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ON THE NUMBER OF AUTOMORPHISMS OF A 
FINITE ^-GROUP 

T H E O D O R O S E X A R C H A K O S 

Introduction. In this paper we find a new bound for the function 
g(h), for which |^4(G)|P ^ ph whenever \G\ ^ p9(h\ G a finite £-group. 
The existence of such a function was first conjectured by W. R. Scott in 
1954, who proved that g (2) = 3. In 1956 Ledermann and Neumann 
proved that in the general case of finite groups g (h) ^ (h — lY-ph'1 + h 
[10]. Since then, J. A. Green, J. C. Howarth and K. H. Hyde have 
reduced this bound considerably. The best (least) bound to date for 
finite ^-groups was obtained by K. H. Hyde [9]. He proved that g(h) = 
\h(h - 3) + 3 for h ^ 5 and g(h) = h + 1 for h <; 4. For finite non-
abelian ^-groups, we improve this bound to: g(h) = \h2 for h ^ 13, 
g(h) = 2h - 5 for 5 < h ^ 8, g(h) = h for h S 5 and for 8 < h ^ 12 
we prove that g(9) = 14, g(10) = 17, g(11) = 20, g(12) = 23. 

The following notation is used: G is taken to be a finite non-abelian 
^-group with commutator subgroup G' and center Z. The order of G 
is denoted by \G\ and \H\V is the largest power of p dividing \H\. 
Horn (G, Z) is the set of all homomorphisms of G into Z and A (G), >1 c (G), 
7(G) are the groups of automorphisms, central automorphisms, inner 
automorphisms of G respectively. G is called a PN-group if it has no 
non-trivial abelian direct factor. We denote the lower and the upper 
central series of G by 

G = LQ > Li = G' > . . . > Lc = 1 and 

G = Zc> Zc_! > . . . > Zi = Z > Zo = 1. 

Throughout this paper c is the class of G and we take the invariants of 
G/G' to be Wi ^ m2 ^ • • • ^ ^ i ^ 1 and the invariants of Z to be 
^i è fe ^ • • • è ^« è 1, where / and 5 are the numbers of invariants of 
G/G' and Z respectively. For non-cyclic p-groups G, / ^ 2, as G/Gf is 
cyclic, if and only if G is cyclic. Also we take |G/G'| = pm and \Z\ = £fc. 
The cyclic group of order pT is denoted by Cpr. 

It has been conjectured that for finite non-cyclic ^-groups of order 
greater than p2, g(h) ^ h. This has been established for abelian ^-groups, 
for ^-groups of class two and for some other special classes of finite 
^-groups. I believe that in the general case the above conjecture is not 
valid and that g(h) > h. 
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FINITE ^-GROUPS 1449 

For c = 2 we have g(h) ^ h [5]. Therefore we shall assume that 
c > 2, whenever g (A) > A. 

LEMMA 1. If G is a PN-group, then |^4C(G)| = pa, where 

(1) o> = ^ min (mjfki) and 

(i) a ^ jk + (t — j)s, i/Wj ^ fei/(?r somej, t ^ j §; 1. 
(ii) a ^ ira + (s — i)£, if ki ^ niifor some i, s ^ i ^ 1. In particular, 

if kf ^ Wi > fei+i then a ^ im + k — (ki + . . . + ki) + (2 — l)(s — i), 
awĉ  i/ &5 ^ mi, /Aew a = sm. 

Proof. Since G is a PiV-group, |i4c(G)| = |Hom (G, Z) | [1]. Hence 

|4C(G)| = |Hom (G,Z)\ = |Hom (G/Lu Z)\ 

= n lH°m (C^i, Qti)| = £ \ 

1ère 

Horn 1 Y[ Cpm ;, 1 1 Cpk i J 
i 1 

0 = ]C min (w;-, kt). 

Therefore 

t,s 

a ^ jk + X^ m m (m*> ^ Î ) = J^ + (t — j)s for mj ^ ki. 

Similarly a è iw + (s — i)t for kt ^ Wi. If &z- è Wi > &z+i, 

a ^ im + 2 /̂ + ]C m m (wy» ^/) ^ im + k 
f=i+l j=2,f=i+l 

- (ki + ... + k,) + (t- l)(s-i). 

For ks è wti, min (>»,•, &,) = w,-, so that a = ms. 

LEMMA 2. Le/ G i e « PN-group of class c > 2. Then \A C(G)\ • p'-1 is a 
factor of \A(G)\. 

Proof. Since G/Zc_i is not cyclic and \Zt/Zt-i\ è p, i = 1, • • • , c — 1, 

|G/Z2| ^ £e-» and 

M(G)| è \AC(G)-I(G)\ = | ^ e ( G ) | . | / ( G ) | / M e ( G ) n / ( G ) | 
= MC(G)| |G/Z2 | è |4 e(G)| •/>-'. 

From Lemmas 1 and 2 we get: 

LEMMA 3. If G is a PN-group of class c > 2, 2/^n 

|4(G)| è £G+C~1 ^ ^ " S 

wAere 5 is £Ae number of invariants of Z. 
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LEMMA 4. If G is a 2-generator finite p-group of class c, then 

Zc_i ^ $(G) and exp (G/Zc_i) = exp Lc_i. 

Proof. If Zc_i ^ $(G), we can find two generators a and b for G with 
a Ç Zc-i. Then all (c — l)-fold commutators in a and b are 1 and so G 
has class less than c, a contradiction. For a0, fti, . . . , ac_i G G, 

[a0, ai, . . . , ac_Jpn = [a0
pn, ai, . . . , ac_J 

for any positive integer n. This implies that exp (G/Zc-i) = exp Lc_i. 

LEMMA 5. If mi ^ m2 ^ . . . ^ mt ^ I are the invariants of G/Li, then 

exp G g ^ I + ^ C - D . 

For £ = 2 and c > 2, 

exp Z g exp Zc_2 ^ />™i+»M<-i)-2. 

Proof. By [2] £™2 £ exp (Li/L2) è . . . è exp (Lc^/Lc). So 
exp Li ^ p^2(c-l) a n d h e n œ e x p Q ^ ^m 1 - fm 2 ( C - l ) 

Let J = 2. Then G can be generated by two elements. From Lemma 4 
we have 

exp (G/Zc^) = expLc_i = pn (say). 

Since G/Zc^ is not cyclic, |G/Zc_i| â £w+1 and so |G/ZC_2| è £n+2. Also 

| i i / i 2 | S Pm* and |G/L2| = \G/U\.\U/U\ £ p^^K 

But L2 ^ Zc_2. So 

|Zc_2/i>2| = |G /L 2 | / |G /Z C _ 2 | ^ £-1+2-2—2. 

Therefore, 

expZ ^ expZc_2 g |ZC_2/L2|-exp L2 ^ ^ I + ^ C C - D - ^ 

as exp L2 ^ ^2(0-3)+^ 

The following is an immediate consequence of Lemma 8.5 in [10]. 

LEMMA 6. If G is a finite p-group, \G/Z\ = pb and ki ^ k2 è • • • è 
^ s è l are the invariants of Z, then A (G) feas a p-subgroup F of outer 
automorphisms which is isomorphic to F = F\ X F2 X . . . X FS1 where 
\Fi\ = sup (l,phi-b) and \F\ ^ \Z\-p~bs. 

We also need the following result by W. Gaschutz [6]. 

LEMMA 7. Every finite non-abelian p-group has an outer automorphism 
of order pl for some i g 1. 

Remark 1. K. G. Hummel [7] (generalized by J. Buckley [4]) showed 
that if K is a maximal subgroup of G and Z % K, then p\A (K)\p divides 
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\A (G)\. If g (ft) is a strictly increasing integer function, then g (ft) — 1 ^ 
g (ft — 1) and so, inductively, we may assume that Z ^ K for every 
maximal subgroup X of G. This means we may assume that G is a PN-
group and Z S $(G), where $(G) is the Frattini subgroup of G. 

THEOREM 1. Let G be a finite p-group of class c > 2. If \G\ è ph, then 
\A (G)\p è ph, where h is an integer with h ^ 5. 

Proof. Since c > 2, by Lemma 3 the only case to consider is c = 3, 
h = 5,5 = l . F o r | Z | = />, Lemma 7 gives |i4(G)|„ £ £|J(G)| = |G| ^ £ \ 
Let |Z| > £>. If m = 2, Lemma 5 gives fti ^ c — 2 = £, where 
exp Z = £*1. Then Z is not cyclic, a contradiction. If m è 3, Lemma 1 
gives a ^ 3 and by Lemma 3 we get \A (G)\p ^ p5 = ph. 

THEOREM 2. Let G be a finite p-group of class c > 2. If \G\ ^ p0(h\ then 
\A (G)\p à £*, where h is an integer, 5 < h S 8 awd g (ft) = 2ft — 5. 

Proof. Let |G/Z| = £&. If 6 ^ ft - 1, then by Lemma 7 |4(G)|P ^ 
p-pb ^ £ \ So we take b ^ h - 2. Then 

(1) ft ^ g (ft) - (ft - 2) = ft - 3, 

where |Z| = £*. If fti ^ mi, by Lemma l(i), a ^ f t + l ^ f t — 2 and 
Lemma 3 gives \A (G)\p ^ ph. Thus we take fti > Wi. Then Lemma l(iii) 
gives 

« è w + (s — 1)/. 

By Lemma 3 we may assume that 

(2) m + (s - l)t + c ^ h S 8; 

otherwise we have nothing to show. Since m ^ 2, t ^ 2, c ^ 3 from (2) 
we get 5 ^ 2. 

(a) s = 2. Then m + / + c g ft, ft = 7 or 8. For ft = 7, m = 2, / = 2, 
c = 3, ft ^ ft — 3 = 4. By Lemma 5, fti g c — 2 = 1 and so 5 = ft è 4, 
a contradiction. 

Let ft = 8. Then ft ^ 5, fti > 2, m ^ 3. For m = 2, fti ^ c - 2 ^ 2. 
For m = 3, £ = 3 and £ = 2. Then G/G' has type (£2, p) and Lemma 5 
gives fti ^ c — 1 = 2. In both cases we have a contradiction. 

(b) s = 1. Then fti = ft è ft - 3, m + c ^ ft ^ 8. So w g 5 and 
c = ft — 2 ^ 6. Consider the following subcases: 

(bi) m = 2. Then fti ^ c - 2, ft-3^fti^c-2. So c ^ ft - 1, a 
contradiction. 

(b2) m = 3. If / = 2, fti ^ c — 1 and so ft — 3^=c — 1, which gives 
^ ^ ft - 2. But w + c g ft gives c ^ ft - 3. If / = 3, then G = $(G) ^ 
Z and exp G ^ £c_1. Hence fti ^ c — 1, a contradiction. 

(b3) m = 4. Then c g ft - 4. If mx = 1, then G = $(G) è Z, 
expG' ^ ^ and so fti ^ c - 1 . So ft - 3 S fti ^ c - 1 and c ^ ft - 2. 
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Take m1 > 1. Then G/G' has type (p, pz), (p} p, p2) or (p\ p2). In the 
first case Lemma 5 gives ki ^ c. In the second case exp Z ^ exp $(G) ^ 
£c, so that k\ ^ c. Then in both cases c ^ h — 3, a contradiction. 

Let G/Xi have type (p2, p2). Then Lx/L2 is cyclic of order at most p2. 
For c = 3, h ^ 7, |L2| ^ pz and exp L2 ^ p2. This is a contradiction, as 
L2 S Z and Z is cyclic. But 3 ^ c ^ A — 4 g 4. So we may assume that 
c — 4 and h = 8. Since 

|4(G)|P è |4e(G)| |G/Z2 | and |^C(G)| è P" 

we get |G/Z2| = p\ So |G/Z3| - £2, |Z3/Z2 | = p, \UZ/U\ è P and 
\L2Z/L2\ Û P2- Let |L2Z/L2 | ^ p. Since exp Lz = exp (G/Z3) = p and 
exp (L2/L3) g p2 we get 

exp Z ^ exp (L2Z) ^ p\ 

which contradicts (1). So |L2Z/L2 | = p2. Since L2 ^ Z2 and L2 < L\ rg 
CG{Z2)} L2 ^ Z(Z2). Hence L2Z ^ Z(Z2). This gives that Z2 is abelian, 
as \Z2/L2Z\ :g £. Now Li ^ Z2. Pick an element x ^ L i with x d Z2. 
Since x £ Z\Z2 and |Z3/Z2 | = £ we get that Z3 = (x, Z2). Hence Z3 is 
abelian as x £ CG(Z2). Let a £ G, b £ L\. Then 

[ap, b] = [a, £p] == [a, 6]p mod L3. 

But ap, b are both elements of Z3 which is abelian. So [ap, b] = 1. There­
fore [a, &]p £ L3 \/ a £ G and \/ b £ L\. This implies that exp L2/L% = p. 
Then 

exp Z ^ exp (L2Z) g £4, 

a contradiction. 
(64) w = 5. Then ft = 8, c = 3. 
Let w2 = 1. If t = 2, by Lemma 5, ki g 4. If / > 2, exp $(G) ^ £4 

and again £1 g 4, a contradiction. So we take m2 > 1 and G/G' has type 
either (p3, £2) or (p3, £2, £>). In the first case \Li/L2\ ^ £>2 and so \L2\ ^ 
£4. But exp L2 ^ £2 and L2 is cyclic. This is a contradiction. In the 
second case \Li/L2\ ^ £4 and so \G/L2\ ^ p9, which gives that \L2\ ^ p2. 
Since |^C(G)| è £5, by the proof of Lemma 2 we get \G/Z2\ = £2. Also 
Li ^ Z{Z2), as Z2 ^ CG(Li). Let x Ç L2 ^ . Then x is a product of 
commutators of the form [a, b] and [a, ft]-1 = [b, a] with a £ G, b £ L\. 
But [a, &] and [6, a] commute writh both a and b, so [a, ft]p = [ap, b] = 1 
and [6, op = [6, ap] = 1, as ap G Z2 and 6 Ç Lx S Z{Z2). This gives 
xv = 1 V # 6 £2, as L2 is abelian. Therefore exp Z2 = £. But L2 is cyclic 
of order greater than p. This is a contradiction. 

THEOREM 3. Let G be a finite p-group of class c > 2. 
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(i) If\G\ à puthen \A(G)\P è P\ 
(ii) If\G\ ^ p17 then \A{G)\P è £10, 

(iii) 7/ |G| è P20 *^w U (G)jp è £ n ra^ 
(iv) 7/ JGJ è £23 *A*n U(G)|„ è £12. 

Proof. We give the proof of the case (iv), which is the more complicated. 
The proofs of the other cases are of the same pattern and are therefore 
omitted. 

Let \G/Z\ = p\ If b è 11, \A(G)\P^ p-pb ^ p12. Therefore we take 
b g 10. So 

(1) k è 2 3 - 10 = 13. 

If Z is cyclic, by Lemma 6 we get 
|4(G)| è \F\-\I(G)\ è p*'p-"-pb = Ph^ Pu. 

Assume that Z is not cyclic and so s > 1. If k\ S Wi, Lemma 1 gives 
a è k + 5 > 13. Take k\ > Wi. By Lemma 3 it is enough to show that 
a + c — 1 ^ 12. Therefore wre may assume that 

(2) a + c S 12. 

Since &i > mi, Lemma 1 gives a ^ m + (s — l)t and so 

(3) m + (s - 1)/ + c S 12, 

which gives s ^ 4. 
(a) 5 = 4. Then w + St + c ^ 12, t = 2, m ^ 3, c S 4. By Lemma 5 

we get ki ^ c - 1 g 3. Then s ^ |& > 4. 
(b) 5 = 3. Then (3) gives m + 2t + c ^ 12, m g 5, c g 6 and 

&i ^ 5. For m = 2, fei ;g c — 2 ^ 4, a contradiction. For m = 3 and 
/ = 2, fei ^ c — 1 ^ 4, as c ^ 5 in this case. For m = 3 and / = 3, 
c = 3, fei ^ c = 3, a contradiction. For m = 4, c S 4 and Lemma 5 gives 
ki è 2c — 2 ^ 6. Then feè4 and Lemma l(i) gives a ^ 10. This is 
impossible as a + c ^ 12. For w = 5, c = 3, / = 2. Then &i g 2c — 1 g 
5. So &2 è 4 and by Lemma 1, a ^ 12, a contradiction. 

(c) 5 = 2. Then m + t + c ^ 12, m ^ 7, c ^ 8 and kx è 7. For 
m = 2, fei ^ c — 2 g 6, a contradiction. For m = 3 and / = 3, c g 6 
and &i ^ c g 6. For m = 3 and t = 2, c g 7 and fei ^ c — 1 ^ 6. For 
m = 4, c g 6 and ki g 2c - 2 ^ 10. So £2 è 3 and by Lemma 1, a è 8 
which together with (2) gives c ^ 4. Then &i g 2c — 2 ^ 6. For m = 5, 
c g 5 and Lemma 5 gives k\ ^ 2c ^ 10. Then ^ ^ 3 and a ^ 9, which 
gives c = 3. So k\ S 2c = 6. Hence in all the above cases we have a 
contradiction, as k\ è 7. 

For m = 6, c g 4 and &x g 3c - 2 ^ 10. So &2 è 3, a ^ 10, a con­
tradiction. 

For m = 7, c = 3, / = 2. So fei g 3c - 1 = 8, k2 è 5 and a è 13, a 
contradiction. 
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THEOREM 4. Let G be a finite p-group of class c > 2 and g (ft) = ft2/6, 
where ft is an integer, ft ^ 13. / / |G| è pç{n\ then \A (G)\p ^ p\ 

Proof. By Remark 1, we shall assume that G is a PN-group. Let 
\G/Z\ = p\ If b è h - 1, Lemma 7 gives |4(G)|P è #| /(G)| = p 6 + 1 ^ 
p \ Take b ^ h - 2. Then 

(1) ft è g (ft) - (ft - 2) = ft2/6 - ft + 2 > ft. 

If fei ^ ft Lemma 6 gives 

\A(G)\p?z 1^1-1/(01 *p\ 

So ki g A - 1. If Jfei = h - 1 = &2, 

|4(G)|P è 1^11 ,̂11/(01 è P2"-6-2 ^ £\ 

as 6 ^ ft — 2. Therefore we may assume that 

(2) fti ^ ft - 1 and ki è ft - 2 for i è 2 

Then 

(ft - 2) (5 - 1) ^ & - fti è è/*2 - ft + 2 - (ft - 1) 
= \{h- 1 0 ) ( A - 2 ) - i 

Since 5 is an integer we get 

(3) 5 - 1 è (ft - 10)/6. 

Let |^4C(G)| = pa. By Lemma 3 it is enough to show that a ^ ft — c + 1. 
So we take 

(4) ft è a + c. 

If ftx g mi, by Lemma l(i) we get a §: ft + s > ft, a contradiction. So 
fti > nt\ and applying Lemma l(ii) we get 

(5) a ^ im -\- t(s ~ i) for ^^ ^ Wi, 

(6) a ^ im + fe - (fti + . . . + ftz) + (* - l ) (s - i) 
for kt ^i nil > ki+\. 

Next applying Lemma 5 we get: For m = 6, k\ ^ 3c — 2 if / = 2, and 
fti ^ 2c + 1 g 3c - 2 if / > 2. So 

(7) fti ^ 3c - 2 for m = 6. 

Also, 

(8) fti ^ 2c for m = 5, 

(9) fti ^ 2c - 2 for m = 4, 

(10) fti ^ c for m = 3 and 

(11) fti ^ c - 2 for m = 2. 

Consider the following cases. 
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(a) m ^ 5. Let kf ^ Mi > ki+i and m ^ 6. By (4) h ^ 6i + 5. Then 
for i > 1, 

0 ^ 6i - 11 = (3i - l ) 2 - 9*2 + 12i - 12 

^ (h - 3i - 6)2 - 9i2 + 12i - 12 

= h2 - 6h(i + 2) + 48i + 24. 

For i = 1 this inequality reduces to A2 — 18A + 72 ^ 0, which is valid 
for h è 13. 

From (1), (2) and (6) we have 

a ^ 6i + k - (kx + . . . + kt) + I 

^6i + \h2-h + 2 - h + l - (i - 1 ) 0 - 2) + 1 

è è^2 ~ h(i + 1) + 8i + 2 ^ A - 2 ^ A - c + 1. 

Next let m = 5. Then (8) gives 

(12) 2cs ^k^\h2 - h + 2. 

First let ^ Wi > &i+i. Then from (4) and (6), A ^ hi + c + 2 > 
U + c + 2. For i > 1, 

0 < (2i - c + l ) 2 + 12i2 - 6i - 9 = (4i + c - 4)2 - 24 

+ SOi - 12a + 6c 
^ (h - 6)2 - 24 + 30i - \2ci + 6c 

= h2 - 12h + 12 + 30i - \2ci + 6c. 
So 

(13) h2 - I2h + 12 + 30* - \2ci + 6c > 0. 

For i = 1 this inequality reduces to h2 — 12h + 42 — 6c > 0, which is 
valid for h ^ 13, A ^ 6 + c. Therefore (6) gives 

a ^ 5i + k - (h + . . . + kt) + 1 

è 5i + JA2 - h + 2 - 2ci + 1 è A - c + 1 

by (13). Now let ks ^ m\. Then by (4), (5) and Lemma 1 we get 

(14) h ^ ms -\- c and a = rns. 

For m ^ 7, (3) gives 

a ^ 7s > i(h - 10) + 7 ^ h - 2 ^ h - c + 1, 

as A ^ 7^ + c ê 17 since (3) implies 5 > 1. Similarly for m = 6, 

a = 6 5 è A - 10 + 6 ^ A - c + 1, 

unless c g 4. For c g 4, (7) gives k\ ^ 10 so that 10s ^ & and 
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h ^ Qs + c ^ 15. Hence 

60s è 6£ è h2 - m + 12 è 10(A - 2). 

Thus a = 6 s è A - 2 è A - c + l. 
Finally take w = 5. By (14), A ^ 10 + c. Here 5/*2 - 6ft(5 + 2c) + 

12c2 - 12c + 60 è 0, since the discriminant D = -96c 2 + 96c - 300 
of the left side of the inequality is negative. So by (12) 

10c5 è 5& ^ f/*2 - 5/* + 10 ^ 2c (fc - c + 1). 

Hence a = os ^ h — c + 1. 
(b) m = 4. Let kt ^ mi > fei+1. By (9) &i ^ 2c - 2 and so 

(15) 2s(c - 1) ^ k ^ \h2 - h + 2. 

From (4) and (5) we get h ^ \i + c + 2. So substituting in (6), 

a ^ 4i + i^2 - A + 2 - i(2c - 2) + 1 

= %h2 - h + 6i - 2ci + 3 ^ h - c + 1 

by (13). Let ks ^ mi. Then a = 45 and h ^ 4s + c. For h ^ 17, (3) 
gives 5 ^ 3. So h ^ 12 + c. Therefore 

h2 - 6/* + 12 ^ 3(c - 1)(A - c + 1) or 

A2 - 3A(c + 1) + 3c2 - 6c + 15 ^ 0, 

since if the discriminant D = — 3c2 + 42c — 51 of the left side of the 
inequality is not negative, then c ^ 12 and 

2h è 24 + 2c = 3(c + 1) + (21 - c) è 3(c + 1) + y/D. 

For c = 3 or 4 this inequality reduces to h2 — 12h + 24 ^ 0, h2 — 15h + 
39 ^ 0, which are valid for A ^ 13. Substituting in (15) we get 

4s(c - 1) ^ 2k è |/*2 ~ 2/* + 4 è (c - 1)(A - c + 1). 

This gives a = 45 è A - c + 1 for A ^ 17 or c ^ 4. Let 16 â A è 13, 
c > 4. From (4) and (5), c ^ 8. Then a = 4 s ^ A — c + 1 , unless 
c = 8, A = 16; c = 7, h = 15, 16; c = 6, A = 14, 15, 16; c = 5, h = 13, 
14, 15, 16. For these cases by substituting in (15) we get s ^ 3, so again 
a = 4:S^h — c+1. 

(c) m = 3. Let kt ^ mi > ki+i. Then / = 2 and Lemma 5 gives 
i i ^ c - 1. From (4) and (6), h è 3i + c + 2. Then for all i, 

0 < è(9z2 + c2 - 2c - 8) = i(3i + c - 4)2 - 4 - ic + U + c 

S \{h - 6)2 - 4 - ic + M + c = \h2 - 2h - ic + M + c + 2. 

Substituting in (6), 

a^ 3i + ih2 - h + 2 - i(c - 1) + 1 

= \h2 - h - ic + U + 3 è h - c + 1. 
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Let ks ^ mi. From (10), kx è c Then es è k ^ |A2 - A + 2 so that 

3cs è ÎA2 - 3A + 6 ^ c(A - c + 1), 

since A2 - 2h(c + 3) + 2c2 - 2c + 12 ^ 0. In fact, if the discriminant 
D = — 4c2 + 32^ — 12 of the left side of the inequality is not negative, then 
c è 7 and A > 12 = (3 + c) + (9 - c) è 3 + c + £>/0. Hencea = 3s 
è A - c + 1. 

(d) w = 2. From (11), fei g c - 2 so that 

(16) (c - 2)s è &• 

Here A2 - 3cA + 3c2 - 9c + 18 ^ 0 for A è 15, or for A ^ 13 provided 
c ^ 6 or c è 10. In fact, if the discriminant £> = - 3 c 2 + 36c - 72 of 
the left side of the inequality is not negative, then c ^ 9 and 

2h ^ 30 = 3c + 3(10 - c) è 3c + >/D. 

Similarly for A è 13, if £> â 0 then c ^ 9 and 

2h > 24 = 3c + 3(8 - c) è 3c + v 7 ^ 

provided c ^ 6. From (16), 

(17) 2(c - 2) s è 2k è |A2 - 2A + 4. 

Therefore 

2(c - 2)5 ^ |A2 - 2A + 4 è cA - c2 + 3c - 2 - 2A 

= ( c - 2) (A - c + 1), 

which gives a = 2s 2z h — c + 1, except when c = 7, 8, 9 and A = 13, 
14. For these cases direct substitution of the values of A and c in (17) 
gives a = 2s^h — c+1. 

Remark 2. I think that the bound g (A) = 2A — 5, 5 < A S 8 is the 
best possible. But the bound g (A) = A2/6, A ^ 13 is definitely not the 
best. For example, using a similar technique, we can take g(18) = 52 
instead of (18)2/6 = 54. Even for large values of A, g (A) = A2/6 can be 
reduced. 
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