FURTHER INTEGRALS INVOLVING E-FUNCTIONS
by F. M. RAGAB

Part 1

(Received 24th August, 1953)
§ 1. Introductory. The formulae to be proved are
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where m is a positive integer, » = ¢ +1, R(m«x, +k)>0, r =1, 2, ..., p, and | amp z | <=. For
other values of » and ¢ the result holds if the integral is convergent.
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where m is a positive integer, p = ¢ +1, R(a+ma,)>0,r=1, 2,..., p, B(p-a«)> 0 and
| amp 2z |<m. For other values of p and ¢ the formula is valid if the integral converges.
The proofs will be found in § 2. Some double integrals are discussed in § 3.
The following formulae are required in the proof.
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(1) If m is a positive integer and if R (k)>0,
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If m is a positive integer,
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(8) If mn is & positive integer and if E(p)> R («)>0,
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where a,,, =(x+v = 1)fm, pg=(p+v-1)/m,v=1,2 ..., m.
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where p=q +1, B(pyyy — 1) >0, R, —payy)>—-1,7=1,2, ..., p, ().
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§ 2. Proofs of the Formulae. Consider the special case of (1) when p =1, ¢ =0; then the

L.H.S. of (1) becomes
e} w0
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where o, , =(k+v-1)/m +a,, v=1, 2, ..., m, by (3).

On applying (4) and (5) this becomes (1) with p =1, ¢=0. The general case is deduced

in the usual way.
When p =1, g =0, the integral on the left of (2) can be written
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by (6). On applying (4) and (5) this gives (2) with p =1, ¢ =0. The general case can then be
deduced.

From (1) and (2) many particular cases can be deduced. For instance, if, in (2), p =¢ =0,
the value of

f “ gmamis\-p ()  1)p-a-1 ),
1

where R(z)>0, R(p —«)>0, is found to be the R.H.S. of (2) with all the linear expressions
involving a,, ay, ..., ay, py, Pgs -+, pg OMitted.

§ 3. Some Double Integrals. The first of these is
7 [P am e i B o 03 gy ) dh

=1rF(Ic-9n—n) B Ty Gpy oesy Oy 1 €92 em g (M AT a M, etiny
sin mwI'(k) 1-m,pys e s Pq m+1,pi+m, ..., pg+m ’

. (8)

where p=¢q +1, R(2)>0, B(n)>0, R(k-m)>0, R(m +o,)>0, R(k-n+a,)>0,r=1,2, ..., p.
Consider the case in which p =¢ =0; then the L.H.S. of (8) is equal to

j ” f ® el m1m=1(1 4\ +u)F dA dps
1} 0

1 ® ®
= —_ m-1 ~uf(Ag), n~k-1 A
I'(]G)fo A d)\fo e~brliAR)y E(k..—-l_*_)\)dp,.

Here replace p by Azp and get
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The second integral can be written
J * pmanake1(] - gye-ment B (k ;- tuz) db,
0
where A =t/(1 ~t), R(k)>R(m +n)>0; and, from (7), this is edual to

I'{k—m —n)(p2)s-"2E (m +n :: p2).

On applying (1), (8) with p =¢ =0 is obtained. The general case is derived in the usual
way.
Next, consider the double integral

f: f: e—z\n—A/uAH1n+k—1}Ll+ m—k—1p (p Y %p gy psc ’\"z/I»"") dx d“, .............. (9)

where 7 is a positive integer, p=g +1, R(l +m'+k +na,)>0,r =1, 2, ..., p, and | amp 2 | <7.
On replacing p by Ap this can be written

[} (-4}
J R f L E B a1 py s 2fpt) dp,
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and, on changing the order of integration and replacing A by A//p in the inner integral it
becomes

a0
1rem) [* B g3 g, elet) du
0

AT em) [ et B wigs gy o) di
0

This last integral is the integral in (1) with # in place of m.
Now consider the integral

j : f : e-MA AL kL B (D g pe: Aan2) AN djty veereereren (10)

where n is a positive integer, p=q +1, R(I +m +k +na,)>0,7=1, 2, ..., p, and | amp z | <.
Replace p by p/A and get

[co] -}
f Al d)‘f eu Rl btm—k1(p 5w, 1 q; py: pt2) dp.
0 0
Here change the order of integration, replace A by A/, and so get

100 [ en B g pyua)

The last integral is the integral in (1) with » in place of m and I +m in place of k.
Finally, consider the integral

J‘: f: e—/\u—z\/u,\l-i-m+k—1“l+m—k—1E(p 30 iqy Pst A—n#—nz) A d,u, ........... (11)

where % is a positive integer, p=g+1, E(l +m +k)>0 and | amp z |<m.
Here replace 1 by p/A, and get

-+ o0
[T [ vt B ayiqs i) da
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On changing the order of integration and replacing A by A./p this becomes

[+ 2]
4P [ ent B wiqs pysuene) d
ATt @mpin B(p+n; a1 py 2,

where a,,, ={l+m+v-1)/n,v=1, 2, ..., n, by (3).
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Part I1

(Received 23rd October, 1953)

§1. Introductory. In § 3 two E-function integrals, involving the function I,(n), will be
evaluated. Two subsidiary formulae, needed in the proofs, will be established in § 2. The
following formulae are also required.

IfR(n)>-4,(1)

L= g (5) Lo 02 0
n P' F(%)F(n-}-%) 2 -1 e evesesevssessescesetesnne
If m is a positive integer, R (x)>0 and | amp z | <, (2),

J eMNE(p s o i g py 2/ A) dA= 2 tmmetE(p +m ;a1 q ;5 p, i 2[m™),
0

where a,,, ., =(¢+v)/m, »=0,1,2, ..., m-1.
If m is a positive integer, R(p)>R (x)>0, | amp z |<m, (3),

1
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0

where a1 =(x +¥)/m, pgya=(p+v)/m,v=0, 1,2, ...

If p=g +1, (4),
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§ 2. Subsidiary Integrals. The two formulae are as follows.
Ifp=q+1, R(k+24,)>0,7r=1, 2, ...
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If p2g+1, R(p—a)>0, B(x+2¢,)>0,7=1,2, ...
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In proving (5) consider first the case in which p=1, ¢=0; then

fw e N LE (o 1 1 AP2) dA =2 f e~ b2 -1 f (0‘1 Y >dA
0 ' 0

=g 122l B o, o + 4k, oy +4k + 4 1 1/(42)}, by (2);
and, on applying (4), the R.H.S. of (5) with p=1, ¢=0, is obtained. The general result is
deduced in the usual way.
For (6), proceeding as before and applying (3), it is found that

1 ’ 1
f Aot (1 = Apme-1E (g : : N22) dA =2 f Aot (1 = A1 <a1 Y
0 0 2A2

=I'(p~a)25rz4E (o), oy +4e, oy +da+4 0y +4p, ay +3p+3%:1/2), by (3),
and, on applying (4), the R.H.S. of (6) with p=1, ¢=0, is obtained. From this the general
result is derived.

§ 3. The Integral Formulae. The formulae to be proved are :
<]
[} emm B @ e qs o2l

sin (» +m)w
" 2,/2 .7 cos (m)
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" 4./2 . 7sin (}+3mym
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pr+d+im, o, petdrim S +dm,

cos (n)

- z‘!‘i‘m

4,/2. 7 cos (} +im)m
(a1+%+%m,...,a,,+%+§m,;+%n S+dn,d-4n, 3-In: z) )
prtd+dm, ., pptd+im, T +im, 3 !

where E(n —m)>0, R(m +2«,)>-%,r=1,2, ..., p,| amp z|<m; and

w
f . et L (WE (P o, 1 q; pst 2u%) dp

™
T J/2sin (n-m)x
XE(al,...,ap,;{*+%m,%+%m :z)
Prs eres Pes LHdm—dn, t+im—dn, 1+dm+in, 1 +im+in
+ — Zhm=in
2./2 sin (4m — in)w
E<a1—%m+%n,...,a,, Im+in, +4n, 3 +4n 12
pL=EM 440, oy po=im+in, 1 —dm+in, §, +n, L +n
ko
+ zim—in—}
2.2 cos (4m ~
g-Im+int+l, o -dmtin+d, f4in, E+dn 12
x B 1 i 1 1 1 1 3 1. 1, 3 3 ’---(8)
pr—tm+in+d, ., pp-dm+in+d, f-dm4in, 3, 140, 340

where p=g +1, B(m)> -4, R(n -m +2a,) >0, r=1, 2, ..., p, | amp 2z | <.
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In proving (7) consider the case p=¢=0; then, from (1), if R(n)> -4,
9~n w 1 .
LHS. = oo 7 emmynmaB (2 2fut) f (1 = xeyr-k A,
FOTmaD ), ™" (::2/p?)dp L=

Here change the order of integration and replace u by /(1 + A), so getting

2 ' n— ® —p n—m=
OrTD ] Nt et

_ 2—m—1
—‘ITF(n + %) -1

(1 + Aym=i(1 — ,\)n—w{” =z ";”1 s (1 +/\)2}d)\,

by (2).
Now put (1 +A) =2p and the expression becomes

2n-1 1 n-m n-m+l
—— m—¢ _ -3 o . 2
oy el IV (1 —p)" E( 3 g ~-2/~L>d#-

On applying (6), with a =m + 4, p=m +n +1, so that p —a=n +}, the R.H.8. of (7) with
p=q=0 is obtained. From this the general case can be deduced.
Finally, for (8), substitute from (1) in the L.H.S. and change the order of integration, so
getting, if R (n)> -4,
9-n 1
TG (n+3)J -
Here replace p by p/(1 + A), apply (5) and get

Q-1 1
I'Hr(n+4)) 1

- _17_‘./#_211—771
sin (m —n)w
XE{p;ay:ppyoens pp L+3m —dn, §+dm —dn 2 d2(1 +2)-%)
mfm zhm—in
T35 (m - dnym L+ AP
X xE{p ja,—dm+in 14z(1 +/\)‘2} d.
pr—dm+in, ..., p—dm+in, 1 -dm+in,
adn Am—tn—t
* L cos (m = In)m (L + )t
xE{p;a,—%m+%n+lg :4z(1+)\)—2}

p-dm+in+d, ..., po-dm+in+d, d-dm+in, 3

(1 - A%)n-i d/\f:e‘“““)u"‘"“lE (P ar:q; py:2pt)dp.

(1 + A1 = Ayt

Now replace 1 + A by 2u and apply (3), so obtaining the R.H.S. of (8).
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