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INTEGRAL MEANS OF FUNCTIONS
WITH POSITIVE REAL PART

F. HOLLAND AND J. B. TWOMEY

1. We denote by # the class of functions of the form

hz) =1+ D62
n=1

that are regular in A = {z:{z] < 1} and satisfy Re hi(z) > 0 there.
For 0 £ r < 1, we write

Lo = e =5 [ neeran >0,
I(r) = L(r),
A(r) = A(r, h) = sup {Re k(z):|z| = 7},
M(@) = M(r, k) = sup {{h(z)]:]z| = r}.
We note that, for # ¢ &, the inequality

147

M) < .

is classical.
Let now & € 2 and write h(z) = u(r, 8) -+ 1v(r, 8) for 2 = re® £ A.
Then

2 2w
Iy < - f w(r, 0)do + - f (0 (r, 0)[d0
271' 0 .ZTI' 0

9

=145 ) et o)l

by the normalization %#(0) = 1. Furthermore, by Zygmund’s theorem
(1, p. 58],

f?w
0
< 27 log A(r) + Gwe,

since logTu(r, 8) = max{log u(r, 8),0} < log A(r), as A{(r) = 1. We
have thus proved the first part of our opening theorem.

27
v(r, 6)|do éf 1u(r, 8) log" u(r, 6)do + 6we
0
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THEOREM 1. Let h € P and 0 £ v < 1. Then
I(r) S log A(r) + B,
and, for p > 1,
(1.1) L (r) £ B,A{r)y"—.

(Throughout this paper B, C, K denote positive absolute constants
and B,, C, denote positive constants which depend only on p, but the
constant denoted by each symbol may differ at different occurrences.)

To prove the second part of Theorem 1 we need only note that, by
M. Riesz’s theorem [1, p. 54], for p > 1,

f:" h(re™)Pd0 < B, f:v u(r, 0)7d0 < 27B,A ()"
For k € &, therefore,
(1.2) 1(7) O(log A(r)),
Li(r) = 04y, p > 1,
asr — 1. For 0 < p < 1, of course, it is well known that
I,(r) = 0O1), r —1,

for such k. The question now arises whether, in some sense, the relations

n (1.2) are best possible. One might ask, for instance, whether there is
a positive function ¢ on (0, 1) such thatif & € 2 and A(r) = O(¢(r)),
then

I(r) = o(log A(r))

as » — 1. Using examples constructed by Salem, we prove a general
theorem which implies that the answer to this question is in the negative.

THEOREM 2. Let ¢ be any positive function continuous und increasing to
infinity on [0, 1) such that (1 — r) ¢ () decreases on [0, 1). Then there is «
function f € P with A(r) = 0(¢(r)), r — 1, for which

. I{)
1.3) Iim nf = > (),
(18) i o 56

and

(1.4) liminf L) > 0

7-1 ( )p !

for each p > 1.

Remark. The hypothesis that (1 — ») ¢(r) is decreasing is not an un-
natural one here since it can be shown (cf. Lemma 5 below) that, for
he P, (1 —r)1+r)"tA(r) is a decreasing function of » on [0, 1).
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The proof of Theorem 2 is given in Sections 2 and 3 but we conclude
this section by noting that the first part of the theorem extends a recent
result due to Lewis [6]. This author has shown that, given any number
ein (0, 1), there exists a function 4 € 2 satisfying M (r) = O({1 — 7))
for which

(1.5) lmr]:lnt Ta&‘fyﬁ‘:T) > 0.

Hayman [4] had earlier established a similar result but with, in (1.5),
lim sup in place of lim inf. If we take ¢(r) = (1 — r)~¢ above and note
that A(r) = O((1 — r)~¢) implies M(r) = O((1 — r)~¢) for h ¢ &
(this follows easily from (5.7) below, for example), then we see that (1.5)
is a special case of (1.3).

2. Proof of theorem 2. In this section we state and prove two lemmas
that we need.

Lemya 1. Let b ¢ &P and write u(r, 8) = Re h(re®®). Then, for p > 1,
2x }/ 1 27 1
(2.1) 1(r, 8)°d6 log '1;;- 1(r, B)Dd(?;'
0 Eay 0

(p — 1)f“ ulr, )" log w(r, 6)do
0

A

for 0 =7 < 1.

Proof. Fix r € [0, 1) and, for h ¢ 2, set

1 8
u(0) = 5 fo ulr, Hdi

for 8 € |0, 27]. Then u, is an increasing function of 6 and u,(27) —
©,(0) = 1. Hence, if

2n 2r
Jp(r) = él; \f(, w(r, 8)°dg = \fu w(r, 0)" ' du, (6),

then [9, p. 73][/,(")]*'®~Y is an increasing function of p in (1, o).
Consequently,

d {
(_XZ ‘U;*:'l log J'p(i’); =0

for p > 1, from which it easily follows that

_______ : d _1f -
i Jo(r)log J,(r) = i Jplr) = 55 J, u(r, )" log u(r, 6)d8,

and we have proved Lemma 1.
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Some preliminaries are necessary before we can state our second
lemma. If 7 € &, then, by the Herglotz representation theorem, there is
a function u increasing on (— %0, o) satisfying

p(t 4 2m) — u(t) = 1

for t € (— o0, o0 ), such that

27 it
(2.2) h(2) Zf %T:i:‘% du(t)
0 € Z

forz € A. Then, for 0 £ r < 1,

(2.3) Rek(re™) =f2rP(r,0 — Ddu(t)

where

2

1 — L 11— r’ o
1 —2cosy+7r (1 —r) +4rsin” 3¢

is the Poisson kernel. We note that, for |6 — | < rand § < r < 1,

Pr, ) =

—— i (1 —7) )
@) POo-0 s T L S A F 6=

Finally, for § > 0, we write
w(8, u) = supiu(d + 8) — p(0):0 £ 6 < 27}
so that w(§, u) is the ““modulus of continuity’" of u.
LEMMA 2. Let b € &P and u be related s in (2.2). Then
A(r,h) = Ko(l — 7, 1)/ (1 —7)
ford =7 < 1.
Proof. Form = 0,1, 2,..., write
Fp=F,0,0) ={ttm(d —r) |0 -t < (m+ 1) — r)l.

Then, for» € [4, 1) and 8 € {0, 27],

O+ 2 — 7
Re h(re”) < f . _(I_:_ES%I:—@L—“EF du(t)

2 ) < d,u(t) _
=71 -7 ];) o (1= 7’)2 T 6= 1‘,)2
< 27r2w(1 — 7,0 e 1 - Kw(l - 71#)
= 1 —7 =1+ m 1 —7

by (2.3) and (2.4). This proves LLemma 2.
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3. As we have already said in Section 1, our proof of Theorem 2 is
based on a result of Salem [10] which we now state as

Lemma 3. Let the function  be defined and wncreasing on (0,0 ) and
satisfy ¢ (8)/8 — © as § — 0. Suppose also that, for every integer n > 1
and § € (0,00, ¢ (nd) < ny(8). Then there exists a function F defined and
ncreasing in (—00,00) with F(t + 27) — F(t) = 1 for t € (—o0,0)
whose modulus of continuity (8, F) satisfies

(3.1) (s, F) £ ¢(8),0<§ £ 2m,

and such that if

27
Cn Zf (gAi?ltd],‘<t)1 n g ly

0

then

z 9 . 1
(B2) 2 lal z Cm//(—-) , nz L
k=1 n
Suppose now that ¢ is the function defined in Theorem 2 and set

_Jee(1 —8), 0<b<1,

Y0 =560, 5z 1.
Then it is easily verified that ¢ satisfies the conditions of Lemma 3. Let
F be the corresponding function obtained in the lemma and write

2 it e

1) =f C IR = 1423 6, sC A
0 € — 3 n=1

Then f ¢ & and, by Lemma 2 and (3.1),

w(l — 7, F)

(3.3) A0,f) £ K==L

<k Y120 gy
1—7
for 3 < r < 1. We show next that

(3.4) L(r,f) =z Bé(r), 3 =r < 1.

Let » € [3,1) and let #n be the integer that 1 — 1/n v <1 —
1/(n + 1). Then, using Parseval’s theorem and (3.2),

o n+1 2m n41
L(r,f) = 1+4 2 e 7" 242 tcm\‘z(l - —1—) > K 2 lewl’

m=1 m=1 n m=1
= B(n + 1)¢(——»—1-—) - B (1 - ————1-—) > Bo(r)
= w+ 1) TP L) = pel)
since ¢ is increasing. This proves (3.4), and (1.4) follows for the case

p=2.
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We next use (3.4) to establish (1.4) for arbitrary p > 1. By Holder's
inequality, with 1/¢ = 1 — 1/p and p > 1, we have
Io(r) = L,(r)' 71, (r)"
and so, by (3.4), (1.1) and (3.3),

Bé(r) = L(r)' "Gy (r)'7

1, (r) = Byop(r)»—!

for 3 £ 7 < 1. This clearly gives (1.4).
It remains only to show that (1.3) holds. Write u(r, ) = Re f(s) for
z = re® € A. Then by (2.1), with p = 2, (3.4) and (3.3),

2
B(r) log Bé(r) éf ulr, 6)" log u(r, 0)do
0

2 2r
§f w(r, 0)" log™ wu(r, 6)d6 < Kd)(r)f w(r, ) log" u(r, 6)d8,
0 0

that is,

(3.5) f w(r, 8) log™ u(r, 6)d8 = Clog Bé(r),
0

for 3 = » < 1. But, by a converse [1, p. 60] to the theorem of Zygmund
used in Section 1, it follows that, since f € &,

2 27
f w(r, 0) log™ u(r, 0)d < = { [Im f(re®)|d6 + K
L)

:
0 2

<z f 1fle) ds + K

for 0 = r < 1, and this, together with (3.5), clearly implies (1.3). The
proof of Theorem 2 is now complete.

4. Some refinements of theorems 1 and 2. The function / con-
structed by Salem in [10] to establish Lemma 3 is a singular function, so
it is natural to ask whether Theorem 2 can be proved with a function
f € & which is ‘generated’, according to (2.2), by an increasing function
w which is absolutely continuous. The subclass of & of such functions will
be denoted by Z,.. That the answer to the question is in the negative,
at least in a special case, has already been proved by Keogh [5] who has
shown, essentially, that if & € %, then

I(r) = o<log I—-_I:—;)
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as r — 1. We prove here the following more complete result.
THEOREM 3. Let h € P, and suppose that A (r, h) — c0asr — 1. Then,
as v —1,

(4.1) I(r,h) = o(log A(r, 1))
and, for each p > 1,
4.2y I,(r,h) = o(A(r, k)P ).
Proof. To prove (4.1) it is enough, by Zygmund’s theorem again, to

show that

2
f u(r, 8) log" u(r, 0)d8 = o(log A (r, k)),
0

where % (r, ) = Re h(re’®). Let u be the absolutely continuous increasing
function related to & by (2.2). Then (as in Section 2)

u(r, 6) =f0WP(r, 6 — DHdu(t) =f0 NP(r, 6 — Hg(t)dt,

for some g € L[0, 27], and it is familiar from harmonic function theory
that we then have

(4.3) lim,_,u(r,0) = g(8)

a.e. in [0, 27]. We write next

fh u(r, 0) log™ u(r, 0)do = f%[log’L w(r, 6))g(6)de

—}—fo ’ ltog™ u(r, )u(r, 6) — g2(6)}d8
= Ji + Jo, say.

Now log* u(r, 8){log A (r)} " is uniformly bounded in A and, because of
(4.3), tends to 0 a.e. in [0, 27} as 7 — 1. Hence, by Lebesgue’s dominated
convergence theorem,

Jiflog A(r)}='—>0asr— 1.
Also

2

(4.4) Uoflog A(n)} " < Bf u(r, 8) — g(0)]do
0

and, since, trivially,

2T 27
f u(r, 0)dé —>f 2(0)d8 asr—1,
0 0

it follows from (4.3) (see, for example, |1, p. 21]) that the integral on the
right of (4.4) tends to 0 as » — 1. This completes the proof of (4.1).
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The relation (4.2) can be obtained by a similar argument or it can be
deduced from (4.1) by means of Lemma 1; in either case the details are
easy and are left to the reader.

Both (4.1) and (4.2) are best possible but before proving this we men-
tion another result of Keogh [loc. cit.]. The result is stated by the author
in terms of starlike functions but it can be given an equivalent formula-
tion for &,, as follows: given any positive function », defined in [0, 1)
with n(r) — 0 (r — 1), there exists b € &,, such that

o[ R |

and

. I(r)
lim sup S Tog 1/ (1 = 7)

We strengthen and extend this result by proving

> 0.

THEOREM 4. Let ¢ be as in Theorem 2 and let n be any posttive function
defined in [0, 1) with 7(r) — 0(r — 1). Then for p = 1, there are functions
g, € P satisfying A(r, g) = 0(é(r)), r = 1, such that

(4.5) llelnf T0) log 50 >0

and

L g)
(4.6) lmrlllnf APV >0

Sfor each p > 1.

This theorem will be shown to be a consequence of Lemma 3 and the
following lemma.

LeMMA 4. Let f(z) = 1 + )Z "1 62t € P oand let (\,)o", where Ny = 1,
be a convex sequence of positive numbers which converges to 0. Let

g(@) = 1+ 22 Mg, z€ A,
n=1

Theng € Pooand A(r,g) S A, f)for0 sr < 1.

Proof. Since, for 0 £ r < 1, (A\r")o” is a convex sequence which con-
verges to 0, it follows [12, p. 183] that

Re{% +> )\nz"} =0
n=1

for z = re'® € A, Hence, by (2.2),

27
Ar =f e "™ du(t)
4]
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for some function y increasing on [0, 27} with u(27) — p(0) = 1. Thus,
for s € A,

g() = f {1 +2 i cnr"ef”“*”}dm = f :Wf(fem“”)du(l)

and so g € & and A(r, g) £ A(r, ). We next use the fact {12, p. 179]
that if 3ay 4+ 2.7 (a, cos nx + b, sin nx) is a Fourier-Stieltjes series and
(A,)o™ is a convex sequence tending to 0, then faoho + 27 (a, cos nx +
b, sin nx)\, is a Fourier series. This result implies here that there is a
function G € L[0, 27] such that

27
Auln = 51— f e™MGNHdt (n = 0)
Wy 0

(where ¢, = 1), from which we obtain
_ 1 fh e’ + 2
ge) =5- | G, G0t
Since
G{t) = lim,,1 Re g(re’) 2 0

a.e. on [0, 2x], it follows that g € Z,.. This completes the proof of the
lemma.

Proof of Theorem 4. For n = 1, let
€ =supin(Mt:1l —1/n<r=1—1/(n 4+ 1)}.

Then ¢, — 0 as n — 0. Let (A\,),” be a convex decreasing sequence such
that Ay1 = ¢, (n =2 1) and N\, — 0. (Such a sequence is easily con-

structed.) ietf(z) - 1 4 2% ¢,2" be the function defined in the proof of

Theorem 2 and let
g@) = 14+2> Ned', 26 A
1

Then, by Lemma 4, A(r, g) < A(r, f) = O(¢(r)) and g € Z,.. Now fix
r € (0,1) and choose n such that 1 — 1/ <7 =1—1/(n + 1). By
the argument used to prove (3.4),

Io(r, ) = BNop1o(r) = Bo(r)e(r)

and it is clear that (4.6) follows in the case p = 2 on taking g, = ¢.
The method used in Section 3 to deduce (1.4) from (3.4) now gives

Lp(r, g2) 2 Bpn(r)?e(r)>™ (3 =7 < 1)

for every p > 1, and it is clear from this thata g, € &, exists for which
(4.6) holds for all such p.
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Finally, by the argument used to prove (1.3),
I(r, g2) 2 Cn(r) log [Bn(r)e(r)]

and assuming, as we may, that n(r) = Keé(r)~/%, say, for all » sufficiently
near 1, we immediately deduce (4.5) with g = ¢». This completes the
proof of Theorem 4.

5. The maximum modulus. As a consequence of Theorem [ we have,

for h ¢ 2,

I(r) =log M{r) + 4
and

L(r) £ B,M»)r—"t (p > 1)
for 0 = r < 1. We now turn our attention, in this final section, to the
problem of obtaining lower estimates for the integral means in terms of
the maximum modulus. We begin by deriving a simple inequality of this
type for functions that are merely regular in A.

Suppose, initially, that f(z) = Zi’f’ w,z" 1s regular in A and continuous
in the closure A. For 0 < 7 < 1, we have

@ @ 1/2/ » 172
M@, f) = Z ian)r” = (Z |'(znl2) (Z?Z")
0 0

0

and so, by Parseval’s theorem,

27
(= e s 5 [T e
0

- 27

Fix now » € (0, 1) and let g be a function regular in A. Let the zeros of ¢
in {z:lz] £ 7} be, with due account of multiplicity, 2, 29, . . . 2, and write

Then |B,(z)! < 1forz ¢ Aand|B,(z)] = 1 when |z| = 1. Now write
Fz) = g(z)B,(z)77, 2 ¢ A

Then £ 1s regular and non-zero in A and continuous in A and so, given
any p > 0, we can define a regular branch of F7/2 in A which is also con-
tinuous on A. Hence, using (5.1) with f = F?/2

= 9r

2r
(1 — MG, )" < — MG, F7'H < J-f |F(e™Y|Pde
< ¢
1 2 ;
=5 fﬂ lg (re*?)17ds,
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that is,
(5.2) (1 — MG 9 < Li(r, g)

for p > 0.

This inequality is sharp for each p > 0, as the example g(z) =
(1 — 2)7%” shows, and is essentially a known result. The case p = 1,
for instance, is proved in [7] and the general result, in however a less
precise form, is obtained in [2]. Although (5.2) is sharp, it can be im-
proved in one direction to yield the following more delicate result: if ¢
is regular in A, then

(5.3) fjl(t,g)pdt§r7rfp(7,g)
4]

for p > 0. A proof of this result can be found in [8]; but see also {3]. We

note also that if, for some p > 0, ¢ belongs to the Hardy class H?, i.e., if
supogr<1 [ (r, g) < 0,

then it is known [3], and is, in fact, an easy consequence of (5.3), that in

this case (5.2) can be improved to

5.4y M@, g) = ol — )71, r—1.

For the class &, of course, inequalities (5.2) and (5.4) are of interest
only when p = 1, since (as already noted in Section 1) & € & implies
Mr,h) = O((Q — r)71)),r = 1. In the case p = 1 both (5.2) and (5.4)
can be improved for the class &7, as we now show.

TrEOREM 5. Let h € &P, Then, for O < r < 1,
2rel(r, k)

(I—-—nlogl/(1 —r)"

If, further, h € H', then

(6.5) M@ h) =

1
(5.6) M(r,h) = o([(l — N log J ) oL
We show that this theorem is a consequence of inequality (5.3) and
the following lemma.
Lemma 5. Let h € P. Then
1 -7
147
1s « decreasing function of v on |0, 1).
Proof. For b € 2,

M, k)

G7) WE)| = T‘E*F Reh(z), z€ A.
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(This classical inequality follows easily from (2.2}). Fix 6 £ [0, 2x].
Then, for 0 < r < 1,

Ql=rp o wy _ l=r { Pl _;27_} e
=< 0 by (5.7). Hence [ (1 — r)/(l + r)]lh(re”)l decreases on [0, 1) for each
fixed 8 € [0, 27]. Let now O < r; < ry < 1 and choose §; such that

!]’l(?’gie(’)i = A‘{(}’z, /’L)

e ™) S T hne™)

1+

and we have established Lemma 5.
We now prove Theorem 5. By (5.3), with p = 1,

rol(r, h) éf M@, Ydt =2 1[(7 h)f Lifdf
¢

= 51— MG, b) log 7—

where we have used Lemma 5. This proves (5.3).
If o & H! then, by (5.3) again,

1
f M, h)dr < oo
0

and an obvious refinement of the above argument gives (5.6). We omit
the details but remark that they can be found in {11] where similar
arguments have been used.

Our last theorem shows that (5.6) is, in a certain sense, best possible

THEOREM 6. Let €(r) be any posttive function defined on |0, 1) such that
e(r) = 0 (r — 1). Then there exists a function h € P such that h € H' and

(5.8) limsup (L= )M h) log 1/(1 = 7)

71 60’)

(A lim inf result is clearly not possible in general here because of (5.3).)

Proof. Let (r,) be a sequence of positive real numbers increasing to 1
such that

@

Zf(rn) < 0.

n=
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Let
w 1 —1
A7 =3 e(rn)(log - )
n=1 1 — "
and set
(o2 )
= g ” >
A= Ade(r)llo T 7") , n=1,
so that >N, = 1. For z £ A, we now define
_ Ny LAms
hz) = ,;Ml R

Then b € & and, for 0 £ 7 < 1,

o 2 1
I h) < xnf ;Ltr_n%id@
1 4]

1 — r.zi

fA

BY e,
n=1

n=

so that # € H'. Finally, forn = 1,

1+ 7" Ae(ry)
7 > > 5 =
j’tl(rﬂv h) = Re /’L(?’.") = )\n 1 . 7’n‘ B 2<1 _ 7’11) 10g 1/(1 _ T,L) B

and (5.8) follows. This proves Theorem 6.

Inequality (5.4) is also best possible in the same sense for the class &
for each p > 1. This can be proved using examples similar to those con-
structed in the proof of Theorem 6 above. The details are left to the
reader.
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