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Inner Ep-Semigroups on Infinite Factors

Remus Floricel

Abstract. This paper is concerned with the structure of inner Eg-semigroups. We show that any inner
Ejp-semigroup acting on an infinite factor M is completely determined by a continuous tensor product
system of Hilbert spaces in M and that the product system associated with an inner Ey-semigroup is a
complete cocycle conjugacy invariant.

Introduction

The study of continuous semigroups of unital *-endomorphisms acting on von Neu-
mann algebras, or Ey-semigroups, was initiated by R. T. Powers in the late eighties
[P1, P2], and since then it has seen rapid and impressive progress with contribu-
tions from W. Arveson, G. Price, B. Tsirelson and others. Having connections with
quantum field theory [A2, A3] and quantum probability theory [B] and raising chal-
lenging and difficult problems, the research in this topic has been mainly focused on
the classification of Ej-semigroups acting on a factor of type I..

In his seminal work [A1], W. Arveson proved that any Ej-semigroup acting on
a type I, factor is completely determined by a continuous tensor product system
of Hilbert spaces, briefly called a product system. Moreover, product systems are
complete invariants for cocycle conjugacy: two Ej-semigroups acting on a type I
factor are cocycle conjugate if and only if their associated product systems are iso-
morphic. Hence, the problem of classifying Ey-semigroups up to cocycle conjugacy
was reduced to the problem of classifying product systems.

Regarding Ey-semigroups acting on factors that are not of type I, W. Arveson
has suggested that an effective theory should have similar properties [A3]:

(a) it should associate a continuous tensor product of Hilbert spaces with every E-
semigroup and, conversely, every continuous tensor product in this category of
objects should be associated with an Ey-semigroup;

(b) the continuous tensor product of Hilbert spaces associated with an Ey-semigroup
should be a complete cocycle conjugacy invariant.

The goal of this paper is to initiate an investigation of the class of inner E;-semi-
groups, based on Arveson’s product systems approach, in the framework of arbitrary
infinite factors. More specifically, we shall show that the inner Ey-semigroups satisfy
Arveson’s properties discussed above.

The class of inner Ej-semigroups was introduced in [F2] and plays an impor-
tant role in the analysis of the structure of arbitrary Ey-semigroups. It was shown in
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[F2] that any Ej-semigroup acting on a von Neumann algebra can be uniquely de-
composed as the central direct sum of an inner Ej-semigroup and a properly outer
Ep-semigroup. Moreover, this decomposition is stable up to conjugacy and cocycle
conjugacy. Hence the problem of classifying arbitrary Ep-semigroups reduces to the
classification of these two canonical classes.

This paper is organized as follows. In the first section, we introduce and dis-
cuss some properties of the class of inner Ey-semigroups. In the second section, we
define the concept of product system in an infinite factor, and show that the inner
Ey-semigroups are completely determined by such product systems. In the last sec-
tion, we show that the product system associated with an Ey-semigroup is a complete
cocycle conjugacy invariant.

We close this introduction with a few remarks on notation and on the concepts
used in this paper. Let M C B(H) be a von Neumann algebra acting on a separable
Hilbert space H{. When it is convenient to do so, we shall consider M endowed with
its natural standard Borel structure, i.e., the Borel structure whose o-field is that
generated by the weak operator topology. Let End(M) denote the semigroup of all
unital normal *-endomorphisms acting on M. An Ej-semigroup of M is a family
p={p: |t > 0} C End(M) which obeys the semigroup properties ps+s = p; © ps,
po = 1d and which is continuous in the sense that for every x € M, the mappingt —
pr(x) is continuous in the weak topology on M. This is equivalent to the continuity
in the o-weak, strong, and o-strong topologies [B], or to the fact that the function
t — (p;(x)) is measurable for all normal states ¢ on M and for all x € M (cf. [Al,
Proposition 2.5]).

1 Preliminaries on Inner Ej-Semigroups

We start this section by recalling some basic definitions and properties of inner endo-
morphisms and inner Ej-semigroups. For a more detailed treatment of this matter,
we refer the reader to [R, F1, F2].

Let M be an infinite factor. By a Hilbert space in M (see [R]) we understand a
norm-closed linear subspace H of M that satisfies the following relations:
(1) u*u € C- 1, forevery u € H;
(2) xH # {0}, for every x € M, x # 0.

The scalar product on the Hilbert space H is then given by
(u,v)pm -1y =v'u, u,v € H.

Thus, an orthonormal basis for H is the family {U; }¥_, of isometries of M satisfying
the Cuntz relations [C]:

k
(1.1) uiuj =6; j-1y and Zuiuz‘le

i=1

where, if k = oo, then the sum is understood to converge with respect to the strong
topology of M.
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Let k € NU {00} be fixed. An endomorphism p € End(M) is said to be k-inner if
the space of intertwiners

Homy(Id, p) = {u € M | p(x)u = ux forallx € M}

is a k-dimensional Hilbert space in M. Equivalently, p is a k-inner endomorphism if
and only if it has the form

k
p(x) = Z uixu;ka xeM,
i=1

where {u;},_17 is a set of isometries of M satisfying relations (1.1). Such a set will be
called an implementing set for the k-inner endomorphism p.

Now let p = {p; | t > 0} be an E,-semigroup acting on M. It was shown in
[F2] that if for any t > 0 there exists k(f) € N U {oo} such that p; is a k(t)-inner
endomorphism, then k(f) = oo, for all t+ > 0. This property has motivated the
following definition.

Definition 1.1  An Ey-semigroup p = {p; | t > 0} acting on an infinite factor M is
said to be inner if for any t > 0, p, is an co-inner endomorphism of M.

We note that if M is a type I, factor, then every Ey-semigroup acting on M is an

inner Ej-semigroup [Al, Proposition 2.1]. Moreover, every inner Ey-semigroup can
be extended to an Ej-semigroup acting on a factor of type .

Proposition 1.2 Let M C B(H) be an infinite factor, and let p = {p, | t € R, } be
an inner Ey-semigroup of M. Then p can be extended to an Ey-semigroup of B(H).

Proof For eacht € Ry, let {v;(¢)}; be an implementing set of the co-inner endo-
morphism p,. Since M is a factor,

Homy(Id , p;) = span{v;(¢) |i=1,2,...}
is a Hilbert space in M. Moreover, we can easily check that Homy(Id , p;) is also a

Hilbert space in B(H). It then follows that each endomorphism p; can be extended
to an endomorphism of B(H), denoted also p;, by the formula

pe(X) =D vi®Xvi(t)*, X € B(H),

i=1
and that for any ¢ > 0, we have

(1.2) Homgg)(Id , p;) = Hompy(Id , p;).
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We claim that {p; | t > 0} is an Ey-semigroup of B(H). Indeed, if x € M and
y € M’, we have

oo

peopslxy) = Y vile)vi(s)xyvi(s) vi(t)*
i,j=1

o0

= (3 w0 ) y

ij=1

= p o ps(X)y = pras(x)y

= (;vi(t + s)xv;(t +S)*) y

= pras(xy).

Since M is a factor, M U M’ is weakly dense in B(H) and, as our endomorphisms are
normal, it follows that

P5+z(X) = Ps© pt(X); Xe %(}C),S,t > 0.
Moreover, forx € M, y € M’ and £, € 3, the function

t— (p(xy)€,m)

is continuous. Using again the weak density of M U M’ in B(H), it follows that the
function t — (p;(X)£, n) is measurable for all X € B(H). Hence {p; | t € R, } isan
Ey-semigroup on B(FH). [ |

We close this section with a few remarks on the existence of inner Ej-semigroups.
If M is an arbitrary infinite factor, then we can construct inner E;-semigroups acting
on M as follows: since M is infinite, M is x-isomorphic to M ® B(K), where K is
a separable infinite dimensional Hilbert space. Let & = {o; | + > 0} be an an Ep-
semigroup on B(XK), and let {u; };>¢ be a semigroup of unitaries in M. Then we can
easily check that the one-parameter family

p={0""oAd(u)®ao, 00|t >0}

is an inner Ey-semigroup of M, where §: M — M ® B(XK) is an arbitrary *-isomor-
phism.

2 Inner E;-Semigroups and Product Systems

We define the concept of continuous tensor product of Hilbert spaces in an infinite
factor, briefly called product system, in analogy with Arveson’s concept of concrete
product system [Al]:
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Definition 2.1 A product system in an infinite factor M is a Borel subset & = {H; |

t > 0} of M consisting of Hilbert spaces H; in M that satisfy the following conditions:

(a) H;s = spanH; - H, forall s, > 0;

(b) there exists an infinite dimensional Hilbert space Hy such that € and (0, co) x Hy
are isomorphic as measurable families of Hilbert spaces, i.e., there exists a Borel
isomorphism 0: €& — (0, 00) x Hy such that for any t > 0, the restriction

9|Hr: H, — {t} X Hy

is a unitary isomorphism of Hilbert spaces.

There exists a natural concept of isomorphic product systems: two product sys-
tems & = {H; |t > 0} and F = {K; | t > 0} in M are said to be isomorphic if there
exists a Borel isomorphism ©: & — JF such that
(i) foranyt > 0,0|y : H, — K, is a unitary operator;

(ii)) O(xy) = ©(x)O(y), forallx € H;, y € Hy, and all s, > 0.

Observation 2.2 If M is a type I, factor, then our concept of product system in
M and Arveson’s concept of concrete product system are the same. In particular, a
product system in a von Neumann algebra M that acts on a Hilbert space HH is a
concrete product system (in B(FH)).

In [Al, Proposition 2.2], W. Arveson proved that if p = {p; | + > 0} is an E,-
semigroup acting on B(JH), then

87, = {Hom%(}()(ld,pt) | t> 0}

is a concrete product system. Using the above observation, Proposition 1.2 and rela-
tion (1.2), we can easily obtain the following general result:

Proposition 2.3 Let M be an infinite factor and p = {p; | t > 0} be an inner
Ey-semigroup on M. Then the set

(2.1) &; = {Homy(Id, p;) | t > 0}
is a product system in M.

Conversely, any product system gives rise to an inner Ej-semigroup:

Theorem 2.4  Let M be an infinite factor and € = {H; | t > 0} be a product system
in M. Then there exists a unique inner Ey-semigroup p = {p; | t > 0} on M such that
H; = Homy(Id, p;), forallt > 0.

Proof First of all, we assert that there exists a sequence of measurable mappings
{u;}; such that for any r > 0, {u;(¢)}; is an orthonormal basis of the Hilbert space
H,. Indeed, by Definition 2.1, there exist an infinite dimensional Hilbert space H,
and a Borel isomorphism 8: €& — (0, 00) x Hj such that

U(t) = 0|H[Z H; — {t} x Hy
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is a unitary operator. The sequence of measurable mappings {u; }; is then given by
ui(t) = U(t)" (&),

where {¢; }; is a fixed orthonormal basis of the Hilbert space Hy.
Since H, is a Hilbert space in M with orthonormal basis {u;(¢)};, it follows that
the formula

pe(x) =D uwi(txu(t)*,  x €M,
i=1

defines an co-inner endomorphism of M for all t > 0. Moreover, since M is a factor,
we have
H, = Homy(Id , p;), forall¢ > 0.

We define py = Id and claim that {p, | ¢+ > 0} is an Ey-semigroup of M. Indeed,
if x € M and s, t > 0, then we have

o

ps © pr(X)u;(s)u;j(t) = Z uy(5) py (x) 1y (s) i (s)u(t)
=1

o0

= (X we)s)" ) wis)pu a0

=1
= u;(s)pe (x)u;(t)
= ui(s)u;(t)x

= pras()ui($)u;(t),
where the last equality follows from the fact that
ui(s)u;(t) € Hy - H, C Hyyy = Homy(Id | pgyy).
Therefore we have

ps © pr(x) = ps o pr(x) - Iy
o0

= peo ) (D2 w0 (0" wi(9))

ij=1

8

=" (ps 0 p(®)ui(s)uj(1)) uj(£)* ui(s)*

ij=1

= Z st (20)ui (s)u (1) (1) ui(s)*

ij=1

= pste(%).
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Thus {p; };>0 is a semigroup of endomorphisms.
Finally, since the mapping t — u;(t) is measurable for every 7, it follows that the
function
(0,00) 3t — @(p:(x) € R

is also measurable for every normal state ¢ of M and every x € M. Hence p =
{p: | t > 0} is an Ey-semigroup of M.

The uniqueness follows immediately from the fact that an co-inner endomor-
phism acting on a factor is completely determined by its space of intertwiners [L,
Proposition 2.1]. ]

3 Conjugacy and Cocycle Conjugacy

Letp = {p: |t > 0} and & = {o; | t > 0} be Ey-semigroups acting on M. We shall
say p and o are conjugate if there exists § € Aut(M) such that

Qop,=0:068, t>0,

and that p and & are cocycle conjugate if there exists a strongly continuous family of
unitaries {u; | + > 0} of M such that

(1) ey = uo(1y), st >0

(ii) pis conjugate to the Ey-semigroup {Ad(u;) o o, |t > 0}.

A strongly continuous family of unitaries satisfying relation (i) will be called a o-
cocycle.

Our goal, in this section, is to show that the product system associated to an inner
Ey-semigroup as in Proposition 2.3 is a complete cocycle conjugacy invariant. Before
proving this result, let us mention thatif p = {p, | t > 0} and o = {0, | t > 0} are
two conjugate inner Ey-semigroups acting on an infinite factor M, then their associ-
ated product systems &; and €5 given by Proposition 2.3 are isomorphic. Indeed, if
0 € Aut(M) is such that 6 o p; = 0 0 6, for all t > 0, then it is easily seen that the
mapping ©: € — &, defined for all u(t) € Homy,(Id , p;) and all ¢ > 0 by

is an isomorphism of product systems.
We prove the main result of this section:

Theorem 3.1 Letp = {p, | t > 0} andc = {o, | t > 0} be two inner Ey-
semigroups acting on an infinite factor M. Then the following statements are equivalent:

(1) pand o are cocycle conjugate;
(2) the associated product systems € and &5 are isomorphic.

Proof Suppose that p and & are cocycle conjugate Ep-semigroups. By using the
above remark, we may assume that there exists a g-cocycle {u; | t+ > 0} such that

pr(x) = weo(X)u, x € M,t >0
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As in [Al1], we define a mapping ©: €5 — £ by
O(a) = wa, a€ Homy(Ild,p,), t>0,

and we claim that © is an isomorphism of product system.
First of all, we notice that © is well defined and a Borel isomorphism. Indeed, we
can easily check that

u; Homy(Id , 0;) = Homy(Id , p;), t >0,

so O is well defined and bijective. Moreover, since {u; | t € R, } is a strongly contin-
uous family of unitaries, it follows that © and O~ ! are measurable mappings, so O is
a Borel isomorphism.

Secondly, if a € Homy,(Id , 0y), b € Homy(Id , o), where s, > 0, then we have:

©(ab) = ugyab = u,o5(u;)ab = usau,b = O(a)O(b).

Therefore © is multiplicative.

Finally, by definition ©|xom,,(d,0,) i @ unitary operator. Hence © is an isomor-
phism of product systems.

Conversely, assume that the associated product systems £; and € 5 are isomorphic,
and let ©: & — &; be such an isomorphism. As in the proof of Theorem 2.4, for
each t > 0, let {v;(¥)}; be an implementing set of the co-inner endomorphism o,
such that the mapping t — v;(¢) is measurable for every i € N.

For any fixed ¢, we define

w =Y O ())vi(t)* € M.

Then for any j € N, we have
wvi(t) =Y OW(O))Wi(t)*vi(t) = O;(1)),

and since Homy(Id , o,) = span{v;(¢) | i € N}, we obtain that
©(a) = wa, foralla € Homy(Id,o;), t>0.

We claim that {u, | > 0} is a o-cocycle.
First of all, we note that for any t > 0, 1, is a unitary of M. Indeed,

wu = (3 0mmm®”) (S ewmw )
i j

=Y OO (1)) O O)i(1) =D (Ov;(t), Ot - vi(t)v;(1)*

i j i j

= Z(Vj(l‘) Vi®))m - vit)vi () = Zvi(t)vj(l‘)*vi(t)vj(t)*

i

J
= wiltwi)" = 1y,
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and similarly u, 1} = 1.
Secondly, we assert that {u, },cp, satisfies the 7-cocycle relation. For proving this,
weleti, j € N. Then forall s, ¢ € R, we have
usos(u)vi(s)vi(t) = usvi(s)uvi(t) = O(vi(s))O(v;(t))
OWi(s)vj(t)) = usvi(s)v;(t),

where the last equality follows from the fact that v;(s)v;(t) € Homy(Id , 0;¢).
We then have

s (u)vi(s) = o (u)vi(s) - Iy = Y o ()i (s)v; (£)v; ()"
JEN
= Z g vi(S)vi()vi ()" = uspevi(s),
jEN
and again,

usos (1) = usos() - Iy = > s (1) vi()vi(s)”

1

D uaevi($)vi(s)* =ty
i

Finally, since the the mappings ¢t +— v;(¢) are measurable, we obtain that the mapping
t — @(u;) is also measurable for every normal state ¢ of M. Thus, by applying [Al,
Proposition 2.5], we obtain that {u; | + € R*} is strongly continuous, so {u; | t €
R*} is a o-cocycle.

To complete the proof, we shall show that for any + > 0 and x € M, we have
p(x) = wo(x)u; . Indeed,

peu = p (O (O)i() =Y Owi(t))xvi(1)*

= Z OWi(1))vi(1) oy(x) = uy04(x). -
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