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LIMIT POINT CRITERIA FOR DIFFERENTIAL
EQUATIONS

DON HINTON

Introduction. For certain ordinary differential operators L of order 2,
this paper considers the problem of determining the number of linearly inde-
pendent solutions of class Ls[a, ©) of the equation L(y) = Ay. Of central
importance is the operator

(0.1) L(y) = (=D"py™)® + (=" (puy® )" + ...+ pay

where the coefficients p; are real. For this L, classical results give that the number
m of linearly independent Ls[a, c0) solutions of L(y) = My is the same for all
non-real \, and is at least # [10, Chapter V]. When m = #, the operator L is said
to be in the limit-point condition at infinity. We consider here conditions on the
coefficients p; of L which imply m = %n. These conditions are in the form of
limitations on the growth of the coefficients.

For n = 1 in (0.1), numerous limit point criteria for (0.1) have been given.
Notable among these are the criteria of N. Levinson [8] and E. C. Titchmarsh
[11]. The fourth-order equation has been less investigated. However, effective
limit point criteria have been given by W. N. Everitt [5; 6] and W. N. Everitt
and J. Chanduri [7].

Limit point criteria for (0.1) for # = 2 obtained by the use of asymptotic
methods have long been known (cf. [10, Chapter VIII]). Such criteria usually
require considerable differentiability on the coefficients, and in addition to
calculating the deficiency indices, give information on the asymptotic behavior
of all solutions. A comprehensive such treatment for # = 2 has recently been
given by P. Walker [12; 13].

A. Devinatz [1] has given a very general theorem for the calculation of
deficiency indices of a class of formally self-adjoint operators by the use of
asymptotic methods. This work contains, as special cases, many of the known
results on deficiency indices. The paper of Devinatz also shows how to construct
a differential operator with given deficiency indices (m, m), n = m < 2n. While
we require here much weaker conditions on the coefficients p; than in the papers
using asymptotic methods, it appears that our techniques are limited to the case
where the deficiency indices are (n, 7).

Our proofs depend on inequalities for a system of differential equations. These
are given in § 1. The techniques are similar to those used by W. N. Everitt in [6]
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together with certain linear transformations. In § 2 the equation (0.1) is studied.
The limit point criteria obtained is similar to known results forz = lorn = 2.
In particular, we obtain the theorem that

(=1)"y@ 4 gy = Ny

is in the limit point condition at infinity if for some K > 0, —q(f) < Kp"/@n—D,
This extends the known criteria when z = 1, and when z = 2 [6].

In § 3 we treat the general fourth-order self-adjoint operator with complex
coefhicients. In the last section certain nonself-adjoint equations are considered.

1. Inequalities for a system of equations. In this section we establish
inequalities which will be used in the remainder of the paper. Consider the
system of differential equations

(1.1) X' = wBX,

where X = (x4, ..., %,) T isa column vector, w is a positive continuous function
on a ray [a,0), and B = {b;;} is an m X m matrix of measurable, locally
integrable, complex valued functions on [a, ) satisfying

pood 0 >t
UT\ 1 i =441

THEOREM 1.1. Suppose X is a solution of (1.1) and that for some k < m, b;; s
bounded on a, ) for 1 < k. Let

L=L@Emméxrwmm* G=1,...,m)

and suppose I;(c0) < 0.

() Ifk < m,thenfori = 1, ..., k,thefollowing order relations hold ast — oo :
(1.2) Ii = O(Ii+1(i‘1)/i) and leIZ = O(Ii+1(21_1>/2i).
(ii) Ifk = m,thenfori = 1,...,mandast — 0 ,I; = O(1) and |x,|2 = O(1).

Proof. Since I; = O(1), we have I; = O(1:°"). From

t
(1-3) lxz(t)|2 = le(a)]2 -+ f &, + x/%,]ds
and x;" = w[by1%1 + b12x2], we obtain by the Cauchy-Schwarz inequality,
le1(@) 2 = Oy + (L1172 = O(I:17).

If k=1, the proof of (i) is complete. Assume now 1 <k <wm and that (1.2) holds
fori =1,...,pforsomep <k — 1. Thenfori < p, I, = O(1,) = O(1,,*D"7),
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and (for I,41 > 1),
t
I = f Wiy 1Xp410S
a
t 3
= f £ﬂ+1(bp,p+1)|:xp, —w Zl bp'fxf]ds
a =
t t 1
= (bp,z)-i-l)xp-%lxp - f (bﬂ»ﬁl)xll-*-l,xpds =+ 0([IpI11+l] /)
a a

7+2

¢ t
= (bp,p+l)xp+1xp + 0([Iplﬂ+1]1/2) - (bp,p+l)xp'w Z Bﬂ+1,i9—cjd5
a a j=1

t
= (bp.p+1)xp+lle + 0([Iplp+1]1/2) + O(IPI/Z[IM—II/Z + Ip+21/2])'

Using (1.3) fors = p + 1,1, = O(Lp41),and 41" = w2 ;21”2 b,y x5, we have
(1.4) [%p41[ = O(Lpa L4112 + I42'7%]).

Applying (1.4), |%, |2 = O(L,41®P), and I, = O(I,1,*P/?) to the above
equation for I,; yields

(1.5) Ip-l—l = O{Ip+ll/4[1p+11/2 + Ip+21/2]1/21p+1(2p_1) /4p + Ip+1(21)-l) /2p

+ L, @D 12 T 1)

If I,41 = O(1), then Iy = O(L,42"/®+V); otherwise, a division of (1.5) by I,,;
gives

1 = 0{[Ip+1—1/2p + I]I/Z + Ip+1—1/211 + I}
where [ = I,.912/1,,1%*D/2; hence limit inf I(t) > 0 as ¢t — . The relation
L1 = O(1,42"/®+D) is immediate, and from (1.4),

[pi1]* = O(Ups1Lpse]'®) = O(Lpp @i /PR

thus the proof of (i) is complete. For £ = m, we have from (i) that (1.2) holds
fort £ m — 1. Using I; = O(I,,™ /D) = O(I,) fort < m — 1and (1.3) for
i = m gives |x,[* = O(L,). This relation and |x,—.[> = O(1,C@"3 /@) giyes
(for I, > 1),

t z m=1
I, = f wxmxmds = f xm(bm—l,m)[x,m—l —w Z bM—lijj:Ids
a a Jj=1

11

t
— | Onr s + O )

= bm—l,mxmxm—-l
a

— O(I 1/2]- (2m—3)/(4m—4)) + O(I 1/21— (m—Z)/(2m—2))
= O(L,mP1m=y,

Thus I, = O(1) and the proof of (ii) is complete.
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2. Equations of order 2n. We consider now the differential operator

21 L) = (=D"y™)® + (=1D"(pry™ )" + ..+ pay.

The coefficients of L are assumed to be real measurable functionson aray [a, ©)
with po > Ohaving # continuousderivativesand py, . . . , p, Lebesgue integrable
on compact intervals. The operator L is formally self-adjoint. The theory of
deficiency indices tells us that the equation L(y) = Ay, Im X\ 5 0, has at least »
linearly independent solutions in the Hilbert space Ls[a, ©) of quadratically
summable complex functions on [a, ).

It is assumed throughout this section that p is a positive function on [a, o)
with # continuous derivatives and \ denotes a complex number with Re A = 0.
We consider the conditions:

2.2) pilot/pe = 0() ast— 0  (i=1,...,n—1).
(2.3) For some K > 0, —pap*"/po = K.

(2.4) o’p and p*py'/po are O(1) as t — 0.

2.5) [ ikt = <o

(2.6) Forj=1,...,n, [p"2/po? = 0(p*"~*2/p,) and

[0/ PP = O(p*"¥/po) as t — 0.

For (2.1), the quasi-derivatives y[*l are defined by y!¥ =y 7 =10,...,n — 1,
Y01 = oy, and YU = py*=5 — (yr1), 5 = 1, n Then L(y) = y&
and the equation L(y) = Ay has the vector formulation

(2.7) V' =AY,

where ¥V = (y101, ..., y&—11)7 and

p 1 | ]

1
p1 0 -1
Pn—l . -1
I_Pn —A 0].
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We transform the equation (2.7) by the transformation X = MY where M is
the diagonal matrix

M = diagonal {p, g%, . . ., p*"7%, p*/po, . . ., p*"71/P0o}.
The vector X satisfies
(2.8) X' = (1/p®)BX, B = p)[MAM™ + M' M.

Condition (2.4) implies b;;is bounded for 2 < »n with b;,;41 = 1. The transforma-
tion X = MY gives the integral relations

t t
f (/o) 4| 2ds = f Py 2y G=1,...,n41),
(2.9) : “

Il

J e = [ el a6

The Lagrange identity for (2.1) is

n+2,...,2n).

(2.10) L(y)z — yL(z) = [y, 2I,
where
n—1
[y, 2] = z::O {y[llﬁmn—z_l] — y[2n—1—1]2[1]}.

We note that L(y) = Ay and L(2) = Xz implies [y, 2]’ = 0. For L(y) = \y, the
quadratic expression

n . n—1 N
(2.11) Ao+ 2 iyl = {Z y”"‘f‘”y“]},
=0 =0
holds. We also make use of the vector spaces

V= {ylL(y) = M},

Vi ={y|L(y) = M,y € Lifa, )},
and

Vo = {2|L(2) = Xz, 2 € Lsa, 00)}.

Lemma 2.1. If dim V; 4+ dim Ve > 2n, then thereisay € Viand 2 € Vy such
that [y, 2] = 1.

Proof. Define the linear transformation 7" on V by T'(y) is the unique w € V
with initial values

(wl, ..., wl)(g) = (@, . ..,y —yl=tl 0 —yl0l)(g).

Then T'is nonsingular and dim 7°(V;) = dim V. Let.S be the linear transforma-
tion from V; into V defined by S(2) is the unique y € V with initial values

@, L, yBr ) (e) = (51, ..., 2B ) (a).

Then S is one-one and dim S(V;) = dim V.. Since dim V = 21, we have
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dim[T(V)) N\ S(V,)] 2 1. Choose S(2) € T(V1) M S(Vsy), 2 # 0. Then there is
ay € Visuch that

(Z[O]y L ,z[ZﬂAI])(a) = (y[Zn_Uy e ey y[n]r _y[n'”y ceey _y[O])(a)'
Hence
2n—1 ) .
(2.12) b2l = = 2 i@ =0

Multiplication of (2.12) by an appropriate constant completes the proof.
LEMMA 2.2. Lety € Vi, 3 € Vs, assume conditions (2.2), (2.4), (2.6), and define

Ji(t) = max{l, J:p‘l”iy(")[st} and Jy(t) = max{l, J;tp4"[z(")|2ds}.
Then for i = n,...,2n — 1, and (wy, ws) = (v, 2) or (2, ),

@) f (L — s/ ) Wds = O( Sy T
ast— 0 for all j, k such thati +j + k = 2n — 1.

() [ w1 — s/ pal @ds = O,

ast—> o0 for all j, k such thatk = 1 and 1 + j + k& = 2n.
Proof of (i). Applying Theorem 1.1 to (2.8), we have from (2.9) for 7 £ n,

t 11
@13) [ o s = [ /e edas

oo a7

= O(Ji"™"™) = 0(J1);
similarly, for < < #,

12
(2.14) f p TP s = 0( TP ™) = O(J).

Consider (w;, ws) = (¥, 2) (the case (wy, w2) = (2, y) has a similar proof). We
note that pp’ = O(1) implies that p?(¢) = O(¢). Hence conditions (2.4) and (2.6)
givefork <n — lands £ ¢,

Il

@15) Lol 0= /070" po)) = 3 (B) 10 = s/ 15

u=0
k

;_0 O(1/t)0(p™ >/ po)

0™ "™ /po);
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thus with ¢z = » in (i) and j + £ = n — 1, it follows from (2.14),

‘ t
f y[n]E[J]{ (1 _ S/t)n_lp4n-2/P0} (k)dS — f y[n]z(j)o(p2n+2]'/?0)ds

¢ ¢ 1/2
=0<[ J oy [ p‘“lz‘”l%ls] )

= O([J1 J" ") = O(LJ1 o)),

Assume now (i) holds for some 7, # £ 7 < 2n — 1. Then for

G+1) +j+k=22—1,
t . -
216) [ H IR — s/ ) s

L7
= J b ™ = O — /iy ) Vs

t
_ f pi+1_ny(2n—i——l)g(j){ (1 _ S/t)n_lp4n_2/P0} (k)dS

+om + [ I 5/ o) PV,

By the induction hypothesis the second integral on the right hand side of (2.16)
is O([J1J2]'?). By (2.2), (2.6), and (2.15),

Pirieal (L — s/8)" 02/ po}® = piy1 0¥ >7%/po) = O(p¥"—40-%),

Now p8n—4i-6-2% = 4n—2-2+2 gince (¢ + 1) +j + & = 2n — 1; thus the first
integral on the right hand side of (2.16) is

¢ ) ) t 1/2
O([ f p4(2n—z—l)|y(2n—z—1)12ds f p4J‘Z(])I2dS:|
a a

which is O([J1J2]'"?) by application of (2.13) and (2.14). This inductive step
completes the proof of (i). The proof of (ii) is similar.

LemMA 2.3. Let F be a nonnegative, continuous function on [a, ) and define

H(@) = ft (t — s)"F(s)ds.
Ifast— o0, H(t) = O("[H™]) where « = (2n — 1)/2n, then

fz F(s)ds = 0(Q)
ast—o0. )

Proof. Suppose to the contrary that

f:’ F(s)ds = co.
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Then by L'Hoépital’s rule H®/{"~* — o0 ast— o for 1 =0,...n We now
prove by induction that forz = 0,...,n — 1, there is a constant K; > 0 such
that for all large ¢,

(2.17) Hf: < KygrleH=9[H']Y, Bi=1+1/a.

For 7 = 0, (2.17) is a consequence of the hypothesis. If (2.17) holds for some
7,0 £ 1 <n — 1, then

(2.18) H'H¥ < K gMeHo—0[H]i+

é Ki[tn/"H("_i—l)<H,) i+1]/‘
An integration of (2.18) yields (2.17) for 2 4+ 1 and the induction is complete.
From (2.17) fori = n — 1, i.e.,

Hn—l-l—l/a é Kn_ltﬂ/a(H’)n’
we obtain
1/t < K, '"H'/HP, B =1+ 1/n(2n — 1).

An integration of this inequality over [¢, c0) gives
(2.19) /e < K, Ury /e,

The inequality (2.19) is contrary to H/t* — o as { — o ; thus the proof is
complete.

THEOREM 2.1. Under the conditions (2.2)—(2.6), the equation L(y) = \y has at
most n linearly independent solutions in Ly|a, o0).

Proof. Lety € V1,2 € Vo, and J; and J; be as in Lemma 2.2. We first show
Ji(0) < o0. From (2.11) and an integration by parts,

(2.20) f [—Myf + ; pn_ily”)lz](l = 5/0)" (6" /po)ds

t n—1

== ) 2 yTTINHA = s/ 6" o) ds + 0().

By part (ii) of Lemma 2.2, the right hand side of (2.20) is O(J,@* 1 /2"), We have
by (2.2) and (2.13) thatfor 0 < 7 < n,

fa by 1P = /0" (0" /po)ds = 0( f p‘”ly“)l2ds>

— O(Jl(n—l)/n) — O(J1(2"—1)/2n).
We also have by (2.3),

Re [ l*Gon — 0 = s/ p0)ds 2 —K [ Iyl

These inequalities in (2.20) give

t
f (t - np4nly(n)l2ds — O(tn]1(2n—1)/2n).
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Lemma 2.3 with F = p*"|y™ |2 now applies to yield Ji(0) < . Similarly,
Ja(e0) < 0.

If ImX = 0, then V; = V,. If Im X\ &£ 0, then the correspondence y — 7 is
one-one from V;onto Vy; thusdim Vi = dim V. Suppose now dim V; > #. By
Lemma 2.1, we may choose ¥y € V;and z € V,such that [y, 2] = 1; hence

S a= s s

t n—1
— [y(i)z[%——i—l) _ y[?n—i—l]z(i)](l _ s/t)n—l(p4n—-2/P0)ds
a =0
= O([J17:]'"),
by part (i) of Lemma 2.2. Now J(0) < 00 and Js(o0) < o0 ; thus the above

yields

12
limit sup f (1 — s/0)" ("™ */po)ds < 0,

oo

contrary to (2.5), i.e.,

S 6 p0is = 0.

Therefore dim V; £ # and the proof is complete. For Im X\ = 0, we have in

addition that dim V; = .
COROLLARY 2.1. If po(t) = t=, & < 2m, |p| = O@t"9),
ve=[41 4+ a(dn — 41 — 2)]/(4n — 2) F=1...,n—1),
and —p,(t) < KtWn—2/U4n=D for some K > 0, then dim V; < n.
Proof. Choose p(t) = tleD/¢4n=2),

Forn = 1and a = 0, Corollary 2.1 has been given by E. C. Titchmarsh [11]
and N. Levinson [8]. For # = 1 in Theorem 2.1, the conditions on p reduce to
—p10/po £ K, p’p and p?p,/po are O(1) as t — o0, and

S @i = co.

This does not quite give the more general criterion of Levinson [8] that
L(y) = —(poy’)’ + p1y is in the limit point at oo if for some continuous
differentiable M > 0, —p1(t) < M(2),

J‘m (POM)_I/Zdt =0,
and M’ = O(M32/p,1"?). However, with p = (po/M)'*, we need only add

po = O([poM]'%2) to the above conditions on M in order to satisfy the hypothesis
of Theorem 2.1.
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W. N. Everitt [6] has given the following criterion for the equation
YO — (p1y') + P2y =Ny
to be in the limit point case at oo :
|p1(8)| = OB”) and —ps(t) < K45, K > 0.

This criterion is the statement of Corollary 2.1 with a = 0, n = 2.

The smoothness condition of # derivatives on p, can be relaxed in the following
manner. Suppose o is a positive function with # continuous derivatives such
that conditions (2.2) through (2.6) hold with p, replaced by p,, and there are
positive numbers ¢ and d such that ¢ £ po(t)/po(t) < d for ¢ = a. Then the
conclusion of Theorem 2.1 holds. We have avoided this more general setting in
order to simplify the proof. The generalization requires using p, in place of p,
in the transformation (2.8) and in Lemma 2.2. The proof of Lemma 2.2 with 5,
requires the observation thatform = 2z and k2 = #in Theorem 1.1, part (i) still
holds if the condition b,,,;; = =£1 is replaced by b, 11 = O(1).

3. Self-adjoint fourth-order equations. The methods in the preceding
section are applicable to formally self-adjoint operators with complex co-
efficients. We consider in this section the fourth-order case. A general such
operator can be written as a sum of even order operators with real coefficients
and odd order operators with imaginary coefficients (cf. [9, Chapter 1]). We
define the formally self-adjoint operator L by

3.1) L(y) = (B + (ip2/2)y + qv,
where y = ry” + (1p1/2)y" and yBl = (y21)" + py" + (ip1/2)y" + (ip2/2)y.

The coefficients 7, p, g, p1, and p, are assumed to be real, measurable functions
on[a, ) with7 > 0having two continuousderivatives and the other coefficients
Lebesgue integrable on compact interval. The equation L(y) = Ay has the vector

formulation
(3.2) V =AY,
where ¥V = (y, ', y, yB1)" and
0 1 0 0
A = 0 —ip1/2r 1/r 0
L—ip2/2 —(p + p2/2r) —ipy2r 1
A—gq —ipa/2 0 0

The Lagrange identity for (3.1) is

L)z — yL(z) = [y, o,
where

[y, 2] = yBlz — y15" | 43021 — 4301,
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For L(y) = My, we have the quadratic expression

(3.3) {yBly — yBIF} = (N — @) [y2 — r|y"[* + ply'[?
+ (@p/2WY — ¥+ Gp/2) vy — ¥ 5.

The analysis is similar to that of § 2. We transform (3.2) by X = M ¥V where M/
is the matrix
M = diagonal [p, p?, p*/7, /7]

and p is a positive, twice continuously differentiable function.

THEOREM 3.1. Suppose that p and the coefficients of (3.1) satisfy the following
conditions.

(i) |pale¥/r, |pa2le®/7, |P|p*/r are O(1) as t — 0.

(ii) For some K > 0, —qp*/r = K.

(i)  p'p, ¥’ 0*/r, 020", ¥ p*/r are O(1) as t — 0.

(iv) f (o°/r)dt = .
Then the equation L(y) = \y (Re N\ = 0) has at most two linearly independent
solutions in Li[a, 00).

Proof. The proof is analogous to Theorem 2.1 and is only sketched. The
elements b;;, ¢ < 2, of X’ = (1/p*)BX are bounded with b,s = be3 = 1. Let 7/}
and V, be defined as in § 2. It can then be shown that Lemma 2.2 (with n = 2)
holds for L of (3.1) (as before, y1°1 =y, y!1 = 4y'). The condition (2.6) is fulfilled by
(iii) above. The proof of Lemma 2.2, part (i) is the same as before except for con-
sideration of integrals of p1y’, ', p1y"’, and pay times L1 { (1 — s/t)"1pt*=2/r} k]
with 7 + & = 0 for py’, p1y"’, and psy and j + k& = 1 for p1y’ (and with y and 2
interchanged). Condition (i) above implies each of these integrals is O([J1J5]'/2).
Similar integrals arise in the proof of part (ii).

We multiply the quadratic expression (3.3) by (1 — s/£)%0®/r and integrate.
The integrals of p:(y"'% — 3'3"’) and p(3y — »'y) times (1 — s/£)%0%/r are
OJ 12T = 0(J*%) and O(J:11*) = O(J:*/*) respectively; hence as before
(whenn = 2) ast — o,

t
f t — 9% ly"|"ds = 0(*Ji*").

By Lemma 2.3, Ji(0) < oo fory € V. Similarly, Jo(0) < o0 forz € V.

It has been proved by W. N. Everitt [2; 3; 4] that if Im X % 0, then
2 <dim V; £ 4 (¢ = 1, 2), although in general, dim V; # dim V,. As before
Vi = Vyif \is real; hence we may prove as in Lemma 2.1 that if dim 7; > 2,
then [y, z] = 1 for some y € V1,2 € Vi (Define the linear transformation 7°
here by 7'(y) is the unique w with initial values

(w!, wll, wlkl, whl)(a) = (yB, —yB, yi, —y()(a).)

The remainder of the proof is the same as that of Theorem 2.1.
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4. Nonself-adjoint equations. The technique of §§ 2 and 3 may be
applied to nonself-adjoint equations if the one-sided condition on the coefficient
of v is replaced by an absolute value condition. We consider the operator L
defined by (2.1), but now allow the coefficients to be complex valued. However,
po is still required to be real and positive. The operator L and its formal adjoint
L* are then given by

(1) L) = (—1)"pay™)® + (=" (puy™ )"V + ...+ by
and
(4.2) Lt(z) = (—1)"(pez™)™® + (—1)*1(pyzm D)1 + ||| + P,z
For \ a complex number, define
Vi=Vi(\) = {y|L(y) = Ny, y € Lsfa, )}

and
Vo = Va(\) = {2|L*(3) = Xz, 2 € Lsla, 0)}.
For (4.1) define the quasi-derivatives y!l by y1 = y® (7 =0,...,n — 1),
Yl = poy™ and ylrtil = py®=m — (y+EDY (7 = 1,. .., n);for (4.2) define

the quasi-derivatives as for ¥, but replacing p, by p.. Then the Lagrange identity
is

L(y)é - yL+(Z) = [y: Z],,
where [y, 2] is the same as (2.10). Thus L(y) = Ay and Lt(2) = Xz implies that
[v, 2] = 0. Let p be a positive, continuously differentiable function.

THEOREM 4.1. Suppose p and the coefficients of L satisfy the conditions (2.2),
(2.4), (2.5), and for some K > 0, |(p, — N)p**/po| < K. Then

dim V;(\) = dim Vo(\) £ n.

Proof. Let X, M be asin § 2. The elements of B are all bounded on [, o), and
bi,is1 = 1 for each 2. By Theorem 1.1 and (2.9), we have for y € T,

t
fp4i—4|y(1—l)|2ds<oo (/L
a

I

1,...,n),
(4.3)

¢
f (p4i-4/P02)(y[i—1]l2ds <o (=n+1,...,2n).

Similar considerations yield that for z € V5, the integrals (4.3) are finite with y
replaced by z.

By taking complex conjugates in L(y) = Ay and L*(z) = Xz, it follows that
the correspondence y — ¥ is one-one from V; onto V,; hence dim V; = dim V.
If dim Vi > #», we may repeat the argument of Lemma 2.1 to find that for some
y € Viand 2z € Vs, [y, 2] = 1. The integrals (4.3) and their analogs for z imply
that

n—1
(44) ;} {y[i]2[2n—z—ll _ y[2n—i—1]§[t]}p4n—2/P0 _ P4n_2/P0

is integrable over [a, 00 ), contrary to (2.5). The proof is now complete.
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