
FURTHER INTEGRALS INVOLVING ^-FUNCTIONS

by F. M. RAGAB

PART I

(Received 24th August, 1953)

§ 1. Introductory. The formulae to be proved are
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where m is a positive integer, p ^ q +1, B(mar +k)>0, r =1, 2, ..., p, and | amp z \<rr. For

other values of p and g the result holds if the integral is convergent.
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where m is a positive integer, p^q + l, R(a+maT) > 0, r =1, 2, . . . , p, R(p-a) > 0 and
| amp z | <TT. For other values of p and <? the formula is valid if the integral converges.

The proofs will be found in § 2. Some double integrals are discussed in § 3.
The following formulae are required in the proof.
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78 F. M. RAGAB

(1) If m is a positive integer and if R(k)>0,
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(3) If m is a positive integer and if R(p)>R(a.)>0,
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whereaj,+l,=(a+v-l)/??i, Pa4J,={P + v-l)jm, v = l , 2 ...,m.
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where^^<? + l , J R ( p 8 + 1 - a 3 ) + 1 ) > O , i J ( a r - p a + 1 ) > - l , r = l , 2 , ...,p, (4).

§ 2. Proofs of the Formulae. Consider the special case of (1) when p = 1 , q =0 ; then the
L.H.S. of (1) becomes
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where a,,+1 =(fc+v-l)/m + a1, v = l , 2, ...,m, by (3).

On applying (4) and (5) this becomes (1) with p=l, q =0. The general case is deduced
in the usual way.

When p=\, q =0, the integral on the left of (2) can be written
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FURTHER INTEGRALS INVOLVING ^-FUNCTIONS 79

by (6). On applying (4) and (5) this gives (2) with p =1, q =0. The general case can then be
deduced.

From (1) and (2) many particular cases can be deduced. For instance, if, in (2), p —q = 0,
the value of

Ji

where R(z)>0,R(p - a ) > 0 , is found to be the R.H.S. of (2) with all the linear expressions
involving a i , a2, ..., <*„, px, p2, ..., pq omitted.

§ 3. Some Double Integrals. The first of these is
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where p^q +1, R(z)>0, R(n)>0, R(k -m)>0,B(m+<xr)>0,R(k-n + «r)>0, r =1, 2, ..., p.
Consider the case in which p =q =0 ; then the L.H.S. of (8) is equal to
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Here replace /x by Az/x and get
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The second integral can be written

I"1 «m+»-*-l(l _<)fc-m-n-l E{k I \ tfiz) dt,
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where A =</(l -t), R(k)>R(m +n)>0 ; and, from (7), this is equal to

r(k -m-n)(yiz)k-m-nE{m +n\: /xz).

On applying (1), (8) with p =q =0 is obtained. The general case is derived in the usual

way.
Next, consider the double integral

.(9)f" Pe-A/i-A/^H-m+fc-y+m-fc-lB^. . g . ps • ^zlp") dX dp,
Jo. Jo

where n is a positive integer, p^3 +1 , R(l+m + k + n<xr)>0, r=l, 2, ..., p, and | amp 2 |<77.
On replacing /x by A/x this can be written

f™ A2l+2m-l rfA f" e-A'f . -1/^l+m-t- l^^ . ^ . q . p< . j -^nj ^
Jo Jo
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80 F. M. RAGAB

and, on changing the order of integration and replacing A by X/Jn in the inner integral it
becomes

Jo
/•oo

Jo
; ar: q ; p s : zu") du.

This last integral is the integral in (1) with n in place of m.
Now consider the integral

f ° f" e-^-*/^«+™+*-y+">-*-! £ ( p ; «,:<?; Ps:X
n
ii

nz)dXdti, (10)
Jo Jo

where «. is a positive integer, p^q + 1, R(l+m + k+n«.r)>0, r =1, 2, ..., p, and | amp z |<TT.

Replace /i by /x/A and get

f°° A2*-1 d\ r e-»-»l*nl+m-k-1E(p ; ar: q ; P s : /^z) dp.
Jo Jo

Here change the order of integration, replace A by XJfi, and so get

iT(fc) r°° e-V8-1"™-1 ^d>; oLT:q; Ps: /*»z).
Jo

The last integral is the integral in (1) with n in place of m and Z +m in place of k.
Finally, consider the integral

P° P° e-A/.-VMAJ+™+*-y+"-*-i^(:p ; ar: 3 ; Ps:X-narnz)dXdii, (11)
Jo Jo

where ?i is a positive integer, pSig' + l, R(l +m + k)>0 and | amp z \<TT.
Here replace /x by fi/X, and get

| " A2*"1 dX H e-K-A'/^Hm-t
Jo Jo

On changing the order of integration and replacing A by AN//x this becomes

\r(k) re-"^+^1E(p; ccr:q; Pa: ^"z) dp
Jo

n; «r:q; Ps: zjnn),

where ap+<l=(l+in + v-l)jn, v=l, 2, ..., n, by (3).
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PABT II

(Received 23rd October, 1953)

§1. Introductory. In § 3 two ^/-function integrals, involving the function /n(/x), will be
evaluated. Two subsidiary formulae, needed in the proofs, will be established in § 2. The
following formulae are also required.

If £ ( n ) > - } , (1),

If m is a positive integer, JR(<X)>0 and | amp z |<7r, (2),

e-^X'^Eip ; aT: q ; p.: z/Am) dX = (2n)t-tmm,x-iE(p +m ; ar: q ; p,: z\mm) (2)
Jo

where aB+v+1 = (a + v)jm, v = 0, 1, 2, ..., m - 1 .
If m is a positive integer, i?(p)>JB(a)>0, | amp z |<TT, (3),
f1

A""1 (1 - Xy~<l-1E{p ;ar:q;ps: z/Xm) dX = F(p- a)ma-(lE(p + m ; ar: q + m ; p,: z), . . . (3)
J o

w h e r e a . ^ x i = ( a + v ) / m , p<,+v+i = {p + v)jm, v=0, 1 , 2 , . . . , m - l .

P 9 ( P ']-
E(p;ar:q;pa:z) = 7 r J ) - B - 1 E II s in (pt -a.r)ir< II' s in (a, -<XT)TT >

.1M
J

§ 2. Subsidiary Integrals. The two formulae are as follows.

^q + 1, B(h+2ar)>0, r = l, 2, ... ,23, and | amp z |<TT,

(5)

f1
; ar

sin(p-a)T7 ,
sin (|a77)
sin (p — a)77 _,

cos {\O.TT)

a + 2ar)>0, r = \, 2, ..., p, | amp z \<TT,

pB, 1 - \a, J - | a /

Pi + | a p, + \cc, 1 + Ja, ^ /
(6)
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In proving (5) consider first the case in which p = l, q=0 ; then

{X e -W-^K : : A2z) d\=z* f" e-W+^^E (*x : : - ^ dX
Jo Jo \ X'zJ

= 7T-t2k+2c'i-1zc'iE{<xx, ax + P , a.x + \k + \ : : l/(4z)}, by (2) ;

and, on applying (4), the R.H.S. of (5) with p = l, q = 0, is obtained. The general result is
deduced in the usual way.

For (6), proceeding as before and applying (3), it is found that

f1
 a_l _a_! 2 a P a+2,*-l -a-1 / l \

Jo x' ' Jo \ x z^2/

and, on applying (4), the R.H.S. of (6) with p = l, q — 0, is obtained. From this the general
result is derived.

§ 3. The Integral Formulae. The formulae to be proved are :
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where i2(w-m)>0, i2(m+2ar)> -\,r=>\,2, ...,p,\ amp z |<7r; and
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where p^q + l, R(m)> -\, R(n-m+2ar)>0, r = l, 2, ..., p, \ amp z |<77-.
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In proving (7) consider the casep=q = 0 ; then, from (1), if B(n)> - J,

Here change the order of integration and replace fx by /x/(l + A), so getting

by (2).
Now put (1 + A) =2/J. and the expression becomes

On applying (6), with <x=m + £, p=m+w + l, so that p - a = w + | , the R.H.S. of (7) with
p = q =0 is obtained. From this the general case can be deduced.

Finally, for (8), substitute from (1) in the L.H.S. and change the order of integration, so
getting, if R(n)>-\,

Here replace p by /x/(l + A), apply (5) and get

(1 + A)'n-*(1 - A)"-*

. 2«-m
s i n (TO —71)77

xE{p ; <xr: pv ..., p,,, 1 +tyn-^n, \ + \m-tyn,: 4z(l

2 sin (im - \n)-n (1 + A)"-"

dX.

4 cos (|m - \%)TT (1 + A)"1-"-1

J, ... , p a - | m + ̂ w + | , f -

Now replace 1 + A by 2/u, and apply (3), so obtaining the R.H.S. of (8).
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