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DIVISIBLE PROPERTIES
AND THE STONE-CECH COMPACTIFICATION

S. GLASNER

Let T be an abelian infinite countable group. We say that a property &
of subsets of 7" is divisible if it satisfies the following requirements. (We
identify & with the set of all subsets of 7" which satisfy Z.)

()P gPand T ¢ P
(i) 4 € & and B D A4 implies B € &#
(iii) 4 € & and A = B; U B, implies that either B, or B, is in 2.

As we shall see there are 2¢ divisible properties. We mention some pro-
perties which are obviously divisible. (1) Being infinite. (2) & is an
ultrafilter on 7". (3) Let 7" = Z (the group of integers) and let 4 € Z if
and only if Y_,c4 1/|n| = 0. Less obvious is the divisibility of the follow-
ing properties. (4) ' = Zand 4 € & if and only if 4 contains arbitrarily
long arithmatical progressions. (3) 7" = Z and 4 ¢ & if and only if
there exists an infinite sequence {n,} C Z such that for every ¢ # j
either n; — n; or n; — n; is in A. In fact it is not hard to see that the
divisibility of the properties (4) and (5) is equivalent to v.d. Warden'’s
and Ramsey’s theorems respectively. (6) Another divisible property for a
general group 7" is ‘“‘not being a Sidon set.” This statement is Drury’s
theorem [1].

Our aim in this note is to establish a one-to-one correspondence be-
tween divisible properties of subsets of 7" and closed subsets of 7', the
Stone-Cech compactification of the discrete group, and to use this
correspondence in studying both divisible properties and some aspects of
topological dynamics.

This work is closely related to H. Furstenberg’'s and B. Weiss' paper [6].
I am indebted to them and also to J. Hirshfeld for many interesting and
helpful conversations.

1. Closed subsets of 37" and divisible properties. Although we
assume that our group 7 is abelian we use a multiplicative notation for
the group operation. The group product induces in a natural way a semi-
group structure on B7. This product considered as a function from
BT X BT into BT is continuous only if 7" is finite. However, for a fixed
p € BT the map ¢ — ¢gp of BT into itself is continuous, and for all ¢ € 7°
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the maps ¢ — tq of 81 into itself are continuous. The latter makes 81" a
T-flow and in fact the flow (87, T') is a universal point transitive flow.
The minimal subsets of the flow (37", T°) are all isomorphic as 7-flows and
they coincide with the minimal left ideals of the semigroup 7. If A is
such a minimal ideal then the set of idempotents, J, of M is not empty.
Each such an idempotent, v, is a right unit on M and vM is actually a
group. M is the disjoint union of the groups {vM} where v € J. An
idempotent of 87 is called minimal if it belongs to some minimal ideal of
BT. For more details about the flow (87, T') and its close relation to
topological dynamics we refer the reader to [3] and [7].

As a topological space 87 is of course compact, Hausdorff, and non-
metric. If 4 is a subset of 7" then A C 87 is an open and closed subset of
BT and the collection {4 : 4 C T} forms a basis for the topology of 87"
We shall identify 87" with the set of all ultrafilters on 7. From this point
of view A is the set of all ultrafilters containing 4.

1.1. PROPOSITION. Let Z be a non-empty closed proper subset of B1; then
the requirement A M Z 7 @ on subsets A of T defines a divisible property.
Conversely for every divisible property P there exists a non-empty closed
subset Z of BT called the kernel of & such that a subset A of T is in P if and
only if A M\ Z # 0.

Proof. The first statement is obvious. Let £ be a divisible property. We
say that a point p € 87 is a Z-point if every set in p (where p is con-
sidered as an ultrafilter) has the property &. Let Z be the set of all
P-points in BT. Let A € 2 and set

F =|B:BC Tand A\B ¢ %}.

Since & is divisible it follows by (i) that 4 € %, 0 ¢ .% and by (ii) it
follows thatif B € % and D D Bthenalso D € % . Let By, Bs € %, then

A\(Bl M Bg) = (A\Bl) U (A\52)~

Now (iii) implies that A\ (B; N B,) ¢ P ie., BiMN By #.Thus ¥ isa
filter on 7". Let p be an ultrafilter containing % . We claim that p is a
P-point. In fact let B € p and suppose B ¢ &; then 4 N\ B ¢ & and
hence A\(T\B) = A N\ B ¢ & which means T\B ¢ % C p, a con-
tradiction. Since p € A this shows that A M Z  @. Conversely if 4 C 1°
is such that 4 M Z # @ then there exists a Z-pointin 4 and 4 € 2.

Let £ be a property of subsets of 7" (i.e., a collection of subsets of 7°).
We say that a subset 4 of T has the dual property, 2%, if and only if 4
has a non-empty intersection with each member of Z.

1.2. PROPOSITION. A property P is divisible if and only if P* is a filter.
In this case P D P*, P** = P and Z = N{A : A € P*} is the kernel
of P. Conversely if F is a filter on T then F* is divisible and F** = F .
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Proof. Suppose & is divisible and let Z be its kernel. If 4 ¢ %*
then A4 intersects every neighborhood of each point in Z. Hence
P* = {4 : A D Z} which is a filter. Moreover it is now clear that
P*C P,that Z = N{A: A € P*}, and that P** = P,

Suppose that.# isa filteron T"andlet Z = N {4 : 4 ¢ #}. Itis easy
tosee that #* = {B C 1': BN Z % 0}. Thus % * is divisible and by the
above # **isa filter with Z = N {B: B € % **}. By definition # C.% **,
Suppose B € #** but B¢ % ;let 9 ={(I\B)NA:4cF}|. G isa
filter base, since (7\B) M A = @ for some 4 € ¥ would imply B € % .
Let p be an ultrafilter containing ¥ ; p ¢ B implies p ¢ Z. But p DF
implies p € Z, a contradiction. Thus # =% ** and the proof is completed.

Remark. & is a filter if and only if ¥ = {4 : T\4 € #} is an ideal.
Whence a property & is divisible if and only if the collection of subsets
4G = {4 : Aisnotin %} isan ideal. If 2 is divisible and Z is its kernel
then 4 € ¢ ifand only if A N\ Z = 0.

2. IP sets and Hindman’s theorem. Let {¢;};.; be a subset of 7',
where [ is some index set. If @ = {4, 79, . . . , 2,} is a finite subset of I we
set

ta = H t{j.
i=1
We let
IP{t}} ic; = {ta: a is a finite subset of I}.

Notice that we do not allow repetitions in . We say that IP{{;} ; is an
IP-system. A subset 4 of T is called an IP-set if it contains an infinite
[P-system.

2.1. THEOREM. The property of being an 1P-set is divisible. Let U be the
set of idempotents in BT\T; then Z = U is its kernel.

Proof. We will show that a subset 4 C 7" is an IP-set if and only if
A M Z # @, thereby proving the divisibility of this property.

Suppose first that 4 C T is such that UM A # @. Since 4 is open this
implies that there exists an idempotent u # e, u € A (e is the identity
element of 7). Since u?> = u and since right multiplication by u is con-
tinuous we conclude that there exists ¢ € 4 with tyu € A. Thus
u € t;7' 4 M A and we can choose f» € ;7714 M A with ¢y # {; and
taw € 1714 M A. Clearly IP{ty, ts} C A and tu € A foreveryt € 1P{t, t,).
Suppose we already find ¢y, ts, ..., t, € A such that IP{t;, ...t} C 4
and tu € A for every t € 1P{ty, ..., t,}. Then

V=clsdAN{t4:t € 1Py, ..., 4}
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is a neighborhood of # and we can find ¢t,,; € TN Vwitht,y1 #t,7 S n
and t,qu € V. Thus IP{fy, . . ., t,y1} C A and by induction we conclude
that 4 is an IP-set.

Conversely, let A be an IP-set containing the infinite IP-system
A = IP{t} ;. For every finite subset o C I put As = IP{t 1\ and
K, = cls A, C BT. Let K = Nq K,. We claim that K is a subsemigroup
of BT\T. In fact let p, ¢ € K and let B C T be such that pg ¢ B. Let «
be an arbitrary finite subset of I. Since p € K and since right multi-
plication by ¢ is continuous there exists ¢ € A, with t¢ € B. Now
t = tytiy ...ty for some finite subset B8 = {7y,..., 4} C I\a. Since
g € Ka. s and since left multiplication by ¢ is continuous there exists
s € Aqygpsuch that ts € B. But ts € A, and we conclude that B M K,
# . Thus pg € K, and since a was arbitrary we have pg € K. Clearly
K C A\4 and by the following lemma our proof is completed.

2.1. Lemma. (Ellis) Let K be a compact Hausdorff semigroup with con-
tinwous right multiplication. Then K contains an idempotent.

Proof. Let & = {L C K : Lisclosed and L* C L}. By Zorn’s lemma ¥
contains a minimal element under inclusion, say L. Let # € L and notice
that Lu is closed and satisfies (Lu)% C Lu. Since Lu C L we have
Lu = L. Thus the set {t € L: tu = u} = N is non-empty, closed and
satisfies N2 C N. Thus N = L and we conclude that #?> = u.

Of course the first statement of Theorem 2.1. is just Hindeman's
theorem for any abelian group 7. In fact all we have done is meaningful
for an abelian semigroup 7" as well. For example taking 7" = Z*, the
multiplicative semigroup of positive integers, we can prove the following:

2.3. ProPOSITION. (B. Weiss) Let Z+ = \UY_1 .S, be a partition of 2.
Then there exists an 1 (1 = 1+ = N) and an infinite set of positive integers
{t1, ta, . . .} which are mulually disjoint and such that 1P{iy, ts, .. .} C S.

Proof. Let Z," be the set of positive integers which are disjoint from
p1, Doy -« -y Py Where p; is the jth prime. Let K, be the closure of Z,,*
in the semigroup BZ* and put K = M K,. Then K is a closed subsemi-
group and by Lemma 2.2 there exists an idempotent u € K. Since
u € Z+ = U S, there exists an i such that « € S;. We now repeat the
process of constructing an IP-system, as in the first part of the proof of
Theorem 2.1, with the additional requirement that ¢, will be an element of
Z .yt where py, is the largest among the prime factors of the numbers
1,1 <j<n—1.

3. Difference sets and Ramsey’s theorem. We say that a subset

A C T is a difference set or a D-set if there exists an infinite sequence
{td5=1 C T such that for every 7 # j either t;71; or (i¢;/' is in 4.
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Clearly the requirements (i) and (ii) of a divisible property are satisfied
by the property of being a D-set. Requirement (iii) follows from Ramsey’s
theorem. For let 4 be a D-set containing the differences of the infinite
sequence {¢;}5-1, and let A = B, \U B;; we can assume that B; and B,
are disjoint. Define a coloring of the unordered pairs of elements of
{1, 2, 3, ...} as follows: The pair {7, j} will have color 1 if either {,~; or
ti¢;~11s in By. Otherwise it will have color 2. By Ramsey’s theorem there is
an infinite subset {n1, ns, . . .} C {1, 2,...} such that all the pairs of the
form {n;, n;} have the same color. We deduce that either B; or B; is a
difference set.

Our goal in the next theorem is to identify the kernel of the property of
being a difference set. (This of course will provide an alternative proof to
the fact that this property is divisible.)

Let V C BT be the set of all points p € 87 such that there exist a net
{to} C T and an element ¢ € 87 with ¢ = lim {, and p = lim ¢{,~1g. Let
zZ=1.

3.1. THEOREM. The set Z 1s the kernel of the divisible property of being u
difference set.

Proof. Let A C T be such that A N Z # @, thenalso A N 17 # @ and
there exists a point, say p, in this intersection. Since p € 1’ there exist a
net {t,} C T and a point ¢ € 87 such that lim¢, = ¢ and lim {~1¢ = p.
Choose an a; such that @ = ay, implies t,='¢ € A, and as > a4, such that
o = a, implies to, ", € A. Now as > aj, hence t,,"'¢ ¢ A and therefore
there exists a3 > a, for which o = a3 implies £, "%, € 4.

Suppose we already have a; < a» < ... < a; with

a2 a;impliesty  ta € A (1 <jZk).

Now a; > a;implies f,,~'¢ € A and hence there exists a;;; > oy for which
a = oy implies £, 7, € A. By induction 4 is a difference set.
Conversely, suppose there exists a sequence {¢;}5-; such that for 7  j
either £,7; or t;7't; is in A. We choose a subnet {t, | of {¢,} for which the
limits
limgt;, = ¢, limat;~'¢ =p, limt, =" =¢', andlimt, g = p'

exist. Let U and U’ be neighborhoods of p and p’ respectively. Then there
exists « with ¢, ~'¢ € Uand t,,¢' € U’'. Now choose 3 for which

t1a~1ti5 c U and tiatiﬁ—‘ ¢ U'.

One of these elements belongs to A4 and either A N\ U # @or A N U’ # 0.
Since p and p" are in 7 we have A M 17 # @ and hence also 4 N Z = 0.

Let (X, T') be a minimal flow; a theorem due to W. A. Veech states that
for every x € X S,(x) = Zx and if X is metric then S,(x) = Vx [15].
Here Z and 17 are as above and S, is the equicontinuous structure relation
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on X i.e., the smallest closed, invariant, equivalent relation R on X for
which (X/R, T) is equicontinuous. We shall use this fact later to gain
some further information about difference sets.

3.2. ProprosiTION. Every 1P-set 1s a D-set.

Proof. Let A = IP{t}; be an infinite IP-system. Let {41, 45, . . .} be a
sequence in [ and let s, = []’=1 t;,. Now for m > n we have

m
smsn"l = H Ly € A
j=n+1
Hence A contains the differences of the sequence {s,}s-: and is therefore
a D set.

3.2. CoroLLARY. Let U be the set of idempotents in BT and let V be us
above; then U C V.

4. Big sets, minimal sets, and v.d. Warden’s theorem. We identify
the set of all subsets of 7" with the sequence space @ = {0, 1}7. A subset
A C T corresponds to the sequence ¢ € Q where £(¢) = x4(t). Let T act
on Q by translations, i.e., given £ € Q@ and t € T we let t£(s) = £(ts)
(s € T). Notice, however, that tx4 = x,-14 (¢ € T, 4 C T). Define an
operation of the semigroup 87 on @ as follows: For p € 8T and 4 C I’
put pxA = {t ¢ T : tp € A}. Notice that fort € T, txA = (~14.

4.1. LEMMA. Under this operation BT is the enveloping semigroup of
«Q, 7).

Proof. Let A C 1T and p € BT be given. Let {¢,;} be a net in 7" which
converges to p. We havefor s € T, x,mi(s) = 1 @ s € pxd @ sp € 4 &
eventually st; € 4 < eventually s € {714 < eventually tix4(s) = 1 &
pxa(s) = 1. Thus px4 = xp*a and this defines a homomorphism of g7’
onto the enveloping semigroup of (Q, 7). We show that this homo-
morphism is one-to-one. Suppose px4d = gxA forevery A C T. lf p # ¢
then there exists an 4 C 7 with p € A and g ¢ A. This implies e € px4
and e ¢ ¢*A, a contradiction; thus p = ¢ and the proof is completed.

We say that a subset A of T is small if the only minimal set in the orbit
closure of x4 in (2, 7°) is the singleton {x4}. 4 is big if it is not small [4].
A subset B C T is called minimal if xp is an almost periodic point of
(Q, T); i.e., xp belongs to a minimal subset of (2, 7). Now 4 is big if and
only if the orbit closure of x4 in (Q, T) contains a minimal subset which is
not {xe}. Since this orbit closure is equal to (87)x4, this is equivalent to
the existence of a minimal idempotent # € 87 such that ux4 = B is non-
empty;i.e., 4 is big if and only if it is proximal to a minimal non-empty B.

Let { M,} be the collection of minimal ideals in 87;let Z = cls(\U M.).
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4.1. PrOPOSITION. A subset A C T is big if and only if A N Z = 0.
Thus being big is a divistble property with kernel Z.

Proof. Suppose A M Z # 0; then there exists a minimal ideal M such
that AN M # 0. Let p € AN M; then ¢ € px4 = B and B is a
minimal, non-empty set in the orbit closure of 4 in ©. Conversely suppose
A is big; then for some p in some minimal ideal M, px4 = B is non-
empty. Let t € B;thentp € AN Mand A N Z = ¢.

4.2. COROLLARY. Let A be big then there exists t € T such that t4 is 1P,

Proof. Let M be a minimal ideal such that VV = 4 M M # @. Then T
is an open non-empty subset of the minimal flow (M, T"). Hence there
exist ty, ..., t, € T such that M = J%_:1 ¢;V. Let u be an idempotent in
M and let u € t;V; then u € t;,4 and £;4 is IP.

Let b7 be the Bohr compactification of 7. Then (b7, T) is the uni-
versal minimal equicontinuous 7-flow. Let ¢ : 87 — bT denote the
canonical homomorphism. We think of 7" as a subset of b7 as well as of
B7". One might suspect that a necessary and sufficient condition for a set
A C T to be a D-set is that e € cls,p4. However there are examples of
subsets 4 C Z which are dense in 67 without being D-sets. (See for
example [10].)

4.3. THEOREM. Let A C T be minimal,; then A is a D-set if and only if
e € CleTA.

Proof. Let 4 be a D-set. There exists a sequence {¢;}%.1 such that ¢,7;
or t;71; is in A for every 1 5 j. Let {{.} be a subnet of {t;} such that
lim¢;, = x exists in 7. Since b1 is a compact topological group
lim ¢; =' = x~! and every symmetric neighborhood of ¢ = x - ¥~ in b7
contains elements of the form tig g and Lig Mg Thus e € clsyrd.

Conversely let A C T be such that 4 is minimal and ¢ € clsyz4. There
exists an idempotent # in some minimal ideal M in 8T with ux4 = 4.
Let {#;} be a netin 4 such thatlim ¢, = e in T and one can assume that
lim¢;, = p € 4 exists in B7. Now ¢(pu) = ¢ and ¢(u) = e implies
pu € S,(u) where S, is the equicontinuous structure relation on the
minimal flow (M, T). By [15], S.(#) = Zu where Z C 37 is the kernel of
the divisible property of being a D-set. Hence there exists ¢ € Z with
pu = qu. Now t; € A = usxd ©tu ¢ A @ pu € A < qu € A. Let {54}
be a net in 7" such that lim s; = ¢; then eventually s;u € 4 = s5; € uxd
=A=9g¢Ad ThusANZ # @ and 4 is a D-set.

We say that a subset A C 1" is weakly mixing if the orbit closure of x,
in (@, T) is weakly mixing.

4.4, COROLLARY. Let A C T be minimal and weakly mixing,; then A 1is «
D-set.
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Proof. Let (X, T') be the orbit closure of x4 in (2, 7). Then (X, 7) isa
minimal weakly mixing flow and is therefore disjoint from (b7, 1); i.c.,
(X X bT, T) isaminimal flow. Let W = {¢ € X : £(e) = 1} and let I"be
an arbitrary open set in 7. Then there exists t € T such that t(x4, €)
WX Vie., t € Vandixs(e) = x4(t) = 1. Thus 4 is dense in b7 and by
Theorem 4.3, 4 is a D-set.

We say that a set A C T has the van der Warden property if for every
finite set {t1,ts,...,4} C T there exist a positive integer n and an
element ¢t € 4 such that ## € 4,1 =1,...,k Now it is a standard
argument to show that requirement (iii) of a divisible property follows
for the van der Warden property, from the fact that whenever
7 = U1 S; then at least one of the sets S; = (1 £ 1 < #n) has the
van der Warden property. We prove this latter statement using the
following theorem of topological dynamics which we cite without proof

16].

THEOREM. Let (X, 1°) be a minimal flow, let ty, . . . t, € T and let 1 be a
non-empty open subset of X. Then there exists a positive integer n with

VOO O T # 0.
4.5. THEOREM. Let A C T be big, then A has the van der Warden property.

Proof. Since A4 is big there exists a minimal ideal M C g7 such that
"= AN M 0. Letty,...,t € T be given; then applying the above
theorem to the minimal flow (A, T°) we find a positive integer # with

| W P GO WY A W P RO

Let p be a point in this intersection; then for 1 =1 < k, t/p ¢ 17. Since
p €1 =4M M there exists t € 4 such that ¢t € A4 for every 7 and 4
has the van der Warden property.

We can now deduce van der Warden’s theorem which is the statement
that the v.d. Warden property is divisible. For as was mentioned above it
suffices to show that whenever 7 = \U}_, S, then at least one of the sets
S has the van der Warden property. Let M be an arbitrary minimal ideal
in BT; then since M C 87 = T = U1 .S, there exists an ¢ with
S,M M # 0. Thus S, is big and our statement follows from Theorem 4.5.

Let U, be the set of all minimal idempotents in 877; i.e., the idempo-
tents which belong to minimal ideals. Put Z = cls U,,; then Z is the kernel
of some divisible property which we call MIP. If 4 C 7 is MIP then it is
both big and IP.

4.6. PrRoPOSITION. 4 C 115 MIP if and only if x4 is proximal in (2, 1)
to a point xz € Qwhere B C T is minimal and e € B (i.e., xz(e) = 1).

https://doi.org/10.4153/CJM-1980-077-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-077-x

DIVISIBLE PROPERTIES 1001

Proof. Let A C T be MIP; then 4 Ncls U, # @ and hence there
exists an idempotent # in some minimal ideal M with « € A4; i.e.,
e € uxA. But ux4A = B is minimal with xz(¢) = 1 and x5 is proximal to
x4. Conversely, assume B is minimal, contains e and x is proximal to x.
Then there exists a minimal ideal M such that px4 = p«B for every
p € M. Since B is minimal, there exists an idempotent u € M with

uxB = B. Thus ux4 = B and e € B implies u € A4; the proof is com-

pleted.

It is shown in [6] that an MIP subset of Z contains for every (k, ) a
(k, r) Deuber system; i.e., a set of integers py, . . ., pr along with all their
integral combinations of the form

Po
1+ topo [t S 7
v, Jul =

po + 11p1 + topo l“”

IIA

Fyoooy ] S

pr + tapr—1 + o F Topo o

Clearly in every partition Z = UY_1 S, one of the sets .S; is MIP and
thus contains (k, ) Deuber systems for every (k, r). It was shown by
Deuber [2], that this implies Rado’s theorem about regular systems of
equations. (Deuber proved a stronger result; namely that the property of
containing arbitrary (k, ) Deuber systems is divisible.)

Let 7" = Z and let A C Z; we say that 4 has positive upper density if
there exists a double sequence n,, m; of integers with n, — m, — o such
that

Ill

converges to a positive limit. Clearly having a positive upper density is a
divisible property. Let .# be the set of all Z-invariant probability
measures on 87 and put

Z = cls \U {Supp(u) : u € A}.
We denote by 7 the element of 8Z which corresponds to 1 € Z. Thus
n — 7" is the canonical embedding of Z into 8Z.

4.7. THEOREM. T'he kernel of the divisible property of having positive upper
density 1s Z.

Proof. Let A C Z have positive upper density. Let .27 be the algebra of
real functions generated by x4 and the constant function 1. For f € %/ let

m(f) = lim—L— 3 j(j)

1
lso M1 — My j=pmt1
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where {n,, m,} is the double sequence for which m(x4) > 0. Clearly

im ()l = [Ifll = Sup. [f(n)] and m(fs) = m(f)

for every f € &/ and k € Z (where fi(n) = f(n + k)). Thus m can be
extended to a bounded Z-invariant functional # on [”(Z). This in turn
corresponds to a probability measure p on BZ. Now #i(x4) = m(x4) =
[ xadp > 0 implies that A M Supp(u) # @, hence 4 N Z = 0.

Conversely, assume that 4 C Z is such that AN Z # 0. Since 4 is
open there exists an invariant probability measure u on 8Z such that
A M Supp(u) # 0. This implies that for some ergodic invariant prob-
ability measure », 4 N Supp(v) = V # 0. Let p € 17 be a generic point
for v; then

Kk
limlz xi(t’p) =fx;dv =a > 0.
koo k J=1
For every [ > 0 choose m; € Z for which

1
/

1
; 1
xi(r'7") —al < 7
=1 i

J
and let n, = m,; + [; then

K
lim% > xalj)=a>0
J=m 4

and A has a positive upper density.

The following theorem is due to Furstenberg [5].

THEOREM. Let (X, X, u, 7) be a measure preserving system and 3 € A
with w(B) > 0. For any integer k > 1 there exists an n = 0 with

p(BN\ BN 2B M ... N s&=brgy > 0.

Let A C Z have positive upper density; then there exists an invariant
probability measure p on 8Z with u(4) > 0. By Furstenberg’s theorem,
for every B > 1 there exists an # with

w(BN BN ..M rEnB) > 0
where B = A4 M Supp(u). Let
pEBNMB... N kg,

then 7="p € B for every j € {0,1,..., (k — 1)} and if m € Z is such
that 77" ¢ 4 then m —nj € A for 0 <j <k — 1. Thus from
Furstenberg’s theorem we deduced Szamerédi’s theorem: Let 4 C Z have
positive upper density ; then for every positive integer k, A contains an
arithmetic progression of length k.
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5. .o/ -interpolation sets. Let (X, 7) be a flow with a dense orbit;
say xo € X with Txo = X. Let € (X) be the algebra of continuous com-
plex valued functions on X. For each F € % (X) there corresponds a
function f € I”(T) according to the formula f(t) = F(txy) (¢t € T). In this
way % (X) is mapped isometrically onto a norm closed selfadjoint 7-
invariant subalgebra .%Z (shortly T-algebra), of I°(T). Conversely with
every T-algebra .o/ C I°(T") we associate the space of maximal ideals
X = |27|. This can be given a structure of a flow, and the maximal ideal
{f: f(e) = 0} = xy has a dense orbit in X. Let.2 be a given T-algebra.
We say that a subset 4 C T is an.o7 -interpolation set if for every function
® < I°(A) there exists an f € & with f(t) = ®(t) Vt € A. It is easy to
check that 4 is an .%/-interpolation set if and only if Ax, C |7 is
homeomorphic to B4, the Stone-Cech compactification of 4. Equi-
valently, if and only if the restriction to A C 87 of the map p — pxoof 87°
onto || is a homeomorphism.

Let us consider two cases in which .9/-interpolation sets were closely
investigated. Let G = T be the compact dual group of 7. Let Z (T") be the
algebra of all Fourier transforms of measures on G, and let % be the
uniform closure of Z(T) in I*(T). The % -interpolation sets (which are
also & (T')-interpolation sets) are just the Sidon sets in 7. By Drury’s
theorem the Sidon sets form an ideal. Thus ‘‘not being an.# -interpolation
set’”’ is a divisible property.

If we let Z,(T) be the algebra of Fourier transforms of discrete
measures on G then & = cls Z,(T) is the T-algebra of almost periodic
functions on 7" and our notion of an & -interpolation set coincides with
Ryll-Nardzewski’s definition of an interpolation set (see for example [8]).
(By a theorem of [9], this is also the same as & ,(T')-interpolation set.)
Now every lacunary subset of Z is an & -interpolation set [13], while the
set

{20:7€ N} U2/ 4j:j€ N}

which is the union of two lacunary subsets clearly fails to be an & -
interpolation set. Thus ‘“not being an & -interpolation set’’ is not a
divisible property. We pose the following:

Problem. Give a characterization of those 1-algebras .o for which ‘‘not
being an ./ -interpolation set’’ is a divisible property.

In order to formulate our main result in this section we need two
additional notions. Consider the space G? of all complex valued functions
on T, with the product topology. This is a Polish space and I*(7"), con-
sidered as a subspace of C7, being s-compact, is a Borel subset. We say
thata T-algebra .o/ C I°(T) is a Souslin algebra [14] if <7 as a subset of C”
is Souslin.
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Let (X, 7) be a flow, xy € X with Txy = X. Let &7 be the corre-
sponding T-algebra. The map ¢ — fx, of T into X induces a topology on 1°
which we denote by J; = J(x ). Let.2Z be the algebra of all bounded J,
continuous compléx valued functions on 7'; then.oZ is a T'-algebra which
clearly contains .27. Let X = |.97] be the maximal ideal space of.%7 and let
Yo be the evaluation at e. We have the following facts (3], [11].

1. Jz.700 = Jx.20) OF equivalently o =
2. /| = X is the Stone-Chech compactification of (1, J,,).
3. For every f € .9 let.s/ , be the T-algebra generated by.%/ and f; then
the homomorphism |27 ,| — |.¢/| is almost one to one.
. If |&7] is a minimal flow so is [.%7].
5. Let & be the T-algebra of almost periodic functions; then & is the
T-algebra of almost automorphic functions.

>

5.1. THEOREM. Let.%Z be a T-algebra, (X, x,) the corresponding pointed
flow. _

(1) Let A C T be Jy closed and discrete; then A is an S -interpolation
set.

(2) (Ryll-Nardzewski) If.sZ is Souslin then the union of an.SZ -interpolu-
tion set and a finite set is an .o/ -interpolation set.

(3) If o/ is Souslin then every .o/ -interpolation set is J 4 closed and dis-
crete. _

(4) If &7 is Souslin so is . ~

(5) Let be Souslin, then A C T is an.Z -interpolation set if and only if
A is J 4 closed and discrete. In particular the union of two .o/ -inter-
polation sets is an S/ -interpolation set.

(6) Let & and & be the T-algebras of almost periodic and almost auto-
morphic functions respectively. ** Not being an & -interpolation set'”’ is
a divisible property which coincides with the divisible property of
“not being closed and discrete in the Bohr topblogy on T (= Jg).”

(7) (Veech) Let A(u) be the universal minimal algebra corresponding to
the minimal idempotent u; then there exists an A (u)-interpolation set
A such that A \J {e} is not an A (u)-interpolation set. Thus A () 1s not
Souslin.

Proof. (1) Let 4 be J4 closed and discrete. We construct inductively a
sequence of J, open and pairwise disjoint subsets L,, z = 1, 2, 3, . . . such
that U L, = T and such that for each n, |L, M 4] £ 1. Let {; < £, <
t3...bean ordering of T. If t; € A4, then since 4 is J closed, tyxy ¢ Axy
and we let U be a closed subset of X such that f1xo € int Uy, and Axo N
U, = 0.1ft; € 4 then by the discreteness of 4 there exists a closed set U,
in X with

hxo € int U; and Adxo M Uy = tixo.
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PutL, = {t € T : txy € int U,}. Suppose U,, Us,, . .., U, disjoint, closed
subsets of X have been constructed with U’%_; U; # X. We write

L, =1{tec T:tx € int U.

Let ¢, be the first element of 7" which is not in U%-; L. If ¢, € 4 then
there exists a closed subset U,; in X with

tmxo E int U7I+1 and (MU UZ':I U1> m Un+1 = ﬂ

(We note that once a countable subset of a completely regular space is
zero-dimensional in the induced topology, the sets U, can be chosen with
the further property that oU, N 7, = @ for all n.) If £, € 4 we let
U,+1 be a closed subset of X with ¢,x¢ € int U,;1 and,

Un+1 m (U';=1 U?) = ﬂ and Un+1 m AxO = tmx(L

In either case let L, = {t € T : txy € int U,y1}. We continue in this
way to obtain the desired partition 7" = \J%.; L;. All we have to observe
now is that an arbitrary function on 7" which is constant on each L;is J,,
continuous. This completes the proof that 4 is an .97 -interpolation set.

(2) This was proved in [12] for .7 = &, the T-algebra of almost
periodic functions. However, the only fact about & used in the proof was
that & is Souslin. Thus (2) holds for every Souslin T-algebra. (We
remark that this is the only place in the proof of the theorem that we use
the assumption that.%/ is Souslin.)

(3) Let 4 be an .97-interpolation set. Since Ax, C |.¢/| is homeo-
morphic to B4 it is clear that 4 is J discrete. Now suppose ¢ € T\A4 and
¢t is in the J closure of A. This means that tx, € Ax,. But by (2),
B = A \J {t} is an.%/-interpolation set, a contradiction. We conclude that
4 is also J closed.

(4) By Theorem 4.5 of [14], the set of J, continuous functions of 7" into
C,=1{2¢ G: |z £n} is Souslin. Since C = U, G, and since the
countable union of Souslin sets is Souslin we conclude that.%/ is Souslin.

(5) We have J4, = Jy and ./ = o/ hence by (1) every J,, discrete
and closed subset is an &/ -interpolation set. Conversely by (3) and (4)
every ./ -interpolation set is J 4 closed and discrete.

(6) This follows since & is Souslin.

(7) This is Veech’s argument to show that («) is not Souslin [14].

Let & be a collection of subsets of 7" which has properties (i) and (ii)
of a divisible property and also

(iii)’ T = U}, 4, implies that at least one of the sets 4, is in 2.

We then say that & is quasi-divisible. We don’t know whether every
&/ -interpolation property is quasidivisible.

5.2. THEOREM. Let &/ be a proper T-algebra and let & be the property of
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“not being an . -interpolation set.” If P 1is not quusi-divisible then the
: . o
natural homomorphism 381 — |57 | is finite lo one.

Proof. Clearly & satisfies (i) and (ii). Suppose (iii)’ is not satisfied and
let 7 = UY_; 4, where the 4; are .%&-interpolation sets. Then =|d; is
one to one and our theorem is proved.

5.3. COROLLARY. (1) Let S be a minimal T-algebra; then “‘not being an
&/ -interpolation set’’ is a quasi-divisible property.

(2) LetW be the T-algebra of weakly almost periodic functions; then ‘‘not
being a W -interpolation set” is a quasi-divisible property.

(3) T s not the union of finitely many Sidon sets.

Proof. (1) There are 2¢ minimal ideals in 87°; each of them is mapped

™ . .
onto |.%7| by the natural homomorphism 87" — [.¢/|. Thus = is not finite
to one and (1) follows.

(2) It follows, from [16], that |#/| contains a unique minimal set. As

™
above we conclude that 87— [#/] is not finite to one.
(3) Since & C ¥, every Sidon set is also a # -interpolation set.

Problem. Is the union of two ¥ -interpolation sets a ¥ -interpolation
set?

5.4. THEOREM. Let & and L be the T-algebrus of almost automorphic and
point distal functions respectively. (1) An L interpolation set cannot contain
an infinite 1P-system. (2) An & -interpolation set cannot contain an infinite
D-system.

Proof. Let U C BT be the set of idempotents different from e. Then

under the natural map 6TZ> |-Z|, U is mapped onto a single point.
Suppose 4 contains an infinite I[P-system: it is then easy to see that A
contains two disjoint 1P-sets say 4., 42 C A. Let u; € 4;N\ U and
uy € A M U, then 7(1ty) = w(us) and x|4 is not one to one, and 4 is not
an % -interpolation set. The proof of (2) is similar.

Problem. 1s the union of two . -interpolation sets an -# -interpolation
set? Since ¥ = % the answer would be yes if ¢ is Souslin [14].
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