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Asymptotics for symmetrized positive
moments of odd ranks

Edward Y. S. Liu

Abstract. In 2007, Andrews introduced Durfee symbols and k-marked Durfee symbols so as to give
a combinatorial interpretation for the symmetrized moment function #,4 () of ranks of partitions.
He also considered the relations between odd Durfee symbols and the mock theta function w(q),
and proved that the 2kth moment function 7, (n) of odd ranks of odd Durfee symbols counts
(k +1)-marked odd Durfee symbols of n. In this paper, we first introduce the definition of
symmetrized positive odd rank moments #9* () and prove that for all 1< i < k+1, n)f_ (n) is
equal to the number of (k +1)-marked odd Durfee symbols of n with the ith odd rank equal to
zero and 737 (n) is equal to the number of (k +1)-marked Durfee symbols of n with the ith odd
rank being positive. Then we calculate the generating functions of 172+ (n) and study its asymptotic
behavior. Finally, we use Wright’s variant of the Hardy-Ramanujan circle method to obtain an
asymptotic formula for n)* (n).

1 Introduction and statement of results

This paper is concerned with combinatorial interpretations and asymptotic formulas
for the symmetrized positive moments of odd ranks of odd Durfee symbols and k-
marked Durfee symbols. Odd Durfee symbols and k-marked Durfee symbols were
first introduced by Andrews [2] in 2007, and were used to give a natural combinatorial
explanation to an identity associated with Watson’s third-order mock theta function
w(q) [11], which is defined as

) 2n(n+1)

w(q) " r;) (ZI’ q2)2+1’

where

n-1

(a59)n =[] (1-aq™).

m=0

Definition 1.1 (Odd Durfee symbols) An odd Durfee symbol of # is a two-rowed
array with a subscript

(a,B)a = (/31 P ﬁt)d,
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1732 E. Y. S. Liu

where «; and f3; are all positive odd numbers,2d +1> a; > a; > -+ 2 a3 > 0,2d +12>
Bi2Paz--2Bi>0andn=3a;+ i Bi+2d*+2d + 1

Here, we use the rephrased version of the definition of odd Durfee symbols due to
the work of Ji [9].

Recall that qw(q) is also the generating function for partitions in which at least all
but one instance of the largest part is one of a pair of consecutive nonnegative integers.
It is trivial to see that the summation of two consecutive nonnegative integers is odd,
and conversely that every odd number is a sum of two consecutive integers. We also
observe that any odd positive integer can been decomposed into some 2’s and one 1.
Then there is a simple bijection between the set of partitions of n in which at least all
but one instance of the largest part is one of a pair of consecutive nonnegative integers
and the set of odd Durfee symbols of n. For example, the partition 8 + (4 +3) +
(3+2)+(3+2)+(1+0) + (1+0) can been seen as “odd Ferrers diagram”

1 1 131 1 1 1 1
1 2 252

1.2 2.,

1 2 2

of shape (8,4,3,3,1,1). The top row of Is represents 8; the second row is (4 + 3); the
third row is (3 +2) as is the fourth row; the last two rows represent (1+0). As it
shown, this odd Ferrers diagram has a Durfee square of size 3 indicated by the dotted
lines. Then we see that it is mapped to the odd Durfee symbol:

(31111)
5 1 1 '
2

Analogues to ordinary rank of partitions, Andrews [2] defined odd rank of an odd
Durfee symbol to be the number of entries in the top row minus the number of entries
in the bottom row. Let N°(m, ) denote the number of odd Durfee symbols of n with
odd rank m. According to this definition, it is easy to see that N°(m, n) = N°(-m, n).
Wang [10] showed that N°(m, n) = 0 for n = m(mod 2). Denote the number of odd
Durfee symbols of n with odd rank congruent to a modulo b by N°(a, b; n). Wang [10]
also obtained some generating functions for N°(a, b; cn + d), where ¢ € {2,4,8},and
thus derived many congruences for odd rank modulo powers of 2.

In order to study the relations between cranks and ranks of partitions, Atkin and
Garvan [3] considered the kth moment of the rank which is defined by

(e}

Ni(n) = ). m*N(m,n).

m=—00o

Here, N(m, n) denotes the number of partitions of n with ordinary rank m. Andrews
[2] found that there is a rich combinatorial and enumerative structure related to the
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moments of ranks. He defined the kth symmetrized moment of rank as

[

k
= 5 (" o,
and discovered that #,,(n) counts (k + 1)-marked Durfee symbols of n. For our pur-
pose, we do not give the definitions of Durfee symbols and k-marked Durfee symbols
here. Bringmann et al. [5] introduced two-parameter generalizations of k-marked
Durfee symbols and the kth symmetrized rank moment and studied automorphic
properties of their generating functions. In 2014, Chen, Ji, and Shen [7] defined the
kth symmetrized positive moment 7, (1) of ranks of partitions of n by

nn =5 (" E wonm,

They also gave a combinatorial interpretation of 7, (n). More precisely, for 1 <i <
k +1, 7,,_,(n) counts those (k +1)-marked Durfee symbols of n with the ith rank
equal to 0; 77, () counts those (k + 1)-marked Durfee symbols of # with the ith rank
being positive.

Furthermore, Andrews [2] considered the symmetrized kth moment function of
odd ranks of odd Durfee symbols

& (melk
ne(n)= > ( ' 2 )No(m,n),
m=—00
and showed that 19, () is equal to the number of (k + 1)-marked odd Durfee symbols
of n. It is the right time to give the definition of k-marked odd Durfee symbols.

Definition 1.2 (k-marked odd Durfee symbols) A k-marked odd Durfee symbol of n
is composed of k-pairs of partitions into odd parts with the subscript, which is defined

as
0 in (ock,(xkl,...,(xl)
ﬁk)ﬁk—l,.”,ﬂl d’

where a' (resp. ) are all partitions with odd parts and ¥5_, (|a’| + |B7]) + 2d? + 2d +
1=n. Furthermore, the partitions &' and ' must satisfy the following three conditions:

(i) For1< i<k, &' must be non-empty partition, while a* and * could be empty;
(i) Bi' < g™ < By for2<i<ks
(i) Bf, af <2d +1,
where al (resp. Bi) is the largest part of thg partition a (resp. f7) and ocl"(a,-) (resp.
B; ( ﬁ,-)) is the smallest part of the partition a’ (resp. f*), and £(8) denotes the number
of parts of the partition 8. Moreover, the ith odd rank of #° is defined as

0y ._ (a’)-0(B) -1, forl<i<k,
ril )_{ 0oy - (BF), fori = k.

Some open problems and conjectures proposed by Andrews in [2] have since
driven the study of this combinatorial structure. For example, Bringmann [4] gave

https://doi.org/10.4153/50008414X23000603 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000603

1734 E. Y. S. Liu

effective asymptotic formulas for the symmetrized second moment functions #,(n)
and 79 (n). Namely, we have

nz(n>:l§JAk(n>[—3lzl/z( Nt 1) m(24n -1t
Dtk

2(24n - 12k

x I 1/2( k\/24n—1)+ )313/2(6k\/24"_ )]+o(n1+s)’

s
12k(24n -1

and

i [V/n] 2 _1):
B =5 S| - (i)

kodd

—1)i
+ %I 3/2( V3 )] +0(n**®),
where A9 (n) is a certain Kloosterman type summation and the function Iy (x) is the
usual I-Bessel function of order k. Alfes et al. [1] introduced two-parameter general-
izations of (k + 1)-marked odd Durfee symbols and the 2kth symmetrized odd rank
moment and studied automorphic properties of their generating functions. With the
help of Mittag-Leffler decomposition and Wright's variant of the Hardy-Ramanujan
circle method, Bringmann and Mahlburg [6] found an asymptotic formula of the
symmetrized positive moments #; (1) of ranks of partitions, where

ORI S ,Ekz_lJ)N(m,ny

m=1

If the kth symmetrized positive moment 79" (n) of odd ranks of odd Durfee
symbols of # is given by

=3 (" L e,

it is natural to ask which combinatorial structure counted by #}*(n) and study the
asymptotic behavior of 7" (n).

One of main objectives of this paper is to give an combinatorial interpretation of
1" (n) in terms of k-marked Durfee symbols. Denote the number of k-marked odd
Durfee symbols of n with the ith odd rank equal to m; by DY(my, m,, ..., my;n).
Andrews [2] showed that Dg(ml, My, ...,mg;n) is symmetric with respect to
my, My, ..., my for k > 2. Moreover, Ji [9] found the following relation:

k
Dg(mlym2>--~amk)n) Z(]J’_k 2) O(Z|m;|+2]+k_1,n).
j=0

i=1

With the aid of symmetry of DY (ml, My, ..., mg;n) and the relation above, we find
the following combinatorial interpretations of 77" (n).
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Theorem 1.3  For any k > 1 and fixed i > 1, we have:

(1) n3;_(n) is equal to the number of (k +1)-marked odd Durfee symbols of n with
the ith odd rank equal to zero;

(2) 155 (n) is equal to the number of (k + 1)-marked odd Durfee symbols of n with the
ith odd rank being positive.

Notice that the generating function of the odd rank function N°(m, n) of odd
Durfee symbols is

R%(w;q) :=§: :i N°(m,n)w™q"

2n(n+1)+1

o q
Z: (W5 4*) nir(W™'q5 4% nin

1 ) (_l)nq3n2+3n+1
() ne 1—wgttt

The last identity is equivalent to Watson’s first identity on page 66 of [11]. By expanding
the summand of (1.1), we find that for any m,

(1.1

1
( l)nan +3n+1+|m|(2n+1)
e

Using this generating function (1.2) of N°(m, n) and the combinatorial interpretation
of n2* (n) in Theorem 1.3, we obtain the following generating functions of #%*(n).

(12) ZNO(m n)q" =

Theorem 1.4 For any r > 1, we have

3n°+3n+1+(2n+1)| 22|

< 0+ n 1 ( 1)
(1-3) r;)’/lr (”)q _( z’qz)w Z: (1 q2n+1)r+l

Although Wright’s approach is lesser-known, and gives much weaker results than
Hardy and Ramanujan in the study of the coefficients of modular forms, it is powerful
enough to provide an asymptotic expansion for the coefficients and flexible enough
that it applies to nonmodular generating functions such as the symmetrized positive
odd rank moments. Let I; denote the usual I-Bessel function of order £. The Dirichlet
beta function (s) (also known as the Catalan beta function) is defined as

where we assume Re(s) > 0. Based on the generating function of #°* (n) in Theorem
1.4, we apply Wright’s variant of the Hardy-Ramanujan circle method to study the
asymptotic behavior of the symmetrized positive moments.

Theorem 1.5 Suppose thatr > 2. As N — oo,

N 2r-3 N 2r-5 /N
I,_% (7‘[\/:) +u,N 1 Ir_% (n\/Z) +O(N Te Vs ),

7 (
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where the constants A, and y, are given by

A, = 20723 7 B(r+1),

A 2r-3

= 24\/§Ar—3 Torig [3[3(1’—1)—2(1+r—2VT+1J)ﬁ(r)+ﬁ(r+1)].

Utilizing the well-known asymptotic formula for the modified Bessel functions:

X X
e e
+O(—3), as x — oo,

V2nx X2

we obtain the following asymptotic formula of symmetrized positive moments of odd
ranks.

Ii(x) =

Corollary 1.6~ Suppose that r > 2. As N — oo,
2 (N) ~ 271327718 (r + 1)N'T_1 e”\/g

Remark 1.7 It should be noted that the asymptotic formula for #2* (N in Corollary
1.6 also holds for r = 1, although the proof is simpler, but slightly different from those
for r > 2 in the proof of Theorem 1.5.

This paper is organized as follows: In Section 2, we first define the kth symmetrized
positive moment 79" (1) of odd ranks by

=5 (" L e,

Then we prove that for all 1< i <k +1, 9 _(n) is equal to the number of (k +1)-

marked Durfee symbols of  with the ith odd rank equal to zero and 79; (1) is equal
to the number of (k +1)-marked Durfee symbols of n with the ith odd rank being
positive, which are stated in Theorem 1.3. In Section 3, we show that the generating
function, given in Theorem 1.4, of #9* (n)(k > 1) is

1 )nq3n2+3n+1+(2n+1)L%J

& 0+ n _ — (_1
;ﬂk l’l)q - (qz;qz)oo Z (1_q2n+1)k+1

n=0

In Section 4, we first study the asymptotic behavior of the generating function of
72" (n), and then use Wright's variant of the Hardy-Ramanujan circle method to
obtain an asymptotic formula for 1" (n)(k > 2) in Corollary 1.6:

net(n) ~ 2k-133 7Bk + 1)11% eV,
as n tends to infinity in which (k) is the Dirichlet beta function.
2 Combinatorial interpretations for 70" (n)

Motivated the work of Chen, Ji, and Shen [7], we consider the kth symmetrized
positive moment 73" (n) of odd ranks of odd Durfee symbols of n. Before giving
combinatorial interpretations of 7" (1), we need some definitions and related results.
Denote the number of k-marked odd Durfee symbols of # with the ith odd rank equal
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to m; by DY (my, my, ..., m;n). Andrews [2] showed that Dg(ml, My,..., M) is
symmetric in my, my, ..., my for k > 2. Ji [9] found the following relation between
DY (my, my,...,mg;n) and N°(m, n).

Theorem 2.1 [9, Theorem 4.9] For k > 2, we have

(21) D()(m . _oo j+k—2 0 k ) . _
. p(my,my, . omsn) =y k2 N[> |mi|+2j+k-1,n]).
=0 - i=1

Note that (j ﬁ;z) is the number of nonnegative integer solutions to t; + t, + - - - +

tx—1 = j. Then we find that the identity (2.1) is equivalent to

(2.2) Dg(ml,mz,...,mk;n): Z N° (Zm,|+22t +k-1, n)

t1ye. s tk1=0

Based on this relation above, we give the combinatorial interpretations of 7" (n) in

Theorem 1.3.
Proof of Theorem 1.3 (1) Since Dg(ml, My, ..., mg;n) is symmetric, it suffices to
show that

Z D2+1(0a msy, m31~--$mk+1;n) = ’1(2);:—1(")'

M2, M35...5 Mg 41=—00

From the relation (2.2), we derive that

[e)

(2.3) > DY, (0, my, ms, ..., myi3n)

M2sM35..03 Mg =—00

- i Z N0(1§|m,|+22t+k n)

M2 M3500 s M1 == 00 ty5enns b1 =0
For fixed k and n, let ¢, (n) denote the number of integer solutions to the equation
|ma| + |ms| + <+ + Mg + 20+ - + 2t =n,

where t; > 0 for 1 < i < k. Then the generating function of ¢, () is

a(n)g" =(1+2g+2¢° +2¢° +.. )1+ @ +q* +q° +.. )F

() () -
\1-q) \1-¢?)  (1-gq)*

n+2k-1\ ,
Z( 2k -1 ) ’

n=0

gk

n=0

Therefore, the identity (2.3) is equivalent to

- © (m+k-1
(2.4) Z D2+1(0,m2,m3,...,mk+1;n) = Z ( )No(m,n),
oo U =\ 2k-1

which is equal to 77,,_,(n).
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(2) It suffices to show that
+00

Z D2+1(ml>m2)‘-'amk+l;n)

+00 ) k+1
- 3 > N(m1+2|m,|+22t,+k n)

For fixed k and #, let ¢ (n) denote the number of integer solutions to the equation
my + |my| + |ms| + -+ |mp| + 28+ -+ + 28 =1,

where m; is a positive integer and t; > 0 for 0 < i < k. Then the generating function of

ck(n)is
>, 0 q e n+2k—1) "
P e = WS T8
It follows that

[}

X (m+k -
> DY (mymy,..omgasn) = Y, ( )No(m,n),
m=0
which is equal to 79} (n). [
. . 0
3 Generating functions of 7,"(n)
In this section, we use the generating function of N°(m, n) to calculate the generating

functions of Dy,1(0, my, ..., mgy3n) and Dy (my, my, ..., myy;n)(my > 0). Then
we obtain the generating functions of #5;_ (n) and 53} (n).

Theorem 3.1 For k > 1, we have

Z ZD2+1(0,m2,...,mk+1;n)xlmz...x;""“q”
My, M35..., Mgy =—00 n=0
3n’+3n+1+k(2n+1)
> (- D 4
(q 5q%) oo 120 IT}- 1(1_x g2 +1)(1- 2n+1)
Proof Define
Gk(xb-..)Xk;q) = Z ZD2+1(0,H12,...,mk+1;n)xlm2._.x;("kﬂqn.

Mys..s Mgy =—00 n=0

With the help of the generating function (1.2) of N°(m, n) and the relation (2.2), we
find that

Gr(x1, .- xk39)

I S ’"k+§j (’§|ml|+22t,+kn)

May,..., Mp1=—00 t1,...,t=0 n=0
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1739
S i i X"
(qz; qz)oo M2yeeesMpp1=—00 b, t,=0 k

« Z( l)n 3n +3ﬂ+1+( k+l

K7 Imil+2 DX ti+k ) (2n41)

1
( )n 3n2+3n+1+k(2n+1)
(54w Z%

..... My =—00
ad Tk
x Z xlmz L x;”k+1q(2”+1)( 5 |mil+2 Zl 1 )
t1s..5t,=0

Applying the formula

i i agGre(al+20) _ :

1
1- xq2n+1)(1 _ x—1q2n+1)
repeatedly, we find that
q3n2+3n+1+k(2n+1)
Gr(x1,.. ., xk39) = Z( )n
oo n=0 ] 1(1

2n+1)(1 — x q2n+1)
]
Setting x; =1(1< i <k) in ’Iheorem 3.1 and using Theorem 1.3, we derive the
following generating function of #5;_ (n)

Theorem 3.2 For k > 1, we have

(o<} " 1
Z ’1(2)2—1 (n)q" =
n=0

oo (_l)nq3nz+(2k+3)n+k+1
(4% %) 2

= (1 _ q2n+1)2k

Similar to the proof of Theorem 3.1, one may obtain the generating function of
D2+1(m1, Mo, ..., Mii1s Vl).

Theorem 3.3 For k > 1, we have

Z Z Dy (my, ma,

my>0

. mi mk n
ces Mg )X X g
my,m3,..., "‘k+1:’°°
3n2+3n+1+k(2n+1
>y w
(q q % n=0

(1-x q2n+1) Hk+1(1 qu2n+1)(1_x— q2n+1)'

2k ()-

Setting x; = 1(1 < i < k +1) in Theorem 3.3 and using Theorem 1.3, we obtain the
following generating function of #
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Theorem 3.4 For k > 1, we have

oo 1 l)n 3n2+(2k+3)n+k+1
Z zk( )q" = 2 Z (-1 g2r1) 2k
n=0 (‘1 q )00 n=0 )

Proof of Theorem 1.4 Combining Theorem 3.3 with Theorem 3.4 yields Theorem
1.4. |

4 Asymptotic behavior for 70" (n)

In this section, we apply Wright’s variant of the Hardy-Ramanujan circle method to
study the asymptotic behavior of the symmetrized positive moments. Throughout this
section, we set g = ™" with 7 = x + iy € H{, where }{ denotes the upper half complex
plane.

4.1 Asymptotic behavior of generating functions

Now, we use these generating functions of symmetrized positive moments of odd
ranks to study the asymptotic behavior analytically. For convenience, we define a
“false” Appell-type sum by

1)nq3n 2+ (2|5 ]+3)n+] 5 ]+1
(1_ 2n+1)r

(4.1) Z -

For r > 1, we set
Fi(q) =Y. 1" (n)q" = ———Sr1(q)-
Zo (%D e

From the factor ﬁ, we see that the dominant poles are at g = +1. Since the asymp-

totic behavior of ———
(4%9%) oo

the asymptotic behavior of F,(q) is reduced to study that of S,.1(q) near the dominant
poles g = +1.

can be easily understood through modular transformations,

4.2 Bounds near the dominate poles

To investigate the asymptotic behavior of S, (q) at the poles g = 1 and g = -1, we need
the Mittag-Leftler partial fraction decomposition (for example, see [6, Equation (3.1)])

as follows:
e\’ 1 o
- = + —_—
(1 — e2mivw ) (—2miw)" (,(Z,-;, (—2miw)i
j=r(mod 2)
1 1
4.2 + mr -+ -
(42) OZJ-S:, ( 27[1)1 ngl( D (w-m)  (w+m)

j=r(mod 2)

where w € C and «; are certain constants. In particular, o, = 1.
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We start with investigating S,(q) near g = 1. Setting w = (2n + 1) 7, we see that

oo 3n2+(2[;J+3—r)n+[;J—;+1 1
5(0)= 3 ()" [
n=0

(—2mi(2n+1)1)"

Y
(4.3) + Oz]: (=2mi(2n +1)71)J

j=r(mod 2)

aj rm 1 1
— -1 -+ -1 1.
0;, (-2mi)i ,,,ZZ:I( ) (((2n+1)r—m)1 (2n+1)7+m)i
j=r(mod 2)
Now, we first consider the contribution from the first bracketed term in (4.3) for

r>3and|x|<y= 4\/1W' To this end, we define

gi(1) = Y (-1)"(2n +1) g+ Cll-nnel 55,
n=0
Then the first term of S,(g) in (4.3) can be expressed as (-27i7)"g,(7). Thus, it is

sufficient to study the functions g;(7). For convenience, we set a := 2 [%J +3-rand
r

b:= bJ — 5 +1.If j> 1, then g;(7) is convergent at 7 = 0, and
&(0) = lim ¢;(7) = B(j),

where f3( ) is the Dirichlet beta function. Notice that if j > 2, then g; is absolutely (and
uniformly) convergent for all |g| < 1, since

. 1 2/ -1

gDl < X

P T U]

Here, {(j) denotes the Riemann {-function. We will apply Taylor’s theorem to obtain
lower-order asymptotic terms in g;, and make use of the fact that the resulting
derivatives can be expressed recursively using
1 0 3 a-3 1
Tmaé’j(T) :Zgjfz(T) + ngfl(T) + Zgj(T)’
1 \? 92 9 3(a-3)

(Tm) 5728i(1) =1 8i-a() + = —8=3(7)

| 247 —18a+12b+27

8

gj-2(7)

a-3 1
+ ng—l(T) + Egj(f)-
We use Taylor’s theorem for j > 6 and get the following truncated expansion:

(4.4) gi(7) - gj(0) - gi(0)7r < |7|* sup g7 (w)| < 7] < N7
weH
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A simple calculation shows that for j > 6,

(4.5) £i(0) = B(j),
and
(46 —g)(0) =3B~ 2) + 2BG -1 + 0.

Additionally, we should individually consider the small value of j, thatis, -1 < j < L.
Here, we make use of Zagier’s technical tool [13, Proposition 3] to study the asymptotic
expansions of series such as g;. Bringmann and Mahlburg [6] gave a generalization of
Zagier’s result.

Lemma 4.1 (6, Proposition A.1] ~ Suppose that f(t) is a smooth function on the positive
reals and has the asymptotic expansion

N
= > but" + O(£5),
n=0

forany S >0, ast — 0*. Assume also that f(t) and all of its derivatives are of rapid decay
at infinity and that Iy := [ f(u)du converges. Then we have the following asymptotic
expansion:

[

Y f((m+a)t) == Z "+1(a) t",

m=0 =

where B, (x) is the nth Bernoulli polynomial, defined by éf: =Y 450 Bn (x);—",

Now, we aim to prove that g;(7)(-1< j<1) can be uniformly bounded in a
neighborhood of 7 = 0 with |x| < y. With the aid of Lemma 4.1, we first deal with the
caseof j = 0.

Proposition 4.2  Suppose that y = 4\/1ﬁ and |x| < y. Then
go(7) < land g1(7) < 1.

Proof Observe that

go(T) ( )n 3n +an+b_q G Z( l)n 3(n+g)

||M8

We separate the odd terms and even terms, and consider only the real part, as the
imaginary part can be treated in the same way. We have

Re(go(7))

2 o 2
=cos (271(17 - %) ) “2ny(b-a’/12) Z [ “2amy(nraf1)” o (247Ix(n + a/lZ)z)
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2
_ a+62 +6
G O (247Tx(n+ alz ) )]

= cos(2n(b - a*[12)x)e -0/ Zo (fi ((n+a/12)/3) - f ((n LA )\/y))

where
fo(8) = e 24t cos(24mvt?).

Note that f, (t) is an even function, and thus its Taylor series at ¢ = 0 only has even
powers of ¢ as follows:

() =1-24nt* + O, (¢*).

It is easy to see that

Ij:= fo(t)dt = e 24t cos(24nvt*)dt
0 0

converges and has a uniform bound, since
< —2ant
s [ e ar<oo.
0

Therefore, we apply Zagier’s lemma to Re(go(7)) and obtain the asymptotic
expansion

Retsa =1 () 0300 (15 5. (45 4 0,00)

12
- cos (271(19 - a2/12)x) e 2wy (b-a’/12)

Since |§\ <1, we see that

Re(go(7)) < 1.

The proof of the case j = —11is similar as that of j = 0. [ ]

We turn to deal with the case for j = 1.

1

43N
a(1) < /.

Proposition 4.3  Suppose that y = and |x| < y. Then

Proof We first define

EI(T) = Z(—l)n(zn +1)—1q3(n+%)2‘

nx0
Then it follows that g;(7) = qb_% - 81(7). As above, we split g1(7) into odd terms and

even terms, and consider only the real part, as the imaginary part is treated identically.
So we have
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Re(gi(7)) = X

n>0

e 24my(n+a/12)* o5 (24mx(n + af12)?)
4n +1

_2471y(n+(a+6)/12)
(4.7) e cos(24nx(n + (a +6)/12)?) )

4n+3

In order to combine these two terms, we write

1 1 1
= +0 (—) .
dn+1 4n+3 n?
If the big-O term is inserted into (4.7), the sum is absolutely and uniformly convergent,

so we may discard this error term without affecting the overall convergence.
Here, we present two trivial but useful estimates:

|cos(x + a) — cos(x)| < min{|a|,2}, for x,a€R,
[1-e7| <min{x,1}, for x2>0.
To apply these bounds, we rewrite the second term of (4.7) in the following way:

, 2
e~ 24my(n+558)" g (247'IX(71+t%6) )

4n+1

e’24”)’(”+%)2 24 at3 a+6)\>
(48) =—————— (ei "y("JrT)—l)cos 2471x(n+ 3 )

)l ))

e—247‘ry(n+ﬁ)2 a+6
+ —— | cos|24nx|n+
4n +1

6—2471)/(n+ﬁ)2 a 2
+ —— oS 2471x(n+—) .
4n+1 12

The contribution of the first pair of terms in (4.8) to the sum in (4.7) is asymptotically
bounded by

e*247ty(n+%)2 ) a+3
Z 7mm{1,2471y(n+ )}
S0 4n+l 12

<y Y e 4 > nle"y

1 __a+3 1 __a+3
0<n< ”szy )

<\ry+y oY, e <\ /.

1 a+3
234~ 12

For the second pair of terms in (4.8), we note that |x| < y and obtain that
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e—24ny(n+%)2 ) a+3
—————— min {2,24n|x| (n+ )}
S an+l 12

e—z4ny(n+ﬁ)2 a+3

Szimin{2,24ny(n+ o )} <Ny

50 4n+1

Since the third term in (4.8) cancels the first term in (4.7), and the real part is bounded
overall, we complete the proof. [ ]

The second bracketed term in (4.3) is a finite summation on j. Employing the
following simple uniform bound:

(4.9) SYCREA ifj>2,
' gJ(T)<<,;)(2n+1)f < 1+ﬁ<<Ni, ifj=1,

for some constants C, we conclude that the contribution of the second bracketed term
is absorbed into the error term.
The final bracketed term in (4.3) is also a finite summation on j. Noticing the
constraint |x| < y, we easily deduce that for m € Z\{0},
1 1
Qn+)t+m m
So when j > 1, we see that

oo (_1)nq3n2+an+b Z (_l)mr ( ( 1 1 )

-+ -
= = 2n+)r-m)l (2n+1)1+m)i

(410) <> m7y e oY y 2 « N¥,

m>1 n>0
Moreover, for j = 1, we have
1 1 2n+)71
+ < .
2n+)r-m (2u+)7t+m m?

Thus, the corresponding contribution can be bounded by

(4.11) [T S (2n+1)e ™Y « N3y <1,
n>0
As a consequence, combining equations (4.4)-(4.6) and (4.9)-(4.11) with Proposi-
tions 4.2 and 4.3, we could determine the first terms in the asymptotic expansion of
S:(q) near g = 1.
1

43N’
Sr(Q) - Cr(—Zﬂir)_’ + dr(—zﬂiT)_r+1 « Ng_l

As N — oo, we have

Proposition 4.4 Assumer > 3,

x|<y=

with

¢, =B(r) forr>3,
drzz/s(r—zw a3

B(r-1)+ iﬂ(r) forr > 3.
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Corollary 4.5 Assume thatr>2,y = ﬁ’ and |x| < y. As N — oo, we have

F,(q) - C:H(—Znir)_%_'e% - d,*H(—ZﬂiT)%_'e% < N7 e”\/g,

where

c 1 c
Fi= d d=—(-2-d,].
er N o ! \/E( 12 )

Proof Recall the modular inversion formula for Dedekind’s eta-function, which
states that

n(—%) =V=itn(7).

Then we have

(4.12) L iR Cr) (1+ 0(e™))
(4% 9%) o
(4.13) =/ 2itet (1 + % + O(N’l)), for |x|<y.

Combining this with Proposition 4.4, we find that

1 — ;i —27iT 1
m8r+1(q) =V -2itTer (1— B +O(N ))

' (C’“(_ZMT)?FI —dr(2mit)™" + O(NYT“*))

_1_, mi . 1_, mi 2r-3 N
- cha(aminy e v, (amin) ek 4 0 (N eV ).
| |

Now, we turn to investigate the asymptotic behavior of F,(q) near q = —1.

Proposition 4.6 Assume thatr > 1, y = and |x - 3| < y. As N — oo, we have

1
43N’
S:(q) < 1.

Proof Bysettingz:=7-3=x-3+iyand Q:=e”* =

3 —q, we derive that

3n+(2] 4 [+3)n+| £ |+1
Sr(q) = Sr(_Q) = Z()( )fl( Q() ( Q)2n+1)

w31 Q3n2+(2[§J+3)n+[§J+1
- HZ;)( 1) (1+ Q2n+1)r

We recall that a = 2 [%J +3—-randb = [%J - % + 1, and then obtain that

r

S, (q)_Z( l)n+§+ 3n’+an+b

=6 (1 + Q2n+1)r'

Q(n+%)r
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By setting w := (2n + 1)z + 1 in (4.2), we find that

ireni(2n+1)rz

(1 + e2ni(2n+1)z)r
= Z N & ; Z (_(;,Jl)] Z(_l)rm

oo (—mi)i ((4n +2)z +1)’ ocjsr

j=r(mod 2) j=r(mod 2)

1 1
X -+ -]
(((4n+2)z+1—2m)1 ((4n+2)z+1+2m)1)
We first consider the contribution of the final term. It is clear that for m € Z (note
thatz=(x-1)+iyand|x -1/ <y),
1 1
(4n+2)z+2m+1 Smel

Notice that for j > 1,

2 (D ( 12m)j * (1+12m)j)<< >, m <l

m>1 m>1

If r is odd, then, for the case j = 1, we have

D NEL e
(4n+2)z+1 = (4n+2)z+1-2m (4n+2)z+1+2m

m 1 1
:mz;l(—l) ((4n+2)z+1—2m_ (4n+2)z—1+2m)

m 4m -2
- mZZ:l(_l) (4n +2)222 - (2m -1)%’

By splitting this fraction into two terms:

4m -2 :(4m_2)( 1 . 1 )_ 2

(4n +2)2z2 - (2m - 1)? (4n+2)2z2-(2m-1)2 (2m-1)2) 2m-1

and noting that
1 . 1
(4n+2)222-(2m-1)2 (2m-1)?

(4n +2)%22

~ < 2(4n+2)%y?
T ((4n +2)222 - (2m —1)2)(2m —1)2

- (2m-1)4

Therefore, we derive that
idm -2
> (" -
= (4n +2)22%2 - (2m -1)?

2 Gm1¢ (Zm

m>1
m*(2n +1)%y? LT
2 4’

<4(4n +2)%y?
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Moreover, we observe that
o
3 — - <1
Ger (-mi) ((4n +2)z + 1)’

j=r(mod 2)

Therefore, we have

lren1(2n+1)rz w1+ 71,3(2” + 1)2}/2 . E e 7.[3(2” + 1)2}’2
(1+ eZni(2n+1)z) 2 4
Thus, by using Lemma 4.1, we find that the contribution of the final term to S,(g) can
be bound by
LA 3 2ian+b Q(’H%)r 2.2 —6nyn?
S.(q) = Y (-1t o= < Y (20 +1)%yfe T <,

n>0 (1+ Q n )r nx1

which completes the proof. [ ]

Corollary 4.7 Assume thatr >0, y = ,and |x —1/2| < y. As N — oo, we have

4\ﬁ
F,(e?™7) « N3 eV,

Proof We note that

1 1 2mi 1 1

= = ize 24 (27+3;) -nV/12N 1
()m  (Q5Q)m V-2ize *2:)(1+0(e ), for |x 2| <y,
and the proof follows. .

4.3 Bounds away from the dominate poles

Finally, there is a position to estimate the asymptotic behavior of F,(q) away from the
dominate poles g = +1.

Proposition 4.8 Forr>0and y>0withy <|x|<1 -y,

Sy(q) <y V2,
Proof From the Taylor expansion, we see that
1 1
——=———=0(y").
gl 1o 00

So we have

[5]+1
‘Sr(q)| < (|‘1| |q|)r Z| |3n +(2[ +3)n < — y -y -1/2 :y—r—l/Z’

where the final summation follows through a comparison with a Gaussian integral.
|

Corollary 4.9 Assumethatr >0, y = cand y <|x| < 1 = y. As N — oo, we have

e
F(q) « N7 V(-2 (0-35)).
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Proof From [8, Equation (4.4)], we know that

1 1(n 1 1
—— | <\ 2yexp|—-| = —|1-—= .
‘(qz;qz)m ¢ p[y(24 47f( \/E))]
Combined with Proposition 4.8, this gives the claimed expression. [ ]

4.4 The circle method

Now, we apply Wright's variant of the Hardy-Ramanujan circle method. Cauchy’s
theorem gives an integral representation for the coefficients of F,(q), namely,

1 F % ix——T_\ —2mi /N
(4_14) ’7(r)+(N) _ T /(; rl\(rZ) dq _ [ Fr(ebz X zm)e 2miNx+ 3 dx,
T q -

1

2

where the contour is the counterclockwise traversal of the circle € := {|q| = ¢ }.
We sperate (4.14) into three ranges

ix——T_ _2mi /N
7’]?+(N) _ Fr(eme zm)e 2niNx+ VG dx
|x[<y

ix—— T _omi avN
+[ Fr(ebrtx 2m)e 2miNx+ 3 dx
y<lxl<z -y

s

N T /N
+/ Fr(Cme me)e 2miNx+ 5 dx
lx-3l<y

:Ijl + 32 + 33,

_ 1
where y = - NOR
Next, we will show that the integral J; contributes the main term and the integrals

J, and J; are absorbed in the error term.

We first evaluate the integral J; and aim to rewrite the integral J; in terms of Bessel
functions up to an error term. To this end, we need to introduce an auxiliary function,
which is defined by Wright [12],

1 1+Mi 1
P(u) = — / vee ) dy,
2mi J1-Mi

where M > 0 is fixed and u € R*. Adopting the similar approach of [6, Lemma 4.2],
one may find that the auxiliary function P (1) can be rewritten in terms of the I-Bessel
function up to an error term.
Lemma 4.10 Assume that u = n\/g. As N — oo, we have

Py(u) - L1 (2u) < e3*.

With the help of this lemma, we can evaluate the integral J;.
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Proposition 4.11  Assume that r > 2. As N — oo,

1 3
% A P N * A 27 N 2r-5
jl_cr+l(ﬁ) Ir,% (ﬂ\/3)+d7+1(m) 1,7% (ﬂ\/s) < N 4

Proof By making the change of variables v =1 - i4\/3Nx, we arrive at

e"\/g.

1
-3-r
/N

1+i 1
J f e
i ia/3N ( ’“(2\/3N)

avN
e + 0

o) ol
r+l1 zm

/Ny
))e 23 dv

[m[ ( );re 2 (7P g (m/ ) e (”Vl)]dv
14\/3N ! 2V/3 "N\ 23N
+ O(Nzr‘*5 e”ﬁ)

1, 3,

™\ »p Mo [—Z) »p N

— A m = — L lm/ =

\an) FelVae) el BV
+O(N2r45e”\/ ISV).

By applying Lemma 4.10, we conclude that

.  \ N .  \ N
Ji=cra woN I, 3|t N e ATy

+O( En ”\/g)

D=
3

We now turn to the integrals J, and J; and find that they are exponentially smaller
than the main asymptotic terms.

Proposition 4.12 As N — oo, we have
9, « NE VIR0 gng gy« NV

Proof

/N

2niNx+ 2= 5 | dx

Fr(eZﬂiX*ﬁ )e

<<N%“em(%‘%(l‘%))e N NS/
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For the integral J3, we have

9 :f
|3| x-1|<—

43N

1 N /N
<<N_Xe”\/ﬁf e >3 dx
lx-3l<

4/3N

2mix——T—\ —2miNx+2N
Fr(e 2@)@ 23 | dx

3 N
<N~ 1 e”\/;.

Combining with Propositions 4.11 and 4.12, we obtain the following asymptotic
formula.

Theorem 4.13  Assume thatr > 2. As N — oo,

1_, 3,

0+ * T 2 \/ﬁ % ( T )2 N 25 VN
N)-c| —— L i|\m/—|-4d — I s|m/—]<Nievs.

BUOREN Fey ( -aa (=) (S

This completes the proof of Theorem 1.5.
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