BuLL. AUSTRAL. MATH. SocC. 46L05, 20m18
VoLr. 42 (1990) {335-348]

THE C*-ALGEBRAS OF SOME INVERSE SEMIGROUPS
RACHEL HANCOCK AND JAIN RAEBURN

We discuss the structure of some inverse semigroups and the associated C*-
algebras. In particular, we study the bicyclic semigroup and the free monogenic
inverse semigroup, following earlier work of Conway, Duncan and Paterson. We
then associate to each zero-one matrix A an inverse semigroup C4, and show
that the C*-algebra O, of Cuntz and Krieger is closely related to the semigroup
algebra C*(Ca).

An inverse semigroup is a semigroup S in which each element z has a unique
“inverse” z* satisfying zz*z = z and z*zz* = z*; it turns out that the map =z — z*
is then an involution on § ([12], V.1.4). Through this involution, the semigroup algebra
CS becomes a *-algebra, and has an enveloping C*-algebra, called the C*-algebra of
the semigroup (see below). Here we shall discuss several specific inverse semigroups,
investigate the structure of their C*-algebras, and study the connections with other
well-known C*-algebras.

We shall take the point of view suggested by Duncan and Paterson [9]. They
observed that inverse semigroups are precisely those semigroups which can be realised
as *-semigroups of partial isometries on a Hilbert space, in which the “inverse” of an
element is the adjoint of the corresponding linear operator ([9], 1.1). (For this reason,
we shall call z* the adjoint of z.) Using this approach and the structure theory of
partial isometries, Conway, Duncan and Paterson gave an elegant classification of the
monogenic (that is, singly generated) inverse semigroups ([3, Section 1]; Preston has
also given a purely algebraic version [18]).

If S is an inverse semigroup, the *-algebraic structure on CS = sp{é,: =z € §} is
defined by 4.4, = 6z and (8;)" = 8+ ; the *-representations 7: CS — B(H) are then
the linear extensions of the *-representations of S as partial isometries on the Hilbert
space H. (From now on, all our representations will be assumed *-preserving.) Since
every partial isometry has norm 0 or 1, for any representation 7 of CS and f € CS,
we have

<Y @RI < Y I3
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thus
£} = sup{|l=(f)il : #: CS — B(H) is a representation}

is a well-defined C*-seminorm on CS — in fact, it is a C*-norm, because the regular
representation is known to be faithful {20]. The completion C*(S) of CS in this norm
is the C*-algebra of the semigroup S: note that its representations are by definition in
one-to-one correspondence with those of §. (Other equivalent definitions are given in
(9, p-44].)

The structure of the C*-algebra C*(S) has already been investigated for various
semigroups and classes of semigroups ([14, 9, 3]). In particular, Conway, Duncan and
Paterson have described the C*-algebras of the monogenic inverse semigroups ([3],
Sections 2, 3), and for the bicyclic semigroup and the free monogenic inverse semigroup
these turned out to be algebras which had often appeared in other contexts. We shall
start by giving an alternative analysis of these two examples; our results go a little
further than those of [3], and some of them also appear to be slightly different. In any
case, we hope our systematic approach will shed some light on the results of [3], and
also motivate our subsequent analysis of other semigroup algebras.

In Section 2 we introduce an apparently new class of semigroups which we call the
Cuntz-Krieger semigroups. Their definition was inspired by work of Cuntz and Krieger,
in which they study the C*-algebras generated by families of partial isometries whose
initial and range projections satisfy relations governed by a zero-one matrix A (see
[7]). We modify their relations slightly, replacing them with ones which only involve
multiplication, and let C4 be the semigroup defined by this new set of relations. We
prove that C4 is an inverse semigroup, by constructing a faithful representation of C4
as a *-semigroup of partial isometries. The C*-algebra C*(C,) is not quite the same
as the algebra O4 of (7], but it is very closely related: each C*(C,4) contains an ideal
I isomorphic to a few copies of the compact operators, and the quotient C*(C4)/I is
isomorphic to Oy4.

In the special case where A has all entries 1, the algebra O 4 is the Cuntz algebra
O, [4], and the connection with an inverse semigroup O,, had been noticed by Renault
[17], although he did not explicitly identify O, with a quotient of C*(0O,). However,
the generalisation to arbitrary A may also be of some interest: the semigroup C4 is a
new ingredient in the interplay between the structure of O4 and that of the topological
Markov chain associated to A (see [7, 6]).

While we hope we have already provided good evidence that the C*-algebras of
inverse semigroups can be interesting, we can also point to other places in the theory of
C*-algebras where inverse semigroups may arise naturally. It seems likely, for example,
that the algebras studied by Salas [18] will be associated to those of inverse semigroups:
indeed, Robin Balean has recently verified that they are generated by *-semigroups of
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partial isometries, although it is not yet clear how many different inverse semigroups
are involved or what the results of [18] say about their algebras. For a more speculative
example, we observe that there are various constructions in the literature (for example
[13, 5]) which look suspiciously like crossed products by actions of inverse semigroups.

1. MONOGENIC INVERSE SEMIGROUPS

The first semigroup we shall consider is the bicyclic semigroup C, which is the
semigroup generated by two elements p,q subject to the relation gp = 1. One way to
see that this is an inverse semigroup is as follows. First observe that every element of
C can be written in the form p™q™ for some n,m > 0. Next, let § be the unilateral
shift on /2, and note that p = §, ¢ = $* satisfy the relation gp = 1; thus there is
a homomorphism ¢ of C onto the semigroup generated by S and S*. But the set
{S™(S*)™} is closed under the adjoint operation, so this is an inverse semigroup by [9,
1.1}, and ¢ must be an isomorphism since the operators S™(S*)™ are distinct.

If 7 is a representation of C on Hilbert space, then the operator m(p) is an isometry
and = is therefore equivalent to a representation in which n(p) = U @ (S ® 1), where
U is unitary and § ® 1, is a shift of multiplicity a, possibly infinite ([10], p.117).
We may as well suppose a > 1, since |[v(f)| is not decreased by adding another
summand to 7. Now an elegant argument of Coburn ([2], Section 3) shows that the map
S - Ud(S ® 1,) induces an isometric isomorphism of C*(S) onto C*(U & (S ® 1.)):
thus the representation m which sends p to S is isometric for the C*-norm on CC,
and C*(C) = C*(S). Coburn has also proved that C*(S) C B(I?) contains the algebra
K of compact operators and has C*(S)/K = C(T); this result and this algebra are
of fundamental importance in C*-algebra theory and operator theory, where C*(S)
appears as the C*-algebra generated by the Toeplitz operators with continuous symbol
(see, for example, [8, Chapter 7]).

Next we wish to consider the free monogenic inverse semigroup F: monogenic
means it is generated as a semigroup by one element u and its adjoint u*, and free means
that, whenever z is an element of an inverse semigroup S, there is a homomorphism
¢: F — S with ¢(u) = z. Such a semigroup is obviously unique up to isomorphism,
but, again, the requirement of uniqueness of adjoints means it is not at all obvious that
there is one - indeed, Schein has shown that such an F cannot be realised in terms of
generators and finitely many relations {19]. We shall sketch a proof of existence, similar
in spirit to that given by Preston (18], Sections 1, 2), and which is implicit in [3].

LEMMA 1.1. Let S be a monogenic inverse semigroup with generator u.

(a) Everyelement of S has the form (u‘)"u'(u‘)m, where k, I, m are integers
satisfying 1 20,12>2k>20and l2>2m > 0.
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(b) If the elements in (a) are all distinct, then (S,u) is a free monogenic
inverse semigroup.

Part (a) is proved in [18], Section 1; the proof is a tedious reduction, but is ele-
mentary in the sense that it uses only the commutativity of idempotents in S ([12],
V.1.27). If = belongs to another inverse semigroup 7T, and the given elements of S are
distinct, we can define ¢: S — T by

() e (w)") = ()2 =)™

since the reductions involved in part (a) are valid in any inverse semigroup, the map
defined this way is a homomorphism.

Now consider the *-subsemigroup of B(I? @ I?) generated by S @ S*, where S is
again the unilateral shift. Since any element of this semigroup has the form $™(S*)™ &
S"(S“)l, this is a *-semigroup of partial isometries and hence an inverse semigroup.
To see that it is a free monogenic inverse semigroup, we just need to check that the
elements

(5* 05 (s@5) (5 08" =55 )"esHs) ™
are distinct, and this can be easily done by applying them to the sequence {1/n} € I2.

REMARK 1.2. We can deduce from this by taking free inverse products of F that there
are free inverse semigroups with arbitrary sets of generators. Since the construction of
free inverse products is straightforward (see [12, VII.4.5]), and the known constructions
of free inverse semigroups are quite complicated (for example [15]), this may be a
relatively efficient existence proof!

The structure of C*(F) is described in the following theorem of Conway, Duncan
and Paterson ([3], Section 2). In it, J,, denotes the truncated shift on C™ defined with
respect to the usual basis by Jn(21,...,2s) = (0,21,...,2n—1). The operator ®32,J,
had previously been studied by Bunce and Deddens [1], and the treatment in [3] used
their results. However, our proof is more direct, and the facts about @J,, proved in {1]
will follow from it. Both proofs are based on the same theorem of Halmos and Wallen
[11].

THEOREM 1.3. If u is a generator for the free monogenic inverse semigroup F,
then u —» J = &32,J, extends to an isomorphism of C*(F) onto C*(J).

PROOF: If 7 is any representation of F, then in particular #(u") is a partial
isometry for all n, and hence #n(u) is a power partial isometry in the sense of [11].
Thus by [11], 7(u) can be decomposed as a direct sum

1I’(‘ll) =We (S® la) 5 (S. ® lﬁ) o (®:°=2(Jn ® lkn)))
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where W is unitary, S is the unilateral shift, J, is the truncated shift on C™, and
a, B, k, are multiplicities, possibly infinite. Conversely, the *-semigroup generated by
any operator T of this form consists of partial isometries, hence is an inverse semigroup,
and there is a representation 7 of F with w(u) = T'. Thus it will be enough for us to
prove that, if k, > 1 for all n, then the map

T=Wo(501.)® (5" ®1p)®(072:(Jn ®11,)) = J = ®r,/n

extends to an isomorphism of C*(T') onto C*(J).

The elements of the form p(T, T*), where p(X, Y) is a polynomial in two non-
commuting variables, are dense in C*(T'), and the map p(T, T*) — p(J, J*) is well-
defined since it just picks off some direct summands. We shall show that ||p(T, T*)|| =
[lp(J, J*)|| for any such polynomial. The multiplicities do not affect the norms, and
therefore

lip(T, T*)I| = max{[lp(W, W*)|l, lp(S, S|, (™, S)II, Nle(J, T}

It is well-known that |[p(W, W*)|| < ||p(S, S*)|| ([2], Section 3), and we claim also that
(S, S*) < llp(J, T)I-

To see this, fix £ > 0 and choose £ = (&;,&3,-..) € I? such that ||¢]| =1, & = 0 for
large k (say for k > N) and ||p(S, S*)¢|| > ||p(S, S*)|| — €. Choose n > deg P + N,
set " = (é1,...,€) € C™, and observe that

p(sv S')(f) = (P(Jn, Jr:)(fn)70,0 : ');

this works because there are enough 0’s at the end of £™ to ensure that no non-zero
entry can get killed by J7 for » < deg P. Since ||¢™|| =1, this implies

Ip(Jns T 2 112(Jns J2)EM = IIp(S, $7)EN > |Ip(S, S7)I| — ¢,

and we therefore have
lp(J; I*)| = sup ||p(Ja, T = (I2(S, S*M

as claimed.

Next we observe that the unitary U, € U,(C) defined by U,({,...,€n) =
(én,. .., &1) satisfies U,J Uy = J, and hence U = @U, satisfies UJU* = J*. Thus if
¢(X,Y) = p(Y, X), the previous claim implies

(™, S = lla(S, ST < Na(J, I = Hip(*, DIl = |Up(J, T*)U*|| = Ip(J, T*)]-

We have now shown that ||p(T,T*)|| = ||p(J,J*)|| for any polynomial p; thus the
map p(T,T*) — p(J,J*) is isometric, and extends to an isomorphism of C*(T) onto
c*(J).

https://doi.org/10.1017/50004972700028483 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700028483

340 R. Hancock and I. Raeburn - [6]

REMARK 1.4. It follows trivially from this theorem that the partial isometry J = ®&J,
must also generate the free inverse semigroup F. In view of this, it is perhaps slightly
surprising that C*(S ® S*) and C*(J) are not isomorphic as C*-algebras: C*(S & S*)
is a proper quotient of C*(J), as was proved in [3] via an analysis of C*(S ® §*)" and
C*(F)" (see Proposition 1.5 below). In fact this distinction can be seen at the purely
algebraic level: while the *-semigroup generated by § @ S* is isomorphic to F, the
representation of CF which sends the generator U to T = S & §* € B(I? ® I?) is not
faithful. Indeed, the operator

T:Tth = (Tt)zTST- _ T‘Ta(Tt)z + (T-)2T4(T‘)2
=55 @ 5S* — S§* @ §(5*)* - §*(S*)’ @ 55" + S*(5*) @ §%(8*)?
vanishes. This appears to contradict the assertion made at the botom of p.20 of 3], and

hence raises again the question of whether CF has a unique C*-norm (see [8, Corollary
2.15]). To settle this, we give a description of the spectrum of C*(F).

PROPOSITION 1.5. The spectrum of C*(F) consists of the representations m,
(for n > 2), which send u to J,; 7s, ws+, which send u to §, S* respectively; and
pe (for 0 < 8 < 2r ), which send u to e'’. The topology is described by:
(a) {rs,ms+}U{pe: 0 < 8 < 2r} is a closed subset C of C*(F)", in which
75 = ms U {pe}, Ts+ = ms+ U {ps} and {ps} is topologically a circle; C
is the spectrum of the quotient C*(S & S*) of C*(F);
(b) the subset {m, : n > 2} is discrete, and ®, converges to every point of
C asn— oo.

PROOF: As we saw in the proof of the preceding theorem, any representation of
F sends u to a power partial isometry, and, conversely, any power partial isometry
generates a representation of F. It follows from the Halmos—Wallen Theorem that
the only power partial isometries which act irreducibly are S, S*, J, and the scalars
{e*®}, so the first part is clear. Notice that 7,(C*(F)) = M,(C), po(C*(¥F)) = C and
75(C*(F)) = ms+(C*(F)) = C*(S) contains K(I?) (by Coburn’s theorem), so C*(F)
is type I and C*(F)" = Prim C*(F).

The quotient map ws: C*(F) — C*(§) embeds C*(S)" as a closed subset C;
of C*(F)"; Coburn’s theorem identifies the representations in C; as s and {pg},
topologised so that €*® — pg is a homeomorphism of T onto {ps}, and the closure of
ms is the whole of C;. Similarly, ws+: C*(F) — C*(S*) embeds C*(§*)" = C*(S)"
as a closed subset C; = ws+ U {pg}, topologised the same way. (This is slightly more
subtle than it looks: if €4 is the representation of C*(S) which sends S to e?, then
€goms = pg = £_g o mg+.) Thus C = C; UC; has the topology described. To see that
C is closed, we observe that the element

(1) t= utu2ut _ (u.)zusu. _ u.ua(u-)z + (u.)2u4(u.)2
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belongs to kerrs Nkermgs = Ic = U{kern : * € C}, but not to any kerw, for n <2;
thus I¢c ¢ kerw, for any n, and no =, belongs to C. The direct sum 75 @ ws+ has
kernel I¢, and hence induces an isomorphism of the quotient A/Ic with spectrum C
into C*(S) ® C*(S*); since s @ ws+ is the representation which sends u to § & §*,
the image of 75 @wse is just C*(S @ S*) and we have identified C with C*(S @ §*)".
We have now proved (a).

We next show that each point m, is closed in C*(F)". The element

(v*)u — uu® - (u")"_lu."'l + 'u"'l(u.')"_1

of CF belongs to kerr,, but not to kerm,, for m # n, to kerrs or to kerwg., and
u” belongs to kerm, but not to kerpy for any #; thus kerm, is not contained in any
other primitive ideal of C*(F), and {,} is closed in C*(F)" = Prim C*(F). To see
that each point =, is also open, it is enough to show that m, is not in the closure of
{mm : m >n}UC; by part (a), this is equivalent to showing [ kerw, is not contained

m>n
in kerm,. But if n = 2, the element

(2) v= (uu' - uz(u')z)(uu' —u*u)
of CF belongs to kerm,, for all m > 2, but not to kerm,; if n > 2 the element
(3) w= (uu‘ - uz(u")z) (u“u. - (u')"-lu"'l)

belongs to kerw,, for all m > n but not to kerm,. We have now shown that {mr,}
is discrete. The final statement follows from the inequality ||p(S @ S*, S* @ S)|| <
[lp(J, J*)|| established in the proof of Theorem 2.3, which implies that kerns & ws+ D
Nkerm,. 1]

COROLLARY 1.6. The semigroup algebra CF has a unique C*-norm.

PrOOF: If A is the completion of CF in any C*-norm, then A must be a quotient
of C*(F), and hence its spectrum must be a closed subset D of C*(F)". There are
three possibilities:

(a) D is a finite subset of {r,};
(b) D = FUE for some finite set F C {r,} and E closed in C;
(¢) D contains infinitely many m,’s and hence all of C.

We can discard (a), because for large n, u™ would be an element of CF whose image
in A vanished. Similarly, we can discard (b), because if ¢ € CF is defined by (1) and
7n is large, tu™ would have zero image in A. Thus D must have the form (c). But if
n>2and 7, ¢ D, and w is given by (3), then the element u®~'w of CF goes to
zero in A; if m, is missing, the element v given by (2) goes to zero. Thus D must be

all of C*(F)", and A = C*(F). 0
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REMARK 1.7. Proposition 1.5 includes the facts about C*(&®J,) established in [1],
p.268-270. Since the regular representation A of CF is known to be faithful [20], it
follows easily from the corollary that the C*-algebra C}(F) generated by the regular
representation is isomorphic to C*(F) & C*(®J,); this was proved in [3], Corollary
2.12 by computing A(u) = ®(J, ® 1,,) and invoking the results of [1].

2. THE CUNTZ-KRIEGER SEMIGROUPS

DEFINITION 2.1: Let A = (A(i,j))::j=1 be an n X n matrix with each entry
A(i,7) = 0 or 1. The Cuntz-Krieger semigroup C, is the semigroup with 0 element
generated by the set {s;, t;: 1 <1 < n} subject to the relations

(2) tisit; =1;, sit;s; = 843
(b) tj8; =0 for j #14;
(c) (tisi)(sjts) = A3, §)(s5t5) = (s5t;)(tis:);
(d)  (tisa)(ty85) = (t585)(tiss);
where, for z € C4, A(%,5)z means z if A(i,j) =1, or 0 if A(4,5) =0.

REMARK 2.2. We should point out that, even when A(i,5) = 1 for all ¢,7, this is not
the same as the Cuntz semigroup O, studied in [17], p.141: there the relations (a) are
replaced by the stronger condition ;s; = 1. However, O, is naturally a quotient of
this C4, and we shall see later what happens at the C*-algebraic level.

We want to show that C4 is an inverse semigroup. Qur proof will follow the same
general principles as those of Section 2: we begin by reducing elements of C4 to a simple
form, then show that every element z of C4 has an adjoint z*, and finally construct a
faithful representation of C4 by partial isometries. Since our relations are abstractions
of those considered in [7], we can achieve the first step in this program by checking that
the reductions in [7], Section 2, are still valid in our setting. For this we shall need some
notation. We write p; = s;t;, ¢; = t;3; and note that our relations imply that p;, g¢;
are commuting projections. More generally, for any multi-index p = (p1,...,1x) with
1< p; <n,weset |p| =k and

Su =8y Sug 3wy tu =ty g ooty Pu = Sutey Qu = tusy.
(Caution: we deliberately wrote pu backwards when defining ¢,.) In fact, p, and g,
are projections, but this is not yet obvious — it will follow from Lemma 2.3.

LEMMa 2.3. (a) 3;8; #0=> A(‘I.,J) =1; 3¢5 #£0= A(],l) =1.

(b) Ifp = {(p1,---,p) is a multi-index such that s, # 0, then A(pj, pjs1) =

lfor1<j<k,and q,=1,3,,.

(c) Every element of C4 has the form s,qxt, for some multi-indices u, A,

v.
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PRrROOF: We have
8;8; = 8;1;8;81;8; = 8;(A(‘i,j)8jtj)3j = A(i,j)s,-s,-,

which immediately gives the first part of (a); the second is similar. The first assertion
in (b) follows from (a), and then

tasy = tuy oty (g 800 )(Buatus ) S 8us -+ Sy
=ty o tuy A, H2)8 0, tus 8y o Sy
=luy b SuySpug Sy

since A(p1,u2) = 1. After k steps like this, we obtain g, = t,,s,, . To see that (c)
works, we just have to observe that

tjs; = 6ijqi,
tjq,' = (thjtj)(tg3¢) = ijA(i,j).Bjtj = A(i,j)tj,
gis; = (ti3:)(s5t35) = A(i,5)sstj85 = A(i,5)s5,
and we can therefore reduce any word to one of the form s, qat, . D

LEMMA 2.4. Forevery element z of C, thereis an element y satisfying yzy = y
and zyz = z; indeed, if z = s,qxt,, we can take y = s, qxt,.

PRooF: Use Lemma 2.3 to write z = s,qat,, and take y as suggested. Then

YTy = 8,4) (q,,k)qx(q,,m )gat, by Lemma 2.3(b)

= 8,9y, Ay, tu since the ¢; commute
= 8uqal,.

Since the situation is completely symmetric, the same argument gives zyz = z. 1]
PROPOSITION 2.5. For any zero-one matrix A, the Cuntz-Krieger semigroup
C4 is an inverse semigroup in which s} = t;.

PROOF: Take H = C™*! @2, let P; be the projection onto the subspace of 12
spanned by {€;}xn : k € N}, and let @Q; be defined by

Qiz,8) = | &, EA(i,j)P,-(e) ,

where Z; is z with the ith co-ordinate replaced by 0. Let S; be a partial isometry with
initial space Q;(H) and range space P;(H) - defined, say, by viewing (z,€) € Q:(H)
as a sequence

(21,22,"' )21')"'21!1'1)61162)"'))
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and writing this sequence in the slots labelled i+ kn for k € N. Since it is easy to check
that the operators S;, T; = S} satisfy the relations of Definition 2.1, we can define a
representation 7: C4 — B(H) by =(s;) = Si, n(t;) = S!. We shall show that = is
faithful; since Lemma 2.4 shows that each #(z) is a partial isometry and Lemma 2.3
that w(C4) is a *-subsemigroup of B(H), this will establish the result by ({9], 1.1).

We first show that s,qxt, # 0 implies n(s,qat,) # 0. By Lemma 2.3(b), we have
A(pjspj+1) = 1 for all j; thus Py (H) C Q,;,,(H) for all j, and S, is a partial
isometry with initial space Q,,(H) - in particular, S, # 0. Similarly, =(t,) = §; is
a non-zero partial isometry with range space @, (H). Since Q. (H), @x(H) and
Q. (H) all contain the vector (en41, 0) € C**! @ I?, this means S,Q1S; = 7(s,qrt,)
is non-zero.

Now suppose that S,Q,S; = S,/ QxS. # 0. We have
range S,QS; C range S, = P, (H), range S,Qx S, C Py (H)

and P;(H)LP;(H) for i # j, so u; must equal u}. For any i, j‘we either have
Pi(H)LQ:(H) or P;(H) C Qi(H); since S, Sy, # 0, we must have P,,(H) C Q,(H)
and S,, = Q,,S,,. Thus

Suy - Su,@aSy = S5, (SuQ1S7) = 85, (SwQuSSi) = Syt -+ S QuSyi.

Repeating this argument, and supposing without loss of generality that [p/| > [g[,
we obtain Q\S; = S,#Qx S}, for some shorter multi-index u". Applying the same
reasoning to §,Qx = S,/Qx S}, yields either (a) @x = 5.uQu S5, or (b) S,u@Qx =
Qx = QA'S;H .

Suppose (a) occurs. Then we must have v" trivial, for otherwise
0#Qx(H)=SnQuSin(H)C P,{I(H),

which is impossible since (en+1, 0) belongs to Qx(H) but not to P;(H) for any 1.
Similarly, u" must be trivial, and we have p = p', v = ' and Q) = Q,s. But the
projection of @Q,(H) in C™*! completely determines the set {);} (multiplicities are
irrelevant here), so we must have {\;} = {A;}, gx = qx and s qaty, = sgut,r, as
required. Now suppose (b) happens. Thenif i is the last entry in +", we have Q;:Qx/ =
S, n@»S,n, and exactly the same reasoning implies that v" is trivial. Similarly, Q@ =
» y g
Q2S,r implies that the range of Qs is contained in P“:l:(H ), which is impossible unless
p" is trivial. Thus @y = @2, and, as above, this implies s,qxt, = s,qyt,. We have
now shown that « is faithful, and the result follows. -0

We now wish to describe the connection between C*(C4) and the Cuntz-Krieger
algebra O4, which is generated by n partial isometries §; whose initial and range
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projections Q:, P; satisfy P;P; = 0 for j # i and Qi = }_; A(i,j)P;. Now whenever
7 is a representation of C4 and S; = w(s;), our condition (c) implies that Q; >
> ; A(3,7)P;. Our main theorem asserts that, loosely speaking, the element p =13 p;
generates an ideal I of C*(C,), whose structure is independent of the matrix A, such
that the quotient C*(C,4)/I is isomorphic to O4. For the last part to make sense,
we have to assume that A satisfies condition (I) of [7], which ensures that O, is
independent of the choice of partial isometries S; ([7], 2.13); for other A, we suggest
that C*(C4)/I could be used as a good analogue of Q4. The proof of our theorem
is based on that of ([6], 3.1), which deals with a similar problem for the case where
A(z,7) =1 {for all 1,7 (see Remark 2.7).

THEOREM 2.6. The elements of the form sa(gy — Y ; g4pi)tg span a closed ideal
I in C*(Ca), which is isomorphic to the direct sum of at most 2™ — 1 copies of the
algebra K of compact operators. If A satisfies condition (I) of (7], then C*(C4)/I is
isomorphic to O4.

PROOF: We shall write p = 1 — } p; and saq,pig for the generator
5a(gy — X g4Pi)tp; although CC, does not really have an identity, this should cause
no problems provided we always multiply p by some q,. If Iy = sp{sqaq,ptg}, then
Iy is obviously closed under left multiplication by elements of the form s, , and also by
elements of the form ¢, , since g;5; = A(4,5)s;. A product ¢,s, can only be non-zero if
either v = (a;,--- ,a;) for some j < |a|, or a = (11,--- ,v;) for some k < |v|. Thus
when t,35 # 0 we have

t,1q,,¢4ptg for some multi-index v' (if |a| < |v|)
tvaaq-yptﬂ = QVEq‘yPtﬁ (lf |a| = |y|)
9v;5419vptg for some multi-index o' (if |a| > |v]).
The last two certainly belong to Iy, and the first is zero since t; = t;p; implies ¢;p =0
for any i. Thus I, is closed under left multiplication by any element s,gxt, of C4.
Exactly the same arguments work on the other side, so I is an ideal in CC4, and its
closure I is an ideal in C*(C,).
We next want to show that, for fixed m, the span of {saq,ptp : |a| < m, |B] < m}

is a direct sum of matrix algebras, and for this we need to decompose the projections
gyp into sums of minimal projections. For each nonempty subset J of {1,2,--. ,n} we

define
Ty = (H qe) (H (1- qi))p;
ieJ igJ

again this makes good sense in C4 because the 1’s disappear when we multiply out. The
family {rj:¢ #J C {1,--- ,n}} consists of 2" — 1 mutually orthogonal idempotents,
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and we claim that every gap is a sum of r;’s. To see this, we first note that for any
commuting family {z;:1 < i < k} with k > 1, we have the formal identity

quz,;. & (E, z‘) ('_I;IJ(I - z,.)) -1

this can be checked by computing the coefficient of each zx = [] z; on the left-hand
iEK
side. Thusif A= {A;,---, A} and {i:i ¢ A} = {4;,---,%x}, we have

o) ,
() (2., (@) (me-w))

= _S_ : TJuX,

JC{ir,e yix }

which establishes the claim.
We have now shown that every generator s,g,pts for I is a sum of elements of
the form sorstg. Since r; commutes with each ¢;, we have

(sarstg)(surity) = 88u8aTIqu, Tty (recall t;p = ps; = 0)

= 65“6.]}(-9‘,1'Jq“kty
b8,6iK8aTIt, fu,ed
0 otherwise.

If we fix J such that r; # 0 and set IT = {a = (a1, -+ ,ax) : k < m,ai € J}, then
the previous calculation with J = K says that

{sarstp:a, B € IT}

is a complete set of matrix units; their span is an algebra A(m,J) isomorphic to

M(n7,C), where n7} = z nk-11J| is the number of elements in I7. For fixed J, we

have A(m, J)C A(m+1,J), and U A(m, J) is a subalgebra of I whose closure Ay

is isomorphic to XK. The above ca.lculatlon also shows that A(m, J)A(l, K) = 0 unless
J = K, and since Y, A(m,J) = I is dense in I, it follows that I is the C*-algebraic
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direct sum ®{Ay : rs # 0}. Since there are 2" — 1 nonempty subsets J of {1,--- ,n},
this establishes the first part of the theorem.

Now let 7: C*(C4) — B(H) be a non-degenerate representation with kernel I.
Then for any a, # we have w(tg)(1 — Y w(p;)) =0, and

w(aa)(l - Z'rr(p.-)) = w(saqah (1 - Zp;)) =0

because 8qga,(1 — Y p;i) belongs to I. Since « is non-degenerate, it follows that the
projection (1 — Y m(p;)) is zero. For each j, we have n(g;) > > ; A(4,4)n(p:i), and
n(g;)x(p;) = 0 if A(j,i) = 0; therefore ) n(p;) = 1 implies w(g;) = >, A(5,%)7(p:)-
Thus the algebra w(C*(C4)) = C*(Ca)/I is isomorphic to O4 by ([7], 2.13). This
completes the proof of the theorem. 0

REMARK 2.7. (1) If we try a similar argument for the semigroup O, of [17], all the
projections ¢; = t;8; are 1, and the only r; which is non-zerois p =1 — ) p;, which
occurs when J is all of {1,.-.,n}. Thus for this semigroup, C*(On) contains an ideal
I = K, such that C*(0,)/I is isomorphic to the Cuntz algebra O,,. This is effectively
the argument given in ([4], 3.1), which we have merely adapted to our setting. When
n = 1, the semigroup O, is the bicyclic semigroup we mentioned at the start of Section
1, and the algebra 0, = C*(0,)/K is isomorphic to C(T) by Coburn’s theorem.

(2) Theorem 2.6 shows that, for fixed n, the only part of C*(C4) which depends
on the choice of A is the quotient O4. In [7, 8] the structure of this algebra, and how
it depends on A, is discussed in detail. In particular, if A is irreducible (in the sense
that for each (i,7) there exists n with A™(i,j) # 0), and A is not a permutation
matrix, then 04 is a simple C*-algebra ([7], 2.14).
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