A PROCEDURE FOR DERIVING INVERSION FORMULAE
FOR INTEGRAL TRANSFORM PAIRS OF A GENERAL KIND

by IAN N. SNEDDONY¥
(Received 10 March, 1967)

1. The basic formulae. In recent years there have appeared solutions of several integral
equations of the type
U (x dy
j K(—)f(y)— =g(x) (0=x21), (L.1)
x y y
in which the kernel K(x) contains (as a factor) one of the classical orthogonal polynomials or a
hypergeometric function.

The case in which K(x) = (1—x?)"* T,(x~"), T, being the Chebychev polynomial of the
first kind was discussed by Ta Li [1] and that in which K(x) = P,(x™ '), where P, is the Legendre
polynomial, was considered by Buschman [2]. Both of these integral equations are included in
the case in which K(x) = [(A)(1-x%)*"* Ci(x~!) in which C% denotes the Gegenbauer
polynomial; the solution in this case has been derived by Higgins [3]. Equations of a similar
type in which the kernels involve Jacobi polynomials and associated Legendre functions have
been discussed by Srivastava [4, 5] and Erdélyi (6] respectively. Integral transforms in which
the kernel X(x) involves a hypergeometric function have been considered by Higgins [7] and
Wimp [8].

The object of the present paper is to show that the systematic use of the Mellin transform
leads to a simple procedure by means of which inversion formulae for transform pairs of the
type (1.1) may be discovered. The basic formulae are derived in this section and the use of
the method in specific cases is illustrated in §§3-8. The adaption of the method to integral
equations of a slightly different type is discussed briefly in §2.

If we make the substitutions

S1G) =f()H(1 —x), g,(x) =g(x) H1—x), K;(x)=K(x)H(1-x),

where H denotes Heaviside’s unit function, we can write equation (1.1) in the form

f "k, (f>f1(y)d—'” 0 (x>0
0 y y

Denoting the Mellin transform of f,(x) by

[+

fHs) = MLf1(x):5] = L Si()x"" dx,

and applying the convolution theorem for Mellin transforms [9, p. 43] we find that this integral
equation is equivalent to the relation

KI(s)f1'(s) = 91(s)- (1.2)

1 Research carried out at Duke University, North Carolina in the summer of 1966 under grant
AF-AFOSR 435-63 monitored by the Air Force Office of Scientific Research.
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We can write this result in the equivalent form

L(s/e)T((s/B)— (@/B))

I'((s/)—DI'((s/B)— l(a/ﬂ)—m)gr(s_ lo—mB+7y),

f(s=la—mp+y) = Li(s— lo)' ™

where a0, f# 0 and

L(s/e)T((s/B) —m)
L((s/)+ DE(sIBKT(s~mB+7)”

Lo =o'

If the function g(x) is such that
g?(M)=0 (r=0,1,...,m=1), (1.3)

then it is easily shown that

M [(x‘ ‘“d—dx)lj: L, (i;) (y‘ ~f ;;iy)m {y'9(»)} ‘—iyz; S]

e emam TS/ (1) — [B))
(=D oL~ 1) ey DT IR = Il B) =)

and hence that the equation (1.2) is equivalent to the solution

+m la+mB—y d ' x 1- d " Y dy !
fx) =(-1 - ( dx)j Ll(;Xy ”d—y) a0 (14)

provided that there are real numbers «, f8, ¥ and positive integers /, m such that the inverse
Mellin transform

g*(s—la—mp+y),

(1.5)

LX) =a"1g" J,_,[ T(s/e)T((s/B)—m) ' x]

3§
L((sfa)+ DI (s/BKT(s—mB+7)
exists. In cases in which the function L,(x) defined by this equation is of the form L(x)H(1 —x)
we can write the solution (1.4) in the form

I+m la+mf~ —adll X _dm V] dy
J(x) = (=1)*mxletmt V(x’ ZE)J; L(;)(yl ﬂd_y) {yg(y)}yy (1.6)

provided, of course, that the prescribed function g(x) satisfies the conditions (1.3).

We have assumed that / and m are integers, but we can easily modify the solution (1.6)
in cases in which it is convenient to take /, m to be positive but non-integral. The function
L,(x)is defined once again by equation (1.5) and the solution (1.4) is modified only to the extent
that the factor (—1)**™ is replaced by (—1)!®*(™ and a fractional derivative of order m is
defined by the relation

( )'/’() T(n— m)de. Y(u)y(u—x)"""" ldu

where n is a positive integer, n—1 <Rem <n.
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The cases in which « or f is zero can be dealt with in a similar fashion. The solution (1.4)
can be expressed in the alternative forms

d 1M1 d m
Jx) = (—1)y*+mxme- ’(xd—x> f M<§><y""@> {y’g(y)}%y, ()]

where
m s STT(SIB)—m)
M(x)H(1—x) = g~" 4« 1[1‘(s/ﬂ)Kf(s—mﬂ+'y)’x] (1.8)
or
— +m la=y —ad i f d\" ¥ dy
J) = (=1 (xl E)J,,N<y)<yd_y> {yg(y)}y, (1.9)
where
I 57" (s/e) )
NX)Hl—-x)=o"'M 1[F((s/oc)+l)K’l"(s+y)’x:|’ (1.10)
or
a\'[! d\" d
s =t (x ) [ 5(5) (v | 00on 2, L)
where
s—l-—m
SX)H(1—x)= A" I:*(S'H’) :I (1.12)

The case in which / = 0 and m = 1 arises frequently. If we put /=0, m =1 in equations
(1.5) and (1.6) we find that

f(x)= —x”"rLG)y"’—d—{y’g(y)} dy,
=\ dy
provided that we can find real numbers §, y such that the inverse Mellin transform
1
LX)H(1—x) = # I: —HKF (s—ﬂ+y) ]
exists. This solution can be written in the alternative form
569 = —Il M(’—‘)y"i (a0} dy (113)
= \y) dy ’
where
M(x) = xF1L(x),
i.e. where

-1 1 .
M)H(1—x) = 4 [ Y (S),x]. (1.14)

In certain cases it is more meaningful to express the results in terms of the operator of
fractional integration K. defined for « > 0 by the equation
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1 -1 -1
e - m__ . mae m d 1.15
KZmf (%) r(a)L (t"—x")*" f(Omt t, (1.15)
and, for « < 0, by the equation
d I
K f(x) = <—m> K2H (), (1.16)
dx
where / is a positive integer such that 0 <a+7/< 1. In either case it is easily shown that
I(sjm)
Y[ K5 i8] = =——— 1.17
and hence that
MKEKD, 3 (x); 6] = LML+ maty)/ m) (1.18)

T((s/m)+ )T (((s+ma+y)/n)+BY

From equations (1.2) and (1.18) we deduce immediately that, if we can find constants
o, B, 7, 6 and positive integers m, n such that

1 _ I'(s/m)T((s+mo+17)/n)
K¥s+ma+nf+y+0)  T((s/m)+a)[(((s+ma+y)/n)+p)

where C does not depend on x, the solution of equation (1.1) can be written in the form

f(x) = Cx~ma—mB=v=8 K2 _x¥ KB, x? g(x)H(1 —X). (1.20)

(1.19)

2. Integral equations of related types. The solution of an equation of the type

f mK(’-‘)f(y)d—y _g®) (x>0 @1
y y

X

can be derived by an exactly similar method. If we define K,(x) as before, equation (1.2) is
replaced by

K1(s)f*(s) = g*(s). 22)

The remainder of the analysis proceeds in exactly the same way as before but now equation
(1.6) is replaced by

O G | IR | (A RO S e

and equation (1.20) by
f(x) = Cx~memBmv=oKe xYKE, x%g(x). (2.9

An integral equation of the type

f Ay =¥ (x>a>0) @.5)

can be reduced to the form (1.1) by making substitutions

K(x)=A(x"Y), g(x)=ylax7"), ¢(x)=x""f(ax7"). (2.6)
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For example, the integral equation

[ee—mmrrnpoa-ve  ©0<x<a), @
considered by Erdélyi [6], is equivalent to the equation (1.1) with
K@) = (1 =x)¥P7A(x7Y), g(x) = (x/a)¥(alx), ¢(x) = xf(ax). (2.8)
In returning to the original variables we have at our disposal the formula
Kimf(alx) = a~™f(a[x), (2.9)
where f(x) is expressed in terms of the integral operator IZ, defined by the equation
1 x
Pof(x) == | "=t")"Lf()mm~1dt 2.10
) r@L( ) (2.10)
through the relation
f(x) = xtmI%, f(x). (2.11)
Alternatively we could treat equations of the type (2.5) ab initio by putting them in the
form
« X dy
j K, (‘)fz()’)_ = g1(x) (x> 0),
0 y y
with

Ky(x) = K(x)H(x—1), fo(y) =f(DH(y—a), g:(x)=g(x)H(x~-a),
and proceeding as before.

3. Integral equations of Abel type. As a first illustration of the method outlined in §1 we
consider the problem of solving an integral equation of Abel type. Suppose that

K(x)=(1=xy*",
where n—1 < A <n, with n a positive integer. Then
T (AHI(s)
T(s+4)
Now if we take /=0, m =n, § =1, y = 0 in equation (1.5) we find that

wo_ 1| T(A+s—n)
Ll(s)_l"(/l)'//l ’[T,x:l,

K3(s) =

so that L,(x) = L(x) H(1 —x) with

x).—n(l _x)n—).—.l
I'(Ar'(n—4)

This shows that, if f(x) satisfies the integral equation

L(x) =
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1
j fOE-x*"tdt=g(x) (n—-1<i<n), 3.1)
in which the prescribed function g(x) satisfies the condition
g”()=0 (r=0,1,2,..,n-1), 3.2
then
10 = =S mxpmrmigmgay 63
C T(M(n—1) )« ) '

If the prescribed function does not satisfy the condition (3.2) we take I=n,a =1,m =0,
y = n—2, in which case equation (1.5) reduces to

L T
L= = r(x) 1 [F(s+ n—1)’ x]’
which is of the form L,(x) = L(x) H(1 —x) with now

_ (1 x)u—l— 1
Ly = r(AHrn-a"
In this way we derive the solution of the equatlon (2.1) in the form
e Tt It 19 34
(Ar(n—2)" dx"

4. Transforms with a Chebychev polynomial as kernel. Suppose that
T(x~Y)

JA=x?)’

where T,(x) is the Chebychev polynomial of degree n, defined by the equation

K(x) =

T,(x) = cos(ncos™ ! x).
It is easily shown that
T(x) =2""'x",F(—3n,3—4n;1-n;x7%)

and, by integrating term by term, that

o grea . TGs=31)
KO =2" s D

The generalized hypergeometric series on the right can be summed by Saalschiitz’s theorem
[10, p. 48] to give

sFa(=4m3—4n,ds—4n;ds—in+4;1).

22T (3n+1s)[(3s—1n)

ISOR o

so that
227 T(n+45)[(1—-3n+ «}s)
I'(s)

(s—mK3(s) =
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By formula (2) on p. 324 of [11] we see that
_ 1 2 T, (x)
M ~1 H 1-
[(s—n)Kr(s) ] 7 - T
so that, by putting y = » in equations (1.13) and (1.14), we find that the integral equation

! T(y/x)
d
o f(y) y = g(x)

has solution

(x/y)

f(x ——f R "g(y)} dy.
This equation has been discussed by Ta Li [l].
5. Transforms whose kernels are Legendre polynomials. If we take
K(X) = Pn(x_l)s

where P (x) is the Legendre polynomial of degree n and integrate both sides of the equation
2"x~"T(n+4%)

Pn(x_1)= m r(%) ZFI(%—%n, _%n;%_n;x—2),
we find that
n—1
K20 = T P dn, —dn ds—mid - ds—dn+ 130

Again the generalized hypergeometric series on the right terminates. Calculating its sum by
Saalschiitz’s theorem we find that

k(s = 4 s in+ DTG —dn)

I'3s+HI(Es+1)
Taking =0, m =2, B =2, y = n+1 in the formulae (1.5), (1.6), we find that the solution is

given by equation (1.6) with
- IEs+in-DI{Es+in—3)
L(x)H(1—x) = #~* I:% T TGstn—3 X] .

From formula (18) on p. 326 of [11] we deduce that
L(x) = x"3P,_, (%),

showing that the equation

J P(y/x)f(y)dy=g(x) (O<x<1), (5.1)
with g(1) = g'(1) = 0, has solution
v x\[1d\?, ,
f(x) =J u "P,,._2<; T {u"g(w)} du. (5.2)
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The solution (5.2) of the integral equation (5.1) was first derived by Buschman [2].

6. Transforms whose kernels are Gegenbauer polynomials. Suppose that
K(x) = 3mT(A)Ch(x~ ") (1-x*)*"3,

where C*(x) denotes the Gegenbauer polynomial.
Then, from the formula

Ci= 3, I sy e

o ri(m=2r)!
we can easily deduce that

2"x""C(A4+m)
T(A)m!

and, integrating term by term, that
A[CLx"H (1 —-xH*"tH(1 —x); 5]

_ TA+PTEs—imI(A+m)

T 2T @Es—dm+ A+ PHm
Since m is a positive integer we may use Saalschiitz’s theorem to evaluate the generalized
hypergeometric series on the right side of this equation. In this way we obtain the result
27T (m+ 2T (3s —3m)T(3s + A+ 1m)

m! T(AT(s+24) ’

Calx™h)= 2Fo(—4m,3—3m;1—A—m;x?),

aFa(=dm, i —dm, ds—dm;1-A—m,is—im+A+4;1).

HM[CLx"H (A =x)* " H(1 -x);5] =
from which it follows that

Ki(s) =

27 (m+ 20T (3s —3m)TEs+ A+3m)
(m—-1)'T(s+22)
Ifwetake /=0, § =0, m=A+pu+1, y =m in equation (1.5) we find that
27401 (ds—A—p—1)
T3s)Ki(s—2A-2u+m-2)’

Li(s) =

from which we find that
A== T(s+n—1)

*
HO) = 2T G s 0 ¢
where we have written
u=4(m-n-1). 6.2)
Now, from the formula
(2p)

Cix) =

- aF (=t 2 pt g3 - 4x),

we can easily deduce that

@, (1+x)*

i) = = 55

Fint+p+d, —n—p+dp+14-1x).
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Using the formula

H[x"" 1—x)P*r~*H(1-X); s]= F(u+PI(s+n—1)(u+),

Ts+n+pu—dG+n+p—19),’

we deduce that
M[x" 11 =xMFHCH(x)H(1 —Xx); 5]

_ 2742w, T+ DT (s+n—1)
h nI(s+n+u—14)

2Filn+pu+d, —n—p+tis+n+pu—4;4).

The hypergeometric series on the right-hand side of this equation can be summed by the use of
Bailey’s theorem [10, p. 32] to give

M1 = xR )H(L - x); 5] = 21" (2w, TR (1 +4) -

Comparing this result with equation (1.5) we see that

I'(s+n-1)
nIT@)TEs+n+p)

L(x) = "r(")z-l Rl 1] X2 CK(), (6.3)
where we have written
al(m+-2)(n+2u)
A= I Dy -1 64
Substituting from equation (6.3) into equation (1.6) we find that the equation
1
%ml"(l)f P =x)TECL I f(dy =g(x)  (0<x<1) (6.5)

has solution

1 Atpt+1
L I e e ()] 7<) I T O P CD

This is the result derived by Higgins [3].

7. Transforms whose kernels are associated Legendre functions. If we take
K(x) = (1=x*¥P7*(x)
in equation (2.1), we find that
274 T(HI(s)

K = R p+ p T @ v+ 1D’
and hence that
1 _ 2T Es— (s +3v+d)
Kis—2-1) THIr(s—i-1) ‘

Puttingm=2, n=1,a =—v—1, f =v—A, y =6 =0 in equations (1.18) and (1.9) we find
that the integral equation
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fw OGP =xDPP /N dy = g(x) (x> 0) .y

x

has solution
F(x) = )" KKy *g(x). (7.2

The equation (7.1) was considered by Srivastava but his solution appears to be in error; the
solution (7.2) is due to Erdélyi [6].

8. Transforms whose kernels are hypergeometric functions. For the kernel
K(x) = (1-x)""",Fy(a,b;¢;1~x)
we find that

IOr@)(c—a—b+s)
T(c—a+s)[(c=b+s)’
If we take B =1, y = I = 0 in equation (1.5) we find that

[l‘(c—a—m+s)I"(c—b—m+s)_ S"x]

Ki(s) =

1
LI(X) = m‘/ﬂ_l

It is readily shown that L,(x) = L(x)H(1 —x), where

I(s)(c—m—a—-b+s)

1

L™ = rorm—o

x" "1 —-x)""c"',F,(—a,—b;m—c;1—x"1),
which shows that the integral equation

1
g(x) =f (y=x°""3F (a,b;c;1-(x/p)f(y)dy, (8.1)

X

with g®¥(1) =0 (r=0, 1, ..., m—1), has the solution

6) = Fesrg ) 0= (e —bim= G 1-019) "0y, (62

The solution in this form is due to Jet Wimp [8].
On the other hand if we take

1
K(X) = Fc)x_c(l—x)c_l 2F1 (as b;C, 1—X_1),

we find that
I'(s+a—c)'(s+b—c)
[(s+a+b—o)(s) ~

Taking /=0, B =1, y = ¢c—b in equation (1.5) we find that

Ki(s) =
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1| T(s=m=b+)(s—m+a)
Lix=4 [ I'(s)I'(s—m+a—b) ,x]
1—
=%m__)gxc_b_m(l—x)m—c—lzFl(m—a,—b;m—c;l—x),

showing that the inversion formula for the hypergeometric function transform

-b 1
g(x) = 15,(—5'[‘ (y=x)""2F1(a, b;c; 1=(y/x)) f(y) dy (8.3)
is
—_1ym 1
169 = fe s A= s, - bim— G LG, 69

This is the formula derived by Higgins [7].
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