)Y, )Y,, ab free gives
Yab = Y Yb Slmﬂarly Cab = C Cb

(3): a€ Aut=>For x €EE, xa = aa 'xa = a(x)Y, and so a™'xa = (x)Y,.

(4): a€ BV implies that for x,y€E, xya=a(xy)Y, Also xya=xa(y)Y,=
a(x)Y,(y)Y,. Similarly C, is a group homomorphism for all « € BC.

We have laid the basis for our discussion of C.

2.1. Cancellation in C

In this section we show that one cancellation law in C is trivial and that the real
problem in the arithmetic of C, as in the arithmetic of V, is the proof of the other one.
We are able to prove a weak form of this other cancellation law.

Proposition 4. Left cancellation holds in C, that is, K, H', H € BC, KH = KH'
implies H = H'.

Proof. If k, h, h' basic for K, H, H' respectively, KH = gp(kh) = gp(kh’) KH’
implies that kh = kh’x for some x € Aut. But k free implies h = h’x and so H = H'.

We aim to prove the following weak form of the right cancellation law in C: If
U#0isin C and K, K' are subgroups of F of infinite rank then

KU=K'UK'CK=>K=K'
We prove this by combinatorial methods.

Notation 1. For w € F let |w| be the length of its T-reduced form.

2. For u,v € F, u +v is a reduced sum if |u + v| = |u] +|v|.

3. Recall from Section 3.2 of (4) that if A C F, A is Nielsen reduced if and only if
for a,b,c € A, b# —a,—c,|a+ b|=|a|,|b| and |a + b + ¢|>|a| +|c| —|b|. Note that
this last condition implies that if 0€ A, A = {0}.

4. Suppose A is Nielsen reduced, ACF. Then any a € A has the unique
representation, a = ao+ c(a)+ a;, a reduced sum where c(a), the core of a, is the
section of a none of whose symbols is cancelled in any reduced A-sum, ea’+a+
da",a',a"€ A,e,8 =*. Note c(a)# 0 since A is Nielsen reduced and c(a) is the
section of a not cancelled in any reduced word, w(a, a,, ..., a.), ai € A. (See Chapter
I of (3))

5. Suppose 0 # x € F. Let m(x), the middle of x, be the non-zero section of x of
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minimal length such that x = xo+ m(x)+x,, is a reduced sum where |xo| = |x,|. Note
|m(x)| is one if |x| is odd and two if |x| is even.

6. For A C F define |A| = min{|a||a € A}.

Lemma 1. If ACF, a Nielsen reduced set, then a € A implies m(a) and c(a) must
overlap.

Proof. If c(a) and m(a) do not overlap we have:

ay c(a) m(a) m(a) c(a) a,
)y /e yor (2), A st et
—_— ———
a ao
a a

If (1) holds there exists ea’ € = A such that ea’ # —a and in the sum, a +e€a’, a, is
cancelled. But then |a + ea’| <|a’, a contradiction of A’s being Nielsen reduced. Case
(2) is treated similarly.

The following lemma is the heart of our proof of the weak right cancellation law.

Lemma 2. If U#0in C and a € E is free then a - U D U implies a € Aut.

Proof. gp(a) is a free group of infinite rank and so has a Nielsen reduced basis B.
Let B = {b;};-; and put b = X7 b;s;. Then there exists x € Aut such that ax = b. Thus
bU = axU = aU D U. For any et in =T there exists a u € U of minimal length in U
such that u = et + u’, a reduced T-sum for some u’ € F. Now there exists a v(f;)]-; €
U such that bv = v(b;)}-1 = u. B Nielsen reduced = |v| = |u| and each element of B
involved in bv contributes exactly its core (which must have length one) to the
reduced T-form of u. v=8t;+ v’ is a reduced T-sum where v'€ F. Hence u =
8b;+bv' is a B-reduced sum. Thus c(b;)=e€t and by Lemma 1 &b; = et +nt',
nt'€ =T, where we have underlined the core of b; in 8b;. If nt’'#0 then by
repeating the same argument with —nt’ in place of et we get a yb, € = B such that
vby = —mt' + £t". Since —nt’ is the core of yb, it can only cancel in an unreduced
B-sum. Thus we have 8b; = —yb, = —¢&t"+ nit' = et + nit’. But this puts the core of b;
in two mutually exclusive places. Thus nt'=0 and for any et in =T there is a
8b; € = B such that 8b; = €t. Thus gp(a) = Q(b) = F and so a € Aut.

Theorem 3. If U # 0 is characteristic and K, K’ C F are subgroups of infinite rank
then K'CK, K'U D KU implies K = K'.

Proof. Let u, k, k’ be basic for U, K, K' respectively. ku and k’u are basic for KU
and K'U respectively. Thus since K'U D KU, there exists an x € E such that
ku = k'ux. Since K' C K there exists y € E such that ky = k’. k' free implies y is free.
Hence ku = k'ux = kyux = u = yux > U C yU so by Lemma 2 y € Aut. So K =K',
completing the proof.
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22.0n Y, and C,

In this section we will use the techniques of Section 2.1 to show that for a € BC,
C, : Aut—> Aut is a group monomorphism which is epi if and only if a € Aut.

Lemma 3. Suppose K is a subgroup of F. K, = {k € K |0 # |k| minimal}. Then K,
consists of primitive elements of K and if B is a Nielsen reduced basis for K, k € K, is
either in =B or of the form k = €b; + &b,, where b, # b, are in B C K,.

Proof. This is simply Corollary 3.4 of (4).
Lemma 4. If 0# H C K C F, where H is characteristic in K, then |H|>|K]|.

Proof. |H|=|K| implies there exists k € K,N H. By Lemma 3 k is primitive in K
and so since H is characteristic in K, H = K. Thus |H| >|K]|.

Lemma 5. A monomorphism F — F which fixes the elements of minimal length of
a non-zero characteristic subgroup must be the identity.

Proof. Take f € E free such that fa = a for all a € K,, where 0 # K is in C. Note
PK,= Ko where P = {3 €t;;si|f a bijection of N}. Fix k €K, and let A=T(k)=
{ti}i-1. There exists x € Aut such that x, =, for r such that t,& T(k), T(x;) C A for
1<j=<n, and fx =y where (¥i1, ..., ¥in) is the Nielsen reduction of (f;,..., fi). For
all p € P such that pk € Z(A) we have yx~'pk = pk. Note also that T(x 'pk) C A.
Since x“'pk € K and (y;)}-, is Nielsen reduced |x'pk| = |pk| = |k|. Moreover yx'pk =
pk, and so each y; contributes exactly its core (which must have length one) to the
reduced T-form of pk. For any et; € =+ A we may pick pk = et; + h € Z(A) a reduced
T-sum. Thus there is a permutation o of {1,2,..., n} such that c(y,) = =t;. Since
*yi.) Must begin with its core, it consists only of its core, that is, y; = *t;. Hence
gpfi}i-1) = ep{yii}i-1) = Z(A). Now since PK,= K,, we have that for any t€T
there exist p, p' € P such that {t} = T(pk) N T(p'k).

fi € gp(fT (pk)) N gp(FT (p'k)) = Z(T (pk)) N Z(T (p'k)) = Zt.

Hence f; = mt for some m € Z. m# 0 since f is free. But then it is easy to see that
fk =k for all k € K, implies m = 1, f, = t. Therefore f = e.

Lemma 6. Let K be a proper, non-zero characteristic subgroup of F with basis B.
Then {|b||b € B} is unbounded.

Proof. We may assume B is Nielsen reduced. Let Q be the minimal Schreier
system of coset representatives corresponding to B. Suppose [b| <N for all b € B.
Suppose g € Q is such that |[g| > N. K characteristic implies there exists 0 # k € K
such that T(g)N T(k)= M and so g +k is a reduced sum not in Q. Since g+k =
q mod K we can write kK = a + €t + ¢, a reduced sum where g+a€Q and g+a+
et Z Q. But then for some q'€Q, b =qg+a+et—q'isa T-reduced sum, b € +B with
|[b| > N, a contradiction. Therefore |[q|<N for all g€ Q. It is easy to see that
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{Erit}n-1isabasis for F. Forn >N. z=3.,;,—q€ K for some q € Q. z# 0 since
lg| < N. z must contain exactly one occurrence of some ¢; and hence is primitive in F.
But then K = F. This contradiction completes the proof.

Theorem 4. For a € BC, C,: Aut— Aut is a group monomorphism. C, is epi if and
only if a € Aut.

Proof. If x € Ker(C,), Cu(x)=e = xa = ae = a > x is the identity on K = gp(a)
and hence on Ky. Thus x = ¢ by Lemma 5. Hence C, is a monomorphism.

Now suppose a € BC and C, is onto. K =gp(a) is characteristic and non-
zero. Assume K#F and let B be a Nielsen reduced basis for K. By Lemma
3, K, is contained in gp(KoN B). Lemma 6 implies B — (K, N B) is infinite so there
exists x € Aut(K) such that x non trivially permutes the elements of B — (K, N B).
But if x were in the image of C,, x would be the restriction to K of an element of
Aut(F), say y. y would then fix the elements of K, and so be the identity by Lemma 5.
Thus x is not in the image of C, so C, is not onto. Hence C, onto=> K=F > a €&
Aut.

Far the converse, take a € Aut and note that x € Aut= ax = (axa™')a so
C.(axa™) = x.

Corollary 2. For a€ BV, Y, is onto if and only if a € Aut.

Proof. if a € Aut then x EE = ax = (axa™)a = x = Y,(axa™!). Hence a € Aut
implies Y, is onto.

Suppose Y, is onto. By Proposition 3 (1) of Section 2, Y,|Aut = C, so by Theorem
4 it suffices to show that for x € E, Y,(x) € Aut > x € Aut. Suppose Y,(x) € Aut. Let
V =gp(a). Y.(x) free > x|y is one to one = Ker(x) =0, since if not Ker(x)NV D
V(Ker(x)) #0 since Ker(x) # 0= rank(Ker(x)) = . x|]v: V>V onto implies by
Lemma 2, of Section 2 that x € Aut.

2.3. Prime Factorization in C

In this section we define primes in C and BC and prove those results we have on
unique prime factorization in C.
Note that Aut is the group of units of the near ring E.

Definition 4. Suppose Aut C M C E where M is a multiplicative submonoid of E.
We say that p € M is M-prime if p€ Autand p = ab, a, bEM = a or b is in Aut. K
isprimein Cif K=HH'->H orH'is F.

Since BC, BV D Aut, the above definition defines the primes of BC and BYV. Since
gp:BC - C and gp: BV - V are monoid epimorphisms, the primes of BC(BV) are
exactly those elements of E basic for some prime in C(V). Thus x € BC(BV) is prime
if and only if gp(x) is prime in C(V).

Theorem 5. (a) Every k € BC can be written as a finite product of BC primes.
(b) Every K € C can be written as a finite product of primes and any such
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factorization takes the form: K =117, P, where n <|K|, P; prime in C.

Proof. First we show that if a,b are non-units of BC, gp(ab) is a proper
characteristic subgroup of gp(a). Clearly gp(ab) is a subgroup of gp(a). If gp(ab) =
gp(a) then there exists x € = Aut such that abx = a = bx =e and so b € Aut. Thus
gp(ab) C gp(a).

If x € Aut(gp(a)) there exists a y € Aut such that for all i=1 x(a) = (ay).
Therefore x(gp(ab)) = gp((Z x(a;)s;)b) = gp(ayb) = gp(abC,(y)) = gp(ab). Thus gp(ab)
is a proper characteristic subgroup of gp(a) and so by Lemma 4 Tp(ab)l > |gp(a)|

From this we have that if {K;,..., K,} are proper characteristic subgroups then
[, Ki| > n. Thus if K € C cannot be written as a finite product of primes it can be
represented as an arbitrarily long product of proper characteristic subgroups, and so it
has arbitrarily large length. This contradiction implies any 0 # K # F can be written as
a finite product of primes of the form: K =II}-, P; where n <|K|, and P; prime in C.
This proves (b).

Now if a € BC cannot be written as a finite product of primes, gp(a) can be
written as an arbitrarily long product of proper characteristic subgroups. This con-
tradiction proves (a).

Proposition 5. Unique prime factorization holds in C if and only if it holds up to
multiplication by units in BC.

Proof. pi...p»=qi...qm pi, q; prime in BC 3 II-, gp(pi) = II-, gp(qi) > n = m
gp(p.) gp(q,) for 1<isn :} n = m, and for all i, p; = qix; for some x; € Aut.

If 17, P; =1, Q, for P, Q; prime in C, take p; basic for P;, g; basic for Q; for all
i, j. Then there exists x € Aut such that

Pi--.Pa=q1...qnX.

By hypothesis n =m and p; = qix; 1 <i<n, p, = q.xx, where x; E Aut. Hence n=m
and P,=Q; forall 1<i=<n.

We now show that a proof of unique prime factorization in C would also give a
proof of unique prime factorization in V. To do this we need a lemma.

Lemma 7. If K is non-zero in C then for any m =1 there is a basis B of K such
that B O {b,,..., bn} and the T(b;) are pairwise disjoint.

Proof. Let B be a Nielsen reduced basis for K. Take k;, ..., k, € K, such that the
T (k;) are pairwise disjoint. By Lemma 3, if k; € =B then k; = €;b;, + 8;b,, for €, §; = =,
and b; € B. If b; = b, for r# i then c(by) occurs in the reduced T-form of both k; and
k,, a contradiction. Therefore (B —{b;;| ki€ =B}) U{k;| ki€ =B} = B’ is a basis of K
such that B’ U —B’ D {*k;}{L,. This proves the lemma.

For A, a subset of F, define P, € E by Pa(t) = {(t) ‘lff‘t: 2.
We say a subgroup K C F is projection closed if P,(K)CK forall ACT.
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Proposition 6. K € C is projection closed if and only if K€ V.

Proof. Given K &€ C is projection closed, w(t;)]-;€ K and {w;}]-,C F. Take
R ={r}}-1C T such that {r}}-;N(U - T(w)))=4#. {r;+ w;}}-, is primitive so since
KeC, w(ri+w))]-1€ K. Since K is projection closed Pr(w(r; + wj)j-1) = w(w))]-1 €
K. Therefore K€ V.

Note that K € C is projection closed if and only if Pr(K)C K for some finite
RCTIfteET,let Py=P,.

Theorem 6. K, HEC, KHE€ YV implies K, HE€ V. Thus if unique prime fac-
torization holds in C it also holds in V.

Proof. To show H € V take w(t;)}-; € H and show P, (w)€ H. By Lemma 7, we
may take b basic for K such that T(b;)NT(bs)=4# for r#s. bH = KH implies
bw = w(b;) € KH. Since KH € V, Pz, (w(b;)) = bP, (w), which is in KH. Therefore
bP, (w) = bh for some h € H. b free implies P,(w)=h€ H. Thus HE V.

Now EK is the verbal subgroup generated by K. To show this we need only show
EK is a group. Clearly —(EK)CEK. If f,g€EE and x,y € K, then K € C implies
there exists an f'€ E, x' € K such that fx =f'x’ and T(x') N T(y) = #. Then clearly
there exists a q € E such that q(x"+ y) =gx'+qy = f'x'+ gy = fx + gy. Thus EKE V.

Let EK = K € V and let k, k, h be basic for K, K, H respectively.

E-k-E=E-(K*)=K“=k-E

The middle equality comes from the fact that EK = K and for any x € K¢, x =
fZ k;s;) where k; € K and the T(k;) are pairwise disjoint. Hence

KH = gp(khE) = gp(REhE) = gp(EKEhE) = gp(EKhE) = gp(khE) = KH.

Therefore KH = KH and K D K. By Theorem 3, K = K so K € V. This proves our
first statement.

Now from the above it is easy to see that P prime in V implies P prime in C. Thus
if unique prime factorization holds in C it also holds in V.

In the remainder of this section we introduce a notion due to Frohlich (see (1)).
This, it happens, is important in proving unique prime factorization in V and might
well prove important in constructing a proof of unique prime factorization in C.

Definition 5. For K, K’ € C, define K\K'=sup{H € C|KH C K'}.
Clearly K\K'€ C. Let k be basic for K. For He C, KH =kH. If x€ K\K’,
x =3!.1 h; where h; € H;, and KH; C K'. Thus kx = 3., kh; € K’, and so

K(K\K"CK'

K\K' is therefore the unique maximal characteristic subgroup H such that KH C K'.

If we replace C by V in the above definition we get a slicing operation on V. (This
is actually the restriction to V of the slicing operation on V though there is not space
here to prove this. For a proof, see (9), Chapter V, Section 3.) The essential step in
proving unique prime factorization in V is Lemma 23.21 of Varieties of Groups, which
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in our notation becomes:
V,veEVand Ug Vo> UW(VV)=(U\V)V'.

It happens that the same lemma extended to C will yield unique prime factorization in
C.

Theorem 6. Suppose that if H K, K'€ C and HZ K then H\(KK') = (H\K)K'.
Then unique prime factorization holds in C.

Proof. First we show that under our hypotheses, K, K', H € C implies that
KH=K'H=>K=K’'. Assume KH=K'H and KZ K'. Since H C K\(K'H),
K(K\(K'H))= KH = K'H. By hypothesis, since K K', K(K\(K'H))= K(K\K")H =
KH. By the easy cancellation law, (K\K')H = H = FH. Hence by Theorem 3, K\K' =
F. But K(K\K")C K' implies K C K’, a contradiction. Thus if KH = K'H, we must
assume K C K’ or K'C K. By Theorem 3 again, K = K’, and we have our right
cancellation law.

Now suppose PH = QK, where P,Q,H,K€C,P,Q primes. Suppose PZQ.
Then P\(QK) =(P\Q)K. H C P\(QK) = P(P\(QK)) = P(P\Q)K = QK so by the right
cancellation law, P(P\Q) = Q. P, Q are prime implies P\Q = F so P C Q, a contradic-
tion. Hence P C Q, and by symmetry, P D Q. Hence P = Q, proving the theorem.

2.4. Cancellation in BC

Although we do not have a proof that both cancellation laws hold in C, as an
indication that this is true we can prove that both cancellation laws hold in BC. This
result reduces the problem of proving the right cancellation law in C to the problem of
showing that if a,a’,b € BC and ab = a’'bx for some x € Aut, then x = C,(y) for
some y € Aut.

Definition 6. x € F is indecomposable if andonly if x=ny,n=1>n=1.

The following results are well known:

1. For any z € F, there exists a unique indecomposable x € F such that z = nx for
some n = 1. We denote this x by I(z).

2. Any indecomposable x = g + y — g, where this is a reduced sum for some g € F
and some cyclically reduced indecomposable, y.

3. If y is a cyclically reduced indecomposable then all y’s cyclic permutations are
distinct.

4. If x,y are indecomposable and x# *y, then {x, y} is free. Proof: For clearly
gp({x, y}) is non-cyclic. Since free groups of finite rank are Hopfian, {x, y} is a basis

for gp({x, y}).

Lemma 8. Suppose x, y € F are cyclically reduced indecomposables and |x|=|y|.
Then if for k = 1 arbitrarily large we have a diagram of the form:

kx

—

— : i, where x is a cyclic permutation of y, n = 1.
ny
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4x 4x
Proof. Take a k =8 We have a diagram of form:—+————— where n=1.

——

ny
Therefore 4x = a + ky + b = ¢ + k,y + d where both sums are reduced; k,, k;=2; b, d
are proper initial segments of y; a, ¢ are proper terminal segments of y,and y =5 +c,

a reduced sum. y
If a# ¢ then it is easy to see we have a diagram:r—fL*Lk—i , where k, h # 0.
———e e
y y

Therefore y=k+h =h+k, so y is a proper cyclic permutation of itself and hence
not indecomposable, a contradiction. Thus a=c so b=d, k;=k; and 4x =
(ki+ D)(a+b). a+ b is a cyclic permutation of y and hence indecomposable. Thus
4=k +1,a+b=x.

Lemma 9. Suppose u, w are non-zero in Fand I(u) # xI(w). Letw=g+w'— g, a
reduced sum where w' is cyclically reduced. Then for any €,8 = = there is an N =1
such that fork, k' = N the reduced T-form of k(ew) + u + k'(8w) has g + ew’ foran initial
segment and 8w’ — g for a terminal segment.

Proof. For N =1 let xy = New + u+ Ndw. By Remark 4, {w, u} is free so (1)
{Ix~|| N =1} is unbounded. Suppose xy never has both g + ew’ for an initial segment
and éw'—g for a terminal segment. Then we always have [xn]|=<
dlg| + |u| +2N|w’| = 2(N — D)|w’| = 4|g| + |u| + 2|w’|, contradicting (1). This proves the
lemma.

Along the same lines as Lemma 9 we have:

Remark 5. Let u, w, ¢, 8 be as in Lemma 9. Then there exists an N =1 such that
for M = N, Mew + u has initial segment g + ew’ and u + Méw has terminal segment
Sw'—g.

Theorem 7. Suppose a,a’ € E are free and b € BC. Then if ab = a’b, we have
a=a'.

Proof. ab = a'b implies aw = aw’ for all w €gp(b)=B €. Pick w € B such
that ;& T(w) and w =t;+w’, a T-reduced sum for some ¢ € T. For k =1, define
xx € Aut such that x,(¢t) = { ; t:it:i;‘ (=t

Let wy =xw. Then for k=1w, =2, (k(et)+v,) is a T-reduced sum where
€=+, 0# v, €gp(T(w)) for 1 =r <H, and H is the number of occurrences of +¢; in
w. vy € gp(T(w)) may be 0.

We claim that: u € gp(aT(w)) implies I(u) # *I(a;) and u € gp(a’'T(w)) implies
I(u) # =I(aj).

To prove the first implication assume I(u)= xI(a;). Then na; € gp(aT(w)) for
some n =1, contradicting the freeness of {a;} U aT(w). The second statement of our
claim is proved similarly.
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Now a; =g+ Mx—g and a;=h+ M’y —h, where these are both reduced sums,
M,M'=1, and x,y are cyclically reduced indecomposables. By our claim, for all
1<r=<H, I(av,) # =I(a;) and I(a'v,) # *=I(a;).

By repeatedly using Lemma 9 and Remark 5 on both sides of the equation

kex
—_

—

aw, = a’'w, we have if |x|=|yl, a diagram of form — ——  exists for arbi-

néy

trarily large k. If | x| <|y| we get the same situation with x and y interchanged. Therefore
Lemma 8 applies showing that x is a cyclic permutation of +y. Hence |x| = |y|.

For k sufficiently large, kM |x|+ ¢ = |awi| = |a’wi| = kM'|y| + d, where ¢ and d are
constants not depending on k. Using the fact that |x| =|y|, and letting k go to infinity,
weget M = M'.

Now suppose |g| # |h]. Then |g| <|h| or |g| > |h|. Suppose |g| >|h|. Since w, begins
with kt;, for k sufficiently large, we get from the equation, aw, = a’w,, a diagram of the
form

h my y vy

where m =0 and z may be zero.

If z#0, y=z+b, x =b + z, reduced sums and g + x — g is a reduced sum. Thus
(h+my+z)+(b+z)+(—z—my—h) is a reduced sum, which it isn’t. Hence z =0
and x = y. But this means that since g + x — g is a reduced sum we must have m =0
and h = g. Therefore

ag=g+Mx—g=h+M'y—h =ai.

Since t; was arbitrary, a = a'.

Corollary 3. Both cancellation laws hold in BC.
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