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A NOTE ON THE VALUES OF MAHLER MEASURE IN
QUADRATIC FIELDS

Edward Dobrowolski and Yun Wang

ABSTRACT. In this note we prove that quadratic algebraic integers, ex-
cept for trivial cases, are not Mahler measures of algebraic integers and
we also answer in negative the question of A. Schinzel [9] whether 14++/17
is a Mahler measure of an algebraic number.

1. INTRODUCTION AND THE STATEMENT OF THE THEOREMS

Let P(z) = apz™ + a1z ' + -+ + a, 17 + a, € Z[z] be a polynomial.
The Mahler measure of P is defined by

M(P) = fao] [ [ max{eu 1)

where oy, as, ..., a, are the zeros of P.

If «v is an algebraic number we define its Mahler measure by M (a) = M (P),
where P is the minimal polynomial of « in Z[z|. Two problems were con-
sidered

(1) Which algebraic numbers are Mahler measures of integer polynomi-
als?
(2) Which algebraic numbers are Mahler measures of algebraic numbers?

Let M = {M(a) : @ € Q}, where Q is the set of algebraic numbers. It is
well known and easy to check (see [1]) that every § € M is an algebraic
integer and a Perron number. However in [3] D. Boyd gives an example of
Perron units that are not Mahler measures of an algebraic integers. Partial
results are abundant, see for example [2-6]. In [5] the authors show that
every real algebraic integer is a difference of two Mahler measures. The
results presented in this paper relate to the following two theorems of A.
Schinzel proved in [9].

Theorem 1.1. [9] A primitive real quadratic integer 5 is in M if and only
if there ezists a rational integer a such that 5 > a > || and a | B, where
B is the conjugate of 5. If the condition is satisfied then 5 = M(S/a) and
a = N(a, ), where N denotes the absolute norm.

2020 Mathematics Subject Classification. Primary 11R06.
Key words and phrases. Mahler measure, quadratic algebraic numbers.
1

https://doi.org/10.4153/5S0008439525000451 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439525000451

2 ON THE VALUES OF THE MAHLER MEASURE IN QUADRATIC FIELDS

For quadratic integers that are not primitive he considers the numbers
pB, where p is a rational prime and [ a primitive algebraic integer, and

proves

Theorem 1.2. [9] Let K be a quadratic field with discriminant A > 0, 3, 3’
be primitive conjugate integers of K and p a prime. If
(1)
ppeM,
then either there exists an integer r such that
(2)
pB>r>plf| andr|BF, pir

or
(3)
B e M and p splits in K.
Conversely, (2) implies (1), while (3) implies (1) provided either

(4)

1+vAa\
4

B > max { —4/3, (

or

(5)
p> VA

Here we focus only on quadratic irrationalities. Let § > 1 be an algebraic
integer of degree two. Denote by (' its algebraic conjugate. If |3’| < 1 then,
obviously 3 is a Mahler Measure, that is § € M. This covers the case when
f is a unit. However the case when |3’| > 1 is more interesting. We prove

Theorem 1.3. Let 5 > 1 be an algebraic integer and suppose that |B'| > 1.
Then (3 is not a Mahler measure of an algebraic integer, that is, 5 # M(«)
for any algebraic integer a.

Our next theorem relates to Schinzel’s result cited here as Theorem 1.2.
He noted that there are algebraic integers of degree two that do not satisfy
condition (2), and satisfy condition (3) without conditions (4) or (5) of this
theorem. As an example he cites the number 1 4+ /17 and asks if it is a
Mahler measure of an algebraic number. This particular question was open
since 2004 and was quoted by A. Dubickas, J. McKee and C. Smyth, P.A.
Filli, L.Potmeyer, and M. Zhang [6-8] among others. In the following remark
we show that the list of numbers with the properties listed above and thus
falling in the gap in Theorem 1.2 is in fact infinite.
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ON THE VALUES OF THE MAHLER MEASURE IN QUADRATIC FIELDS 3

Remark 1.4. There are infinitely many real algebraic integers 3 of degree
two that together with suitable prime p do not satisfy condition (2), but
satisfy condition (3) without conditions (4) or (5).

Proof. Let k > 4 be a rational integer. Let 2¥ +1 = b?>m, where m is square-
free and b a positive integer. Obviously m # 1 and m =1 mod 8. Hence 2
splits in Q(y/m). Let 5 = (1 + by/m)/2 and p = 2. Then (2) fails because
BB = (1 —b’m)/4 = =252 so p | r. Further (3) hold, (4) fails because
f < —4p', and (5) fails. O

It is easy to find other types examples than those listed in Remark 1.4

that also fail the assumptions of Theorems 1.1 and 1.2. For example many
numbers of the form 5 = (1 + y/m)/2 with square-free m =1 mod 8 and
p = 2 fall to this category. This happens for m = 17,33,41, 57,65, 73, and
the list is most likely infinite.
The number 14++/17 = 283 is of the type of numbers considered in the proof
of Remark 1.4. Our next theorem shows that it is not a Mahler measure of
an algebraic number. We focused on this number as a tribute to A. Schinzel
who specifically asked about it.

It is easy to check that

M(42? £ 22 — 4) = 1 + V17

and also
M (4% + 220 — 4) =1+ V17

for every positive integer d as M(f(z?)) = M(f(x)). Here we prove the
following theorem.

Theorem 1.5. Let f € Z[x]. If M(f) = 1+ /17 and f is irreducible over
Q then
f(z) = 42 + 227 — 4,

where d s a positive integer.

Since 47274279 —4 = 2(x??4+2?—2), polynomials f(z) are reducible in Z[z].
Consequently, the answer to Schinzel’s question is negative, 1 4+ /17 ¢ M.

The ideas used in the proof potentially can be used to investigate the
numbers described in the remark, especially when Q(y/m) has class number 1.

2. LEMMAS

We start with
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4 ON THE VALUES OF THE MAHLER MEASURE IN QUADRATIC FIELDS

Lemma 2.1. Let Ok be the ring of algebraic integers of a number field K.
If

n

f(x) = a][(x - ai) € Okla]
i=1
then aay ...« is an algebraic integer for 1 < s < n.

This lemma is well known and widely used in case of O = Z. The
version stated here is a slight generalization. The following lemma may be
deduced from Dixon and Dubickas Lemma 2 in [4].

Lemma 2.2. Suppose that )\ is a quadratic algebraic integer that is the
Mabhler measure of an algebraic number «, that is X = M(«). Let f(x) =
ao [[,(x — a;) be the minimal polynomial of « in Z[x] and ay > 0,a, =
f(0), X' the algebraic conjugate of A, and N(X) = AN. Then

ay’|an|** = [N(A)"],

where s is the number of conjugates of o lying strictly outside the unit circle,

andr=mn —s.

The following is Schur’s |10] lemma, employed in Schur-Cohn algorithm
to determine the distribution of roots of a complex polynomial relative to
the unit circle.

Lemma 2.3. Let p be a complex polynomial of degree n > 1. Define its
reciprocal adjoint polynomaial px by
px (2) = 2"p(z71) and its Schur transform by Tp = p(0)p — p* (0)p . Let
6 =Tp(0). Then

(1) If 6 # 0 then p, Tp, and px share zeros on the unit circle.

(2) If § > 0 then p and Tp have the same number of zeros inside the

unit circle.
(8) If 6 < 0 then px and Tp have the same number of zeros inside the

unit circle.

3. PrROOF OF THEOREM 1.3

For a contradiction suppose that f € Z[z] is a monic irreducible polyno-
mial and M(f) = 5. Let

kh
=
!
—.

(x — o).

Suppose that |o;| > 1 fori=1...s, and |a;| < 1fori = s+ 1...n. For

convenience we use notation v; = a,y; for e = 1...7r, where r =n —s. We
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define two sets
S ={ay,...,as} and R={y,..., 7%}

Further let L = Q(ay,...,a,) be the splitting field of f, K = Q(5), G =
Gal(L/Q), and H = Gal(L/K). We claim that

(3.1) every o € H permutes S and permutes R.
Indeed, since H fixes 3, for any 0 € H we have
|o(ai)llo(az)]. . os(as)] = B = |anlfaal. . . |as].

Then if o(c;) ¢ S we would have o(«;) € R so the left hand side would
be strictly smaller than the right. Further o is a one-to-one map, hance
o(R)NS =10,s0 oc(R) C R, and thus o(R) = R. We have

B =]]lel-
=1

We must have s < n since otherwise M (f) would be equal to the absolute

value of the constant term of f which is a rational integer. We apply now
Lemma 2.2 with ap = 1 and A\ = 3. We get |a,|** = |[N(5)"|. Hence

w = IN(B)| = |86'| > B because |5'| > 1.

|an
However |a,| = |ag ... as||ass ... an| < 8. Thus
B> |an| > %

and we conclude that 2s > n, so 2s > s+, and s > 7.
We shall show that the last inequality contradicts the irreducibility of f.
For this let

S T

filz) = [ [ (& = ) and fo(w) = [ [ (@ = ).

i=1 =1
The coefficients of these polynomials are symmetric functions of aq, ..., ay
and v, ..., 7., respectively. Since every o from H permutes S and permutes
R, these coefficients are in K, the fixed field of H. Now let o be any auto-
morphism in G'\ H, then we conclude that fi(z)o(fi(x)) and fo(z)o(f2(x))
both are in Z[z] as 0(K) = K and o is a non-identity automorphism of K.
Further f(z) = fi(z)f2(x). We get

fi (@) = f(@)a(f(2) = (fi(@)o(fi(2))(f2(2)o(f2(2))).

The degree of integer polynomial fo(z)o(f2()) is 2r < n. However f?(x) as
a product of two irreducible polynomials of degree n cannot have a factor
of degree 2r < n, a contradiction.
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4. PROOF OF THEOREM 1.5

For a contradiction suppose that A = 1+ /17 = M(«) and the minimal
polynomial of « in Z[z] is

f(z) = apx" + ayz" ' + -+ ap_17 + ay.
We also define a polynomial
g(x) = na"f(z™"), where n € {—1,+1} is the sign of a,,.

Hence
9(2) = n(ans™ + ap_12" "t + -+ arz + ag).
Clearly, both polynomials are irreducible, have positive leading coefficients,
and M(g) = M(f) = 1 + /17. The interplay between f and g plays an
important role in the proof. We use notation from the previous section:
S={a,...,as} and R={v,...,v}, where v; = agy; for 1 <i <r. Also
L=Q(ay,...,a0), K =Q(N\), G=Gal(L/Q), and H = Gal(L/K). Again,
the elements of S lie strictly outside the unit circle, while the elements of
R lie inside or on the unit circle. The property (3.1) still holds.
We first prove

Lemma 4.1. We have
(1) r=s, so deg f = 2s = 2r is even,
(2) ag =4 = |ay|,
(3) the polynomials f and g have no zeros on the unit circle.

Proof. (1) We let

S T

file) = [ - @) and folw) = [[(@ — )

i=1 i=1
as in the end of the proof of Theorem 1.3. Then (3.1) still holds, so f; and
fo are in K[z], and f = agfifo. Again as in the proof of Theorem 1.3, if
r # s we get a contradiction with the irreducibility of f.
(2) Lemma 2.2 with A = 1 4+ /17 gives a?’|a,|** = |N(\)"| = 16", so
agla,|® = 4.

Further

lan| = |agoy ... an| < lagoy ... as| =1 +V17.
The first equality shows that |a,| is a power of 2, the second implies that
|a,| < 4.
We shall show that also ay < 4. To see this, we apply Lemma 2.2 to g and
get |g(0)] = |ao| < 4 in the same way as we obtained |f(0)] = |a,| < 4.
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Both inequalities |a,| < 4 and |ag| < 4 together with aj|a,|® = 4" now give

lan| = ag = 4.

(3) Clearly f(—1) # 0 and f(1) # 0 because f is irreducible. Suppose that
¢ € C\ R is a zero of f, and ¢ lies on the unit circle. Then also (7' = (
lies on the unit circle and is a zero of f because the coefficients of f are
real numbers. This shows that irreducible polynomials f and g share a zero,
hence f = g. Thus S™' = {a;',ay",...,a;'} consists of zeros of g and f.
Since S~ NS = 0, we conclude R = S~! and all its elements lie strictly
outside the unit circle. Therefore f cannot have a zero on the unit circle. [

Lemma 4.2. Let f € Z[z| be the polynomial defined at the beginning of the
section. That is, M(f) = 1++/17 and f is irreducible over Q then

(1) o(S)=R and o(R)=S forany c € G\ H

(2) a, = —4.
Proof. (1) By the previous lemma R has no elements on the unit circle, so
|7i| < 1 for all elements of R. We have
(4.1) A\ = eapq; . . . ag with suitable e € {—1,+1}
and

ap = (—1)2d6100(1 NN 79 RN Y
Since ag = |a,| =4 and A\ = —16 we get,
lar .. agl = N4 and |y ..oy = |4/0] = [N /4.

Then for any 0 € G\ H we get |o(a; ...as)| = |\ /4|. Hence

lo(an)llo(az)]. . |o(as) = [N/4] = Il sl
Since the right hand side has the smallest value among the absolute value of
the products of s distinct zeros of f, its conjugates are uniquely determined

and we conclude that o(S) = R. Since o is injective and o(S) = R then
o(R)NR =10, soalso o(R) = S.

(2) From (1) we conclude that o(ay...a5) = 71...7. Also by (4.1)
aj...as =e\/4. Hence
AN

an = (=D agay ... agy1 .. .Y = ape) /4o (e /4) = a01—6 = —qg = —4.
[l

Now we proceed to the conclusion of the proof of Theorem 1.5
The previous Lemmas show that
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8 ON THE VALUES OF THE MAHLER MEASURE IN QUADRATIC FIELDS

f(x) = 47 + ap® 4t agg T — 4, while
2d—1

g(x) = 42 — agg_1z — e —ayx — 4.
It is convenient to introduce four polynomials
d d
f(l’) :41_[(37_@1)7 f($) :4H(x_71)
i=1 i=1
and
d d
gx) =4[ =06, a(@) =4]J= - k),
i=1 i=1

where 6; = +; ! and k; = a; ' for i = 1...d. We note that all zeros of f
and § lie outside the unit circle, while all zeros of f and g lie inside the unit
circle. By (3.1) and Lemma 2.1, all polynomials are in Og|x].

Further

(4.2) 4f = ff and 4g = §g.
We claim that

(4.3) %f and %f are in Og|z]

or

(4.4) %g and %g are in Og|z].

For this note that K = Q(v/17) has class number 1, so Ok[z] is a unique
factorization ring and the content of polynomials is well defined up to a unit
factor. By (4.2) we have

~ ~

(45) 1= e()e( ) and 4 = (g)e(y).
To proceed further we need to list basic arithmetic facts about Og|[z].
We have

(a) u = 4 4+ /17 is the fundamental unit in Og. The group of unit of
Ok isU={+u":neZ},

(b) m = 73+2ﬁ and Ty = ’?”T\m are primes in O,
(C) 1Ty = —2,

(@) ST,

(© =T = —ung

Further we also have

(1) day...ag =€\, 4y1...74=¢eN,
(2) 451...(501:—8/\7 4I€1...l€d:—€)\/,
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(3) 4f(x) = f(2)f(x) and 4g(x) = §(x)g(x),
(4) f(0) = (=1)%eA = (=1)’eu2n?,

(5) f(0) = (=1)%eN = —(=1)%eu"2n3,

(6) 9(0) = —(=1)%eA = —(=1)%eu2ni,

(7) 9(0) = =(=1)%eX = (=1)%eu"2m3.

In particular 4 = w273 and mmy = —2. By Lemma 4.2, for any 0 € G\ H
we have f = o(f) and § = (), also o(m) = m. The item (4) on the
list above shows that 72t ¢(f). This together with (4.2) leaves us with two
possibilities

(1) 2| e(f) and 2 | ¢(f) or

(2) 7 | e(f) and 73 | e(f).

We shall show that if the possibility (2) occurs then

2| ¢(g) so also 2 | ¢(g) because g = a(g).

Indeed A tew
90) = 757 Fe ™) = <)

Hence c(g) = c(ii—g)c(xdf(xfl)) = c(j:i—;;)c(f), we deduce that 2|c(g) be-

cause m3|c(f). Consequently also 2|¢(g). Therefore if the second case occurs

we can work with polynomial ¢ instead of f, so without loss of generality

we assume that the first case occurs.

We thus conclude that

- 14

f():§ —23:4—5 A (1) eun?
and

] L d—i dg 2

fl():2 —2x+g A=t — awz

are in Oglz], and f = fi(2)fi(z). Here Ai are algebraic conjugates of A;,
t =1...d. In the last part we employ Lemma 2.3 to study the coefficients

of these polynomials. Put p(z) = z%f,(z71) = (—1)%eun?z?+ 0 Az +2.
Then p  (z) = f1(z) and

d—1

Tp(x) = Z(ZA (=) euniAg_i)a' + 4 — 2’y

i=1

Hence
§=4—*u’r ~ —2.56 < 0

The polynomial px has no roots inside the unit circle, therefore the same is
true about T'p. The degree of T'p is less than d. Suppose that degTp = 1
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10 ON THE VALUES OF THE MAHLER MEASURE IN QUADRATIC FIELDS

for some i, 1 < ¢ < d — 1. Then the leading coefficient of Tp is 2A4; —
(—1)%eun? A4_;. Since all roots of Tp lie outside of the unit circle, we must
have

[24; — (—1)%eurtAgi| < |4 — e*u’ri| = [Tp(0)].

Now we apply the same argument to

d—1
9 ~ : 1
p(z) = fi =227 + ZAixd_’ — (—1)‘%57@
i=1

whose roots lie inside the unit circle. Then
d—1

1
= —(-1)¢ d A’ + 2.
px(x) (— )EU’ZTQZB +; 't +
d—1 i
Tp(z) =) (—(=D)%eum2As; — 242" 4 2u™2n) — 4.

1

Hence
1
§=¢? —7T2 4~ —156<0
u?
We conclude as in the previous case that
—¢ d_2 7 i1 _ 194 . ¢ d_2 7 L,
|~ (F1)mAani = 243 = [24; + —(=1)"mpAui] <[ —5m — 4],
From both inequalities we get
124; — (=1)%eun?Aq_||24; + = ( D72A, ;| = IN(24; — (—1)%eun?Aqs)|
1
<|4-¢c*u 7T1H—772 4| =4,
where N is the norm from K to Q. Further
QAZ — (—1)d€u7r%Ad_i = —7T1(7T2Ai — (—1)d€U7T1Ad_Z')

and

2142 + %(—1>d77'§14d_2‘ = —7T2(7T1Ai — (—1)d%ﬂ'214d_i).

Hence
IN(moA; + (=1)%eum Ag_)| = —|N(2A (—1)%euriAy_| < 2.

We conclude that mA; — (—1)%eumr; A4_; is a unit.

However we have

4 — 2,24
Ima Ay + (—1)deum Ag_i] < |—— L0 < 4,562
T
and
1.4
~ ~ =Ty — 4
|7T1Ai — (—1)d£7T2Ad_Z’| < |L| < 0.4385
u o
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The last inequality excludes the possibility moA; + (—1)%eum A,_; = +1.
It remains the possibility that mA; + (—1)%cum Ag_; = +u* with k # 0.
However then m A; — (—1)d%7r2f~18_i =+u~"* but

max(|uf|, [u™¥|) > u =4+ V17 > 4.562,

hence this possibility is also excluded. Finally, we have proved that T'p has
degree 0, so that

mo A + (=) eur Ay_; =0fori=1...d— 1.

This implies that m; and 7y divide each A; for i =1...d — 1, so also divide
each A;. Thus 2| A;, so also 2|f1,—. Hence A; = 2B; with B; € Ok for all 1.
and we get

moB; + (—1)d5u7rle_i =0fori=1...d—1.

We can repeat the same argument again and conclude that 2|B; for all i.
After several repetitions we get

2F| A; for every positive integer k and all i.
Hence all coefficients A; are zero. We have
fi = 229 + (=1)%un? and f; = 227 — (=1)%eu"'n2.
Finally, we get
flz) = }lff: fifi = 42%* + 227 — 4.
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