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A REVERSED HARDY INEQUALITY

P.F. RENAUD

We consider Hardy's classical inequality for Cesaro averages and
show that a reversed version exists if we restrict ourselves to
monotone sequences. Some consequences of this result as well as
an integral version are also obtained.
1. Introduction
--]
Let S be the Cesaro operator defined on sequences & = (:L‘n)1 by

1
(sz) == ] = nx1.
noonogls k

If p > 1 , a classical inequality due to Hardy (see for example [1]
p.239) shows that S is a bounded linear operator on Zp with

Sx < 2o x .

lIssll, < 27 =1,

Now the operator S 1is one-to-one but not onto and hence has no bounded

inverse. In other words no inequality of the form
Sx 2 K ||z (K independent of x)
lsall, 2 & llell,
can be universally true in Zp .

On the other hand we will show that such an inequality does hold if
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we restrict ourselves to monotone sequences. Specifically we have the

following:

THEOREM 1. If p>1 and z= (2 )" € & with = 2z 2 ...2 0,
na p 1 2

then (writing ||-|| for HHp)

(1) sz [P = etp) || P
where ¢ 1is the Riemann Zeta function.
The constant ¢t(p) <is best possible.
This generalizes a recent result of Lyons[2] who proved the case p = 2.

It could also be noted that the resulting inequality

p
t(p) < [p_LI]

is of course at its tightest when p is close to 1 .
2. Proof of the Inequality.
We begin with the following simple lemma.

LEMMA 1. For p > 1 and xlzxZZ...anZO,

v

n
p p p
(2) (4.4 )P - (xli Fouit xﬁ) k£2 (kP - (k - )P - z)xg )

Proof. Fix k and write u = T F e F 1 and x = z, so

that u 2 (k - I)x . Then

P = tu+ )P 2P

. p _
(xl+...+:x:k) (ac1 oo + Ty

= FPlla + 1)P - P2

where a=—=2%k - 1,

8

Now the function f(x) = (x + )P - & s increasing so that
flu/x) 2 f(k - 1) . It follows that

(x + .ot )P -z + bz P = Lru/m)
> Prox -1,
that is

P _ Py kP - (k- 1)P
(3) (x + oo + )P = (x 4irmy JP 2 F - (k- D)
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Summing this inequality from k = 2 to k =n yields

n
P P p
(z, +oot z )P - x‘; > kzg (k% - (k - 1) )acz

from which (2) follows immediately.

v

Now let x = (xn) € lp with z > x . 20 . Then

w (. +...+ x )P
||sz| P = ] — L

il
0~

n=1 P
where e, = 0 and, for n 22, ¢ = (x oot x )P - (2 +. .+ 2) so
n 1 n 1 n
that by Lemma 1,
n
(4) e, 2 § (K - (k- 1P - L.
noogls k
v (2 1 T fn
Hence ||Sx||p= Z ——+—_—+...] L + z —_
n=1 WP (m+ 1)P " op=2 AP
or
® € n-1 o)
1
5 Is=l P = e llal P+ 3 [2- (7] L] 22
n=g bnP k=1 K n_]
® g ® n
But from (4), [ L ) l—z (kp—(k—l)p-l)xzp;
n=2 ¥ n=2 ¥ k=2
(6) = of (nP -(n-z)p-z)[—l—+—1—+...)xp.
n=2 £ m+ 1P n
i i 2
Now let S = — and T =1¢(p) -S = — , so that we may
"ok=1 i " " kel K
write (6) as
w e -]
(N ) 2> 7 o - tm- 1P - 1)1;[_1;1’ .
n=2 n=2 n

From (5), Theorem 1 will follow once we show that
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® € n-lxp
[_"- —”]20
n=2 \aP  k=11iP
and from (7) it suffices to show:

LEMMA 2. For n 2 2,

P
(8) (F - tn-1P-1r 25 .

Before proceeding to the proof, it is interesting to note in passing
. 1
that the case 7n = 2 amounts to the usual comparison between I —

P

with a geometric series.

We are required to show that
(2 - 2)(ep) - 1) 21,

1

that is that t(p) 21+ — .
® -2
1 1 2
But ¢fp) =1+ =+ —+—+.
A S 4
21+ 2 4 ..
k£

1 [ 1 1 ] 1
1+ 1+—==5+—F7—7+F :o| =1+——.
2P 2p-1 22(p-1) P _ s

Proof of Lemma 2. Fix 7 2 2. We have

ped p b - 17)P
9 (P - (- 1P - nr, = ¥ [L] -7 n - 17 P
k=0 k=n

n+k kp ken kp
In the right hand side of (9), the terms in the first sum corresponding to

k=n2-n, n2, n? +n etcetera, cancel with the terms in the third sum

corresponding to k =n, n + 1, n + 2 etcetera, respectively. So we have

2 © 14
(F - tn- P - 11 = " -’f_l [+k-]p+ ¥ n21 [——"—)
n= k=0 J=0 k=1 W2 + jn + k
_ E (n - 1)P
k=n 1P
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n?-n-1 w P non o P
(10) = kzo [n+k} p [ % }
= =N
R e B vl |
Jj=0 k=1 n2 + gn + k n2 +(j - Dn-g+k

But the term in the double sum is positive so that (10) becomes

n

(11)

(P -tn - VP - 17 >
n-1

Now remove the terms corresponding to k=0, n,2n ...

the first sum. The remaining

(n - 1)2

becomes

n-1
(12) (P-tn-P-nr 2§ L+ 7 7
n-1 k=1 kp

n -1

and since = n 2 =
Jn+ k= gn-1) +k

!

-n-1 [
k=0

2
n ]p _ n in [ n - 1] P
n+k ke k

(n - 2)n from

(n - 1)2 terms can be grouped with the

terms of the second sum to obtain a square array so that (11)

p

n p_ n -1 ]
jn + k J(n-1)+k|

n-1 n-1 [

j=1 k=1

we obtain

p
(f - n-21P - nr =25

which proves Lemma 2 and hence Theorem 1.

That {(p) is the best possible

constant can be seen from considering the case when x_ =2x_= ... =0 .

2 3

A large number of inequalities have been derived from Hardy's

inequality.

It would seem that most of these have reversed versions.

One interesting aspect is the disparity in levels of difficulty one

encounters in the proofs.

As an example, the reversed version of Hilbert's

inequality seems quite non-trivial and will be discussed elsewhere. On

the other hand, Carleman's reversed inequality is entirely trivial.

some-

where in between, usually based on Lemma 1, fall examples corresponding

to inequalities such as Hardy's dual inequality ([71] p. 246),

if p > 1 , then Z(xn tz,

The reversed version is

THEOREM 2. If p > 1, x

1

+1

+ ... < ppz(nxn)p .

2 0 then

T, 2 o
2
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I (z +x  +... P2 [ (na)f
n=1 n=1

Proof. From Lemma 1 we have

n
(@ + .ot xn)p > El (kP —(x - J)P)x;;

so that

v

ngl (z +x o+ ...) nzl kgl K - (x - DP)F . .

) (nz )P .
n=1 n

3. Reversed Inequalities for Integrals.

The corresponding Hardy inequality for integrals is given by

p p
(13) r [%ﬂ] dx < [P—%] r (Fz) P dx
0 0

X
where p > 1, f(x) 20 and F(x) = f ftlat .
0

As may be expected, a reversed version of (13) exists. It should
be noted that the constants differ in the sum and integral case whereas

for the classical inequalities they are the same. Specifically we have

o
THEOREM 3. Let f ¢ Lp[O,w), f+Y0,p>1 and put Flx)= J fee)de.

0
Then

p OO
r [f’ﬁ)-] dx > —Lf (Flz)P dx .
0 z p- 1 0

(Alternatively to highlight the similarity with Theorem 1

[15F11P 2 S B [1711P where s7(m = £ )

XL
Proof. For =z 2 0, F(x) = j f(t)dt 2 xf(x) so that
0

pf(x)[P(x) P12 p P Ip(z) P
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which yields by integration

&
(F(z) P =2 p J tp_lff(t)]pdt almost everywhere .
0

(The fact that 23 is differentiable almost everywhere and has derivative

pf Ep_l follows from standard results in measure theory once we assume

that f is monotone.)

- p
so srl? = [ [ Ta
0 — -

'
> r -BJ £ Iee) P at de
0

&
U" gtp‘;gf(mp dx] gt
t

(by Fubini's Theorem),

-1

<

= —Lr (ree) P oae .
0

There is also an integral analoéue of Theorem 2,
THEOREM 4. Let f e LL0,=), f 40, p>1. Then

00 p o0
J [r f(t)dt] dx > I of(z) P dz .
0 x 0

Proof. For x,y =2 0 we have
LY
I fltlat = yflx +y) ,
x
so that
1Y p-1 -1
p[J f(t)dt] flx +y) 2p Ff(x+ ) ¥
x

and by integration

Xt 1% _
H yf(t)dt] Zprtplff(x+t)]pdt.

- x 0
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Letting y > =«

i

o P
H f(t)dt] p r PIpe + )P at

x 0

=p r (u - x)p_l[f(u)]p du ,
x

r’ [E f(t)dt:lpdx

0

and hence

v

p r [J (u - x)p_l[f(u)]pduAldx
0 R

x

U
p J‘v U (u - x)p'l[f(u)]pdz]du
0 0

u
p r [f(u)]pl:J (u - x)p-ldx]du
0

0

r[uf(u) Pau .
0
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