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Spectrality of a class of Moran measures on
R* with consecutive digit sets

Si Chen and Qian Li

Abstract. Let {Ry}z2, be a sequence of expanding integer matrices in M, (Z), and let {Dj } 2, be
a sequence of finite digit sets with integer vectors in Z". In this paper, we prove that under certain
conditions in terms of (R, D) for k > 1, the Moran measure

B{R3ADy} = Orpip, * Opoippip, *

is a spectral measure. For the converse, we get a necessity condition for the admissible pair (R, D).

1 Introduction

Let 4 be a Borel probability measure with compact support on R”. A fundamental
problem in harmonic analysis associated with y is whether there exists a set A € R”
such that Ej := {e?™{**) : } € A} is an orthonormal basis for L?(). If so, we say
is a spectral measure and A a spectrum of y. In particular, if y is the Lebesgue measure
restricted on a Borel set (), then the set Q) is called a spectral set. The study of spectral
measures dates back to the work of Fuglede [14] in 1974, who conjectured that Q is a
spectral set if and only if the set Q) tiles R" by translations. Although the conjecture has
been proved to be false in dimension #n > 3 [20, 21, 30], it is still open in Dimensions
land 2.

The studies of spectral measures entered into the realm of fractals when Jorgensen
and Pedersen [18] gave the first example of a singular, nonatomic, fractal spectral
measure. Their construction is based on a scale- 4 Cantor set, where the first and
third intervals are kept and the other two are discarded. The appropriate measure for
this set is the Bernoulli convolution y4, which is the invariant measure of the iterated
function system {79(x) = x/4, 72(x) = (x + 2)/4}. They proved that this measure is
a spectral measure with spectrum A := { Sho4kdy i dy € {0,1},ne N}. Jorgensen
and Pedersen opened up a new field in researching the orthogonal harmonic analysis
of fractal measures including self-similar measures/self-affine measures and generally
Moran measures (see [19, 27-29]). Later on, in R, a large class of self-similar measures
have been proved to be spectral measures by Laba and Wang [22]. Let b > 2 be an
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270 S. Chen and Q. Li

integer, and let D C Z be a finite digit set with 0 € D. Laba and Wang [22] proved
that the self-similar measure y;, p, which is generated by the iterated function system
{ra(x) = %}dep, is a spectral measure if (b, D) is admissible (see Definitionl.1).
Recently, Dutkay, Hausserman, and Lai [10] generalized the result to higher dimen-
sions, thus settling a long-standing conjecture proposed by Jorgensen and Pedersen.
Meanwhile, many interesting spectral measures have been found (see, e.g., [1-7, 9, 12,
13, 15,16, 23-26, 29] and the references therein for recent advances), but there are only
a few classes.

In the last decade, many researchers studied the spectrality of the Moran measures,
which are the nonself-similar generalization of the Cantor measures through the
infinite convolution. Note that most results of the known cases are concentrated
on one-dimensional Moran measures (see, e.g., [1, 2, 12, 13, 15] and the references
therein). There are few studies involving Moran measures of higher dimension other
than [8, 26, 29]. In this paper, we focus on the Moran measures on R". Let { R } 32, be
a sequence of expanding matrices with integer entries, and let { Dy } ;2 be a sequence
of finite sets in Z". A Moran measure is defined by the following infinite convolution
of finite measures:

(L1) KR} {Dy} = 8R1‘1D1 * 5R,—1R;1D2 * e

assuming the infinite convolution is weakly convergent to a Borel probability measure
(see [11] for an equivalent definition). Here, §g = # Y ecp 0., where #E is the cardi-
nality of a finite set E and J, is the Dirac measure at the point e € E. In 2000, Stricharz
[29] first considered the conditions under which the infinite convolution is convergent
to a Borel probability measure with compact support and the associated measure is a
spectral measure. Later on, An and He [2] investigated the spectral property of infinite
convolution with consecutive digits in R. More precisely, let {b };>, be a sequence
of integers with all by > 2, and let {Dy} 32, be a sequence of finite digit sets, where
Dy ={0,1,...,qx — 1} is a digit set of integers with sup{x : x € b;' Dy, k > 1} < oo.
They proved the following theorem.

Theorem 1.1 Suppose that qi|by for k > 1. Then, the Moran measure (i, (p,} is @
spectral measure.

Recently, Dutkay, Emami, and Lai [8] studied the general Moran measure
B{Rr}.{D} O R", and they investigated the spectrality and its more general frame
spectrality using the idea of frame towers and Riesz-sequence towers.

In this paper, we continue to investigate the spectral property of Moran measures
onR". Let {Ri }72, be a sequence of expanding matrices with integer entries, and let
Dy ={0,1,..., gk — 1}v where the integer q; > 2 and v € Z" for k > 1.

First of all, we need a decomposition of integer matrices, which has been proved
in [25]. Let R € M,(Z), and let {v, Rv, ..., R""'v} be a set of vectors in Z" with rank
r<n and veZ"\ {0}. According to [25], there exists a unimodular matrix
B e M,(Z) such that B~'v = (v7,0,...,0)T with v, € Z" and

M, c)

.- pl —
1.2) R:=B RB= ( 0 M,
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where M, € M,(Z), M, € M,,_,(Z), and C € M,,_,(7Z). Here, we use AT to denote
the transposition of a vector or matrix A.
Similar to the known theorem in [29], we have the following theorem.

Theorem 1.2 Let Ry = by R™* for k > 1, where R € M,(Z) is an expanding matrix
and the sequences {by}re, and {my}32, are of positive integers. Let Dy = {0,1,...,
qr — 1}v be a digit set with v € Z" ~ {0} and the integer qi > 2 for each k > 1. Suppose
that sup,, |Z—’;| < 0o. Then, the sequence of measures

Yn = 6R1‘1D1 * 8R1‘1R2‘1D2 Fok 8R1‘1-~ R;'D,

converges to a Borel probability measure pg,\ (p,y With compact support in a weak
sense.

The measure (g, },(p,) in Theorem 1.2 is the Moran measure on which we focus
in the following of the paper. Now, we introduce the main theorem of the paper.

Theorem 1.3  Let Dy, Ry be given as in Theorem 1.2, and let v € Z" ~ {0} be an
eigenvector of R with respect to an eigenvalue A. If Aby. is divisible by qy. for k > 1, then
H{R.}.{Dy} S @ spectral measure.

In fact, we have the following more general conclusion. We will prove it in Section 3
so as to prove Theorem 1.3.

Theorem 1.4  Let Dy, Ry be given as in Theorem 1.2. Furthermore, we replace my
by myr for k > 2 where r is the rank of vectors {v,Rv,...,R"'v}. Suppose that the
characteristic polynomial of M see (1.2) is f(x) = x" + c. If qx|bx det(M;) for k > 1,
then the measure pi (g} (p,) is a spectral measure.

It is clear that the condition sup,, |Z—l’:| < oo is satisfied in Theorems 1.3 and 1.4.
Furthermore, if we replace by € N\ {0} by by € Z ~ {0} in the above three theorems,
the same results hold.

Next, we consider the converse of Theorem 1.4. However, it is too complicated for
us to draw a necessity condition for the spectral measure yi(g, 1, p,)- We simplify it to
the case that Ry = R and Dy = D for all k > 1 and obtain the following result. Before
introducing it, we need a standard notation usually used in this setting.

Definition 1.1  Let R € M,,(Z) be an expanding matrix (i.e., all its eigenvalues have
modulus strictly greater than 1), and let D be a finite subset of Z". We say that (R, D) is
admissible if there exists a finite subset L ¢ Z" with #D = #L = g such that the matrix

1 p-1
- (,-27i(Rd,l)
H q (e " )deD,leL
is unitary, i.e., H*H = I, where H* denotes the transposed conjugate of H. At this
time, (R, D, L) is also called a Hadamard triple, or (R™'D, L) is called a compatible
pair.
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By making use of the matrix decomposition as in (1.2), we obtain the following
conclusion.

Theorem 1.5 Let R € M,,(Z) be an expanding matrix, and let D = {0,1,...,q9 - 1}v
be a digit set with v € Z" ~ {0} and the integer q > 2. If (R, D) is admissible, then
q| det(M).

In general, the converse of Theorem 1.5 is not true for n > 2 (see Example 5.2).
However, in R, assuming v =1, then q is a factor of det(M;) if and only if (R, D) is
admissible (see [2]).

The paper is organized as follows. In Section 2, we introduce some basic definitions
and properties of spectral measures. In Section 3, we will give the proofs of Theorems
1.3 and 1.4. Moreover, we devote Section 4 to proving Theorem 1.5. In Section 5, we
will give some examples to illustrate the theories.

2 Preliminaries

Let u be a Borel probability measure with compact support in R”. The Fourier
transform of y is defined as usual

i) = [ e du()

forany & e R". Let Z(ji) = {€ e R" : i(&) = 0} be the zero set of ji. Then, for a discrete
set AcR", E(A) = {e2"(}%) : } ¢ A} is an orthogonal set of L?(u) if and only if
g(A=1") =0for A # A" € A, which is equivalent to

1) (A-A)~ {0} € 2(p).

In this case, we call A an orthogonal set (resp. spectrum) of y if E is an orthonormal
family (resp. basis) for L?(u). Since orthogonal sets (or spectra) are invariant under
translation, without loss of generality, we always assume that 0 € A for any orthogonal

set A of u.
For any & € R”, define
(22) QY (&) =X Mg+ 1)

AeA

The following lemma is a basic criterion for the spectrality of measure y, which was
proved in [18].

Lemma 2.1 Let y be a Borel probability measure with compact support in R", and let
A c R” be a countable subset. Then,

(i) A is an orthogonal set of y if and only zle(\”)(E) <lfor&eR™
(ii) A is a spectrum of y if and only ile(\”)(Q =1for e R"

(iif) Q/(\”) (x) has an entire analytic extension to C* if A is an orthogonal set of .

Definition 2.1 Let Rand Rbe n x n integer matrices, and let the finite sets D, L, D,L
be in R". We say that two triples (R, D, L) and (R, D, L) are conjugate (through the
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matrix B) if there exists an integer invertible matrix B such that R=B'RB,D=B"'D,
and L = B*L, where B* denotes the transposed conjugate of B, in fact, B* = BT.

We have the following conclusion for the conjugate relationship.

Lemma 2.2 Suppose that (Ry,Dy,Ly) and (Ri, Dy, Li) are conjugate triples,
through the same matrix B, for any k > 1. Then,

(i) (Rk, Dy, Ly) is a Hadamard triple if (Rg, Dy, Ly ) is a Hadamard triple.

(i) A is a spectrum of y(r,y,(p,} if and only if B* A is a spectrum of i,z y (5,1

Proof (i) Note that R, = B'R;B, Dy = B™'Dy, and L, = B*Ly. Then,

(e—zm(igld,l)) (e—Zm(B R;'BB™'d,B* 1))

dGDk leLk dGDk,IGLk

— ( ,—2mi(Rg'd,1)
(e )deDk,leL;c '

Furthermore, L; c Z? since L c Z? and B s an integer matrix. Hence, the conclusion
follows directly from Definition 1.1.
As for (ii), we recall
H{R}.{Dy} = 5R;1D1 * 6R1‘1R2‘1Dz *
By the definition of Fourier transform of y(g,},(p,}> we have

+ool

(e}, (D) (§) = H&R SRR le(f) H Z 2mi(RTR, o

k deDy

where gy := #Dy, = #Dy. Then, for any A e Aand £eR",

+<x>1

ARy oy (A +8) = H S e 2R R ()
1 9k deDy
23 - ﬁ = S e 2B R BB R BB LB (140))
k=1 9k deD,
+ 00 1

L Z e—zm(i;‘~~i;‘d,3*(A+f))
k=1 9k déﬁk

= AR, (B (BT (A +8)).

Hence, y“‘” Pk )(f) = Qéﬁfk}’{ﬁk})(B*f). Furthermore, (ii) follows from
Lemma 2.1. [

In Sections 3 and 4, we employ the following lemma several times which was
proved in [25].

Lemma 2.3 Let veZ"\{0}, and let R € M, (Z). If {v,Rv,...,R"'v} is linearly
dependent with rank r < n, then there exists a unimodular matrix B € M,,(Z) such that
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BWw=wl0,..,0Tecz"and

R:=B'RB= (Ml c )

0 M,
wherev, € 2", My € M,(Z), My € M,_.(Z), and C € M, ,,_,(Z).

3 Proofs of Theorems 1.3 and 1.4

In this section, we will focus on the Moran measure p (g, ¢p,) defined in Theorem 1.2.
For the sake of convenience, we introduce some notations from symbolic dynamical
system. Denote ®° = {9} and

"={0;+0,:0r €Dy, 1<k<n}

for n > 1. Then, the collection of all finite words is
= U @ﬂ,
n=0
and the set of all infinite words is denoted by

0% = {9192 10 € Dy, k> 1}.

First, we give the proof of Theorem 1.2, which is the preparation for the proof of
Theorem 1.3.

Proof of Theorem 1.2 Let B(0, r) be the open ball centered at the origin with radius
ron R”. Denote

fea(x) =Ry (x +d)
with d € Dy and k > 1. Then, there exists n > 1and 6 € Dy for 1 < k < n such that
fr,6,© f2,6, ©+*© fu,0,(B(0,7)) € B(0, 7).
For any 6 = 6,---0,, € ®", we write

fo(x) = fue, © fr.6,° 0 fus,-

Denote
T({Rk}»{Dk}):{Z(Rk Ry) 7y dkEDk} Z(Rk .Ry)™'Dy.
Then, it is easy to check that

TR (D)) = ) U fo(B(O, ).

n=10e@"

Thus, it is a compact set.
We now define two bounded linear operators T; and T3 as follows. T; : R” — R”
is given by

Tix = B*x,
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where the unimodular matrix B satisfies B 'RB = (Agl ]\flj) and Blv=
2

(v.1,0,...,0)T (see Lemma 2.3). T, : R" — R" is given by

Tz((xl,xz,...,x,,...,xn)T) = (xl,...,xr)T.

For any n > 1, we denote

n = Og;ip, * Opig;ip, * % Ot poip, -

Fix a compact set I € R”. For each & € I, we get

(&) = SR;lpl (E)SR;IR;‘D2 (f)"'SR;I--- R;'D, (6,

i ( —2mi(R Ry, E) 1)
qk deDy

-1
(e—Zlm'((byubk)IBIR'"IB---BIR"”CBBIV,B*E) _ 1)

and

[Brcr.r, () 1

=
=

HM

1

qk

_ iqkz: ( —207i{(bi--by) M " v, T, T €) _1)
dk =0

where ny := my + my + -+ + my for 1 < k < n. Moreover, we have

>

|e—2171i((b1~~bk)_lM;y’kVr,Tlef) _ 1’

<|20m((by-bi) "M ¥y, T Ti )|
<20a(by--bi) M| - v - I T2 T

where the first inequality follows from the fact that |e’* —1| < |x|, and the second
inequality follows from the Schwartz inequality. Hence,

i 1
z\aR-l wop(H-1]< Y S b b) M ol T
k=1

k=1 49k =0

oo

(3.1)

el - 128

<Clvel -T2l IT - 180S0 I ™ )

k=1
where C = msup,., b . We can easily obtain Y32, M, 7| < oo from the fact that
R is an expanding 1nteger matrix. As T}, T, are bounded, it follows from (3.1) that
in (&) =TI, 8R1—1.._R;1Dk (&) converges uniformly on each compact set to an entire
function f(&) = [132, & g7k D, (§). By Levy’s continuity theorem [17, p. 167], there

exists a probability measure y such that ji(x) = f(x) and u, converges weakly to y.
Moreover, the support of y is compact. ]
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In the following of this section, we define
) bM™, k=1, "
(3.2) R, = D’ ={0,1,...,qx — 1}vy,
blemkr, k > 1,

where M;,v, are the same ones as in Lemma 2.3. We will prove Theorem 1.4 first.
Before doing this, we introduce a needed lemma.

Lemma 3.1 Let R be an expanding integer matrix, and let Ry, Dy be given as in
Theorem 1.4. Then, g,y (D} is @ spectral measure if and only zj‘y{R<,)} (o0 s a
k > k

spectral measure.

Proof  Accordingto Lemma 2.3, there exists a unimodular matrix B € M, (Z) such

that
(3.3) R:=B'RB= (Agl J\Z) v="0,...,07,
(3.4) Dy =B'Di={0,1,...,qx ~1}(»,7,0,...,0)7,

where M; € M,(Z), My € M,_,(Z), Ce M, ,_,(Z), and v, € Z". Denote Ry =
B7'R;B. Then, Lemma 2.2 implies that yi(g,} (p,} is a spectral measure if and only if
H(R,},(D,) 18 @ spectral measure. Note that

—my
(3.5) R'=B'R"™B-= 1 (M * ).
b\ o Mmm
Forany & = (&,...,&,)T € R", we denote its first r terms by £ = (&,...,E) T eR".
Then,
Sﬁ—l. ﬁ*IDk(f) - —2mi(R;" Ry d, £)

' Gk deDy

(3.6) 1 o 2T B (70,00 8)
qk j=0

1 qk—l _2mij (Miml"'MimkrV T E(,)> N
v r
= — Z e bt V1 k = S(Rl((r)”_Rl(r))_lD’(‘r)(f( ))

for any k > 1. It follows that

(3.7)
bz 50 () = kH o5, (§) = kH 5(R£r>_..Rl<r>)71Dl<(r>(f(r)) = ﬁ{Rio},{Dir)}(f(r))-
=1 =1

Now, we define a bounded linear operator T : R" — R” given by

T((&eon s &)') = (Eb &)
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If u (R} (D, I8 spectral measure with a spectrum A, we set

A = {M') cT(A) = A, L e A}.
Then, (3.7) implies

(3.8) Z ﬁ{ﬁk},{ﬁk}(er /\)|2 = Z |ﬁ{R<r>}){D<r)}(f(r) + /W))|2-
LeA A(MeA’ k k

It follows from Lemma 2.1 that y (& nyisa spectral measure with a spectrum A’
k

')} {D(

> k

Conversely, if y (RO}, (D is a spectral measure with a spectrum A’, we let A =
k > k

{(/\T, 0,...,0)T:1e A’}. Proceeding as in (3.8), we obtain that A is a spectrum of
(R, }.{B,}- Now, we complete the proof. u

The following lemma has been proved in [25].

Lemma 3.2 Let R € M, (Z) be a matrix with characteristic polynomial f(x) = x" +

ax" V4 ta,x+a, and v=(x1,%...,%,)T € Z" < {0}. If the set of vectors
{v,Rv,...,R" '} is linearly independent, then there exists an integer matrix B such
that
-a 1 0 0
-a, 0 1 0
R:=B'RB= P
-ay,-; 0 0 1
-a, 0 0 0

andv = B'v = (0,0,...,0,1)T.
Moreover, we can choose the matrix B = (R""'v, R"?v,..., Rv,v) from the proof

of Lemma 3.2 in [25].

Proof of Theorem 1.4 By Lemma 3.1, we just need to prove B RO} (DY is a
k 4 k

spectral measure. As {v,Rv, ..., R" v} is linearly dependent with rank r, we know
that

{B'v,B'Rv,...,B'R" v}

is also linearly dependent with rank r, where B is the same one as in (3.3). And thus,
{v,R¥,...,R"'¥} islinearly dependent with rank r, where R and ¥ are the same ones
as in (3.3) and (3.4). Now, we claim that {v, Rv,..., ﬁ’_l’ﬁ} is linearly independent.
In fact, if {¥, R¥, ..., R""'%} is dependent, then there exist {;}/~4 ¢ Z such that

(3.9) lov + LRV + -+, R ¥ = 0.
Denote s as the first index such that I; # 0. Then, (3.9) implies that

ILRV+-+1,,R ¥ =0.
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It follows that

(310) V= (BT o L RT),

Then, we know that {0, R¥, ..., R""'%} is also linearly dependent with rank r. Note
that (3.10) is equivalent to the following equality:

~ 1 =y Bros=
Rv = _T(ls+1R2V + et lr—er SV)'
N

And thus, {0,0, R*¥, ..., R""'%} is linearly dependent with rank r. Proceeding induc-
tively for finite steps, we know that {0,0,...,0, R**'¥%, ..., R"'¥} is linearly depen-
dent with rank r, which is impossible. Therefore, the claim follows. Then, we know
from the claim and (3.3) that {v,, Myv,,..., M} 'v,} is linearly independent. Com-
bining Lemmas 2.2 and 3.2, we only need to show y (RO} (B is a spectral measure

where
(1) blM{m’ k= L / . /
R’ = _ my =myr+1, withm; >0,1<1<r,
bkM{nkr, k>1,
D ={0,1,...,q - 1}¥,, ¥, =(0,...,0,1)7,
and
0 1 0 0
_ 19 01 0
M =]: I :
o 0 0 - 1
< 0 0 - 0

It follows from q |by det(M;) that gy |byc. For the sake of brevity, we denote By = E]((r)
from now on. As

’ k
Ml—(mﬁzz‘:z m;r) _ ( 3 l)m1+2i=z mg ( 0 _iElxl) ,

c E(r-nyx(r-1) 0

then forany & = (&,...,&,)T € R", we have
&

bl--~bk(—c)m{+m2+"'+m"+1 >

(Bf1~~~B;17r,f) =

where I = my —mjr e {1,2,...,r}. Now, we set

bile/™*, k=1,
= and D, ={0,1,...,qx - 1}.
bk|C|mk, k>1,

Applying Theorem 11, we know that there exists a set ACR satisfying
1(\”“”‘}’{@"})(5) = 1for any £ € R. Denote

A ={(0,...,0,1,0,...,0)T: L e A},
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where A is the Ith coordinate of (0,...,0,1,0,...,0)7. Then, for any

E=(&,....&8,...,E)TeR",

we have
(¥, 5()y)
{R, 7AD"} N |2
QTN = S (o, 0 (E+ )
. {R"H{D,”}
AeA’
2
oo
- 1 2B B, E41)
Ven k=1| 9k 4D
2
oo 1 |47l -27i l(,ElM)
_ Z H - e blmbklclml+m2+---+mk+l
reA k=1 9k | =0
. 2
= > oo (& +A)]
AeA
_ A Bopo) £)=1
= XA ( 1) =1L
Hence, (®ROV(BO) is a spectral measure with the spectrum A’. ]
k > k

As an application of Theorem 1.4, the proof of Theorem 1.3 is apparent.
Proof of Theorem 1.3  Since Rv = Av, we have
{v,Rv,...,R" W} = {v, v, ..., A"}

It follows that the rank of vectors {v, Rv, ..., R”_lv} is1,i.e., r = 1. From Lemma 2.3,
we know that there exists a unimodular matrix B € M, (Z) such that

(3.11) B'RBB'v = AB7lv,
ie.,
v, v,
My Cllol_,]o0
0o MJ|: N
0 0

wherev, € Z', My € M,(Z), My € M,,_,(Z),and C € M, ,_,(Z). Hence, Mv, = Av,.
That is, A is an eigenvalue of M;. And thus, A = det(M,) as r = 1. Then, the character-
istic polynomial of M, is x — M;. Applying Theorem 1.4, we know that yi(g,y ¢p, isa
spectral measure. [

4 Proof of Theorem 1.5

In this section, we will prove Theorem 1.5. According to the dependence of the set of
vectors {v,Rv,...,R""'v}, we distinguish the following two cases: r = n (Theorem
4.1) and r < n (Theorem 4.3).
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Theorem 4.1 Let Re M,(Z) be an expanding matrix, and let D ={0,1,...,
q—1}v, where the integer q>2 and v € Z" ~ {0}. Suppose {v,Rv,...,R" v} is
lmearly independent. If (R, D) is admissible, then q| det(R).

Proof Let f(x)=x"+ax"'+-+a,1x+a, be the characteristic poly-
nomial of R. According to Lemma 3.2, there exists an integer matrix B =
(R"'w,R"%y,...,Rv,v) such that

—a 1 0 - 0
N —a; 0 1 - 0

(4.1) R=B'RB=| : R

—ay,.; 0 0 - 1

-a, 0o 0 - 0
(4.2) D=B"'D={0,1,...,q-1}(0,0,...,0,1)7,
(4.3) v=B"'v=(0,0,...,0,1)".
Denote
(4.4) d=gcd(anq), q=4dq', |a,| =dal,

where q" and a;, are positive integers with gcd(q', a;,) = 1. As (R, D) is admissible, we
know from Lemma 2.2 that (R, D) is admissible. Then, there exists

. A N T
C= {x(f) cx) = (xl(’),xéj),...,xg])) el je {0,1,2,...,q—1}}

with 2(®) = 0 such that (R, D, C) is a Hadamard triple. Note

1 1

00 « 0 -— _
a, ap

a a

10 o - 1lo =
a, an,

R%= =l
0 0 0 an-2 0 An-2
an an
0 0 1 An-1 1 An-1
an a,

Denote D = {d;}?~,. Then, for any m € Z,

-1 _

6~ ~(x(])) qz: e—2ni(§7ldk,x("))

9 k=0
1 q-1 — (])+H1X(])+ tay 2x(}) +ap_yxH
(45) = a e an
k=0
1 q-1 Zﬂik(xl(j)+ma,,)+a1x§j)+-~-+an,2xr('{)l+an,1x'(lj)
= e an
9 k=0

https://doi.org/10.4153/50008439522000273 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439522000273

Spectrality of a class of Moran measures on R” 281
Note that there exists mjeZ so that 0<L;:= (xl(j) +mja,) + alxgj) ot
an,zxf,]_)l + a,,,lx,(ﬂ) <lay| —1for each 0 < j<q—1 Since (R, D, C) is a Hadamard
triple, it follows from (4.5) that L; # L; for any 0 < i # j < g — 1. Then, we may as well
suppose that 0 = Lo < Ly < - < Lg_1 < |a,]|. Set

C- {3;(1') 20 = 2D 4+ (mja,,0,...,0)7,x0) ¢ C}

with mg = 0. Obviously, (R, D, C) is a Hadamard triple. This together with (4.5)
implies that foreach1< j< g -1,

1

1 Z e—zm(i“ik&'(”—o) _ |sin(a;1qurt)| _

175 |q sin(a;len)|

It follows that L; = aja, (0 < j < q —1) where all a; are integers with 0 = ap < a; <
- < &g_1. Hence, aq_1>q—-1 And thus, |a,|>Lsy = aga;, > (q-1)a),. This
together with (4.4) implies that d > g -1 On the other hand, d =gcd(q, a,).
Therefore, d = q. Notice that det(R) = (-1)"a,,. Then, the assertion follows. |

Especially, we have the following corollary.

Corollary 4.2 Let

-a 1 0 0
-a, 0 1 0
R= : Do
—d,.; 0 0 - 1
-4, 0 0 - 0

be an expanding integer matrix, and let D = {0,1,...,q - 1}v, where v = (0,0,...,
0,1)T. Then, (R, D) is admissible if and only if q| det(R).

Proof  The necessity is proved in Theorem 4.1. Conversely, Set

L:{0,1,...,q—1}(’;”,0,...,0)T.

As det(R) = (-1)"a, and g| det(R), we have L c Z". Note that

1 1

00 o -— 1/ -
an an

ay a

1 0 (V— | -
a, a,

Ry = = :
00 - 0 an-2 0 An-2
an an
0 0 1 _an—l 1 _an—l
a, a,
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Then, for any distinct I, I, € {0,1,...,9 -1},

T 1 -1 cay T
8R 1D((ll _12)(C:n 0,...,0) )= - Z e 2R (h=12) (52,0,..,0)7)

9 deD

kﬂ(’z h)

i —27i(kR7(0,0,...,0,1) T, (1, - 1) (552.0,..., Z - 0.

»Q\»—‘

Hence, (R, D, L) is a Hadamard triple. |

Theorem 4.3  Let R € M,,(Z) be an expanding matrix, and let D = {0,1,...,q —1}v,
where the integer q > 2 and v € Z" ~ {0}. Suppose that {v,Rv, ..., R" v} is linearly
dependent with rank r < n. If (R, D) is admissible, then q|det(M;), where M, is
expressed as in (1.2).

Proof  According to Lemma 2.3, there exists a unimodular matrix B € M, (Z) such

that

46) Re=p'rB-(™ € eM,(Z), vi=B'v=(vT,0,...,0)T
0 M,

and

(4.7) D:=B"'D={0,1,...,q-1}(v,0,...,0)7,

where v, € Z", My e M,(Z), My e M,,_,(Z), and C € M, ,_,(Z). By Lemma 2.2, we
know that (R, D) is admissible since (R, D) is admissible. As {v,Rv,...,R" v}
is linearly dependent with rank r, we know that {¥,R¥,...,R"'%} is also
linearly dependent with rank r. Similar to the proof in Theorem 1.4, we know
that {¥,Rv,...,R""'%} is linearly independent. Then, we know from (4.6) that
{vi., Myv,, ... ,M{‘lv,} is linearly independent. Now, we define a bounded linear
operator T : R” — R" given by

T((xl,...,x,,...,x,,)T) = (X105 x) "

for any (x1,...,x,)T € R". Note that

B v, My,
EW:(MI Xl) of=f ©
0 M; : :
0 0

Since (R, D) is admissible, there exists L ¢ Z" with #L = #D = q such that

H= i (e—Zni(R"d,l)) = i (e—2ﬂik(M1'1vr,l))

\/a deD,leL \/q

is unitary. It follows that (M;, T(D), T(L)) is a Hadamard triple. Combining with
Theorem 4.1, we have g|det(M;). |

ke{0,1,...,q-1},1eT(T)

Now, we have all ingredients to prove Theorem 1.5.
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Proof of Theorem 1.5  The conclusion follows directly from Theorems 4.1
and 4.3. |

5 Some examples

In this section, we give some examples to illustrate our theory. The first example is an
application of Theorem 1.4.

1 -3 3\™
Example 5.1 Let Ry=by|3 -5 3 and Dy ={0,1,...,qx —1}v, where
6 -6 4
1
b, my € Z* andv = | 1| for k > 1. Then, y(g,},¢p,} is a spectral measure if g |[4by.
2
Proof Let
1 -3 3 1 1 0 0
R=]|3 -5 3}|,v=|1},B=|1 1 O
6 -6 4 2 2 0 1
Thus,
4 -3 3
Rv=4v and B'RB=|0 -2 0
0o 0 -2
According to Theorem 1.4, ti¢p,} (p,} is a spectral measure if q|4by. ]

The following example is given to explain that the condition q| det(M, ) in Theorem
1.5 is not sufficient.

2k+1 0 .
2c 2
and k, c are nonzero integers. Then, (R, D) is not admissible.

Example 5.2 Let R= M(Z) and D = {0,1}v, where v = (1,0)T

Proof By a direct calculation, we have
A 1
(5.) Z(8p) = 5 (1, 0" +(Z,R)",
where (Z,R) = {(x1,x2) : x1 € Z, x5 € R}. If (R, D) is admissible, then there exists

C, € Z? such that (R’AID, C)) is a compatible pair with 0 € C;. Let C = R*"'C,. Then,
we know that C € Z(0p) and there exist n € Z and m € R such that

C-= {0,(%+n,m)T}.
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Since C; = R*C ¢ Z?, we have

1
R* (;;n) _ (E +n)(2k+1)+2mc ¢ 72,

2mc
ie,
2k +1)(1+2n) + 4mc € 2Z,
(5.2) (2k +1)(1+2n)
2cm e Z.
This is a contradiction. Hence, (R, D) is not admissible. [

In Example 5.2, we notice that {v, Rv} is linearly independent and 2|det(R),
but (R, D) is not admissible. Hence, the condition g| det(M,) in Theorem 1.5 is not
sufficient.
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