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We introduce a relaxed version of the metric definition of quasiconformality that is
natural also for mappings of low regularity, including VVIL’C1 (R™; R™)-mappings. Then

we show on the plane that this relaxed definition can be used to prove Sobolev
regularity, and that these ‘finely quasiconformal’ mappings are in fact quasiconformal.
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1. Introduction

A homeomorphism f: R™ — R is said to be quasiconformal if Kf(z) < K < oo
for all x € R™, where

Ky(x) := limsup

r—0

(diam f(B(z,r))" ) L/(n=1)
|f(B(z,r))] '

We always consider n > 2, and we use | - | for the Euclidean norm as well as for the
Lebesgue measure. There are several equivalent definitions of quasiconformality;
the above is a ‘metric’ definition. As part of an ‘analytic definition’; it is known
that quasiconformal mappings are in the Sobolev class Wli’cn(R”; R™).

There has been wide interest in showing that if quasiconformality is assumed
in some relaxed sense, it follows that the mapping in question is in fact qua-
siconformal, or at least has some lower regularity, such as I/Vlicl -regularity. For
example, Koskela-Rogovin [15, corollary 1.3] show that if f: R” — R” is
a homeomorphism, K; € Ll _(R"), and K; < oo outside a set of o-finite

loc
H"l-measure, then f € Wlé’cl(R";R”). Many results in the same vein have
been proven starting from Gehring [8, 9], see also Balogh-Koskela [2], Fang
[7], Heinonen—Koskela—Shanmugalingam—Tyson [10], Kallunki-Koskela [12], and
Margulis—Mostow [20]. Several works study specifically the issue of Wlicl -regularity,
see Balogh-Koskela-Rogovin [3], Kallunki-Martio [13], and Williams [22].
The quantity K]’Fl can be essentially thought of as ‘|Vf|™ divided by the

Jacobian determinant’. Indeed, for a quasiconformal mapping f: R™ — R", we
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know that
271
Ky(x)" ' det Vf(z)| = w—||Vf(x)H" for a.e. z € R", (1.1)

where w,, is the Lebesgue measure of the unit ball, || - || is the maximum norm,
and V f can be understood to be either the classical gradient or the weak gradient.
With the latter interpretation, all of the quantities in (1.1) make sense also for
mappings of lower Sobolev regularity, but the equality can fail already for Wli)’cn—
mappings—Ilet alone Wli’cl—mappings—since for them diam f(B(x,r)) can easily be
oo for every x € R™ and r > 0; see example 3.1. The problem is that the quantity
Ky is very sensitive to oscillations and essentially tailored to mappings f that have
better than WI})C” (R™; R™)-regularity. We wish to find a quantity that corresponds to

IV f|™ divided by the Jacobian determinant’ in the case of VVIEC1 -mappings. Hence
we define the relaxed quantities

diam f(B(z,r) N U)"
|f(B(z,r))|

r—0

1/(n-1) _
Kyu(z,r) = ( ) and  K7"°(z) := inflimsup Ky v (z,7),
where the infimum is taken over 1-finely open sets U > x; we give definitions in §2.
In the following analog of (1.1), f* is the so-called precise representative of f.

THEOREM 1.2. For every f € VV&)’S(]R";R”), we have
2’ﬂ
K{e(z)" ! det V f ()] < —|Vi@)|" forae xR,

with the interpretation oo x 0 =0 if det Vf(x) = 0.

This shows that K?“e is generally much smaller than K. On the other hand,
the mapping we give in the aforementioned example 3.1 is by no means a home-
omorphism. Thus one can ask: for a homeomorphism f, are conditions on K?“C
enough to prove Sobolev regularity, or even quasiconformality? Our main result is
the following analog on the plane of the aforementioned Koskela-Rogovin [15] and
of other similar results.

THEOREM 1.3. Let f: R2 — R? be a homeomorphism. Let 1 < p < 2. Suppose
K]fi‘“e e Lt /Q(RQ) and K?ne < oo outside a set E of o-finite H'-measure. Then

loc
fe Wli’f(RQ? R?), and in the case p=2 we obtain that f is quasiconformal and that
K}lnc(x) = K¢(z) for a.e. z € R%

Here p* = 2p/(2 — p) when 1 < p < 2, and p* = co when p=2. In the case
1 < p < 2, this theorem can be viewed as a statement about ‘finely quasiconformal’
mappings of low regularity. The condition on the size of the exceptional set FE is
known to be quite sharp, as noted, e.g., in remark 1.9 of Williams [22]; the same is
true in our setting since the set where K?“e = 00 is of course smaller than the set
where Ky = oo. In the case p =2, we get the following corollary saying that ‘finely
quasiconformal’ mappings are in fact quasiconformal.
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COROLLARY 1.4. Let f: R? — R? be a homeomorphism and suppose that
K?“e(ac) < K < oo for every x € R?. Then f is quasiconformal.

2. Preliminaries

Our definitions and notation are standard, and the reader may consult, e.g., the
monograph Evans—Gariepy [6] for more background. We will work in the Euclidean
space R™ with n > 2. We denote the n-dimensional Lebesgue outer measure by L£".
We denote the s-dimensional Hausdorff content by H% and the Hausdorff measure
by H?, with 0 < R < oo and 0 < s < n. If a property holds outside a set of
Lebesgue measure zero, we say that it holds almost everywhere, or ‘a.e.’.

We denote the characteristic function of a set A C R™ by xa: R™ — {0,1}. We
denote by |v| the Euclidean norm of v € R™, and we also write |A| := L"(A) for a
set A C R™. We write B(z,r) for an open ball in R with centre € R™ and radius
r >0, that is, B(z,r) = {y € R": |y — x| < r}. We will sometimes use the notation
2B(z,r) := B(z,2r). For matrices A € R"*", we consider the Euclidean norm |A|
as well as the maximum norm

Al ;= max |Av|.
veER™, Jv|=1
By ‘measurable’, we mean L£™-measurable, unless otherwise specified. If a func-
tion u is in L'(D) for some measurable set D C R™ of nonzero and finite Lebesgue
measure, we write

wp ::72 ) 42" ()= 5 /D u(y) AL (y)

for its mean value in D.

We will always denote by 2 C R™ an open set, and we consider 1 < p < oo. Let
I € N. The Sobolev space W1P(Q;R!) consists of mappings f € LP(£;R!) whose
first weak partial derivatives 0f;/0zr, 7 =1,...,1, k =1,...,n, belong to LP().
We will only consider [ =1 or [ =n. The weak partial derivatives form the matrix
(V£)jx. The Dirichlet space DP(Q;R') is defined in the same way, except that the
integrability requirement for the mapping itself is relaxed to f € L{ (©; R!). The
Sobolev norm is

||fHW1,p(Q;Rl) = ||f||LP(Q;Rl) + ||Vf||LP(Q;]Rl><’ﬂ)7

where the LP norms are defined with respect to the Euclidean norm.
Consider a homeomorphism f: Q — Q') with Q, Q" C R™ open. In addition to
the Jacobian determinant det V f(x), we also define the Jacobian

ey B
Jr(x) .—lT_>0p Blor)|

Note that Jy is the density of the pullback measure

x e (2.1)

fuL™(A) := L"(f(A)), for Borel A C Q.
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By well-known results on densities, see e.g. [6, p. 42], we know the following: J;(x)
exists as a limit for a.e. x € §2, is a Borel function, and

/Q Jpde” < |F(Q). (2.2)

Equality holds if f is absolutely continuous in measure, that is, if |4] = 0 implies
|f(A)| = 0. We will use the following ‘analytic’ definition of quasiconformality. For
the equivalence of different definitions of quasiconformality, including the metric
definition used in the introduction, see e.g. [10, theorem 9.8].

DEFINITION 2.3. Let 2,9 C R™ be open sets. A homeomorphism f € Wli)’C"(Q; )
is said to be quasiconformal if

IVi(@)|" < K|det Vf(z)] forae. x €, (2.4)
for some constant K < oo.

Here we understand V f to be the weak gradient. However, as a homeomorphism,
f is locally monotone, and combining this with the fact that f € Wlicn (Q; ), by,
e.g., Maly [18, theorems 3.3 and 4.3] we know that f is differentiable a.e. Moreover,
by [19, corollary B] and [18, theorem 3.4], such f is absolutely continuous in measure
and satisfies the area formula, implying that

/deC":\f(W)\:/ | det V| dC™
w w

for every open W C €, and so |det Vf| = J; a.e. in Q. Thus in (2.4), we could
equivalently replace |det V f| with Jy.

We will need the following Vitali-Carathéodory theorem; for a proof see e.g. [11,
p. 108).

THEOREM 2.5. Let Q C R™ be open and let h € L'(Q) be nonnegative. Then

there exists a sequence {h;}32, of lower semicontinuous functions on Q such that
h < hiy1 < h; foralli €N, and h; — h in L*(£2).

The theory of BV mappings that we present next can be found in the monograph
Ambrosio—Fusco—Pallara [1]. As before, let & C R™ be an open set. Let [ € N. A
mapping f € L'(;R!) is of bounded variation, denoted f € BV(Q;R!), if its weak
derivative is an R'*"-valued Radon measure with finite total variation. This means
that there exists a (unique) Radon measure Df such that for all p € C}(Q2), the
integration-by-parts formula

0

/fjidﬁnz—/(pd(ij>k, j=1,...,l,k:1,...,n,
o Oxy, Q

holds. The total variation of Df is denoted by |Df|. The BV norm is defined by

[fllBvi) = [1fllL1 ) + D).
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We denote by V f the density of the absolutely continuous part of Df. If we do not
know a priori that a mapping f € L%OC(Q; R!) is a BV mapping, we consider

!
Var(f, ) := sup Z/ fidivp,; dL™, p € CHOR™™), o] <1, . (2.6)
j=1"9

If Var(f,Q) < oo, then the R"*"-valued Radon measure Df exists and Var(f,) =
|Df|(2) by the Riesz representation theorem, and f € BV(Q) provided that f €
LY(RY. If E C R® with Var(yg,R") < oo, we say that E is a set of finite
perimeter.

The coarea formula states that for a function u € BV(Q2), we have

D@ = [ IDxgun ) 1)

Here we abbreviate {u > t} := {z € Q: u(z) > t}.
The relative isoperimetric inequality states that for every set of finite perimeter
E C R™ and every ball B(x,r), we have

min{L"(B(z,r) N E),L"(B(z,r)\ E)} < Crr|Dxg|(B(z,r)), (2.8)

where the constant C; > 1 only depends on n. The following relative isoperimetric
inequality holds on the plane: for every set of finite perimeter E C R? and every
disk B(z,r), we have

min{ﬁQ(B(:E,r) NE), L',Z(B(x,r) \ E)} <7r|Dxg|(B(z,r)). (2.9)

For f € L .(9), we define the precise representative by

r—0

f(x) = limsup][ fdcr, ze. (2.10)
B(z,r)

For f € L (S R™), we let f*(z) := (ff(),..., fi(x)).
For basic results in the one-dimensional case n =1, see [1, Section 3.2]. If Q C R
is an open interval, we define the pointwise variation of f: 2 — R™ by

N—1
pV(f,Q) :=sup > [f(z;) — f(zj51)], (2.11)
j=1

where the supremum is taken over all collections of points x1 < --- < xn in 2. For
a general open Q C R, we define pV(f,Q) to be > pV(f,I), where the sum runs
over all connected components I of Q. For every pointwise defined f € L{ (©;R"),
we have Var(f,Q) < pV(f,Q).
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Denote by m,: R* — R™! the orthogonal projection onto R*~': for x =
(21,...,2,) €ER™,

Tn((Z1, ..y 2n)) = (X1, ..., Tp_1). (2.12)

For z € m,(§2), we denote the slices of an open set  C R™ by
Q:={t e R: (z,t) € Q}.

We also denote f,(t):=f(z,t) for z € m,(Q) and t € Q.. For any continuous f €
L (% R™), we know that Var(f,) is at most the sum of

/ pV(f., Q) dL" 1 (2) (2.13)
7n ()

and the analogous quantities for the other n —1 coordinate directions, see [1,
theorem 3.103].
The (Sobolev) 1-capacity of a set A C R™ is defined by

Cap,(4) := inf HUHWLl(R”)?

where the infimum is taken over Sobolev functions u € WH(R™) satisfying u > 1
in a neighbourhood of A.
Given sets A C W C R™, where W is open, the relative p-capacity is defined by

cap; (A, W) := inf/ |VuldL™,
w

where the infimum is taken over functions u € WO1 (W) satisfying v > 1 in a
neighbourhood of A. The class W' (W) is the closure of C(W) in the W?(R™)-
norm.

By [5, theorem 3.3], given a function u € BV(Q), there is a sequence {u;}32; of
functions in W11(Q) such that

u; — u in LY(Q), |Duj|(€2) — |Dul(2), and u}/ (z) > u”(z) for H" t-ae. z € Q.
(2.14)

If B(xz,r) is a ball with 0 < r < 1, and F is a measurable set with
L"(F N B(z,r)) < 1L"(B(z,r)) and |Dxp|(B(z,r)) < oo, then by combining,
e.g., theorem 5.6 and theorem 5.15(iii) of [6], we get

|DX B(z,mnrl(R") < ClixFlBvBm)
for some constant C depending only on n,r. On the other hand, by the relative

isoperimetric inequality (2.8), we have

IxFllBvB@r) = £"(F N B(x,7)) + |Dxpl(B(z,7)) < (Crr +1)|Dxp|(B(z, 7))

<
< 2Cr|Dxr|(B(z,1)),
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since r < 1 and C; > 1. Combining these, we get

|DXB(r)nrl(R") < ClDxFr|(B(z,7)), (2.15)

and by a scaling argument we see that in fact C' only depends on n, not on .
By [4, proposition 6.16], we know that for a ball B(z,r) and A C B(z,r), we
have

Cap, (4)
T+ < cap, (4, B(z,2r)), (2.16)

where C’ is a constant depending only on n.
We denote wy, := |B(0,1)].

LEMMA 2.17. Suppose x € R™, 0 <r < 1, and A C B(z,r). Then we have

L(4) 20y Cap,(4)

Lr(B(z,r)) = w, 1 and  capy(4, B(z,2r)) < C Cap,(4),

where Ct is the constant in the relative isoperimetric inequality (2.8), and C'is a
constant depending only on n.

Proof. For both inequalities, we can assume that Cap,(A) < co. Let € > 0. We can
choose a function u € W1(R") such that u > 1 in a neighbourhood of A, and

lully.1 gy < Capy (A) + <.

By the coarea formula (2.7), we then find 0 < ¢ < 1 such that {u > ¢} contains a
neighbourhood of A and

DX fust3|(R") < [Dul(R™) < [|lully1,1gny < Capy(4) +e.

Denote F := {u > t}.

Case 1: Suppose L"(F N B(z,r)) > $£"(B(z,r)). We find R > r such that
L"(FNB(z,R)) = $£"(B(z, R)). By the relative isoperimetric inequality (2.8), we
have

Capy(A) +¢ > |[Dxr|(R") > |Dxr|(B(z, R)) > CFI%R_T"(B(% R))

Wn n—1

- TCIR

Wn n—1
20, (2.18)
Wn a1 LY(F N B(z,r))
20, LBz, r))
Wn n—1 ‘Cn(A)
2C; L*(Bla,r)

>

Y

v
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Letting € — 0, we get the first result. Defining the cut-off function

n(y) := max {07 1- %dist(y, B(x,r))} , yEeRT (2.19)

for which n=1 in B(z,r) and n=0 in R™ \ B(z, 2r), we get

wn (2r)™

cap, (A, B(z,2r)) < / V| dem < < 910y (Capy (A) + €)
Rn

by the first three lines of (2.18). Letting ¢ — 0, we get the second result with C' =
2ntLCy.

Case 2: Suppose L"(F N B(x,r)) < L™ (B(z,7)). By the relative isoperimetric
inequality,

Cap,(A) +¢ > |[Dxr|(R") = [Dxr|(B(z,7)) > iﬁ"(FﬂB(x,T))

C]T

> 1)

- C]’F
w rnt

> LY A) .

- C’Iﬁ ( )E”(B(:c,r))

Letting € — 0, we get the first result.
By (2.15), we get
| DX B(z,rynr|(R™) < C|Dxr|(B(z,r)) < CCap,(A) + Ce. (2.20)

By (2.14), we find a sequence {u;}32; in WHL(R™) such that u; — Xp(e,mnrF in
LY(R™), |Du;|(R"™) — |DXB(2,rnr|(R™), and uj > 1 a.e. in a neighbourhood of A.
Consider the cut-off function 1 from (2.19). We have u;n — Xp(z,r)nr in LY(R"™),
|D(u;n)|(R") = [DXB(a,r)nr|(R"), and u;n > 1 a.e. in a neighbourhood of A. Thus

cap (4, B(z,2r)) < lim inf/ [V(un)[dL™ = |DXB(zr)nr|(R")
J—>0 RN
< CCap,(A) +Ce by (2.20).
Letting € — 0, we get the second result. 0

DEFINITION 2.21. We say that A C R™ is 1-thin at the point x € R™ if

lim Cap; (AN B(z,r))

r—0 rn—1

=0.

We also say that a set U C R™ is 1-finely open if R™ \ U is 1-thin at every x € U.

Then we define the 1-fine topology as the collection of 1-finely open sets on R™.
We denote the 1-fine interior of a set H C R"™, i.e. the largest 1-finely open set

contained in H, by fine-int H. We denote the 1-fine closure of H, i.e. the smallest

1-finely closed set containing H, by H'. The 1-base b1H is defined as the set of
points where H is not 1-thin.
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See [17, Section 4] for discussion on definition 2.21, and for a proof of the fact
that the 1-fine topology is indeed a topology. In fact, in [17], the criterion

lim cap; (AN B(x,r), B(z,2r))

r—0 rn—1

=0

for 1-thinness was used, in the context of more general metric measure spaces.
By (2.16) and lemma 2.17, this is equivalent with our current definition in the
Euclidean setting.

According to [16, corollary 3.5], the 1-fine closure of A C R™ can be characterized
as

A= AUbA (2.22)

3. Proof of theorem 1.2

In this section, we prove theorem 1.2. We work in R™ with n > 2. First, we give the
following simple example demonstrating that K;is generally not a natural quantity

to consider for mappings f € Wli)cn (R™;R™), let alone mappings of lower regularity.

ExAMPLE 3.1. Let {g;}72; be an enumeration of points in R" with rational
coordinates. Let f € I/Vll’”(]R”; R™) be such that the first component function is

ocC
b .
fi(x) = Z 277 log max{—log |z — ¢;|,1}, x € R".
j=1
Now clearly diam f(B(x,r)) = oo for every € R™ and r > 0. Thus
) diamf(B(Jj,’[“))n)l/(n_l) ) < +OO )1/(’”—1)
Ke(x :hmsup< =limsup | ————
1@ =B\ B ) PP \ B )

for every « € R", and so regardless of the value of |f(B(z,r))|, the quantity K is
either 400 or undefined.

The Hardy-Littlewood maximal function of a function u € L (R") is defined
by

Mu(z) == sup][ luldL™, x e R™ (3.2)
r>0 JB(z,r)

We also define a restricted version M gu(x), with R > 0, by requiring 0 < r» < R in
the supremum.
It is well-known, see e.g. [14, theorem 1.15], that

C
{z e R™: Mu(z) > t}] < 70||u||L1(]Rn), t>0, (3.3)

for a constant Cy depending only on n.
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The following weak-type estimate is standard, see e.g. [6, theorem 4.18]; in this
reference, a slightly different definition for capacity is used, but a small modification
of the proof gives the following result.

LEMMA 3.4. Let u € BV(R"™). Then for some constant C depending only on n, we
have

||u||BV(R”)

Cap;({Mu>t}) <C for all ¢ > 0.
We will need the following version of lemma 3.4; recall also the definition of M pu
from above that lemma.

LEMMA 3.5. Let u € LY(R™). Then for some constant C depending only on n, we
have

lullBv(B,2)

Cap,({Mu > t} N B(z,1)) < C .

for all ¢t > 0.

Proof. We can assume that ||u||gy(p(s,2)) is finite. Denote by Eu an extension of
u from B(z,2) to R™ with [|Eul|gy®n) < C'||ullBv(B(2,2)), for some C’ depending
only on n; see e.g. [1, proposition 3.21]. We estimate

Cap; {Myu >t} N B(x,1)) = Capy {M1Eu >t} N B(x, 1))
< Cap;({Mi1Eu > t})

HEUHBV(R”)

<C by lemma 3.4

||u||BV(B(m,2))

<o
t

O

It is known that Sobolev and BV functions are approximately differentiable a.e.,
in the sense of (3.7) below. In the following theorem, we show a stronger property,
namely that these functions are also 1-finely differentiable a.e.

Recall the definition of the precise representative from (2.10). Recall also that
we denote by V f the density of the absolutely continuous part of Df.

THEOREM 3.6. Let Q C R™ be open and let f € BViee(S4RY), with [ € N. Then
for a.e. x € Q there exists a 1-finely open set U 3 x such that

i W) = (@) = V@) (y — )]

U\{z}3y—a ly — 2|

=0.

Proof. Since the issue is local, we can assume that 2 = R". First assume also that
[=1. At a.e. x € R", we have

| HO =P @ = @y =]

r—0 B(z,r) r

=0, (3.7)
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see [1, theorem 3.83], as well as

|D* f|(B(z, 7))

i f VW) - V@I ) =0 ma Ji P <
Consider such z. Define L(z) := (Vu(z), z). Thus for the scalings
Fonlz) = LEETR 2@ g g, (3.8)

r

we have
fer() = L(-) in LY(B(0,2))as r — 0 and Vfer(z) = Vf(z+rz), z€ B(0,2).

Then

[D(fer — L)[(B(0,2)) = / IV far(2) = VI(2)[dL"(2) + |D* f2.r|(B(0,2))

B(0,2)
— D3 fl(B
= Tln VF(y) — Vi) den(y) + B2
B(z,2r) r

—0 asr—0.
In conclusion, we have the norm convergence
fer — L in BV(B(0,2)). (3.9)

Note that (f*)s» = (fz,r)* in B(0,2), so we simply use the notation f; .. Note also
that

|fa>:kr - L‘ = |(fmﬂ“ - L)*l < |fmﬂ’ - L|* < M1|fz,r - L|7

and so for every j € N and ¢ >0 we get

Capy({z € B0, 1): |7, (=) — L()| > 1})
< Capy({z € B(0,1): Mylf, ,—j — LI(z) > 1})
127 — Lilsviso.2)

t
—0 asj— oo by (3.9).

<C

by lemma 3.5

Thus we can choose numbers t; \, 0 such that for the sets

Dy = {z € BO,1): J7, ()~ L(2)| > 1},
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we get Cap;(D;) — 0 as j — oo. Define 4; := D; \ B(0,1/2) and A :=
Uj=1 2774 + 2. Now for all k € N, we have

Cap, (AN B(z,2” <Z:Cap1 “IA; + )

oo

= 2770 Cap, (4;)
k

IN

Il
=

279"=1) Cap, (D;)

J

< 27k =D+ max Cap, (D;).
Jjzk

Since Cap,(D;) — 0, we obtain

Cap, (AN B(0,27F))

5= k(n=T) —0 ask — oo,

and so clearly A is 1-thin at . By (2.22), the 1-finely open set U := R”\Zl contains
z. Forany j € Nand y € UN B(z,277) \ B(z,27771), we have

If*(y) — f*(z) — L{y — x| < 2|f*(y) ~ @) — Ly — 2)|
ly — | - 97
=2|f; i ((y —2)/277) = L((y — 2)/277)]

<2t; -0 asj— oo,

and so

b W) = (@) = (V@) = )

=0.
USy—z ly — z|

Finally, the generalization to the case [ € N is immediate, since the intersection
of a finite number of 1-finely open sets is still 1-finely open. g

Given f € Wli) Cl (€ R™), note that the weak gradient Vf is a function in

Li .(Q;R"*™) and thus may be understood to be an equivalence class rather than
a pointwise defined function. Below, we sometimes consider V f at a given point;
for this, we can understand V f to be well defined everywhere by using the above
theorem and by defining V f to be zero in the exceptional set.

We restate the following definition already given in §1.

DEFINITION 3.10. Let f: R™ — [—o0,00]|™ and U C R™. Then we let

__ (diam f(B(z,r)NU) 1/n=1) fine, N . i ere
Kiu(z,r):= < (B and K;"(z):= 1nfhr:1j(1)1pKf7U(;r7r),

where the infimum is taken over 1-finely open sets U > z. If |f(B(z,r))| =0, then
we interpret Ky y(x,r) = oo.
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Proof of theorem 1.2. Let f € I/Vll)cl (R™; R™); since the claim is local, we can assume

that in fact f € WHH(R™;R"). Using, e.g., [6, theorem 6.15], we find a Lipschitz
mapping f € Lip(R™;R"™) such that the complement of the set

o~

H={z e R": (/)*(2) = [(z) and V](2) = V(2)}

has arbitrarily small Lebesgue measure. By, e.g., [1, lemma 2.74], £™-almost all of

~

the set {z € R": det Vf(z) # 0} can be covered by compact sets {K};}?2; such

that fis injective in each K. Consider a point z € R™ for which det V f(z) # 0.
Since the theorem is formulated as an ‘a.e.’” result, we can assume that
B H B K,
lim M =1 and lim m =1 for some j,
r>0  |B(z,r)| r>0 |B(z,r)|
that f is 1-finely differentiable as in theorem 3.6 so that we find a 1-finely open set
U 3 z such that
[f*(y) — (@) = V(@) (y — )|

lim —0, (3.11)
U\{z}oy—=z |y — .’I)|

and that z is a Lebesgue point of V f:
lim IVf(y) = Vf(x)[dL" (y) = 0. (3.12)
r—0 B(z,r)

For the scalings

fo(z) = f*(””i) — @ e B0,

we have Vf,.(z) = Vf(xz + rz), with z € B(0,1), and thus by (3.12),

lim IV f, — Vf(z)|dL™ = 0. (3.13)
r—0 B(O,l)

Fix € >0. Let
D" :={z€ B(0,1): |det Vf.(z) — det Vf(x)| < e|det Vf(x)|}.
By (3.13), we also have |B(0,1) \ D"| < wye for sufficiently small > 0. Let
H,:=r'(H - x).
For sufficiently small r > 0, we have in total
BO, 1)\ D[+ [BO, )\ Hy| + [BO, )\ (K| <wee.  (3.14)
In the set D" N H, N (Kj),, we have

|det V.| = |det Vf,| > (1 —¢)| det V f(z)]. (3.15)
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Now by the area formula, see e.g. [1, theorem 2.71], we get

|£+(B(0,1))] > | £(D" N H, 0 (K;),)]
= |f(D" N H, N (K;),)]

_ / | det V]| dC”
DTnHTO(Kj)T
> (1- 5)/ |det Vf(2)|dC" by (3.15)
DrOHpN(K )y

> (1 —e)2wy,|det Vf(z)| by (3.14).

Thus
|f*(B, )| = r"[£(B(0,1))] > (1 = &)*wnr"| det V f()].

Thus using also the fine differentiability (3.11), we get

 dem (BN 27|V f ()"
WS = m B e [T 22w det V()]
2@
(1 —e)?w,|det Vf(x)|

It follows that
ne n— 2” n
(1—e)?K(z)" " det V f(2)] < oIV f@I”.

Letting € — 0, we get the result. O

4. Proof of theorem 1.3

In this section, we prove our main theorem 1.3. At first, we work in R™ with n > 2,
but in our main results we need n =2. We start with the following simple lemma.

LEMMA 4.1. Assume Q C R™ is open, f € Wl’l(Q;R") is continuous, x € ), and

loc

suppose U > x is a 1-finely open set such that

[f(y) = fz) = Vf(2)(y — 2)|

lim =0. (4.2)
U\{z}3y—az ly — x|
Then
) diam f(B(z,r)NU)* 27
lim su = —||Vf(z)||™
msup ST (V@)

Proof. By lemma 2.17, we have

o [BE\UL

r—0 |B(x,r)]
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and so for the linear mapping L(y) := V f(z)(y — x), we clearly have

lim
r—0

diam L(B@,1) 0U) _ o ().

Then by the fine differentiability (4.2), we also have

lim

r—0

=2[Vf (@),

diam f(B(z,r)NU)
T

and so the claim follows. O

Now we show that the following version of theorem 1.2 holds when f is
additionally assumed to be a homeomorphism; recall (2.1).

PROPOSITION 4.3. Let 2,90 C R"™ be open and let f € Wli)’cl(Q;Q') be a
homeomorphism. Then we have

2n
Kl?ne(:c)"flJf(x) = w—HVf(:C)H" for a.e. z €  for which K?“e(a:) < o0,

and Ky(z) = K?nc(x) for a.e. x € Q where f is differentiable and 0 < J¢(z) < oo.

Proof. Consider x € Q for which K;‘“C(x) < 00. Thus, we find a 1-finely open set
V' 5 x such that

Jim sup diam f(B(z,r)NV) .

r—0 ‘f(B(JJ,’I“)”

Excluding a £™-negligible set, we can also assume that Jy(z) < oo exists as a limit
(recall the discussion after (2.1)), and that we find a 1-finely open set U 3 = with

[f(y) = fz) = Vf()(y — 2)|

lim
U\{z}3y—= ly — z|

207

recall theorem 3.6. To prove one inequality, we estimate

Kjfjmc(x)n—ljf(x) < limsup dlamf(B(x, T) nvn U)n lim ‘f(B(JZ,T‘)N

r—0 |f(B(z,7))] r—0  |B(z,7)|
— limsup diam f(B(z,r) NV NU)" |f(B(z,r))]
r—0 |f(B(z,7))] |B(x,7)]
. diam f(B(x,r)NU)"
= B = B )
= Vi@

by lemma 4.1.
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Then we prove the opposite inequality. Let € > 0. We can choose the 1-finely open
set V' 2 x such that

diam f(B(z,r) N V)™

K?ne(ac)”_1 > lim sup —€

(B(
r—0 |f(B(I”T))‘
. diam f(B(z,r) NV NU)"
S R V1-TE) I
Then
e , diam f(B(z,r) NV NU)" . |f(B(z, )
ey ste) > (imogn SREZEOTEOOE ) i R
. diam f(B(z,r)nV nU)* . |f(B(z,7r))]
TSP Bl T Bl

- j—inwmnn — (@)

by lemma 4.1. Letting € — 0, we get the other inequality.
If f is differentiable at « € Q and 0 < Jy(x) < oo, we can again assume that
J¢(z) exists as a limit, and then we also have

ety o diam f(Bl )" f(Blar)]
Kyp(a)"™ Ty (@) = limsup =gy 2see lim ==
s diam f(B(z,r))"
=1 raop |B(m,7“)|

= Vs

and so

2 V@)

Ky(x)"! or J7(2)

_ ‘Kvﬁme(m)n—l7

where we also used the first part of the proposition, which is applicable since
Kﬁme(:ﬂ) < Ky(z) < o0. O

We note that Eq. (1.1) in §1 can be proved similarly to proposition 4.3.
We will use Whitney-type coverings consisting of disks. As with balls so far, a
disk is always understood to be open unless otherwise specified.

LEMMA 4.4. Let AC D C W, where W C R? is an open set and A is dense in D.
Given a scale 0 < R < 00, there exists a finite or countable Whitney-type covering
{Br = B(zk, )} of A in W, with x), € A, r. < R, and the following properties:

(1) B, CW and D C U, 1By,

(2) If BN B, # 0, then ri < 2r;
(3) The disks By, can be divided into 6400 collections of pairwise disjoint disks.
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Proof. For every x € A, let r, := min{R, 1 dist(z,R" \ W)}. Consider the covering
{B(z, %OT:I?)}:L’EA' Clearly this is also a covering of D. By the 5-covering theorem
(see e.g. [6, theorem 1.24]), we can pick an at most countable collection of pairwise
disjoint disks B(zy, %rk) such that the disks B(xy, %rk) cover D. Denote By =
B(zg, ). We have established property (1).

Suppose By N By # 0. If r; = % dist(z;, R™ \ W), then

4 = dist(x;, R™ \ W) > dist(zg, R* \ W) —r; —rp > drg, — 1 — 7% = 3r) — 194

and so we get 2r; > r. If 1, = R, then r, < R = r;. Thus we get property (2).
For a given k, denote by I the set of those indices [ € I such that B; N By # 0.
For all | € I, by (2), we have ry < 2r; and {5B; C 4By, and so

> 4007w <Y 1007 e = > L2 (45 B1) < L2(4By) = 16777,

lel lel lel
and so the cardinality of I is at most 6400, and we obtain (3). O
LEMMA 4.5. Let A C R%. Then H! (A) < 10Cap,(4).
Proof. We can assume that Cap;(A) < oco. Let £€>0. We find a function v €
W1H1(R?) such that u > 1 in a neighbourhood of A and

/2 |Vu|dL? < Cap, (A) +¢.
R

Here v € WHH(R?) C BV(R?) with [Du|(R?) = [42 |[Vu|dL?, and then by the
coarea formula (2.7) we find a set E := {u > t} for some 0 < ¢ < 1, for which

|Dxp|(R?) < |Dul(R?) < Cap, (4) +e,

and A is contained in the interior of E. Then necessarily |E| < oo, and for every
x € A we find r; > 0 such that

|B(z,r,)NE| 1

|B(z,72)| 2"

From the relative isoperimetric inequality (2.9), we get

[\v]

s )
T~ min{| B, 2) 0 E| |B(z,r2) \ Bl} < re|Dxsl(B(z, ).

In particular, the radii 7, are uniformly bounded from above by (2/7)|Dxg|(R?).

By the 5-covering theorem (see e.g. [11, p. 60]), we can choose a finite or countable

collection {B(x;,r;)}; of pairwise disjoint disks such that the disks B(z;, 5r;) cover

A. Then

20
HA(A) < 37105 < = 37 DXl (Bloyry) < 10[DXEI(RY) < 10(Capy (4) + )
J J

Letting € — 0, we get the result. O
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For z € R?, let p(x) := |z|.
LEMMA 4.6. Let A C R2. Then we have L' (p(A)) < 10 Cap, (A).

Proof. Note that p is a 1-Lipschitz function. Thus we estimate
L (p(A)) = Hao (p(A)) < Hio(A) < 10 Capy (4)
by lemma 4.5. O

The following theorem is a more general version of our main theorem 1.3. Note

in particular that the function Kjf}“e is not generally known to be measurable; in
theorem 1.*37 measurability is an assumption implicitly contained in the fact that
Kfre e L P(R™).
THEOREM 4.7. Let , C R? be open sets with || < oo, and let f: Q — Q' be a
homeomorphism. Let 1 < p < 2. Suppose K?ne < o0 outside a set E2 C ) such that
for a.e. line L parallel to a coordinate azxis, E N L is at most countable. Suppose
also that there is h > Kf}“e such that h € Lp*/z(ﬂ). Then f € DP(;R?), and in
the case p=2 we obtain that f is quasiconformal with K¢(z) = K?”e(w) for a.e.
x € and

™ ne
IVF@IP < FIEF 1o Jr(@) for ae. o € . (4.8)

Recall that here DP(Q;R?) is the Dirichlet space, that is, f is not necessarily in
LP(Q;R?), only in L (£;R?).
Proof. We can assume that €2 is nonempty, and at first we also assume that Q is
bounded. Tile crux of the proof is to show D'-regularity. For this, we use the fact
that h € LP /2(Q) € L'(Q). First, we assume also that % is lower semicontinuous.
Fix 0 < e < 1. To every x € Q\ E, there corresponds a 1-finely open set U, > x
for which
o Capy(B(z,1)\ Us)

r—0 r

=0

and

) diam f(B(x,r) N U,)
s = (B, r)) |12

For each j € N, let A; consist of points € Q \ E for which

< K]iii“e(ar)l/2 +e.

B = 1
wp CoBEN\U) 1 (1.9)
0<r<1/j r 20

and

. diam f(B(z,r)NU,)
0<r§pl/j |f(B($7T))|1/2

< Kfme(z)/2 1 e, (4.10)
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and also (recall the lower semicontinuity of h)
Kﬁme(m) < h(y)+e foralye B(z,1/5)NQ. (4.11)

We have Q = |J;Z, A; U E. For j = 1,2..., we inductively define
j—1
Dj:=QnA; \U_'D;\ U Dy;
1=1

note that we do not know the sets A; to be measurable but the sets D; are Borel sets.
Moreover, the sets D; are disjoint and D; D A;\|J/Z] Dy, so that Q = EUUZ, D;.
We can pick open sets W; D D; such that W; C © and

/ (h+2¢)dL? < / (h+2e)dL* +27 ¢ (4.12)
W Dj

and such that
|FW))| < |f(Dy)] + 27 e. (4.13)

Fix R > 0. For each k € N, using lemma 4.4, we take a Whitney-type covering
{Bjr =Bk 7k) bk

of A; \Ug:_l1 D, in Wj at scale min{R,1/j}. By lemma 4.4(1), we know that D; C
Uy 3Bj.k and so

O\ EC|JiBjx (4.14)
7.k

For each point z;j, there is the corresponding 1-finely open set Uzﬁk. Denote
Uik = Uijg N Bj k. For any z € R? and r >0, denote a circle by S(z,r). From
(4.9) and lemma 4.6, we obtain that there exists s;i € (7%/2,7;%) such that
S(xj,k,Sj,k) C Uj7k.

Define

= QZ diamf(Uj’k)X

B. .-
Tk g,k

gk

By assumption, for almost every line L in the direction of a coordinate axis, LNE
is at most countable. Take a line segment ~: [0,¢] — L N in such a line L, with
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length ¢ > 0. We denote also the image of « by the same symbol. If £ > R, we have

/gdsZQ Z /dlamf i) xppds> Y diam f(Uy).
8

7.k, ’yﬂZBJ B 70 j,k,wﬁ%Bj7k¢@
(4.15)

By (4.14), we have

Y\Ec|J3Bjx

gk

Let 0 <6 < R. Since L N E is at most countable, using the continuity of f we find
a finite or countable collection of disks {B;} intersecting v N E such that B; C Q
and

'yﬂECUBl and Zdiamf(?l) < 4.
1 1

Since the disks 1 5Bj, and B; are open, there is in fact a finite number of them
covering . Thus, there are finite index sets I; and 75 such that every disk B] k
with (4, k) € I; intersects v and

v C U jk @] U B, C U B(xj,k,sj}k) U U B;y.

(j,k)ely ey (4,k)ely lely

We find subsets J; C I; and Jo C I such that among the disks B(z;,5;%),
(4, k) € J1, By, I € Ja, no disk is fully contained in another disk, and we still have

v C U B(mj’k,Sj’k)U U By.

(j,k)GJl ey

Relabel the disks B(zj,sjx), (k) € Ji, and B, | € Jy, as
B(y1,71),...,B(yn,rar). We can assume that v is in the za-coordinate direction.
Denote by 2,, the zg-coordinate of the point in v N B(y,, ) with the smallest
zo-coordinate. We can assume that the disks B(y1,71), ..., B(yar, ra) are ordered
such that z; < --- < zp/. Since these disks cover ~, for each m =1,..., M — 1 we
have that B(Ym+1,rm+1) necessarily intersects |J_; By, Tpr) N7, and since
none of the disks B(y,,/, "), m' € {1,..., M} is contained in another one, in fact
S(Ym41,Tm+1) necessarily intersects |J"/_; S(Ys 7). In total, Unl‘le S(Ym»Tm)
is a connected set. It follows that

diam <<U F(SWm,m) )) < Zdlamf S, Tm))- (4.16)
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Denote by w a modulus of continuity of f at the end points of the line segment ~.
Then

£ (7(0)) = F(7(6))] < diam <<U F(SWm,Tm) )) +2w(R)

< Z diam f(S(Ym,Tm)) + 2w(R) by (4.16)

IA

Z diam f(S(xjx,s;%)) + Zdiam f(B)) +2w(R)
Gk AN B A0 !
Z diam f(Uj ) + Zdiam f(B)) + 2w(R)
1

. 1
3k, yN5 B 170

IN

< /gds + 9+ 2w(R) by (4.15).
.
Letting § — 0, we get

16000 = (0] < [ gds +20(8) (117)
By Young’s inequality, we have for any b;,bs > 0 and 0 < k < 1 that
biby = kY20 12y < %nbi + %Fflbg. (4.18)
For every j € N, we estimate

2wflzw|B kl < ZZdlamf Uj e)7k

r
& J.k

<23 1S (B )2 (KF™@5u)"/? &) rye by (4.10)

< HZ [F(Byw)l 42671 (K™ (i) +€)rfe by (4.18).
k k
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Using (4.11), we estimate further

_ diam f(U; )
2w 1Z#|Bj,kl
k

s

< KZ\f(Bj,k)Hzm—lZ/ (h + 2¢) dL?
k k 7Bk

< 6400x|f(W;)| by lemma 4.4(3) and injectivity

+ 12800k ! / (h+2¢)dL? by lemma 4.4(3)

W;

< 6400(|f(Dy)] + 2 7e)+

+ 12800k 1 /
D.

(h 4 2¢)dL? + 2%) by (4.12) and (4.13).
J

It follows that for every j € N,

di ;
71 / gd,C2 =21 Z 71amrf(U]7k) |B; k]
Q ik

gk 75

< 6400% ) (IF(Dy)| +277e)+
j=1

+ 12800k " Z (/
D

j=1

< 6400 (|f(Q)] +¢) + 12800k " </ (h +2¢)dL? + s)
Q

(h+2¢)dC? + 2j€> (4.19)

J

< 6400k £(2)| 4+ 12800k 1 / (h + 2¢) dL? + 19200k te.
Q
We can pick functions g as above, with the choices R = 1/i, to obtain a sequence
{9:}22;. Recall the definition of pointwise variation from (2.11), as well as (2.12).
By (4.17), for L'-a.e. z € (), we get for any line segment ~: [0,¢] — Q with
v(8) := (z,t + s) for some t € R that

7000 = 0] < tmint ([ gy s+ 2001/) ) =timint [ g,
v vy
and so

pV(f., Q) < 1iminf/ g; ds.
Qz

i—00
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We estimate
[ Vi dci)
w2 ()

< / liminf [ g;dsdLC'(z)
71'2(9) 1— 00 [¢)

< lim inf/ / gidsdL'(z) by Fatou’s lemma
w9 () JQz

i— 00

1— 00

=liminf | g¢;d£? by Fubini
Q
< 64007k|f(Q)] + 128007k ! / (h 4 2¢) dL? +192007x~ e by (4.19).
Q

Recall (2.13). Since we can do the above calculation also in the zi-coordinate
direction, we obtain

Var(f, Q) < 128007x|f(Q)] 4+ 256007k ~* / (h + 2¢) dL? + 384007k 'e.
Q

Letting € — 0, we get the estimate

Var(f, Q) < 25600m (H|f(Q)| + K1 / hdﬁz) < 0.
Q

All of the reasoning so far can be done also in every open subset W C €, and so
we have in fact

|Df|(W) < 256007 (/i|f(W)| + Frl/ hd£2> .
w

By considering small x > 0, we find that | D f] is absolutely continuous with respect
to £2 in Q. Thus we get f € D*(Q;R?), and choosing k=1, we get the estimate

/ |V f|ldL? < 256007 (|f(Q)| +/ hd£2>.
Q Q

Now we remove the assumption that h is lower semicontinuous. Using the
Vitali-Carathéodory theorem (theorem 2.5), we find a sequence {h;}2, of lower
semicontinuous functions in L!'(Q) such that h < h;y; < h; for all i € N, and
h; — h in L'(£2). Thus, we get

/ |V f|dL? < lim inf 256007 (\f(Q)H—/ hid£2> < 256007 <|f(Q)|+/ hd£2>.
Q 71— 00 Q Q
(4.20)

Now we prove that in fact f € DP(Q;R?). Note that K]fl"“e < o0 a.e. in . Since
f e DY, Q) c Wh(Q; ), by proposition 4.3, we have

loc
2

fine 1/2 1/2

IVf(z)| fora.e. z €. (4.21)
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In the case 1 < p < 2, by Young’s inequality, and recalling that A > K]f;me, we get

opr
=7 / IV f||P dc? g/Jf d£2+/ hP/C=P) 4% < oo (4.22)
T Q Q Q

by (2.2) and by the assumption h € Lp*/Q(Q). Thus f € DP(;R?).
In the case p =2, we have K?“e < h € L*>*(Q), and then from (4.21) we get

7r
IV f(z)|? < Z”hHLOO(Q)Jf(J;) for a.e. x € Q. (4.23)

This shows that f € D?(;Q). By definition 2.3 and the discussion below it, we
then have that in fact f is quasiconformal; note that V f(z) is now a classical
gradient for a.e. x € 2. Moreover, using, e.g., [10, theorem 9.8], we know that f~!
is also quasiconformal and thus absolutely continuous in measure, and so Jy¢(z) > 0
for a.e. z € Q. Thus by proposition 4.3, we have K¢(z) = K?“e(x) for a.e. x € Q,
and from (4.23) we obtain that (4.8) holds.

Finally, using the Dirichlet energy estimates (4.20), (4.22), and (4.23), it is easy
to generalize to the case where  is unbounded. 0

Proof of theorem 1.3. For every direction v € dB(0, 1), the intersection of E with
almost every line L parallel to v is at most countable, see e.g. [21, p. 103]. For
every bounded open set 2 C R?, we have |f(Q)| < oo since f is a homeomorphism,
and then by theorem 4.7, we have f € DP(Q;R?), and in the case p =2, moreover
K¢(z) = K?“e(w) for a.e. z € Q and

™ n
|V f(z)]]? < §HK? ooy Jy(x) for ae. x € Q.

Thus f € W,LP(R% R?), and in the case p =2, we have Kf(z) = Kline(z) for a.e.

ocC

x € R? and
™ n
IV f(2)]? < §||K? ®||lpoorn)Jy(z) for ae. z € R?.
Thus f is quasiconformal in R2. O
Proof of corollary 1.4. This follows immediately from theorem 1.3. g

In closing, we note that certain open problems arise naturally from our work.
Koskela-Rogovin [15, corollary 1.3] prove that in the definition of Ky, one can
replace ‘limsup’ by ‘liminf’, and the result (analogous to theorem 1.3) still holds.
Thus one can ask: does theorem 1.3 still hold if ‘lim sup’ is replaced by ‘liminf’ in
the definition of K Jf}“e?

The assumption n =2 was needed on page 18 to ensure that suitable circles are
contained in the relevant 1-finely open sets; these circles could then be seen to
intersect each other on page 19. In higher dimensions, it is not necessarily true that
similar spheres would be contained in the 1-finely open sets. One can ask: can our
results be generalized to R™ with n > 3, and further to metric measure spaces?
Much of the literature on the topic, discussed in §1, in fact deals with the setting
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of quite general metric measure spaces. We observe that most of the quantities and
techniques used in the proof of theorem 1.3 make sense also in metric spaces.

References

(1]

2]
(3]
(4]
(5]
[6]
[7]
(8]
(9]
[10]

(11]

(12]
(13]

(14]

(15]
[16]
(17)
(18]
(19]
20]
21]

(22]

L. Ambrosio, N. Fusco and D. Pallara. Functions of bounded variation and free disconti-
nuity problems, Oxford Mathematical Monographs, pp. xviii+434 (The Clarendon Press,
Oxford University Press, New York, 2000).

Z. Balogh and P. Koskela. Quasiconformality, quasisymmetry, and removability in Loewner
spaces. Duke Math. J. 101 (2000), 554-577 With an appendix by Jussi Vaiséla.

Z. Balogh, P. Koskela and S. Rogovin. Absolute continuity of quasiconformal mappings
on curves. Geom. Funct. Anal. 17 (2007), 645-664.

A. Bjorn and J. Bjorn. Nonlinear potential theory on metric spaces. FEuropean
Mathematical Society (EMS), ZiRich 17 (2011), xii+403 EMS Tracts in Mathematics.
M. Carriero, G. Dal Maso, A. Leaci and E. Pascali. Relaxation of the nonparametric
plateau problem with an obstacle. J. Math. Pures Appl. 9 (1988), 359-396.

L. C. Evans and R. F. Gariepy. Measure theory and fine properties of functions, Textbooks
in Mathematics, Revised edition, pp. xiv+299 (CRC Press, Boca Raton, FL, 2015).

A. Fang. The ACL property of homeomorphisms under weak conditions. Acta Math. Sinica
(N.S.) 14 (1998), 473-480.

F. W. Gehring. Rings and quasiconformal mappings in space. Trans. Amer. Math. Soc.
103 (1962), 353-393.

F. W. Gehring. The LP-integrability of the partial derivatives of a quasiconformal mapping.
Acta Math. 130 (1973), 265-277.

J. Heinonen, P. Koskela, N. Shanmugalingam and J. Tyson. Sobolev classes of Banach
space-valued functions and quasiconformal mappings. J. Anal. Math. 85 (2001), 87-139.
J. Heinonen, P. Koskela, N. Shanmugalingam and J. Tyson. Sobolev spaces on metric
measure spaces. An approach based on upper gradients, New Mathematical Monographs,
Vol. 27, pp. xii+434 (Cambridge University Press, Cambridge, 2015).

S. Kallunki and P. Koskela. Exceptional sets for the definition of quasiconformality. Amer.
J. Math. 122 (2000), 735-743.

S. Kallunki and O. Martio. ACL homeomorphisms and linear dilatation. Proc. Amer.
Math. Soc. 130 (2002), 1073-1078.

J. Kinnunen, J. Lehrback and A. Vahakangas. Mazimal function methods for Sobolev
spaces, Mathematical Surveys and Monographs, Vol. 257, pp. xii+338 (American
Mathematical Society, Providence, RI, 2021).

P. Koskela and S. Rogovin. Linear dilatation and absolute continuity. Ann. Acad. Sci.
Fenn. Math. 30 (2005), 385-392.

P. Lahti. A Federer-style characterization of sets of finite perimeter on metric spaces. Calc.
Var. Partial Differential Equations 56 (2017), 22.

P. Lahti. A notion of fine continuity for BV functions on metric spaces. Potential Anal.
46 (2017), 279-294.

J. Maly. Absolutely continuous functions of several variables. J. Math. Anal. Appl. 231
(1999), 492-508.

J. Maly and O. Martio. Lusin’s condition (N) and mappings of the class W™, J. Reine
Angew. Math. 458 (1995), 19-36.

G. A. Margulis and G. D. Mostow. The differential of a quasi-conformal mapping of a
Carnot-Carathéodory space. Geom. Funct. Anal. 5 (1995), 402-433.

J. Viisédla. Lectures on n-dimensional quasiconformal mappings, Lecture Notes in
Mathematics, Vol. 229, pp. xiv+144 (Springer-Verlag, Berlin-New York, 1971).

M. Williams. Dilatation, pointwise Lipschitz constants, and condition N on curves.
Michigan Math. J. 63 (2014), 687-700.

https://doi.org/10.1017/prm.2024.135 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.135

	Finely quasiconformal mappings
	1. Introduction
	2. Preliminaries
	3. Proof of theorem 1.2
	4. Proof of theorem 1.3
	References


