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Abstract  Let G be a finite group. If G has a cyclic Sylow 2-subgroup, then G has the same number of
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same even if G has Klein Sylow 2-subgroups and a normal 2-complement.
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1. Introduction

Suppose that G is a finite group. An irreducible complex character x € Irr(G) of G is
rational if x(g) € Q for all g € G, while a conjugacy class C = clg(g) of G is rational if
x(g) € Q for all x € Irr(G). That is, the rational characters correspond to the rational
rows in the character table, while the rational classes correspond to the rational columns.
Let us write Irrg (G) and Clg(G) for the sets of irreducible rational characters and rational
conjugacy classes of G, respectively.

Often we have that |Irrg(G)| = |Clg(G)|, but not always: the smallest counter-example
is a group of order 2°. It is convenient to mention now that it is not true in general that
the natural actions of the Galois group G = Gal(Q,,/Q) on Irr(G) and on the set CI(G)
of conjugacy classes of G are permutation isomorphic, where n is the exponent of G and
Q,, is the cyclotomic field. Whenever this is the case, of course, we have that |Irrg(G)| =
|Clg(G)|. In particular, it follows from the main result of [1] that |Irrg(G)| = |Clp(G)]
if all Sylow subgroups are abelian.

Rationality questions in a finite group G are believed to be somehow related to the
Sylow 2-subgroups P of G, the first reason being, perhaps, that groups of odd order
do not possess non-trivial rational characters or classes. (It continues to be an open
question as to whether G being rational, i.e. if all y € Irr(G) are rational, implies that P
is rational.) But there are no general results relating Sylow 2-subgroups and rationality.
In fact, there are very few results guaranteeing that |Irrg(G)| = |Clg(G)| (see [9] for
another result of this type).

In this paper we count rational characters and rational classes of certain groups. In
particular, we can prove the following.
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Theorem 1.1. Suppose that P € Syl,(G) is cyclic. Then |Irrg(G)| = |Clg(G)|.

Even the case where |P| = 2 in Theorem 1.1 is non-trivial and relies on the recent
paper [8] on quadratic characters of groups of odd order. (See also [2].)

Unfortunately, Theorem 1.1 does not seem to allow a variety of results of similar type:
if we change the word ‘cyclic’ to Cy x Co, Theorem 1.1 is already false (even assuming
that G has a normal 2-complement). The same happens if P is a quaternion group or is
dihedral of order 8. We will provide examples in § 5.

Our methods here are in fact slightly more general and apply, for instance, in analysing
when groups with a normal Sylow p-subgroup G have equal numbers of rational classes
and rational characters.

2. Characters

If n is any positive integer, then we denote by

the Galois group of the nth cyclotomic extension Q,, over the rationals. In general, we
use the notation of [5].

If G is a finite group and C = clg(z) € cl(G) is the conjugacy class of z € G, then
Q(C) = Qx(z) | x € Irr(@)). I x € Irr(G), then Q(x) = Q(x(z) | = € G). Notice
that if @ € AutG, then Q(x) = Q(x?*) and Q(C) = Q(C*). (In this case, x* is the
unique irreducible character of G such that x*(g*) = x(g) for g € G and C* = clg(z?)
if C = clg(z).)

Now, we have that G,, acts on the conjugacy classes of G consisting of elements x € G
of order dividing n via

Clg(I)Ut = Clg(mt),

where o; € G, t is an integer and o:(£) = &' for nth roots of unity £. Of course, t is
uniquely determined modulo n, and is coprime with n. If x € Irr(G), then x(z) € Q,
and
x(2)7" = x(a").
Now we have that o, € Gal(Q,,/Q(C)) if and only if x(z)7* = x(z) for all x € Irr(G).
This happens if and only if 2* is G-conjugate to x: in other words, if C%t = C. Hence,
we see that the stabilizer of the conjugacy class C' = clg(x) in G, is Gal(Q,/Q(C)).
Using this fact, we can prove that the groups Gal(Qq(,)/Q(C)) and N¢({r))/Cc(x) are
naturally isomorphic.
Let us record the following elementary fact.

Lemma 2.1. Suppose that F/Q is a finite Galois abelian complex extension of Q and
let o € Gal(F/Q). Suppose that x is a character of G such that Q(x) C F. Then x? is

also a character of G, where
(e

X7 (x) = x(x)7.
Also x € Irr(Q) if and only if x? € Irr(Q).
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Proof. Let n = |G|. Then we know that Q,, is a splitting field for G and therefore
Gn = Gal(Q,,/Q) acts naturally on Irr(G). Also, x™ € Irr(G) if and only if x € Irr(G),
for 7 € G,. Now Q(x) € Q(x). Since F/Q is Galois and abelian, we have that 1) = og(y)
is a Galois automorphism of F'NQ,,. Since Q,,/Q is Galois, ¢ extends to some 7 € G,,.
Now, x? = x7, and we are done. |

From Lemma 2.1, we deduce that G, acts on the irreducible characters x € Irr(G)

with Q(x) € Q,,, where
X7 () = x(x)7* = x(z")
for all z € G. Notice too that the Gal(Q(x)/Q)-orbit of x has size |Q(x) : Q.

It is easy to check that all the Galois actions defined so far commute with the natural
action of Aut G on Irr(G) and CI(G). In particular, we have that G| x Aut(G) naturally
acts on Irr(G) and Cl(G).

When dealing with the field of values of characters and normal subgroups, it is conve-
nient to use the so-called semi-inertia subgroup. Suppose that N <G and let 8 € Irr(V).
If ¢ € G, then we have that Q(0) = Q(09). If T = I5(0) is the stabilizer of 0 in G,
then we define T* = {g € G | 9 = 0° for some o € Gal(Q(0)/Q)}. Of course, T* is a
subgroup of G containing 7T'.

We use the notation Irr(G | ) for the irreducible constituents of 6.

Lemma 2.2. Let N <G, § € Irt(N), T and T* be as before.

(a) Suppose that x € Irr(G | 0) and assume that Q(x),Q(0) C F, where F/Q is a finite
abelian Galois extension. If o € Gal(F/Q(x)), then there exists g € T* such that
09 =6°.

(b) It € Tre(T | 0), then Q(T") = Q(¥°).

Proof. By Lemma 2.1, we have that 87 € Irr(N). Now, since [(x?)n,07] = [xn, 0],
we see that 07 lies under x? = x. Hence, 67 = 69 for some g € G by Clifford’s Theorem.
Then we easily see that g € T*. This proves part (a).

To prove part (b), write n = 97" € Irr(T* | ) and x = ¢¢ € Trr(G | 0). Since 7 = ¥,
we have that Q(x) C Q(n) € Q(¢) by the induction formula. It suffices to show that
if o € Gal(Q(v)/Q(x)), then n? = 0. Since ¢ = ef, we have that Q(f) C Q(¢). By
part (a) (with F' = Q(¢)), we have that 87 = 69 for some g € T*. Now (1b7)9"" lies over
0 and induces x, so ()9 = 1 by the uniqueness in the Clifford correspondence. Thus,
Y7 =19 and

n” = @) = @) =yT =n,
as desired. ]

We shall use the following elementary lemma several times.

Lemma 2.3. Let N<G, 6 € Irt(N), T and T* be as before. Then the map T* —
Gal(Q(0)/Q) given by g — o and defined by the equation

69 = 6°
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is a well-defined group homomorphism with kernel T" and image

Gal(Q(9)/Q(69)).

In particular, we have that 0 is rational valued if and only if |T*/T| = | Gal(Q(8)/Q)|.
This happens, for instance, if there exists some x € Irr(G | 0) that is rational valued.

Proof. The first part is [6, Lemma 2.2]. Suppose that there exists x € Irr(G | 6) that
is rational valued. Since § is zero off N and (%) is a rational multiple of x, we see
that Q(6%) = Q(xn) and the last part follows. O

Hence, we see that if ¢ is rational valued, then there exists a natural isomorphism
po = p Gal(Q(8)/Q) — T*/T.
If o € Gal(Q(#)/Q), then p(o) is the unique (modulo T') element in T™* such that

9° = prlo).

Theorem 2.4. Let N<G, let § € Irt(N), let T and T* be as before, and suppose that
0% is rational valued.

(a) Letv € Irr(T | 0) and x = 1% Then ¥ is rational valued if and only if Q()) = Q(6)
and

YT = 1/)/1(7)
for all T € Gal(Q(6)/Q).

(b) Let ¢ € Trr(T | ) be such that ¢ is rational valued, and assume that 1 = 6.
Let € € Irr(T/N). Then (e))€ is rational if and only if Q(¢) C Q(6) and €™ = ¢”(7)
for 7 € Gal(Q(0)/Q).

Proof. By hypothesis, we have a natural isomorphism p : Gal(Q(0)/Q) — T*/T.

(a) Suppose first that Q(z) = Q(#) and ™ = ¢*(") for all 7 € Gal(Q(6)/Q). We have
that Q(x) € Q(v) = Q(0). Take 7 € Gal(Q(#)/Q) and write p(7) = gT € T*/T. Then
X" = (@)™ = (7)Y = (9)¢ = x and we conclude that y is rational valued.

Conversely, suppose that y is rational valued. Since ¥y = ef), we have that Q(#) C
Q(v). Now, take o € Gal(Q(v))/Q(0)) and note that ¥ € Irr(T | #). Since x is rational,
(¥°)E = (¥9)7 = x? = x = ¢, and by the uniqueness in the Clifford correspondence
we deduce that 17 = 1. Hence, o is the identity in Gal(Q(v)/Q(0)), and we conclude
that Q(0) = Q(¢). B

Now take 7 € Gal(Q(#)/Q) and suppose that p(7) = ¢T, so (§7) = 6. Since
Q(#) = Q(¢b), we have that (¢7)9 € Irr(T), and it is clear that this character lies over
0. Also, (7,[17)971 induces x, and we conclude that ™ = 99, again by the uniqueness in
the Clifford correspondence. This proves (a).
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(b) By hypothesis and part (a), we have that Q() = Q(+) and 7 = *(") for all
7 € Gal(Q(#)/Q). Suppose first that (e))© is rational valued. Let F be the smallest
extension containing Q(e) and Q(6). Then F/Q is Galois and abelian, and we can use
Lemma 2.1. Let 7 € Gal(F/Q(0)). Since 7 fixes 0, 7 fixes 1, because Q(6) = Q(¢)). Now
(€)™ induces (e)“ and lies over #. By the uniqueness in the Clifford correspondence,
we deduce that (ey))” = erp. Now eip = (ey))” = €7¢)” = €"4), and we deduce that €™ = €
by the uniqueness in Gallagher’s Theorem [5, Corollary 6.17]. Hence, Q(¢) C Q(6). Now,
by part (a), we have that (€)™ = e?(7 (") and we deduce that €™ = €*(7) again by the
uniqueness in Gallagher’s Theorem.

Conversely, if Q(e) C Q(6), then Q(0) C Q(erp) C Q(0) (the first containment because
(e)ny = €(1)8 and the second because Q(v), Q(e) C Q()). It is easy to see that Q(ey)) =
Q(0), and the result easily follows from part (a). O

As we have seen, if ¢ is rational valued, then we have that 67 = 6°(") for 7 €
Gal(Q(6)/Q). Now, if there is a canonical choice of some @ € Irr(T | 6), then we might
easily check that 1™ = ¥?(") too, and then we are ready to use Theorem 2.4. This hap-
pens, for instance when (|N|,|G : N|) =1, if N is abelian and complemented in G or in
certain unique extensions which respect fields of values [7].

Corollary 2.5. Let N <G, let § € Irr(N), let T and T* be as before, and suppose
that € is rational valued. If (|N|,|G/N|) = 1, then the number of ¢ € Irr(G | §) which
are rational valued is the number of rational € € Irr(T/N) which are T*-invariant. In
particular, this number is |Irrg(T/N)| if T* /N is abelian.

Proof. Since (|N|,|T/N|) =1, by [5, Corollary 8.16], there exists a unique extension
¥ € Irr(T) of 6 such that o(8) = o(y) (where o(6) is the determinantal order of 6).
By uniqueness of the extension, Q(¢) = Q(0) and ¥™ = ¥9 whenever 87 = 69, for all
7 € Gal(Q(#)/Q) and g € G. Now, by Theorem 2.4 (a) we see that ) is rational valued.
Now, note that e € Irr(7//N) has values in Q(0) C Q)xj if and only if € is rational valued
by coprimeness. The result now follows from Theorem 2.4 (b). ]

Notice that if 8¢ is not rational, then there are no rational characters over 6 by the
last part of Lemma 2.3.

3. Classes

If C' = clg(x) is a conjugacy class of a finite group G, we have defined Q(C) = Q(x(z) |
x € Irr(@)). Now, if 0 € Gal(Q(C)/Q), then o uniquely defines a conjugacy class C7
of G as follows. Extend o to some oy € G| and define C7 = C* = clg(a"). If o, also
extends o, then we have that x(z)7 = x(z)7* for all x € Irr(G). Hence, z* and z* are
G-conjugate. So we see that C7 is well defined. Notice too that C? = C' if and only if
o=1.

If HC G and C = clg(h), then we define C% = clg(h). Notice that Q(C%) C Q(C).

Suppose now that C' = cly(n), where N < G. We define

Ng(C) ={g e G| CY =" for some o € Gal(Q(C)/Q)}.
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Lemma 3.1. The map
pc s No(C)" = Gal(Q(C)/Q(C))

given by g — o, defined by the equation CY = C?, is an onto group homomorphism with
kernel Nq(C)={g € G| C? =C}.

Proof. Suppose that C9 = C7 = cly(nt). If x € Irr(G), then

x(n)” = x(n') = x(n?) = x(n),

so we see that o € Gal(Q(C)/Q(C%)). Conversely, if ¢ € Gal(Q(C)/Q(C%)) and o = o,
on Q(C), then we have that x(n') = x(n)? = x(n) for all x € Irr(G). Hence, n' and n
are G-conjugate. So there is g € Ng(C)* such that C? = C°. O

Next, we give an appropriate set of representatives of conjugacy classes in a coprime
action, which is fairly well known. We shall frequently use the fact that if A acts coprimely
on G and C is an A-invariant conjugacy class of G, then there exists ¢ € C N Cg(A) [5,
Corollary 13.10].

Lemma 3.2. Suppose that N <G with (|G : N|,|N|) =1 and let H be a complement
of N in G.

(a) Let C' be a conjugacy class of N and let Ng(C) = {z € G | C* = C}. Write
C = cly(n), where [n, Ng(C)] = 1. Let hq, he € Ng(C). Then nhy is G-conjugate
to nhy if and only if hy and hy are Ny (C)-conjugate.

(b) If {C; | 1 <i < k} is a complete set of representatives of the action of G on C1(N)
and {h;; | 1 < j < k;} is a complete set of representatives of conjugacy classes
of H; = Ny (C;), then n;h;j is a complete set of representatives of the conjugacy
classes of G, where C; = cly(n;) and [n;, H;] = 1.

Proof. (a) Suppose that nhe = (nh1)? for some g € G. Since (o(n),o(h;)) = 1 and
n commutes with h; € Ny (C), where i = 1,2, we have that n9 = n and h{ = hs.
If g = mh for m € N and h € H, then (hy)™ = (hy)" ' € HN H™ = Cg(m). Hence,
h% = hy. Now, (n™)" = n implies that h € Ny (C). Since [n, Ny (C)] = 1, the converse
easily follows.

(b) Suppose that z € G, and we prove that z is G-conjugate to some n;h;;, following
the notation in the statement of the lemma. We have that = nu for some n € N
and [u,n] = 1, where (o(u),0(n)) = 1. By conjugating by an appropriate element, we
may assume that n = n; for some i. Now, H; C Cg(n;) and u € Cg(n;). Since H; is a
Hall 7'-complement of Cg(n;) € Ng(C;) and u is a n'-element (where 7 is the set of
primes dividing |N|), it follows by the Schur—Zassenhaus Theorem that «¥ € H; for some
v € Cg(n;). Now u"™ = h;; for some w € H;. Now,

vw

vw
T =n; hij = nihij.

Finally, if n;h;; is G-conjugate to n,h,s, it is clear that n; = n,, and the result now
follows from part (a). O
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Recall that a conjugacy class C = clg(z) is rational if whenever (z) = (z'), where ¢ is
an integer, then x and ! are G-conjugate.

Lemma 3.3. Suppose that N <G with (|G : N|,|N|) =1 and let H be a complement
of N in G. Let C be a conjugacy class of N, and write C = cly(n) where [n, Ng(C)] = 1.
Let h € Ny (C). Let also g € Ng(C)* with g = ym, wherey € Ng(C)* = Ng(C)*NH
and m € N. If n9 € Cn(h), then there exists z € Cn(h) such that n9 = n¥=.

Proof. Since Ny (C) < Ny (C)*, it is clear that h¥ ' € Ng(C). Then [n,h? '] =1
or, equivalently, [n¥, h] = 1. Thus, n¥ € Cx(h), and since n9 and n¥ are N-conjugate,
we deduce by Glauberman’s Lemma [5, Corollary 13.10] on coprime action that n¢ and

nY are indeed Cy (h)-conjugate. Thus, there exists z € Cy(h) such that n¥* = n9, as
desired. g

Theorem 3.4. Suppose that N<G with (|G : N|,|N|) =1 and let H be a complement
of N in G. Let C be a conjugacy class of N, and write C = cly(n) where [n, Ng(C)] = 1.
Suppose that C¢ is rational. If h € Ng(C), then clg(nh) is rational if and only if
L = cln, (cy(h) is rational and invariant in Ny (C)* = Ng(C)* N H.

Proof. Suppose first that clg(nh) is rational. Suppose that (h¥) = (h), and we want
to see that h* is Ny (C)-conjugate to h. By using the Chinese Remainder Theorem, we
may assume that n* = n. Now, since nh is rational in G, we have that (nh)* = nh* is
G-conjugate to nh, and we deduce from Lemma 3.2 (a) that h and h* are Ng(C)-con-
jugate, as desired.

Next we prove that L is Ny (C)*-invariant. Let y € Ny (C)*. Then cly(n¥) = cly(n)
for some integer ¢ coprime to o(n). Again using the Chinese Remainder Theorem, we may
assume that At = h. So nt = n¥™ for some m € N, and we can suppose by Lemma 3.3
that m € Cn(h). Now nh is rational in G, and therefore G-conjugate to

(nh)t =n'h =n¥"h = (nhyfl)ym.

We deduce that clg(nh) = clg(nh¥~1!). Now it follows from Lemma 3.2 (a) that h is
Ny (C)-conjugate to h¥ . This implies that L is y-invariant, as desired.

Conversely, suppose now that L is rational and Ny (C)*-invariant. We want to prove
that clg(nh) is rational. Suppose that (nh) = ((nh)*). Note that (h¥) = (h), and then
hk = hY for some v € Ny (C), since L is rational. Thus, we have (nh)* = n*h?. Also,
since n is rational in G, we know that there exists g € Ng(C)* such that n* = n9. Write
g = ym, where y € Ng(C)* and m € N. Since n9 = n* € Cy(h?), we can assume by
Lemma 3.3 that m € Cn(h"). Now

(nh)* = n9h" = (1@]1”971)97
and we deduce that (nh)* is G-conjugate to nh*¥"". Since L is Ny (C)*-invariant, it

follows that h¥¥ " is Ny (C)-conjugate to h. This implies by Lemma 3.2 (a) that nh"v "’
is G-conjugate to nh, and we deduce that (nh)* and nh are G-conjugate, as desired. [
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4. Main results

The proof of the following key result is inspired by an idea due to Wilde [10].

Theorem 4.1. Suppose that P is a group that acts as automorphisms on N with
(|P],|N|) = 1. Then the actions of P x {c) on Irr(N) and cl(N) are permutation isomor-
phic.

Actually, we shall need a more general version of Theorem 4.1, where only certain
characters and classes of IV are taken into account. In order to state that version of
Theorem 4.1, we need to introduce Isaacs Br-characters. In any m-separable group G,
Isaacs [4] defined a canonical subset B;(G) of the complex irreducible characters Irr(G).
(The main point was that B,/-characters constitute a canonical lifting of the irreducible
Brauer characters of a p-solvable group.) It easily follows from their definition that if G
is a w-group, then B,(G) = Irr(G). Also, x € B,(G) if and only if x? € B,(G), where
o € Gal(Q¢/Q), and Br-characters are closed under automorphisms. We have that
Q(x) € Qig|, for x € B:(G) [4, Corollary 12.1]. A deeper fact on Br-characters is that
| B (G)] is the number of conjugacy classes consisting of m-elements, and that the square
matrix A = (x(z)), where x € B(G) and = runs over representatives of the conjugacy
classes of m-elements of G, is invertible. (This follows from [4, Corollary 10.2].)

In the proof of the next theorem we shall also need the existence of an extension of
the Glauberman-Isaacs correspondence. Namely, if A acts coprimely on a w-separable
group G, we shall use the fact that there is a canonical bijection between the A-invariant
Br-characters of G and the Br-characters of Cg(A). This fact was proved by Wolf [11],
and later generalized in [3]. This canonical correspondence commutes with Galois action
and automorphisms, as can be easily checked.

Now we are ready to prove the version of Theorem 4.1 that we really need. We can
recover Theorem 4.1 by taking 7 to be the set of all primes dividing |[N|. We denote by
Cl; (V) the set of conjugacy classes of N consisting of m-elements.

Theorem 4.2. Suppose that @) acts coprimely as automorphisms on a mw-separable
group N, and let o € Gal(Q)y|/Q). Then the natural actions of Q) x (o) on B(N) and
on Cl,;(N) are permutation isomorphic.

Proof. It is sufficient to show that if H is a subgroup of @ x (o), then H fixes the
same number of § € B, (N) as of C € cl;(IN). Hence, it is sufficient to show that if
(zi,0%) € Q x (o), where 1 < i < s, then the sets A = {0 € B,(N) | §* = 07" for all i}
and B = {C € Cl;(N) | C% = C°" for all i} have the same cardinality.

Suppose that 0% = 0" and v = 9"17 where u,v € @, and k, [ are integers. Then notice

that o
HU’U — 00’ + — gvu.

In particular,
m mk
eu — 00'
for every integer m. Write n = o(c). Also, write d = ged(n, k). Then

a,nk/d -

gu" = g —9.
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Since (o%) = (0?), we have that (¢%)* = ¢ and 0% = o* for some integers s and t.
These integers satisfy that st = 1 mod(n/d). From here, we easily conclude that

gv = 97" — v =",

Since the same argument applies to any class C' such that C* = C"k, with the same s
and ¢, we see that we may assume that k; divides n for all 7.

Now, let e = ged(kq,...,ks). Hence, e divides k; and there are integers a; such that
e =Y :_, a;k;. Also, we have that

Let z = 2{* - - - z%. Notice that
0° =67
for all 8 € A. Also
67" = 07" = o7,
Hence, v; = zki/ez;1 fixes 6. Since z;2; = z;j2z; modulo the stabilizer of 6, we conclude
that every 6 € A is X-invariant, where

AXV:<’U7Z7/Ui'z7"'7vﬁ'Z |1<l<8>,

and m = o(z). Notice that X* = X.

Let us define clx(N) = {C € CL(N) | C* = Cforallz € X}, Cl, ,-(N) = {C €
Cl(N) | C* = 07"}, Tirx(N) = {6 € Bo(N) | 6° = 0 for all z € X} and Irr, ,(N) =
{60 € Br(N)|6*=0"}.

We claim that A = Irrx (N) NIrr, e (N) and B = Clx(N) N Cl, 5e(N). Let us prove
this for A. It suffices to show that Irrx(N) N1Irr, 5. (N) € A. But this is obvious: if
0% = #°° and 6 is X-invariant, then

(kifore _ gok

§7 — gUizi — ezki/e —9°
Hence, in order to finish the proof of this theorem, it suffices to prove that
|Irrx (V) NIt e (V)| = |Clx (V) N CL; 5e (V).

Now, since the X-Glauberman-Isaacs B;-correspondence commutes with z action and
Galois action, we have that

|Irrx (V) NIrr, e (V)| = |Irr e (Cv (X))

Now, the map C' — C' N Cx(X) is a bijection Clx(N) — CI(Cy (X)) which commutes
with z action and Galois action, and we deduce that

‘CIX(N) N Clz,zfc (N)‘ = ‘Clz,o‘f (CN(X))I

Finally, we have that p = (z,0°) € Q x Gal(Q|y|/Q) naturally acts on the conjugacy
classes of m-elements of C(X) and on the B,-characters of C(X). By Brauer’s Lemma
on character tables, p fixes the same number of elements in both sets. This finishes the
proof. O
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The following key observation explains why we need to introduce B, -characters.

Theorem 4.3. Suppose that G has a cyclic Sylow 2-subgroup, and let N be the
normal 2-complement of G. Let 6 € Irr(N) and C = cly(n).

(a) If C is rational, then n is a p-element for some prime p.
(b) If 69 is rational valued, then § € B,(N) for a unique p.

Proof. If C is rational, then Gal(Q(C)/Q) = Ng(C)*/Ng(C) is cyclic by
Lemma 3.1. Hence, n is a p-element by [8, Lemma 2.1]. If #¢ is rational, then T* /T =
Gal(Q(9)/Q) is cyclic and therefore § € B,(N) by [8, Theorem 2.2]. O

Lemma 4.4. Suppose that N is a normal Hall subgroup of G. Suppose that p is an
odd prime and let o € Gal(Qpa /Q) be a generator.

(a) If € Irr(N) has values in Qpe, then 0 is rational if and only if §° = 6Y for some
y € G.

(b) If n € N is a p-element of order dividing p®, then clg(n) is rational if and only if
cly(n)? = cly(n)¥ for some y € G.

Proof. We know that the equation 69 = 7 defines a map T — Gal(Q(0)/Q(8%)). In
case (a), T = og(g) € Gal(Q(6)/Q(6%)). Since T generates Gal(Q(#)/Q), part (a) follows.
Part (b) is proved similarly using Lemma 3.1. O

Now we are able to prove Theorem 1.1.

Theorem 4.5. Suppose that G has a cyclic Sylow 2-subgroup Q. Then |Irrg(G)| =
|Clg(G)]-

Proof. Let N be the normal 2-complement of G. If p is an odd prime, let Irrg ,(G) be
the set of rational-valued x € Irr(G) lying over some non-trivial By-character § € B,(N).
By Theorem 4.3 and Lemma 2.3, we have that Irrg(G) is the disjoint union

Irrg(G) = Trrg(G/N) U ] Trrg,(G).
plIN|

Notice that Irrg(G/N) has size 2. Also, let Clg,,(G) be the set of rational classes clg(z)
such that 1 # xo is a p-element of N. Suppose that clg(z) is rational, and write 2 = nh,
where [n,h] = 1 and h € Q. Since n = zy is rational (see, for example, [9, Lemma 5.1 (d)])
we have that n is a p-element by Theorem 4.3. Now, by Lemma 3.2 (b), n = 1 if and only
if clg(z) is either 1 or the unique class of involutions of G. Hence,

Clg(G)| =2+ ) [Clg,(G)l-

plIN|

It then suffices to show that

[Tt p(G)] = [Clg,p(G)-

https://doi.org/10.1017/50013091509000868 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091509000868

Rationality and Sylow 2-subgroups 797

Let (o) = Gal(Qg|,/Q). By Theorem 4.2, we have that the actions of Q x (o) on
B,(N) and Cl,(N) are permutation isomorphic. Hence, using Lemma 4.4, we may choose
representatives {6, }1<ics of the Q-action on the B,(IV)-characters lying over rational
characters and {C;}1<igs of the conjugacy classes of p-elements of N with CiG being
rational, such that Ng(C;) = I¢(6;). Now the theorem follows from Corollary 2.5 and
Theorem 3.4. |

5. Remarks and an example

As we mentioned in § 1, by working in similar fashion to that above it is possible to prove
the following result.

Theorem 5.1. Suppose that G has a normal Sylow p-subgroup P, where p is odd.
Suppose that for every section X <Y C G/P, where Y/X is abelian, the number of
Y -invariant rational characters of X is the number of Y -invariant rational classes of X .
Then |Irrg(G)| = |Clg(G)].

For instance, if @) is an abelian, dihedral, generalized quaternion or semi-dihedral
2-group, then it is possible to prove that for every subgroup X of Q) there is a natural
bijection between Irrg(X) and Clg(X). In particular, by Theorem 5.1, we have that
groups of the form G = PQ, where P <G and @ are as before, satisfy that |Irrg(G)| =

Clo(G)I.
Finally, our next example shows that we cannot greatly extend our hypotheses in
Theorem 1.1.

Example 5.2. There is a finite group G of order 22 -3%.7 with an elementary abelian
Sylow 2-subgroup, having a normal 2-complement and such that the number of rational
characters of GG is not the number of rational classes of G.

Let X = (u,v,w) = Cg x C5 x Cr, where o(u) =9, o(v) = 3 and o(w) = 7. Consider
the automorphism o of X of order 3 with u® = u, v° = u?
the automorphisms 7, p of order 2 such that 7 inverts the 3-elements of X and fixes the
7-elements, and p fixes the 3-elements but inverts the 7-elements. Then it can be checked

v, w° = w?. Now consider

in Groups, Algorithms and Programming (GAP) that the semidirect product
G = X{o,1,p)

has 15 rational classes and 18 rational characters. Now, since Qs/Z(Qs) = Co x Cy =
Ds/Z(Ss), we can modify this group to obtain similar examples with dihedral or quater-
nion Sylow 2-subgroups.
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