NOTE ON AN ORDERING THEOREM
FOR SUBFIELDS

TADASI NAKAYAMA

In a recent paper [3] Tannaka gave an interesting ordering theorem for
subfields of a p-adic number field. The purpose of the present note" is firstly
to observe, on modifying Tannaka’s argument a little, that his restriction to
those subfields over which the original field is abelian may be removed and in
fact the theorem holds for arbitrary fields which are not p-adic number fields.
indecd in a much refined form., and secondly to formulate a similar ordering
theorem for algebraic number fields in terms of idele-class groups in place
of element groups.

L. et K be a field, and let %. k» be two subfields of K such that K ’is
finite and separable over %\ k.. Put

Mi={2&€K; Ner(2)=1}), M,={2€K; Ngup(5) =1}

Tueorem 1. [f kiEk, then (and only then) Mi2M,. Indeed, provided
that K has infinitely many elements, the index (MM, : My) is, then, infinite and,
moreover the orders of elements of MM/ M, are not bounded.

Proof, We borrow an argument of Tannaka, but generalize as well as re-
fine it so as to make it suitable for our generalized and refined formulation.
Set namely n1= (K: k), na=(K:ky). Let 6 be a generating element of K over
#1\k:, We denote by 6i=0, 0 ..., 0 its s conjugates with respect to Ai.
while we denote its 2, conjugates with respect to & by 80 =6, 6%,..., 87,

)= (x~0V)x-0%)...(x—0")

is the irreducible polynomial in %, satisfied by 0. Let « be an arbitrary element
of 21Nk Then f(a) = Nxm,(a ~0), whence
N, (fla)/ (e — ") =1
provided « # @, which is certainly the case when K x k& (k. as we may assume
in our proof.
Suppose now that the orders of elements of the factor group MM/ M are
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bounded and thus all divide a certain natural number, say £. Then f(a)*/(a
- e M. If filx)=s(x), fo{x), ..., fa(x) are = conjugates of f(x) with
respect to ki, then fila)fa(a) ... fu(a)'/(a =6 (a—06:2)" ... (a—0s)™
=1 and the polynomial

FO () oL () = (2 =00 (% = 6)™ .. (% — 0™

has « as its root. Since this is the case with arbitrary element « in ki(\k., the
polynomial must be 0 provided that (K whence) ki(\k: has infinitely many
elements, which we shall assume for meanwhile. Hence the roots 6, 6%,. . .,
9 of f,(x) =f(x) all appear mong 0, 0:, . . ., 0. Thus every 6% coincides
with one of 6; and every isomorphism 6687 of K/k/(\k: (into a conjugate
field) leaving k. elementwise fixed is an isomorphism of K/ki.. It follows that
k1S k.

The case when K is a finite field is rather evident. For then M, consists
of (K*:1)/(kf :1) elements, where K*, & are the multiplicative groups of K,
%;; observe that every element of %, is a norm of K/k. Similarly M contains
exactly (K¥:1)/(kF:1) elements. If M;=2M,, then (& :1) divides (& :1), or,
™ —1 divides "™ — 1, where ™, I"™ are the numbers of elements in % and k:
respectively, ! being a prime number. This implies that » divides m., as we
readily see, and thus k(i E k.

Remark 1. Suppose, in our theorem, k: has only a finite number of roots
of unity. Then MiM,/M, has, in case ki %Ek and K is infinite, an element of
infinite order. For, the operation Nx;, maps MiM./ M, isomorphically into the
multiplicative group % of k. Elements of finite order in M;M./M; are mapped
then onto roots of unity. Since (M;M.:M,) is infinite, there must exist an
element of infinite order, if k> has only a finite number of roots of unity.

Remark 2. The same is the case also if K has an uncountably infinite
number of elements, even when K (whence %) has infinitely many roots of
unity. In fact, there are then infinitely many® mutually independent elements
of infinite order in MiM./M,. For, otherwise there would exist an infinite
family {a;} of elements in £ N k. such that Nx/,(f(ai)/(a;i ~0)™) are all equal to
a single element 7 of k. Then fi(x)f2(x) . . . fu (%) = 7(x = 0)"(x = 0:)™ . . . (x
~02,)™ would vanish identically, whence ki S ..

Remark 3. Our assumption that (both K/k: and K/k:, or) K/ki(\k: be
separable may be weakened to that K/k. be separable. As a matter of fact,
the condition k1SEk. may be replaced generally by kisEks, where ki, ki are the
maximal purely inseparable subfields of K/k;, K/k..

2) As many as the power of K.
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2. Let now ks be the p-adic completion of the rational number field, p be-
ing a prime number, and let K, ki, k> be finite extensions of %k such that K2k,
k:. Our Theorem 1 and Remarks 1, 2 naturally apply to these K, ki, k.. The
result may be interpreted as follows in terms of the full abelian extensions
Ag,, Ak, over ki, ke (in a certain algebraic closure of K),

THEOREM 2. If kiSEk: then (and only then) Aw, is not contained in KAg,
and KAp Ar, is infinite over KAr, and, in fact, there exists a field X between
KAp Ar, and KAr, such that the (compact) Galois group of KA Ar,/ X is homeo-
morphically isomorphic to the additive group of p-adic integers.

Proof. Let Ax be the full abelian extension of K. The Galois group of
Ax/K may be identified, by means of norm residue symbols, with the comple-
tion K* of the multiplicative group K™ of K topologized by subgroups of finite
indices as neighborhoods of unity.” On the group of units in K the topology
coincides with the one given by the valuation of X. As the transition theorem
for norm residue symbols tells, an element of X leaves Apr, elementwise fixed
if and only if its norm with respect to K/k; is unity. It is clear that such an
element of K* is the limit of a sequence of units in K and is thus by itself a
unit of K. It follows that the totality of such elements is simply our M;. Thus
M, is the subgroup of K* belonging to KAg, in the sense of Galois theory.
Similarly M: belongs to KAg,, and M\ M, belongs to KAr Ar,. Thus M./M,;
N M, is the Galois group of KA Ag,/KAr,. But M,/Mi(\ M., isomorphic to
MM,/ M., contains an element of infinite order, by Theorem 1 and Remark 1
(or Remark 2). Consider the closed subgroup of M./Mi(\ M, generated by
such an element of infinite order. Because of the well known structure of K¥,
it is easy to see that either this subgroup or its subgroup is the limit of a
sequence of cyclic groups of order ' (which is homeomorphically isomorphic
to the (additive) group of p-adic integers).

3. Let us next turn to an algebraic number field K and its subfields %, k.
It is needless to say that again Theorem 1 and Remark 1 apply to these fields.
We may further obtain a similar theorem for multiplicative groups of idéles,
in place of multiplicative groups of field elements. Let, for instance, P be a
(finite) prime in K such that we have k,;SEk» for completions ki, ks of ki, ke
with respect to 8. Then there exists in the P-adic completion K of K an ele-
ment & such that Ng/,(£) =1 but Ng,(89) %1 for i=1, 2,..., according to
the P-adic case of Theorem 1 and Remark 1. Let e be the idele of K whose
B-component is £ and whose other components are all 1. Then the idele e
satisfies a similar condition with respect to the operations Nxp, and Nk, if
p is the prime in %k, (k. divisible by P, then decompose the regular represent-

3) See for instance [1].
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ation of K/k (k. into components belonging to different prime divisors of p in
K, B being a one. Indeed, since there are infinitely many primes which satisfy
our requirement (%,5E%;), it follows that there exists an infinite family of ideles
in K whose norms with respect to K/k» are all 1 such that no (non-trivial)
power-product of them has norm 1 with respect to K/, even when we discard
the possibility of constructing such a family with respect to a single prime P
accroding to Remark 2.

However, this argument of taking a prime B with %25, is rather indirect.
We may in fact apply Theorem 1 and Remark 1 directly to K, ki, %:, on con-
sidering them as subfields of (the semi-simple algebra) Kp (=Kx (ki(\k)y
(over kN k2)), b being a prime in 2 (N4, to obtain an element ¢ of X (S Kp)
such that Ng/e,(2) =1 but N (&) %1 for i=1.2,.... Consider then the idele
whose p-component (i.e. the product of components belonging to different prime
divisors (in X) of p) is § and whose components belong to primes not dividing
p are all 1. Then this idele has norm 1 with respect to X/k» while no power
of it has norm 1 for K/#,. Letting p run over all primes in & k., we obtain
an infinite family of such ideles which are independent in the sense as above.
(As a matter of fact. if we apply the argument of Remark 2 to the semi-simple
algebra Kp/(ki(\k:)p (generated by the same generating element 8 as K/kiMN k),
as is allowed, we can construct a similar (even uncountable) infinite family with
respect to each single prime p.)

We next turn to ideéle-classes. However, the transition is rather easy.
Since almost all components of each of the constructed ideles (in either con-
struction) are 1, none of the norms for K/k or its powers is principal idele.
The same is the case for any of their power-products. Thus

TuroreMm 3. Let M. M. be the groups of ideles (idele-classes) in K whose
norms with respect to k.. k., respectively, are unity idele (idéle-class). If kiSEk:
then (and only then) V=M. and MIMe/M has infinitely many independent ele-
ments of infinite order.

We observe further that the (ideéle-)class of an idéle whose components
at a finite number of (finite) primes are =1 and whose other components arc
all 1 never belongs to the connected component of unity of the ideéle-class
group.”® This remark applies naturally to the above constructed idéles and
their norms with respect to K/ki, as well as to their power-products. Another
remark is that our element of infinite order in MM/ constructed with re-
spect to » generates a closed subgroup possessing a subgroup (homeomorphically)

4 The topology is the natural one employed by Artin, Dieudonné, Iwasawa, Weil and
others; cf [4].

™ This can be seen by means of the (generalized) Dirichiet theorem and a theorem of
Chevalley [2].
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isomorphic to the additive group of p-adic integers, p being the rational prime
divisible by .

Now the Galois group of the full abelian extension Ax over K may be
identified with the idéle-class group of K modulo its copmonent of unity, by
virtue of the class field theory. On referring to the above remarks and to the
latter of our above constructions, we have, by means of an argument similar
to Theorem 2,

THEOREM 4. Let A, Ar, be the full abelian extensions of k, k,. If kiSEks
then (and only then) Aw, is not contained in KAr, and indeed there exists for
each prime number p a field X between KAp Ar, and KAg, such that the Galois
group of KAwAr,/ X is (homeomorphically) isomorphic with the group of p-adic
integers.

Remark 4. Conversely, the idéle-class part of Theorem 3 may be derived
from Theorem 4 too, because of the fact that the image by Nk, of the com-
ponent of unity in the idéle-class group of K is exactly the component of unity
of the ideéle-class group of &..%

‘Remark 5. Theorem 4 implies in particular that the extension KAg,Ar,/ KAy,
contains, in case k,SEk,, a (finite) cyclic extension of arbitrary given degree.
However, we shall not try to study the possible types of infinite subfields of
KAw Ar,/KAr, (ie. the possible types of infinite factor groups of M./M NV
(of the idéle-class case) modulo the component of unity), since that would in-
volve some complicated argument foreign to the straightforward ones of the
present note, being here satisfied with our Theorem 4 which is sufficient for
our purpose to see that KAp Ak, is very much larger than KApg, (in case k

Fke).
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