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Abstract Let Kn = Q(an) be a family of algebraic number fields where a,, € C is a root of the nth
n —1

exponential Taylor polynomial 7 + % +---+ 5y + {7 + 1, n € N. In this paper, we give a formula

for the exact power of any prime p dividing the discriminant of K, in terms of the p-adic expansion of
n. An explicit p-integral basis of K, is also given for each prime p. These p-integral bases quickly lead
to the construction of an integral basis of K.
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1. Introduction and statements of results

The discriminant is a basic invariant associated with an algebraic number field. Its notion
was first introduced by Dedekind in 1871. The problem of effective computation of dis-
criminant as well as an integral basis of an infinite family of algebraic number fields which
are defined over the field Q of rational numbers by certain types of irreducible polyno-
mials has been tackled by several mathematicians (cf. [1, 2, 7, 10, 15, 17, 21]). In this
paper, we deal with the above problem for the family of exponential Taylor polynomials:

n xnfl IQ T

Tn(l')zﬁ—Fm‘F"'"‘ri‘f—ﬁ-FL

whose irreducibility over Q was proved by Schur in 1929 for n > 1 (see [6, 19, 20]). Let
K,, denote the algebraic number field Q(«,,), where «,, € C is a root of T,,(z). In this
paper, we calculate the discriminant of the field K,, and explicitly construct a p-integral
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Ezponential Taylor polynomials 529

basis (defined below) of K, for each prime number p and n > 1. These p-integral bases
quickly lead to the construction of an integral basis of K,, as illustrated in Example 5.2.
Our proofs are theoretical without involving computer programming and we use several
well-known basic results of algebraic number theory besides the Theorem of Index of Ore.

We first introduce some notations. For an algebraic number field K, A will stand for
its ring of algebraic integers and dg for its discriminant. If K = Q(6) with 6 an algebraic
integer having minimal polynomial f(z) over Q, then the group index [Af : Z[6]] will be
denoted by ind 6 and the discriminant of the polynomial f(z) by discr(f). For a prime
number p, by Z,) we shall denote the localisation of the ring Z at the prime ideal pZ. If
I,y stands for the integral closure of the ring Z,) in an algebraic number field K, then
Iy ={%|a€ Ak, a € Z\pZ } is a free Z,)-module of rank equal to the degree of the
extension K/Q. A basis of I,y as a Z,)-module is called a p-integral basis of K. Note that
if K = Q(0) with 6 in Ax and p is a prime number not dividing ind 6, then by Lagrange’s
theorem for finite groups, Ax C Z,[0] and hence I,y = Z,[0], i.e., {1.0,...,0" 1} is
a p-integral basis of K, n being the degree of the extension K/Q. Throughout v, will
stand for the p-adic valuation of Q defined for any non-zero integer m to be the highest
power of the prime p dividing m. For a real number A, we shall denote by |A| the largest
integer not exceeding A.

With the above notations, we prove

Theorem 1.1. Let p be a prime number and let n > 2 be an integer having p-adic
expansion:

mg

n=cip™t +cop™? + -+ cop™?,

with 0 <my <mg < -+- <mg and 0 < ¢; < p for each i. Let K = Q(0) be an algebraic

number field with 6 a root of the irreducible polynomial f,(x) = z™ + (nf!l)lx”* 4+

g—;xz + ’f—,‘x + n! belonging to Z[x]. Let dk stand for the discriminant of K and d; for the

integer p:i:l. Then v,(ind 0) and v,(dk) are given by:

S

vp(ind 0) = 9 Z[cidi (cip™i + 2¢i41p™ i+ + - -+ 4 2¢5p™ — )], (1)

i=1
RN cicy (P9 —p™)
Up(dK)—pZCidi—i‘ Z -1 (2)
i=1 1<i<j<s
The following corollaries will be quickly deduced from the above theorem.
Corollary 1.2. Let n and K = Q(0) be as in the above theorem. Then a prime number
p divides [Ax : Z[0]] if and only if p* divides n!. In particular, Ax = Z[0)] if and only if

n s 2 or 3.

Corollary 1.3. With notations as in the above corollary, a prime number p divides
dk if and only if p divides n!.
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Recall that for a non-zero polynomial g(z) = > a;x' € Z[z] with aga, # 0, the
i=0

Newton polygon of ¢g(z) with respect to a prime number p is the polygonal path along
the lower convex hull of the points in the set {(¢, vp(an—;)) | 0 < i < n, an—; # 0} (see
Definition 2.1).

Theorem 1.4. Let K = Q(0) and f.(x) be as in Theorem 1.1 and let p be a prime
number. For any integer j with 1 < j < n —1, let u;j(z) denote the polynomial x7 +
ﬁill)!xfl + -t (7%']), with coefficients in Z. Then a p-integral basis of K is given by

(n

(0
{1,B1,-+, Bn-1} with B; = uiT(J) for 1 < j <n—1, where y; stands for the ordinate of
P J
the point with abscissa j on the Newton polygon of fn(x) with respect to the prime p.

The following theorem proved in [10, Theorem 1.2] gives a method to construct an
integral basis of an algebraic number field using its p-integral bases.

Theorem 1.A. Let L = Q(&) be an algebraic number field of degree n with
& an algebraic integer. Let pi1,...,ps be all the prime numbers dividing ind £ and
{1 a1, apm1)} be a pe-integral basis of L, 1 <r < s with:

cio + g+ g €+ ¢

Qpj = k- ) ]-Slgn_]-v
T,T
Dr
where C,E;) and 0 < ki < kip1, are integers. If c;; € Z are such that c;; = cl(;)

S
k; k;
(mod p,"") for 1 < r < s and if t; stands for Hprl’r, then {1,a1,...,an_1} is an

r=1
integral basis of L where

T S M TS < Wy
ai:CzO cin€ ; Ci(s 1)§ 57 1<i<n-—1.
7

It may be pointed out that for any algebraic number field L = Q(¢), a p-integral
basis of the type given in the above theorem always exists for each prime p in view of
[11, Theorem 2.34]. We shall illustrate Theorems 1.4 and Theorem 1.A by constructing
an explicit integral basis of K = Q(6#) when 0 is a root of fg(x) or f7(z) in Example 5.2.

2. Preliminary results

The following lemma is essentially proved in [6, p. 187]. For reader’s convenience, we
prove it here.

Lemma 2.A. Let n > 2 be an integer. Then the discriminant of the polynomial
) n(n—1)
fn(z) = 2™ + Tl)!wn_l o+ 2?2+ 2 nlis (-1)7 2 (n)™

(n

https://doi.org/10.1017/50013091524000105 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000105

Ezponential Taylor polynomials 531

Proof. It can be easily seen that:

fo(@) =nfa1(@),  fal®)=a" +nfai(z). (3)

Let 81, B2, ..., Bn be the roots of f,(z) in C. Then the discriminant of f,(x) is given by:

n

diser(f,) = (—1)%;1) H f;(ﬁj)

j=1
Therefore using (3), we see that:
) n(n 1) n n(n 1) n n n(n—1) "
discr(fa) = (= a8 = 0™ T (-87) = ()™ G
j=1 j=1

The following simple result is well known (see [3, p. 122], [6]). Its proof is omitted.

Lemma 2.B. Let p be a prime number and m be a positive integer. If m = ag+a1p+
<4 a.p” with 0 < a; < p for each i, then

oy (mt) = =0 +pa1j"+a*>_

The elementary lemma stated below is also well known (cf. [14, Problem 435]).

Lemma 2.C. Let t,n be positive integers. Let P denote the set of points in the plane
with positive integer entries lying inside or on the triangle with vertices (0,0), (n,0), (n,t)
which do not lie on the line x=n. Then the number of elements in P is $[(n — 1)(t —
1) 4+ ged(¢,n) — 1J.

For proving Theorem 1.1, we will use the classical Theorem of Index of Ore (stated
as Theorem 2.E below) in addition to carrying out several simplifications. To state this
theorem, we introduce the notions of valuation, Gauss valuation, ¢-Newton polygon,
¢-index of a polynomial, where ¢(x) belonging to Z[x] is a monic polynomial which is
irreducible modulo a given prime p.

As usual, by a valuation v of a field K, we shall mean a mapping v : K — R U {o0}
which satisfies the following properties for all o, £ in K.

(i) v(a) = o0 if and only if o = 0,

(i1) v(aB) = v(a) + v(B),

(#ii) v(a+ B) > min{v(a),v(B)}.

The subring R, of K defined by R, = {a € K | v(a) > 0} is called the valuation ring
of v. It has a unique maximal ideal M, = {« € K | v(a) > 0} and R, /M, is called the
residue field of v. A valuation v’ of an overfield K’ of K is said to be an extension or a
prolongation of v to K’ if v’ coincides with v on K.
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Notations. For a prime number p, as usual Z, will stand for the ring of p-adic integers
and Q, for its quotient field. We shall also denote by v, the unique prolongation of the
p-adic valuation to the field Q, of p-adic numbers. If v; denotes the prolongation of v, to
a finite extension of Q,, then for any polynomial g1 (x) with coefficients in the valuation
ring of vy, g, (x) will stand for the polynomial obtained by replacing each coefficient of
g1(z) by its image under the canonical homomorphism from the valuation ring of v; onto
its residue field.

We shall denote by v the Gaussian valuation of the field Q,(z) of rational functions
in an indeterminate & which extends the valuation v, of Q, and is defined on Q,[z] by:

vy <Z cixi> = miin{vp(ci)}, ci € Qp.

If ¢(x) is a fixed monic polynomial with coefficients in an integral domain R, then
any polynomial g(z) € R[x] can be uniquely written as a finite sum > g;(x)¢(z)" with

3
deg g;(z) < deg ¢(x) for each i; this expansion will be referred to as the ¢-expansion of
9(z).
The following definition extends the notion of Newton polygon of a polynomial with
respect to a prime p.

Definition 2.1. Let ¢(z) € Zlz] be a monic polynomial which is irreducible mod-
ulo a given prime p. Let g(z) belonging to Zy[zx] be a polynomial having ¢-expansion

3 gi(x)p(x)® with go(x)gn(x) # 0. Let P; stand for the point in the plane having coor-
i=0
dinates (i,vy(gn—i(x))) when gn—i(x) # 0, 0 <i <n. Let p;; denote the slope of the line

joining the points P; and Pj if gn—i(x)gn—;(x) # 0. Let i1 be the largest index 0 < iy <n
such that:

poi; = min{uo; | 0 <j <n, gnj(x) # 0}.
If i1 < n, let iy be the largest index i1 < ia < n satisfying:

Wiyin = min{u;, ;5 | i1 <j <n, gnj(x) # 0},

and so on. The ¢-Newton polygon of g(x) with respect to p is the polygonal path having
segments Po P, Py Py, ..., Py | Py with iy =n. These segments are called the edges of
the ¢-Newton polygon of g(xz) and their slopes from left to right form a strictly increasing
sequence. In particular when ¢(x) = x, the ¢-Newton polygon of g(z) with respect to p

will be referred to as the Newton polygon of g(x) with respect to p.

Definition 2.2. Let ¢(x) and g(x) be as in Definition 2.1. Let N denote the number
of points with positive integer coordinates lying on or below the ¢-Newton polygon of g(x)
away from the vertical line passing through the last vertex of this polygon. As in [13], the
¢-index of g (with respect to p) is defined to be N deg ¢(z) and will be denoted by i4(g).

The following example illustrates the above definition.
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Example 2.3. Let g(z) = fa(z) = 2*+ 223+ 222+ Hz+41. Consider ¢(z) = z. Note
that the ¢-Newton polygon of g(x) with respect to the prime 2 being the lower convex hull
of the points (0,0), (1,2),(2,2), (3,3) and (4, 3) consists of a single edge joining the point
(0,0) with (4, 3). Thus i4(g) = 3 (with respect to 2). Next consider ¢;(z) = z+ 1. It can
be easily checked that g(z) = (z+1)*+6(x+1)*+8(z+1)+9. So the ¢1-Newton polygon
of g(z) with respect to 3 being the lower convex hull of the points (0,0), (2, 1), (3,0) and
(4,2) consists of two edges; the first edge joins the point (0,0) with (3,0) and the second
edge is the line segment joining the points (3, 0) and (4,2). Thus ig, (g) = 0 (with respect
to 3).

We now state a theorem originally proved by Ore (see [13, Theorem 1.2], [18]).

Theorem 2.D. Let L = Q(&) be an algebraic number field with & satisfying a monic
irreducible polynomial g(x) € Z[z] and p be a prime number. Let ¢, (x)°L --- ¢, (x)" be the
factorization of g(x) modulo p into a product of powers of distinct irreducible polynomials
over the finite field F,, of p elements, where each ¢;(x) # g(z) belonging to Z[x] is monic.

Then, v,(ind &) > XT: ig, (9)-
j=1

Ore also gave a sufficient condition so that the inequality in the above theorem becomes
equality. For this, he associated with each edge S;; of the ¢;-Newton polygon of g(z)
having positive slope, a polynomial T;;(Y") in an indeterminate Y with coefficients from
the field F, having ¢ = pde9¢i(*) elements described in the following definitions.

Definition 2.4. Let ¢(x) € Z[x] be a monic polynomial which is irreducible modulo a
giwen prime p having a root o in a finite extension of Q. Let g(x) € Zylx] be a monic
polynomial not divisible by ¢(x) with ¢-expansion ¢(x)™ + gn_1(x)p(x)" "L + -+ + go(7)
such that g(z) is a power of ¢(x). Suppose that the ¢-Newton polygon of g(z) consists of
a single edge, say S having positive slope denoted by g with integers d,e coprime, i.e.,

min{w | 1<i<n}= M =4 50 that n is divisible by e, say n= et and
vy (gn—ej(r)) > dj for 1 < j < t. Thus the polynomial hj(z) = g”%g(z) has coefficients
in Z, and hence h;(a) € Zy[a] for 1 < j <t. The polynomial T(Y) in an indeterminate
Y defined by T(Y) = Yt + zt: hj (@)Y having coefficients in Fp[@] is said to be the
polynomial associated to g(xj:111)ith respect to (¢, S).

The example given below illustrates the above definition.

Example 2.5. Let g(z) = fu(z) = 2* + 2° + 32? + Lo + 41 Clearly g(z) = 2*
(mod 2). Consider ¢(x) = z. One can check that the ¢-Newton polygon of g(z) with
respect to the prime 2 consists of a single edge S joining the points (0,0) and (4, 3).
With notations as in the above definition, we see that d =3, e=4 and the polynomial
associated to g(z) with respect to (¢,S) is T(Y) =Y + 1 belonging to Fo[Y].

We now extend the notion of associated polynomial when g(z) is more general.

Definition 2.6. Let p, ¢(x) and a be as in Definition 2.4. Let G(z) € Zy[z] be a monic
polynomial not divisible by ¢(x) such that G(x) is a power of ¢(z). Let Ay < --- < A\i be
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the slopes of the edges of the ¢-Newton polygon of G(z) and S; denote the edge with slope
;. In view of the Theorem of Product by Ore (cf. [5, Theorem 1.5], [12, Theorem 1.1]),
we can write G(z) = Hy(z) - - - Hi(x), where the ¢-Newton polygon of H;(x) € Zy[z] has
a single edge, say S, which is a translate of S;. Let T;(Y) belonging to F,[@][Y] denote
the polynomial associated to H;(x) with respect to (¢, S.) described as in Definition 2.4.
The polynomial G(z) is said to be p-regular with respect to ¢ if none of the polynomials
T;(Y) has a repeated root in the algebraic closure of Fp, 1 < ¢ < k. In general, if g(x)
belonging to Zy[z] is a monic polynomial and g(z) = ¢, ()1 --- ¢, (z)" is its factoriza-
tion modulo p into irreducible polynomials with each ¢;(xz) belonging to Z[x] monic and
e; > 0, then by Hensel’s Lemma [4, Chapter 4, Section 3], there exist monic polynomials
Gi(z),...,G.(x) belonging to Z,[z] such that g(z) = G1(x) - G.(x) and G;(z) = ¢; ()%
for each i. The polynomial g(x) is said to be p-reqular with respect to ¢1,..., ¢, if each
Gi(x) is p-regular with respect to ¢;.

We give below a simple example of a p-regular polynomial with respect to any monic
polynomial ¢(z) € Z[z] which is irreducible modulo a given prime p.

Example 2.7. If p, ¢(z) are as above and G(z) # ¢(x) belonging to Z,[z] is a monic
polynomial with G(z) = é(z), then the ¢-Newton polygon of G(z) with respect to p
is a line segment S joining the point (0,0) with (1,¢) for some ¢>0. Consequently,
the polynomial associated to G(z) with respect to (¢,.5) is linear and i4(G) = 0. In
particular, G(z) is p-regular with respect to ¢.

We now state a celebrated result to be used in the sequel known as the Theorem of
Index of Ore (cf. [13, Theorem 1.4], [18]).

Theorem 2.E. Let L = Q(§),g(x),p and ¢1(x),...,¢.(x) be as in Theorem 2.D. If

g(x) is p-regular with respect to ¢1,..., ¢y, then vy(ind ) = > i¢j (9)-
j=1
Keeping in mind Example 2.7, the following corollary is an immediate consequence of
Theorem 2.E.

Corollary 2.8. Let L = Q(&),9(z),p, ¢1(x),...,¢.(x) and e1,...,e, be as in
Theorem 2.D. If e; = 1 for each i>1 and g(z) is p-regqular with respect to ¢1, then

vp(ind &) =g, (9).

Let g(x),p, ¢1(x),...,é.(x) be as in Theorem 2.D. Then by Hensel’s Lemma, we
can write g(z) = Gi(z)---Gr(z) where G;(z) € Z,[x] is a monic polynomial with
Gi(z) = ¢i(x)%. If S is an edge of the ¢;-Newton polygon of G;(x), then for conve-
nience, the polynomial associated to G;(x) with respect to (¢;, S) will be referred to
as the polynomial associated to g(z) with respect to (¢;, S’) where S’ is the edge of
the ¢;-Newton polygon of g(z) which is a translate of S, because the ¢;-Newton polygon
of g(z) can be obtained from the ¢;-Newton polygon of G;(x) by giving a horizontal
translation in view of the following simple lemma proved in [5, Proposition 1.2, Theorem
3.2] and [12, Corollary 2.5].

Lemma 2.F Let ¢(x) € Z[z] be a monic polynomial which is irreducible modulo a
gwen prime p and f(z), g(z) belonging to Zy[x] be two monic polynomials not divisible by
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o(x). If d(x) does not divide g(x), then the ¢-Newton polygon of g(x) is either a point or
a horizontal line segment and the ¢-Newton polygon of f(x)g(x) is obtained by adjoining
to the ¢-Newton polygon of g(xz) a translate of the ¢-Newton polygon of f(z).

3. Proof of Theorem 1.1

The proof of Theorem 1.1 is divided in four steps.

Step I. In this step, we prove that for any prime p less than or equal to n, x is the
only repeated factor of f,(x) modulo p. In view of Lemma 2.A and a well-known result
[11, Corollary 2.16], we have

n(n—1)

(=1)" 2 (n))" = discr(f,) = (ind 0)?d. (4)

So if a prime divides ind 0 or dg, then it divides n!. Let p be a prime dividing n!. Let k
be the smallest non-negative integer not exceeding n — 2 such that p divides n — k. Then

n! n!
AR TP > (mod p).

fa(w) =" (’gk+ =1 (n—h)!

Denote the polynomial z* + (n%ll)!xk_l +F (nﬁi'k:)' by h(z). Note that h(z) is not
divisible by z modulo p in view of the choice of k and h(z) = 2* + h/(x) (mod p).
So h(z) and h/(x) are coprime modulo p, i.e., h(z) has no repeated factor modulo p.
Consequently z is the only repeated factor of f,(x) modulo p.

Step II. In this step, we prove that f,(x) is p-regular with respect to ¢(z) = = for
each prime p dividing n!. Let p be such a prime. Keeping in mind that z is the only
repeated factor of f,(z) modulo p in view of Step I, it would follow from Corollary 2.8

that v, (ind 0) = iy(f,) where ¢(z) = z, i.e.,
vp(ind 0) = N, (5)

where N is the number of points with positive integer coordinates lying on or below the
Newton polygon of f,(x) with respect to p away from the vertical line passing through
the last vertex of this polygon.

By definition, the Newton polygon of f,(z) with respect to p is the polygonal path
formed by the lower edges along the convex hull of points of the set P defined by

P ={(i,vp(n!/(n—19)")) | 0<i<n}.
Recall that
n=cip™t + cop™? + -+ 4 cop™?,

where 0 <m; <mo < --- <mg and 0 < ¢; < p for each 7. Set zop = 0 and

zZi=cp™ o op™, 1 <i<s. (6)
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As in [6], making use of Lemma 2.B, it can be easily shown that the Newton polygon
of f,(z) with respect to p consists of s edges; the ith edge from left to right is the line
segment joining the points:

(zi—1,vp(n!/(n = zi-1)1)), (zi,vp(n!/(n — 2)!)).

Therefore using Lemma 2.B, we see that the slope \; of the ith edge of the Newton
polygon of f,,(z) with respect to p is given by:

N (e R ()
Zi — Zi-1
_ Zi+ (Cig1 4+ ) —2zim1 — (¢ + -+ ¢)
(20 —zi-1)(p— 1)

So

\ - cp™i—c;  pMi—1
oepmi(p—1)  pmi(p—1)

Note that f,(z) has an edge with slope zero if and only if m; = 0, which happens only
when k£ > 0 where k is as in Step 1. In view of Hensel’s Lemma and the Theorem of product
by Ore (cf. [5, Theorem 1.5], [12, Theorem 1.1]), we can write f,(z) = G1(z)--- Gs(x)
where G;(x) € Zp[z] has degree z; — z;_1 = ¢;p™ and the Newton polygon of G;(x) with
respect to p consists of only one edge S; (say) having slope A;. When A; > 0, let T;(Y)
belonging to F,[Y] denote the polynomial associated to G;(x) with respect to (¢, S;) as
described in Definition 2.6, where ¢(x) = x. Note that the degree of T;(Y) is ¢; <p —1;
consequently T;(Y) is a separable polynomial. This proves that f,(z) is p-regular with
respect to ¢(z) = z.

Step III. In this step, we prove that

N= 2 ;[Cidi (cip™ + 2¢ip1p™ i1 + -+ 2e5p™° — p)], (7)
where N is as in (5). This will prove (1) at once.
Set t; = vp(n!/(n — z)!) for 0 < ¢ < s. Using Lemma 2.B, it can be easily seen that
vp(n!/(n — 2;)!) = vp(z!) for 0 <i < s. Soty =0 and

ti :’l}p(Zi!) :cld1—|—~-~—|—cidi, 1 S’L S S. (8)

As pointed out in Step II, the Newton polygon of f,(x) with respect to p consists of s
edges; the ith edge from left to right is the segment joining the points (z;_1,t;—1), (2, ;)
and N is the number of points with positive integer coordinates lying on or below this
Newton polygon which do not lie on the line x = z;. We now count these points.

For 1 < i < s, the number of points with positive integer coordinates lying on or in
the triangle joining the points (z;—1,t;—1), (2, ti—1), (2, ;) away from its vertical side
is same as number of such points in the case of the triangle joining (0,0), (z; — z;—1,0),

https://doi.org/10.1017/50013091524000105 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000105

Ezponential Taylor polynomials 537

(zi—2zi—1,t; —t;—1). It is immediate from (6) and (8) that z; —z;—1 = ¢;p™i and t; —t;_1 =
¢;d;. In view of Lemma 2.C, this number is given by:

1 .
=cid;[eip™i — pl.

1 1
Slep™ = 1) (cid; = 1) + ¢ = 1] = S[Gdip™ — cidy — ep™i + ¢i] = 2

2 2

For 2 < i < s, the number of points with positive integer coordinates lying in or on
the rectangle joining the points (z;-1,0), (2;,0), (2i,t;—1) and (2;—1,t;—1) which do not
lie on the line = z; is (z; — z;—1)ti—1 = ¢;p™i(crdy + -+ + ¢;_1d;—1) by virtue of (6)
and (8). Therefore

1S 4 s '
N = B} Zcidi[cipmz -pl+ Z[Cipml (crdy + -+ ci_1di1)]
i=1 i=2
1 S 4 s v
=3 D cidileip™ = pl 4+ > [eid; (cipap™itL 4 - 4 cp™)]
i=1 i=1
I _ . N
~ 9 ;[Cidi (€ip™i 4 2cip1p™itl + - 4 2¢p™S — p)].

This proves (7) and hence (1) is proved.
Step IV. In this step, we prove (2). It is immediate from (4) that v,(dx) = nv,(n!) —
2v,(ind 6). Using Lemma 2.B, we see that

S

nop(nl) = (c1p™ + -+ ep™) (crdy + -+ + eody) = 3 _[eidi(cip™ + -+ cp™)].
i=1
It is immediate from (1) and (9) that
vp(dg ) = nvp(nl) — 2v,(ind 6)

S

- Z[Cidi(clpml +tesp™)] - Z[Cidi (cip™ + 2¢ip1p™iH1 + -+ 2e5p™)]
i=1

i=1
S
+pY cidi
i=1

S S
- Z[Cidi(ﬁpml o emap™il = p™iHl — s — e p™)] + pz cid;.
i=1 i=1
(10)
Keeping in mind that d; = p::i;% it can be easily seen that: d;p™i —d;p"J = pi}%fmz

for 1 <i < j < s. Using this equality, the first summand in (10) can be rewritten as:

Z (cicjdip™i) — Z (cicjdip™i) = Z [cicj(djp™i — d;p™7)]

1<j<i<s 1<i<j<s 1<i<j<s
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-y aul™ -
1<i<j<s p—1

The desired inequality (2) now follows from (10).

4. Proof of Corollaries 1.2, 1.3

Proof of Corollary 1.2. Let p be a prime number. In view of (1), v,(ind 6) = 0 if
and only if the p-adic expansion of n is of the type n = ¢; or n=p or n = ¢; + p with
0 < ¢1 < p, which is equivalent to saying that n < 2p. This proves the first assertion of
the corollary. The second assertion follows immediately from the first. O

Proof of Corollary 1.3. In view of (2), v,(dx) = 0 for a prime p if and only if the
p-adic expansion of n is of the type n = ¢; with 0 < ¢; < p, or equivalently n is less than
p. This proves the corollary. O

5. Proof of Theorem 1.4
The following proposition to be used in the sequel is proved as Proposition 3.A in [10].

Proposition 5.A. Let L = Q(&) be an algebraic number field of degree n with & an
algebraic integer and let p be a prime number. Let oy, a, ..., an—1 be p-integral elements

o tei1 bt ey € el : ,
of L of the type a;; = 0Tl Gi(i=1) where c;j, k; are in Z with 0 < k; < ki1

(2

for 1 < i < n—2. Then {1,0q,...,an_1} s a p-integral basis of L if and only if
n—1

vp(ind &) =) k;.
i=1

Recall that an algebraic number 7 is integral over the localisation Z,) of Z at a maximal
ideal pZ if and only if w(n) > 0 for all prolongations w to Q(n) of the p-adic valuation
of Q (cf. [4, Chapter 3, Theorem 6]). Keeping this in mind the next proposition follows
immediately from Proposition 2.2 of [13]. Its proof is omitted.

Proposition 5.B. Let Q(§) be an algebraic number field, where £ is a root of a monic
irreducible polynomial g(x) belonging to Zlx]. Let ¢p(x) € Z[z] be a monic polynomial
different from g(xz) which divides g(x) modulo a given prime p and is irreducible modulo

d
p. Let g(z) = 3 gi(x)p(x)" be the ¢p-expansion of g(x) with gq(x) # 0. Let q;(x) denote
i=0

the quotient obtained on dividing g(z) by ¢(x)7, 1 < j < d. If y4—; stands for the ordinate
of the point with abscissa d— j on the ¢-Newton polygon of g(x) with respect to p, then
qj(g)/pwd*jJ is integral over Zy).

The result stated below is an immediate consequence of Corollary 2.8 and Propositions
5.A, 5.B.

Proposition 5.1. Let L = Q(&) be an algebraic number field with £ satisfying a
monic irreducible polynomial g(x) € Z[x] of degree n and let p be a prime number.

https://doi.org/10.1017/50013091524000105 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000105

Ezponential Taylor polynomials 539

Let ¢y (z)°1 -+ ¢,.(2)°" be the factorization of g(x) modulo p into a product of powers of
distinct irreducible polynomials over F,, where each ¢;(x) # g(x) belonging to Z[z| is
monic. Assume that ¢1(x) = x, e; =1 for each i>1 and g(z) is p-reqular with respect to
¢1. Let q;(z) denote the quotient obtained on dividing g(z) by @/, 1 <j <n—1. If yp_;
stands for the ordinate of the point with abscissa n— j on the ¢1-Newton polygon of g(x)
with respect to p, then ~{1,q1(§)/pLyn—1J see s Gno1(8)/p11Y s a p-integral basis of L.

Proof of Theorem 1.4. In view of Steps I and II of the proof of Theorem 1.1
given in §3, we see that f,(z) satisfies the hypothesis of Proposition 5.1. Therefore,
Theorem 1.4 follows immediately from Proposition 5.1, because with notations as
in Proposition 5.1, we have ¢,_;(z) = 27 + (nfi!l)!xj_l + -4 (n"f']), = wuj(x) for
1<j<n-—1. O

Example 5.2. Let K = Q(#) where 6 is a root of the polynomial,

6 . 6 6! 6 , 6
fo(z) = 28 + 5o+ Ix“ + axg + 5;1:2 + @+ 6L

Then by (2), va(dx) = 10, v3(dg) = 6 and vs(dg) = 6. So dx = —2193556 in view of
Lemma 2.A. By virtue of Corollary 1.2, we see that v,(ind #) > 0 only when p=2 or 3.
For these two primes, we first find p-integral bases. Keeping the notations u;(x) and y;
of Theorem 1.4, we have

.6 6!
uj(z) =a/ + a7 44

5l W7 1<5<5.

The Newton polygon of fg(x) with respect to the prime 2 has two edges joining the
points (0,0) with (2,1) and (2,1) with (6,4). So |y1] =0, |y2| = |ys] =1, |ya] =2 and
|ys | = 3. Therefore applying Theorem 1.4, we see that

Lo ﬁ ej 0% + 203 + 262 05 + 66* + 6603
b) 7272? 22 b) 23

is a 2-integral basis of K.
By looking at the Newton polygon of fg(x) with respect to the prime 3 and applying

3 4 5
Theorem 1.4, it can be easily seen that { 1,86, 62, %, %, %} is a 3-integral basis of K.

Therefore, using Theorem 1.A and Chinese Remainder Theorem, we see that:

19§ @ 0% + 663 + 662 6° + 66* + 663
2767 12 ’ 24 ’

is an integral basis of K.
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Example 5.3. Let K = Q(6) where 0 is a root of the polynomial:

7! 7! 7! 7! 7! 7!
fr(z) =2 + axG + axs + ﬂw‘l + gx?’ + ExQ + T —+ 7
Then by (2), va(dx) = 14, v3(dx) = 8 and vs(dg) = v7(dx) = 7. So dg = —2M385777
by virtue of Lemma 2.A. In view of Corollary 1.2, v,(ind ) > 0 only when p=2 or 3.
For these two primes, we first find p-integral bases. With notations as in Theorem 1.4,
we have:

ST 7!
) —pd o o ]
uj(@) = a7 + gl 4t = 1<j<6.
Keeping in mind that the Newton polygon of f7(z) with respect to 2 is the polygonal
path joining the points (0,0), (1,0), (3, 1), (7,4) and using Theorem 1.4, it can be checked
that:

{1 0 g2 02+ 62 0* + 6% 0° + 30* + 203 + 262 96+705+264+293}
) ) ) 2 ) 2 b 22 ) 23 )

is a 2-integral basis of K. By similar arguments, we can show that

L.03 25,94 46,5
1,0,62%, 6% ¢ ‘;9 2 -ge 2 -ge } is a 3-integral basis of K. Therefore, it follows

from Theorem 1.A that:

{1 0 g2 03 + 3602 0%+ 03 0° + 70 + 603 + 662 96+795+1804+1803}
) ) ) 2 ) 6 9 12 ) 24 )

is an integral basis of K.
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