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Abstract. In this paper, we will introduce the ‘grid method’ to prove that the extreme case
of oscillation occurs for the averages obtained by sampling a flow along the sequence of
times of the form {n® : n € N}, where « is a positive non-integer rational number. Such
behavior of a sequence is known as the strong sweeping-out property. By using the same
method, we will give an example of a general class of sequences which satisfy the strong
sweeping-out property. This class of sequences may be useful to solve a long-standing
open problem: for a given irrational o, whether the sequence (n*) is bad for pointwise
ergodic theorem in L? or not. In the process of proving this result, we will also prove a
continuous version of the Conze principle.
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1. Introduction and main results

Let (T");cr be a measure-preserving flow on a Lebesgue probability space (X, ¥, w).
Birkhoff’s pointwise ergodic theorem asserts that for any function f € L!(X), the Cesaro
averages (1/N) ZHE[N] f(T"x) converge for almost every x, where [N] = {1, 2, ..., N}.
This classical result motivated others to study the ergodic averages along a sequence
of positive real numbers (s,), that is, (1/N) ZnE[N] f(T*x). In this paper, we will
be concerned with the behavior of ergodic averages along (n®) where « is a positive
non-integer rational number. It was proved by Bergelson, Boshernitzan and Bourgain
[BBB94, Theorem B] that for any fixed positive non-integer rational «, in every aperiodic
system (X, X, u, T"), there exists f € L™ such that the ergodic averages along (n%),
that is, (1/N) ), c[N] f (T"ax) fail to converge almost everywhere (a.e.). Their proof is
based on Bourgain’s entropy method. Later, the result was improved and the proof was
simplified in [JW94, Example 2.8]: it was proved that if the averages are taken along
(n“/b), where a, b € N and b > 2, then for any given € > 0, there exists a set £ € ¥ such
that u(E) < € and, for almost every x, lim supy_, o, (1/N) ZnE[N] 1g(T5x) > 6. The
constant § depends on b and is explicitly given by 1/¢(b), where ¢(.) is the Riemann
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zeta function. For all b > 2, § lies in (0, 1). In this paper, we will prove a general result,
Proposition 3.8, as a consequence of which we will prove the following theorem.

THEOREM 1.1. Let o be a fixed non-integer rational number. Then for every
aperiodic dynamical system (X, X, u, T") and every € > 0, there exists a set E € ¥
such that w(E) < € and limsupy_ . (1/N) Zne[N] 1g(T"x)=1 ae and

lim infy 0o (1/N) 3, 1g(T" x) =0 a.e.

This result tells us that the extreme case of oscillation occurs for the averages along the
sequence (n%), when « is a non-integer rational number.

Definition 1.2. Let 1 < p < o0o. A sequence (s,) of positive real numbers is said to
be pointwise good for LP if for every system (X, X, u, T') and every f € LP(X),
limy_ 00 (1/N) ZHE[N] f(T*nx) exists for almost every x € X.

Definition 1.3. A sequence (s,) of positive real numbers is said to be pointwise bad in
LP if for every aperiodic system (X, ¥, u, T"), there is an element f € LP(X) such that
limy 00 (1/N) Zne[N] f(T*x) does not exist for almost every x € X.

The behavior of ergodic averages along a subsequence of (n) has a rich history. First
breakthrough result in this direction was due to Krengel [Kre71] who showed that there
exists a sequence of positive integers which is pointwise bad for L*°. A few years later,
Bellow proved in [Bel83] that any lacunary sequence, for example (s,) = (2"), is pointwise
bad for L? when p € [1, 00). At the other extreme, if a sequence grows slower than any
positive power of n, for example (s,) = ((log n)), ¢ > 0, then it is also pointwise bad
for L [JW94, Theorem 2.16]. Bellow and Reinhold-Larsson proved in [Bel89, Rei94]
that whether a sequence will be pointwise good for L? or not depends on the value of p.
More precisely, they showed that for any given 1 < p < g < o0, there are sequences (s,)
which are pointwise good for L1 but pointwise bad for LP (see also [Parll] for finer
results in terms of Orlicz spaces). There are many instances where the behavior of the
averages cannot be determined by either the growth rate of the sequence (s,,) or the value
of p; instead one has to analyze the intrinsic arithmetic properties of the sequence (s;).
One such curious example is (n%). A celebrated result of Bourgain [Bou88, Theorem 2]
says that the sequence (n%) is pointwise good for L? when « is a positive integer. This
result is in a strong contrast to [BBB94, Theorem B]. On the other hand, | (n* + log n) |
is known to be pointwise bad for L? when « is a positive integer [Bos05, Theorem CJ. It
is interesting to compare Theorem 1.1 with [Bos05, Theorem B] which says that [n3/2] is
pointwise good for L?. In the same paper, one can find various interesting results about
the behavior of averages along sequences which are modeled on functions from the Hardy
field. After Bourgain’s result [Bou88, Theorem 2] was published, in a series of papers
it was established that for any polynomial P(x), the sequence P(n) and the sequence
of primes are pointwise good for L?, when p > 1 [Bou89, Wie88]. However, they are
pointwise bad for L' [BM10, LaV11]. Thus, the L! case turned out to be more subtle than
the others. It was largely believed that there cannot be any sequence (s,,) which is pointwise
good for L! and satisfies (Sp4+1 — Sp) — o0 as n — oo. Buczolich [Buc07] inductively
constructed a sophisticated example to disprove this conjecture. Later, it was shown in
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[UZ07] that [n€], ¢ € (1, 1.001), is pointwise good for L. The current best result is due
to Mirek [Mir15] who showed that [n¢], ¢ € (1, 30/29), is pointwise good for L'; see also
[Tro21]. It would be interesting to know if the above result can be extended to all positive
non-integers c. For further exposition in this area, the reader is referred to the survey article
[RW95].

In our next theorem, we will give an example of a more general class of sequences which
exhibit similar behavior.

THEOREM 1.4. Fix a positive integer . Let «; = a;/b;, fori € [l], be non-integer rational
numbers with ged(b;, bj) =1 fori # j. Let S = (s,) be the sequence obtained by rear-
ranging the elements of the set {n(i”n;l2 ce n?l :n; € Nforalli €[l]} in an increasing
order. Then for every aperiodic dynamical system (X, X, u, T') and every € > 0, there
exists a set E € X such that u(E) < € and lim supy_, o, (1/N) ZnE[N] 1g(T5"x) =1
a.e. and lim infy _, oo (1/N) ZnE[N] 1(T%x) =0a.e.

Theorem 1.1 is a special case of Theorem 1.4. The sequences considered in Theorem 1.4
indeed form a much larger class than the ones considered in Theorem 1.1. For example,
Theorem 1.1 does not apply to the sequence (m'/31n%/> : m, n € N), but Theorem 1.4 does.

In Theorem 3.5 we will prove the Conze principle for flows.

The paper is organized as follows. In §2 we give some definitions. In §3 we prove the
main results. In §4 we discuss some open problems.

2. Preliminaries

Let (X, X, u) be a Lebesgue probability space. That means w is a countably additive
complete positive measure on X with £ (X) = 1, with the further property that the measure
space is measure-theoretically isomorphic to a measurable subset of the unit interval with
Lebesgue measure. By a flow {T? : ¢t € R} we mean a group of measurable transformations
T!: X > X with T°(x) = x, 7' = T! o T%, s, t € R. The flow is called measurable if
the map (x, ) — T'(x) from X x R into X is measurable with respect to the completion
of the product of u, the measure on X, and the Lebesgue measure on R. The flow will be
called measure-preserving if it is measurable and each T satisfies (7"’ - A) = u(A) for
all A € X. The quadruple (X, T, u, T") will be called a dynamical system. A measurable
flow will be called aperiodic (free) if pu{x | T'(x) = T*(x) for some t # s} = 0. If the
flow is aperiodic, then the quadruple will be called an aperiodic system.

We will use the following notation to denote the averages:

1
Aneni f(T7x) = N Y (T,
ne[N]
More generally, for a subset J C N,

) 1 )
Anes f(T70) 1= o= 3 f(T7x).

nelJ

Before we go to the proof of our main results, let us give the following definitions.
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Definition 2.1. Let 0 < § < 1. We say that a sequence (s;) is -sweeping out if in every
aperiodic system (X, X, u, T"), for a given € > 0, there is a set E € ¥ with u(E) < €
such that lim supy_, oo Aueny)1E(T%x) > 6 for almost every x € X. If § = 1, then (s,,)
is said to be strong sweeping out.

e The relative upper density of a subsequence B = (b,) in A = (a,) is defined by

— #{a, e B:n €[N
dA(B) :=lim sup tax nel ]}.
N—o00 N

o Similarly, the relative lower density of a subsequence B = (b,) in A = (a,) is
defined by

#{a, € B:n € [N]}
N .
If both the limits are equal, we just say relative density and denote it by d4 (B).

d 4 (B) := lim inf
N—o00

Remark
(a) If a sequence (s;,) is 8-sweeping out, then by Fatou’s lemma, it is pointwise bad for
L?, p €[1, oo]. If a sequence (s,) contains a subsequence (b,) of relative density
6 > 0 which is strong sweeping out, then (s;) is §-sweeping out, and hence pointwise
bad for L?, p € [1, o0].
(b) If (sy) is strong sweeping out, then by [JR79, Theorem 1.3], there exists a residual
subset X1 of ¥ in the symmetric pseudo-metric with the property that forall E € ¥y,
lim sup Ay Le(T*"x) = 1lae. and liminf A,y le(Tx) =0ae. (2.1)
N—o0 N—oo
This, in particular, implies that for every € > 0, there exists a set £ € X such that
WU(E) < € and E satisfies (2.1).

3. Proof of the main results

The proof of Theorems 1.1 and 1.4 has two main ideas, one is what we call here the grid
method, which has its origins in [Jon04], and the other is partitioning a given sequence
of real numbers into linearly independent pieces. Our plan is to prove the theorems as an
application of Proposition 3.8. One of the main ingredients for the proof of Proposition 3.8
is the following theorem.

THEOREM 3.1. Let (s,) be a sequence of positive real numbers. Suppose that for any given
€ € (0, 1), Py > 0 and a finite constant C, there exist P > Py and a dynamical system
(X, B, m, U") with a set E € B such that

m(x | max A 1p(U%x) > 1— e) > Ccm(E). G.1)
Py<N<P

Then (s,) is strong sweeping out.

Proof. This will follow from [Akc96, Theorem 2.2] and Proposition 3.2 below. O

Let A denote the Lebesgue measure on R.
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e For a Lebesgue measurable subset B of R, we define the upper density of B by
— 1
d(B) =lim sup —A(B N[0, J]). (3.2)
J—o00 J

e Similarly, for a locally integrable function ¢ on R, we define the upper density of the
function by

d(¢) = lim sup ! ¢ (1) drt. (3.3)
Jooo I Jion

PROPOSITION 3.2. Let (s,) be a sequence of positive real numbers. Suppose there exist
€ € (0, 1), Py > 0 and a finite constant C such that for all P and Lebesgue measurable set
E CR

Z(t €R| max Auele(+0=1- e) < Cd(E). (3.4)

Py=N<=
Then for any dynamical system (X, B, m, U') and for any E € B we have

m(x | max A Lp(UYx) = 1 e) < cm(E). (3.5)

Py=N=
We will use here an argument similar to Calderén’s transference principle [Cal68].

Proof. Let P > Py be an arbitrary integer. Choose n > 0 small. It will be sufficient to
show that for any E € 8 we have

m(x | max Auenilp(U"x) = 1— e) < (C + mm(E). (3.6)

Py<N<
To prove (3.6), we need the following lemma.

LEMMA 3.3. Under the hypothesis of Proposition 3.2, there exists Jo = Jo(n) € N such
that for every Lebesgue measurable set E C R the following holds:

Mr=dol max Auepnletn +0z1-€) < (C+MAEND KD, G7)

Py<N<P

Proof. Let us assume that the conclusion is not true. Then for every integer J, there exists
a Lebesgue measurable set £; C R such that

M= Je T max AueiniLa (a0 2 1—€) > (C+mMAEND. LD, (38)

Py<N<
Fix such a J; and Ej. Observe that the set E,’( = E; N[0, Jr + sp] also satisfies (3.8).
Then for any J > J; 4 sp, we have

,\(z <1 max AnerniLp (s +1) = 1- e) > (C+mMAME,N[0.J]).  (39)

Py<N<

Letting J — oo, we get

E(z eR: max Aneinle (nt+0) = 1— e) > (C+md(E).  (3.10)

Py<N=<P

But this contradicts our hypothesis (3.4). This finishes the proof of our lemma. O
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‘We now establish (3.6). Let E be an arbitrary element of 8. For a fixed element x € X s
define 1 _by
1g, (t) == ILE(Utx). (3.11)
Applying (3.7) on the set E,, we get

Mr=dol max Auenile (o +0 = 1—€) < (C+DAEND. o). (12)
0 =

<
By definition of the sets E, and E, we get

max Anele]lE(US”-H)C): max Ane[NJ]lEx(sn'i‘t)» for all .
Py<N=P Poy<N=P

Substituting the above equality in (3.12), we get
A(t|t <Jo, max Auen1pUx)>1- e) < (C+mir(E, N[0, Jo]). (3.13)
Py<N<P
Introducing the set

B = {y: max  Anevi1z(U) 2 1 —e}, (3.14)

Po=
we can rewrite equation (3.13) as
Me it < Joand 1p(U'x) = 1) < (C +n)A(E; N[0, Jo))

which implies

/ Li<so) ) 1p(U'x)dt < (C + 1) 1g, (2) dt.
R [0,J0]

Integrating the above equation with respect to the x variable, using (3.11) in the
right-hand side and applying Fubini’s theorem, we get

/ / 1p(U'x) dm(x) 1<) (1) dr < (C+?7)/
RJX [

f 1;(U'x) dm(x) dr. (3.15)
0,Jo] /X

By using the fact that U’ is measure-preserving we get
m(B)Jy < (C + nm(E) Jy. (3.16)
This gives us that
m(B) < (C + mm(E), 3.17)
finishing the proof of the desired maximal inequality (3.6). This completes the proof. [

One can generalize the above proposition as follows.

PROPOSITION 3.4. Let (s,,) be a sequence of positive real numbers. Suppose there exists
a finite constant C such that for all locally integrable functions ¢ and y > 0 we have

— C-
a(11 sup Anepi9(sn +1) 2 v) < —d(I8). (3.18)
N 4
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Then for any dynamical system (X, B, m, U') and for any f € L' we have
~ C ~
m(x| sup Anern f(Ux) = y) < > /~|f| dm. (3.19)
N X

The proof of this proposition is very similar to the proof of Proposition 3.2, hence we
omit it.

The underlying principle of Theorem 3.1 is the Conze principle which has been widely
used to prove many results related to the Birkhoff’s pointwise ergodic theorem. Originally,
the theorem was proved for a single transformation system by Conze [Con73]. Here we
will prove a version of the theorem for flows. The theorem is not required for proving
Proposition 3.8, but it is of independent interest.

THEOREM 3.5. (Conze principle for flows) Let S = (s,) be a sequence of positive real
numbers and (X, X, i, T") be an aperiodic flow which satisfies the following maximal
inequality: there exists a finite constant C such that for all f € L'(X) and y > 0 we have

C
(x| sup Ayerny f(Tx) = y) < > / [ fldu. (3.20)
N X

Then the above maximal inequality holds in every dynamical system with the same
constant C.

For a Lebesgue measurable subset A of R, and F € X, we will use the notation TA(F )
to denote the set |J,., T'(F). We will say that T4(F) is disjoint if we have T7(F) N
T*(F) = @forallt #s.

Proof. We want to show that the maximal inequality (3.20) transfers to R. If we can show
that, then Proposition 3.4 will finish the proof.

Let ¢ be a measurable function. After a standard reduction, we can assume that y = 1
and ¢ is positive. It will be sufficient to show that for any fixed P we have

(11 max ey (s, +1) 2 1) < CA(@). (3.21)
Define

G = {t cmax Apeni@ (s, +1) > 1}. (3.22)
N<P
Let (L,) be a sequence such that

d(G) = lim ;A([O, L, —sp]lNG). (3.23)
n— 00 Ln —Sp

Fix L, large enough so that it is bigger than sp. Then by applying the R-action version
of the Rohlin tower [Lin75, Theorem 1], we can find a set F C X, such that T[O’L"J(F )
is disjoint, measurable and p(T%Ln1F) > 1 — 5, where 5 > 0 is small. It also has the
additional property that if we define the map v by v(A) := u(T4(F)) for any Lebesgue
measurable subset A of [0, L,], then v becomes a constant multiple of the Lebesgue
measure.
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Define f : X — R as follows:

¢(t) whenx e T'(F),

fe = {o when x ¢ TIOLal(F).

Now we observe that for each x € T/(F) witht € [0, L, — sp] and N < P we have

max % Z Glsn+1) = max % Z f(Tx)

N=<P
n<N n=N

Substituting this into (3.20), we get
w(x|x € T'(F) forsomet € [0, L, —sp]NG) < C /X fdu. (3.24)
Then (3.24) can be rewritten as
p(@ @ =sriNG (py) < € fx fdp. (3.25)

Applying the change-of-variable formula, we can rewrite (3.25) as
v([0, L, —sp]NG) =C / @) dv(1).
[0,L,]
Since v is a constant multiple of the Lebesgue measure, we get
MO.L, =516 =C [ pwar
[0.L,]
Dividing both sides by (L, — sp) and taking limits inferior and superior, we have
L 1

lim inf A([0, L, —sp]lNG) < C, limsup T

n—oo L, —sp n—00 n—Sp Ly [0,L,]

This implies, by (3.23), that

o(1) dt.

d(G) = Cd(9).
This is the desired maximal inequality on R. We now invoke Proposition 3.4 to finish the
proof. O

We need the following two lemmas to prove Proposition 3.8.

LEMMA 3.6. Let S be a finite subset of R such that S is linearly independent over Q.
Suppose S = quQ Sy is a partition of S into Q sets. Then there is a positive integer r
such that for every q € [Q],

rs € I, (mod 1) whenevers € S, (3.26)
where
-1
I, = (q—, i). (3.27)
0 0
Proof. The above lemma is a consequence of the well-known Kronecker diophantine
theorem. O
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Let us introduce the following notation for stating our next lemma. Let P denote the
set of prime numbers. For a fixed positive integer m, we want to consider the linear
independence of the set consisting of products of the form [] peP pUr/™ over Q, where
only finitely many of the exponents v, are non-zero. Let S be a possibly infinite collection
of such products, that is, S = {] | peP p”f-P/ ™. j € J}, where J is a (countable) index set.
We call S a good set if it satisfies the following two conditions.

(i) Forany j e Jand p e P,ifv;, # 0, thenv; , # 0 (mod m).
(ii) The vectors v; = (vj p)pep, j € J, of exponents are different (mod m). This just
means that if i # j, then there is a p € P such that v; , # v; p(mod m).

LEMMA 3.7. (Besicovitch reformulation) Let m be a positive integer, and let the set S be
good. Then S is a linearly independent set over the rationals.

Proof. Suppose, if possible, that there exist A; € Q, for i € [N], such that

D i<y Aisi =0 is a non-trivial relation in S. We can express this relation as
“1/m _1/m 1/m

P(p,/"" . py'",....p/") = 0, where P is a polynomial, and for all i € [r], p; is a
prime divisor of s;” for some j € [N]. Since S is a good set, we can reduce this relation
to a relation P’(p}/m, p;/m, ce p}/m) = 0 such that each coefficient of P’ is a non-zero

constant multiple of the corresponding coefficient of P, and the degree of P’ with respect to
p,.l/m is < m for all i € [r]. But this implies, by [Bes40, Corollary 1], that all coefficients
of P’ vanish. Hence, all the coefficients of P will also vanish. But this contradicts the
non-triviality of the relation that we started with. This completes the proof. O

PROPOSITION 3.8. Let S = (s,) be an increasing sequence of positive real numbers.

Suppose S can be written as a disjoint union of (Sk),fil, that is, S ZUkeN Sy such that

the following two conditions hold.

(a) (Density condition). The relative upper density of Rx := Uke[K] Sk goes to 1 as
K — oo.

(b) (Linearly independence condition). Each subsequence Sy of S is linearly independent
over Q.

Then S is strong sweeping out.

Proof of Proposition 3.8. We will apply Theorem 3.1 to prove this result. So, let € €
(0, 1), Py and C > 0 be arbitrary. Choose p > 1 such that § := p(1 —€¢) < 1. By using
condition (a), we can choose K large enough so that d(Rg) > 6.

This implies that we can find a subsequence (s, j) of (s,,) and Ny € N such that

#{sy € Rx :n <nj}

> ¢ forall j > Ny. (3.28)
nj
Define Cx := S\ Rx = Uj>K S;.
Let P be a large number which will be determined later. For an interval J C [P] of
indices, we consider the average A, ¢y f (U x), where U’ is a measure-preserving flow on
a space which will be a torus with high enough dimensions for our purposes.
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We let S be the truncation of the given sequence S up to the Pth term. Define Sy and
Ck as the corresponding sections of S; and Cg in S respectively, that is,

S = (Snerpy Sk =8NS, fork e [K],
61{ =8N Ck.
The partition 5’1, 5’2, C, S K> C k of S naturally induces a partition of the index set

[P]into K + 1 sets Ny, k < K + 1, where S; corresponds to N} for k € [K] and Cg
corresponds to N 1. The averages A, c; f(U*"x) can be written as

1
Anes f(U2) = o= Yo rwr. (3.29)

k<K+1 neJNN;

By hypothesis (b) and Lemma 3.6, it follows that each Sk has the property that if it is
partitioned into Q sets, so that Sy = 7<0 Sk 4» then there is an integer r such that

rsel,mod1 forse S, andg < Q. (3.30)

—1
I, = (% %) (3.31)

The space of action is K-dimensional torus TX | subdivided into little K-dimensional cubes
C of the form

where

C=1,0) x Iy X - xIyq forsomegq(k) < Qfork <K. (3.32)

At this point, it is useful to introduce the following vectorial notation to describe these
cubes C. For a vector q = (¢(1), g(2), ..., q(K)), with g(k) < Q, define

Iq = Iq(l) X Iq(z) X+ X Iq(K)- (3.33)
Since each component g (k) can take the values 1, 2, . . ., Q, we divide TX into QK cubes.
We also consider the ‘bad’ set E defined by
E = U(O,l) x0,1)x---x (L1 UL) x---x(0,1). (3.34)
—

k<K kth coordinate

Defining the set Ey by

Er:=0,1)x0,1)x---x ([1UhL) x---x(0,1), (3.35)
——
kth coordinate
we have
2
E = U Er and AB(E) <= for every k < K (3.36)
k<K Q
where 15 is the Haar-Lebesgue measure on T,
By (3.36), we have
K 2K
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» (x1,X2) € Bg 3

bad set E

FIGURE 1. Illustration of the two-dimensional case. Here the ‘bad set’ E is the orange-colored region. Let (x1, x2)

be an arbitrary point (which belongs to Bg 3 in this case). We need to look at an average where s, € (4/10, 5/10)

for all n € S; and rasy, € (7/10, 8/10) for all n € S,. Then it would give us (x1, x2) + (r18,, r2sp) € E for all
neS US,. The picture suggests the name ‘grid method’.

Observe that by taking Q very large, one can make sure that the measure of the bad set is

A EN(E) < é (3.38)

Now the idea is to have averages that move each of these little cubes into the supports of
the set E. The two-dimensional version of the process is illustrated in Figure 1.

Since we have QX little cubes, we need to have QX averages A ;. This means we
need to have QX disjoint intervals J; of indices. The length of these intervals J; needs
to be ‘significant’. More precisely, we will choose J; so that it satisfies the following two

conditions.
()
#J; 1
Jo=1[1, Py], ——— > — foralli e [Q¥]. (3.39)
X #p
0<j<i

(ii)) If J; = [Ni, Niy1], then (N; 1 — N;) is an element of the subsequence (n ;) and
(Nig1 — Nj) > Ny foralli € [QK]. (3.40)

So we have QK little cubes C;, i < QK, and QK intervals J;, i < QK. We match C; with
J;. The large number P can be taken to be the end-point of the last intervals J,x . We know
that each C; is of the form

Ci=1q, (3.41)
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for some K-dimensional vector q; = (g;(1), gi(2), . . . i (K)) with g;(k) < Q for every
k < K. The interval J; is partitioned as

J;i = U (Ji N NR). (3.42)

k<K+1

For a given k < K, let us define the set of indices Ny 4, for g < Q, by

Neg= |J  inN. (3.43)

i<QX gi(k)=q

Since the sets S’k,q = {suln € Nk,q} form a partition of Sk, by the argument of (3.30), we
can find r; so that

risp € Igp—g (mod 1) forn € Ny, and ¢ < Q. (3.44)
Define the flow U’ on the K-dimensional torus TX by
U'(x1, x2, ..., xK) = (x1 +r1t, x2 +1rt, ..., XK +rgt). (3.45)
We claim that

[x| max Apey, 1p(Ux) > 5} —TK  where x = (x1, X2, . . . . XK). (3.46)

i<QX

This will imply that

[x| max Ay le(UX) = 1 - e} —TX. (3.47)

Py<N<

To see this implication, let x € TX and Ay 1g(Ux) = 6.
Assume that J; = [N;, N,'+1]. Then

N; 1 —N; 1
AnelNiHl]lE(Usnx) = N1 N; Z 15U x)+ l_;\l. IN- _N: Z 1g(U*x)
i+1 Vi n<N; i+1 i+1 lne(N,-,NH_l]
Nit Nia
~ Nip
§
Z J—
0
=1—e¢,

where the second line holds since A,c 7, 1£(U*X) > §, and the third holds by (3.39). This
proves (3.47).

Now let us prove our claim (3.46).

Let x € C; and consider the average A, ¢, 1£(U*x). We have

Apeg 1eU) = — Y Y 1pU"x)

Ji k<K+1 neJ;NNj

— D> Y Le(xi 4 1S X2+ 128, 0 XK + PSR

Ji k<K+1 neJinNi

https://doi.org/10.1017/etds.2023.29 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.29

658 S. Mondal

by (3.45). If we can prove that for each k € [K],
(X1 + 7180, X2 +128p, ooy Xk +FiSny . .. XK +TKSy) € Ex ifn € Ji NN, (3.48)
then we will have
bes LEUX 2 4o 3 HUNAD
k<K
Using the notation J; = [N;, Nj4+1],

#{sp € Rg : N <n < Ni1}
Nit1 — N;

Ane],- ]IE(US"X) =

>3

b}

using (3.28) and (3.40) for the last inequality. We have proved (3.46).

We are yet to prove (3.48).

Since x € C; = Iq we have x; € I, ) for every k. By the definition of r; in (3.44) we
have ris, € Ig—q;k) if n € Jj N Ni. It follows that

Xi + sy € I(Ii(k) +1lp_g0p ifnel; N N. (3.49)

Since 1y, + 1o—g;qy C 11 U L2, we get

Xp+ns, e [ UL ifne Ji NN;. (3.50)
By the definition of Ej in (3.35), this implies that
(x1 +riSu, X2+ 1280, o« . Xk + riSp, . .., XK +1KSy) € Ef (3.51)

as claimed.

Thus, what we have so far is the following: for every C > 0,¢ € (0, 1) and Py € N,
there exist an integer P > Py and a set E in the dynamical system (TX, (5 1K) y?)
such that

,\(’0( max Ay Le(U%%) > 1 — e) =1> A B (E).
Py>N>P

The right-hand side of this inequality is true by (3.38).
Now Theorem 3.1 finishes the proof. O

We need the following definition to prove Theorem 1.1.

Definition 3.9. Let b be a fixed integer > 2. A positive integer 7 is said to be b-free if n is
not divisible by the bth power of any integer greater than 1.

Proof of Theorem 1.1. 1f we can prove that the sequence (n%) is strong sweeping out, then
part (b) of remark (at the end of §2) will give us the desired result.

To prove that the sequence (n%) is strong sweeping out, we want to apply Proposition 3.8
with § = (n%).

Observe that the set S := {s € S : s is an integer} has relative density O in the set S.
Hence, we can safely delete Sy from S and rename the modified set as S. Let « = a/b
with ged(a, b) = 1 and b > 2.
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By applying the fundamental theorem of arithmetic, one can easily prove that every
positive integer 7 can be uniquely written as n = j%7i, where j, 7 € N, 71 is b-free. This
observation suggests us that we can partition the set S as follows.

LEMMA 3.10. S = ey Sk, where we define

S1:={n%" i nisb-free} and Sy := k%S| = (k%n" : n is b-free}. (3.52)

Proof. It can be easily seen that § = |,y Sk-
To check the disjointness let, if possible, there exist s € Sk, N Sk,, k1 # kz. Then there
exist b-free integers n1, np such that

s=kn?’, i=1,2. (3.53)

Without loss of any generality, we can assume ged(kq, k2) = 1.
Equation (3.53) implies that

kony = k5no. (3.54)

Observe that ged(ki, k) = 1 = ged(k?, k) = 1. Hence, (3.54) can hold only if k¥ | n,
and k% | ny. Since n is b-free, k? can divide n, only when ky = 1. Similarly, k% can divide
n1 only when k> = 1. But this contradicts our hypothesis k| # k. O]

We will be done if we can show that each Sj satisfies the hypothesis of Proposition 3.8.
We need to show that the upper density of Rg := Uke[K] Sr goesto 1 as K — oo.

In fact, we will show that the lower density of Rk := (J;¢(x] Sk goes to 1 as K — oo,
Let us look at the complement Cx := S\ Rg. It will be enough to show that the upper
density of Cx goesto 0 as K — oo.

An element n* of S belongs to Cx only when n® € k“S for some k > K. This means
that there is k > K so that k” | n. Hence, we have

ckc|Jks=[Jkrsi={J S (3.55)
k>K k>K k>K

To see that the first equality of (3.55) is true, let x € [ ;. x k*S. Then we must have
that x = k{n® for some k; > K. Write n = j?ii where 7i is b-free. Then x = (jk;)%A“.
Since jk; > K, x € Uk> x k%S1. The reverse inclusion is obvious. We want to show that
the upper density of Ax 1= (J;. x Sk goes to 0 as K — oo. This would imply that the
upper density of Ck also goes to 0, implying that the lower density of its complement Rx
goes to 1. We will see that we even have a rate of convergence of these lower and upper
densities in terms of K.

Let us see why the upper density of Ax goesto 0 as K — oo.

We have

#S(N) :={n* < N:neN}
= [N},
#S(N) := {(k’n)* < N :n e N}

Na/h
1)
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Hence, #S; (N)/#S(N) < 1/k>.
We now have

#Ag(N) # (Uk=k Sk(V))
#S(N) #S(N)

Sk )
- #SN

<Y

k>K

Since ) - g 1 /k? — 0as K — oo, we must have that the upper density of Ax goes to 0
as K — oo. This proves that S satisfies the density condition.

To satisfy condition (b), first observe that every element s; of Sy can be thought of as a
product of the form p““/b cafb pzk“/b where the ¢; depend on p; and s; fori € [k].
We will apply Lemma 3.7 on the set S; withm = b.

To check (i), note that since S consists of b-free elements, we have 0 < ¢; < b. Assume
¢; > 0. By assumption we have gcd(a, b) = 1. This implies that ac; # 0 (mod b) for i €
[k].

For (ii), let, if possible, s = pcla/bpcza/b p,‘fa/b and s, = pf‘a/bpdza/b . p,‘jka/b
be two distinct elements of Sy satisfying ac; = ad; (mod b) for all i € [k]. This implies
a(ci —d;j) =0 (mod b) for all i € [k] = (¢; — d;) = 0 (mod b) for all i € [k]. But this
is not possible, since elements of Sy are b-free, and we must have ¢;, d; < b for all i € [k].

Hence, we conclude that Sy is a good set. Since Sy, is an integer multiple of Sy, it follows
that Sy is also linearly independent over Q. Thus condition (b) is also satisfied. This finishes
the proof. O

We now prove Theorem 1.4 with the help of Proposition 3.8. As before, it will be
sufficient to show that the sequence S = (s,) obtained by rearranging the elements of
the set {n{'n3*...nJ" :n; € Nforalli € [/]} in an increasing order is strong sweeping
out.

Proof of Theorem 1.4. Define
Sy :={n{'n3* ... n}" : n; € Nsuch that n; is b; -free for all i € [[]}.

First, let us see that the elements of S| can be written uniquely. Suppose not. Then there
are two different representation of an element:

T o _ e @ o
nynytLLong =myimyt . omy (3.56)

Let us introduce the notation

b; =biby . ..bi_1bi11b. (3.57)
Equation (3.56) implies that
n‘f‘b'ngzbz n?’bl mi”b‘ baby m?lb’ (3.58)
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After some cancellation if needed, we can assume that gcd(n;, m;) = 1. There exists
i for which n; > 1, otherwise there is nothing to prove. Without loss of generality, let us
assume that n; > 1 and p is a prime factor of ny. Let p be the highest power of p that
divides m; or n; for i € [I]. Let us focus on the power of p in equation (3.58). We have

cra1b) = tcrarby + czazbs + - - - + by
This implies that
cia1b; =0 (mod by).

Since (a1b1, b1) = 1, and ¢; < by, we have ¢; = 0. This is a contradiction! This proves
that n; = 1 = m; for all i € [I]. This finishes the proof that every element of S; has a
unique representation. Now let (ex) be the sequence obtained by arranging the elements of
the set {[ ], -, nfi, n; € N}in an increasing order. Define Sg := e S1 = {exn'n5> ... n)" :
nie N and n; is b; -free for all i € [I]}. Next we will prove that § =UkeN Si. One can
easily check that S = _J; .y Sk. To check the disjointness, we will use an argument similar

to above. Suppose to the contrary that there exists k1 # k» such that Sg, = Sk,. So we have
exni'ng? . ..on)t = ep,mi'm3? .. .om)". (3.59)
This implies, using the same notation as before, that

e,l;lbz'“bln‘flan;zg . n;”E = e,lszlbz“"b’m?lamgzE o m?”bj (3.60)
Assume without loss of generality that e;, > 1, gcd(ex,, er,) = 1 and ged(n;, nj) =1 for
i # j. Let p be a prime which divides ex,. Assume p© is the highest power of p that
divides m; or n;, fori =1,2,...1, and p" is the highest power of p that divides e;,. We
now focus on the power of p in (3.60). We have

rbiby ... by = tcia1by £ crarby & c3a3b3 £ - - - + by
This implies that for all i € [/] we have
c,-a,-b_i =0 (mod bi).

Since (aib_i, bij) =1, and ¢; < b;, we get ¢; =0foralli € [I]. This contradicts the
assumption that p | e, . Hence, we conclude that e;, = 1. Similarly, ex, = 1. This finishes
the proof of disjointness of the S.

We now check the density condition. For any sequence A, denote by A(N) the set {a €
A :a < N}. As before, we will show that the lower density of Bx := Uke[K] Sk goes to 1
as K — oo. Let us look at the complement Cx := S \ Bgx. We want to show that the upper
density of Cx goes to 0 as K — oo. Since the sets Ck are decreasing, it will be sufficient
to show that the upper density of the subsequence Cjs converges to 0 as M — oo, where
M = ex @@t +al Byt this is equivalent to saying that upper density of Cy; converges
to 0 as K — oo. This will follow from the following two lemmas.

LEMMA 3.11. Cyy(N) C Ujepy Upsep DF(N) where

DE(N) = {n{'n3? .. nft'_’ll (Lb"ni)“"n?_"ﬁl ...nj" <N:njeNjorjell.
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Proof. Lets = n‘f‘ngz - n?” belong to Cp(N). Write n; = jih’ n; where 1; is b;-free for
i € [I]. Then we must have j; > ek for some i € [I].

To the contrary, suppose we have j; <eg for all i. Then jlb ! j§’2 . jlb’
exP1th2F+b — M. But this contradicts our hypothesis that s € Cps(N). O

LEMMA 3.12. For every fixed L and i,

#DL(N) 1
< —. (3.61)
#S(N) — Lbi
Proof. Fixnj=rjforj=1,2,...,i—1,i+1,...,1. Then
) o o b; o o Nl/a[
#r' o W) o < Noing e Ny = LmJ,
where k = (rf”r;"2 .. rla’ 7! fl_ﬁl .. rlo”)l/“i, and
o]0 oi—1 o Y+ Oll Nl/a[
#Hryry o () <N:nj eN}= » .
The proof follows by observing the following two equalities:
#S(N) =#{n]'n3* ...n" <N :nj eNfor j € [I]}
=D #r o e T < N ing e N)
and
#DF(N) = #{n}'nS? .. i (LPn)%in{4! . nf" <N :nj e Nforj e [I]}
=D #r s (L) ;"fl‘ .1 < N:n; e N},
where the summations are taken over all the (I — 1)-tuple (r1, 72, . . ., Fiz1s Figtls - - - 5 ¥1)
such that their products r{' 752 . . . r;"}'r; _ﬁ' are distinct. O

Hence, the relative upper density of the set Cp in § is less than or equal to
Y i) 2rsex 1/LP, which goes to 0 as K — oo.

We now show that each Sj is linearly independent. It will be sufficient to show that Sy
is linearly independent. After realizing every element s5; of Si as [],cp plin/brb2bi e
apply Lemma 3.7 on S| withm = b1by ... b

(1) First let us show that for any given jo € J, and prime py € P, if vj, p, # 0, then
Vjo.po # 0 (mod m). By definition of the set Sy, v}, can be written as v, ,, = c1a1ba +
caanby + - - - + cjaiby, where 0 < ¢; < b;, and ¢; depends on s, ,, for i € [/]. Here b; is
same as in (3.57).

To the contrary, suppose v}, p, = 0 (mod m). Hence, we have

cra1b1 + caazby + - - - + ciapb; = 0 (mod m).
This means that

c1aiby + caazby + - - -+ cqaib; = 0 (mod b;)  foralli € [1].
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But this implies that
ciaib; = 0 (mod b;) foralli € [I],
implying that
¢ =0 foralli € [l].
So, we get
Vjo.po = 0.

This is a contradiction! Hence, we conclude that if vj, 5, # 0, then vj, 5, # 0 (mod m).
(ii) Now let us assume that v; , = v p (mod m), forall p € P.
Write v; , = crarby + coazby + - - -+ cayb; and Vkp = dia\by + draoby + - - - +
diajb;, where 0 < ¢;,d; < b, and ¢; depends on p, s; and d; depends on p, s for all
i € [l]. By assumption, we have

claiby + cxazby + - - - + cuaib; = dvarby + drazby + - - - + diagb; (mod m).
This implies that
(¢c; —d;i)aib; = 0 (mod b;) foralli e [I].
Hence, we get
(ci—di)=0 foralli e [/].
So, we conclude that
Vjp =, forall peP.

But we know that every element of S7 has a unique representation. Hence, we get j = k.
Thus we conclude that S is a good set and hence linearly independent over the rational.
This completes the proof. O

4. The case when « is irrational: two open problems

We have proved that the sequence (n%) is strong sweeping out when « is a non-integer
rational number. For the case of irrational «, it is known from [BBB94, JW94] that (n%)
is strong sweeping out for all but countably many «. However, the following questions are
still open along these lines.

Problem 4.1. Find an explicit irrational ¢, for which (n%) is strong sweeping out.

Problem 4.2. Ts it true that for all irrational «, (n%) is pointwise bad for L7 1f so, then is
it true that (n%) is strong sweeping out?

If one can find an explicit « for which (n%) is linearly independent over the rational, then
obviously it will answer Problem 4.1. In fact, if we can find a suitable subsequence which
is linearly independent over (Q, then we can apply Proposition 3.8 to answer Problem 4.1.

It might be possible to apply Theorem 1.4 and some density argument to handle
Problem 4.2.
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