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Abstract

The λ-quiddities of size n are n-tuples of elements of a fixed set, solutions of a matrix equation appearing
in the study of Coxeter’s friezes. Their number and properties are closely linked to the structure and the
cardinality of the chosen set. Our main objective is an explicit formula giving the number of λ-quiddities
of odd size, and a lower and upper bound for the number of λ-quiddities of even size, over the rings Z/2m

Z

(m ≥ 2). We also give explicit formulae for the number of λ-quiddities of size n over Z/8Z.
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1. Introduction

Coxeter’s friezes are mathematical objects which are closely linked to many topics
(see for example [8]). They were introduced at the beginning of the 1970s by Coxeter
(see [2]) and are defined as tables of numbers, belonging to a fixed set, having a
finite number of lines of infinite length, arranged with an offset, and for which some
arithmetic relations are verified. One of the main elements of the study of Coxeter’s
friezes is the resolution of the following equation over the chosen set:

Mn(a1, . . . , an) :=
⎛⎜⎜⎜⎜⎝an −1

1 0

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝an−1 −1

1 0

⎞⎟⎟⎟⎟⎠ · · ·
⎛⎜⎜⎜⎜⎝a1 −1

1 0

⎞⎟⎟⎟⎟⎠ = −Id.

In particular, the intervention of the matrices Mn(a1, . . . , an) is very interesting since
they are involved in the study of many other mathematical objects, such as ‘negative’
continued fractions and discrete Sturm–Liouville equations.

The study of the previous equation naturally leads to the generalised equation

Mn(a1, . . . , an) = ±Id (ER)
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2 F. Mabilat [2]

over a subset R of a commutative and unitary ring A. We will say that a solution
(a1, . . . , an) of (ER) is a λ-quiddity of size n over R (if there is no ambiguity, we will
omit the set over which we are working) and our goal is to study these objects over
different sets. There are several ways to achieve this objective. For example, we can
try to find a recursive construction and a combinatorial description of the solutions.
In this way, we have precise results about the solutions of (EN∗) (see [10]). We can
also define a notion of irreducible solutions and study them (see for example [3, 5, 6]).
We can also, and this is what we will do here, look for general information, such as
the number of solutions of fixed size. In this direction, we already have formulae for
R = N∗ (see [1]) and for R = Fq. We recall the results in this case. For q the power of a
prime number p, B ∈ SL2(Fq) and n ∈ N∗,

u+n,q := |{(a1, . . . , an) ∈ Fn
q, Mn(a1, . . . , an) = Id}|

u−n,q := |{(a1, . . . , an) ∈ Fn
q, Mn(a1, . . . , an) = −Id}|.

Moreover, if m ∈ N∗ and k ≥ 2,

[m]k :=
km − 1
k − 1

and
(
m
2

)
k

:=
(km − 1)(km−1 − 1)

(k − 1)(k2 − 1)
.

THEOREM 1.1 (Morier-Genoud, [9, Theorem 1]). Let q be the power of a prime
number p and b ∈ N, n > 4.

(i) If n is odd, then u−n,q = [ n−1
2 ]q2 .

(ii) If n is even, then there exists m ∈ N∗ such that n = 2m.

(a) If p = 2, u−n,q = (q − 1)
(

m
2

)
q
+ qm−1.

(b) If p > 2 and m is even, u−n,q = (q − 1)
(

m
2

)
q
.

(c) If p > 2 and m ≥ 3 is odd, u−n,q = (q − 1)
(

m
2

)
q
+ qm−1.

Another proof of this result can also be found in [11].

THEOREM 1.2 [4, Theorem 1.1]. Let q be the power of a prime number p > 2 and
n ∈ N, n > 4.

(i) If n is odd, then u+n,q = u−n,q = [ n−1
2 ]q2 .

(ii) If n is even, then there exists m ∈ N∗ such that n = 2m.

(a) If m is even, u+n,q = (q − 1)
(

m
2

)
q
+ qm−1.

(b) If m ≥ 3 is odd, u+n,q = (q − 1)
(

m
2

)
q
.

We will consider the case of the rings Z/NZ, that is to say, we will be interested in
the equation (EZ/NZ) := (EN). Note that the resolution of (EN) is linked to the different
expressions of the elements of the congruence subgroup

Γ̂(N) := {C ∈ SL2(Z), C = ±Id [N]}.
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[3] Counting formulae for λ-quiddities 3

Indeed, we know that all the matrices of SL2(Z) can be written in the form
Mn(a1, . . . , an), with ai a positive integer. Since this expression is not unique, we are
naturally led to look for all the expressions of this form for a given matrix or a set of
matrices. Note that we already have many results concerning the solutions of (EN) (see
for example [5, 7]).

Our objective is to obtain the number of λ-quiddities of odd size, and an upper and
lower bound of the number of λ-quiddities of even size, over the rings Z/2m

Z. We
will also give a complete formula for Z/8Z. For this, for n ≥ 2, m ≥ 2 and ε ∈ {−1, 1},
we write Ωεn(m) := {(a1, . . . , an) ∈ (Z/2m

Z)n, Mn(a1, . . . , an) = εId}, w+n,2m := |Ω1
n(m)|,

w−n,2m := |Ω−1
n (m)| and wn,2m := w+n,2m + w−n,2m . We already have the following result.

THEOREM 1.3 [4, Theorem 1.3]. Let n ≥ 3.

(i) If n is odd, w+n,4 = w−n,4 =
1
3 (4n−2 − 2n−3).

(ii) If n is even, then there exists m ∈ N∗ such that n = 2m.

(a) If m is even, w+n,4 =
1
3 (4n−2 + 4 × 2n−3) and w−n,4 =

1
3 (4n−2 − 2n−2).

(b) If m is odd, w+n,4 =
1
3 (4n−2 − 2n−2) and w−n,4 =

1
3 (4n−2 + 4 × 2n−3).

We will prove the following two results.

THEOREM 1.4. Let m ≥ 2 and ε ∈ {−1, 1}.

(i) Let n ≥ 2. We have the equality:

w+2n+1,2m = w−2n+1,2m =
22mn−2n−2m−1(22n+3 − 8)

3
.

(ii) Let n ≥ 3. We have the two inequalities:

(a) |Ωε2n(m)| ≥ |Δε2n(m)| + 2m−1|Δε2n−1(m)| + m2m−1|Δε2n−4(m)|;
(b) |Ωε2n(m)| ≤ |Δε2n(m)| + 2m−1|Δε2n−1(m)| + 22m−2|Δε2n−1(m)|,

with |Δεn(m)| := 2mn−n−3m(2n+1 + 8 × (−1)n+1)/3.

THEOREM 1.5. Let n ≥ 2. We have the two formulae:

w+2n+1,8 = w−2n+1,8 =
26n−2n−7(22n+3 − 8)

3
;

w2n,8 = 28 × 8n−2 +
24n−5 − 23n−3 + 26n−6 − 23n

3
.

Theorem 1.4 is proved in Section 2.2 while the proof of Theorem 1.5 is given in
Section 2.3. To prove the theorems, we will first focus on the cardinality of the set
{(a1, . . . , an) ∈ (Z/2m

Z)n, Mn(a1, . . . , an) = εId and a2 invertible} and then relate it to
|Ωεn(m)|. More precisely, we will construct bijections which will allow us to find some
direct or recursive relations satisfied by the desired cardinalities.
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2. Proofs of the counting formulae

2.1. Preliminary results. The aim of this section is to provide some elements which
will be useful in the proofs of our main theorems. Throughout this section, U(m) :=
{x ∈ Z/2m

Z, x invertible}, ΩB
n (m) := {(a1, . . . , an) ∈ (Z/2m

Z)n, Mn(a1, . . . , an) = B}.

PROPOSITION 2.1 [4, Lemma 2.16 and Proposition 2.18].

(i) Let A be a commutative and unitary ring. Let n = 2l ≥ 4 and λ be an invertible
element of A. Let (a1, . . . , an) ∈ An. If Mn(a1, . . . , an) = εId, with ε ∈ {1,−1}, then
Mn(λa1, λ−1a2, . . . , λa2l−1, λ−1a2l) = εId.

(ii) Let A be a commutative and unitary ring. Let n ∈ N∗, n odd. The map

ϕn: {(a1, . . . , an) ∈ An, Mn(a1, . . . , an) = Id}
−→ {(a1, . . . , an) ∈ An, Mn(a1, . . . , an) = −Id}

defined by (a1, . . . , an) �−→ (−a1, . . . ,−an) is a bijection.

LEMMA 2.2. Let A be a commutative and unitary ring, and (a, b, c, u, v) ∈ A5.

(i) M3(a, 1, b) = M2(a − 1, b − 1).
(ii) M3(a,−1, b) = −M2(a + 1, b + 1).
(iii) Suppose uv − 1 is invertible. Then

M4(a, u, v, b) = M3(a + (1 − v)(uv − 1)−1, uv − 1, b + (1 − u)(uv − 1)−1).

(iv) Suppose v is invertible and x = ((vb − 1)(uv − 1) − 1)v−1 is invertible. Then

M5(a, u, v, b, c) = M3(a − (vb − 2)x−1, x, c − (uv − 2)x−1).

PROOF. These formulae can be verified by direct computations. Note that items (i),
(ii) and (iii) are given in [3, Section 4]; item (iv) was an important formula obtained
by Cuntz during the preparation of [4] (private communication to the author in
2023). �

PROPOSITION 2.3. Let N = 2m, m ≥ 2, B ∈ SL2(Z/NZ) and n > 4. We define the set
ΔB

n (m) := {(a1, . . . , an) ∈ (Z/2m
Z)n, Mn(a1, . . . , an) = B and a2 ∈ U(m)}. Then

|ΔB
n (m)| = 2m−1|ΔB

n−1(m)| + 22m−1|ΔB
n−2(m)|.

PROOF. Let m ≥ 2, B ∈ SL2(Z/2m
Z) and n > 4. We begin by defining

• ΩB
n (m) := {(a1, . . . , an) ∈ (Z/2m

Z)n, Mn(a1, . . . , an) = B};
• ΔB

n (m) := {(a1, . . . , an) ∈ ΩB
n (m), a2 ∈ U(m)};

• ΛB
n (m, x) := {(a1, . . . , an) ∈ ΩB

n (m), a2 = x};
• ψ : U(m) × U(m) × Z/2m

Z −→ U(m) where (u, v, w) �−→ ((vw − 1)(uv − 1) − 1)v−1;
• T(m, x) := {(u, v, w) ∈ U(m) × U(m) × Z/2m

Z,ψ(u, v, w) = x}, x ∈ U(m).
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[5] Counting formulae for λ-quiddities 5

We have the following equalities:

ΔB
n (m) =

⊔
u∈U(m)

{(a1, . . . , an) ∈ ΩB
n (m), a2 = u}

=
⊔

u∈U(m)

{(a1, . . . , an) ∈ ΩB
n (m), a2 = u and a3 � U(m)}︸�������������������������������������������������������︷︷�������������������������������������������������������︸

XB
n (u)⊔

u∈U(m)

⊔
v∈U(m)

{(a1, . . . , an) ∈ ΩB
n (m), a2 = u and a3 = v}︸�������������������������������������������������︷︷�������������������������������������������������︸

YB
n (u,v)

.

Let u = a + 2m
Z ∈ U(m) (a ∈ Z). We consider the sets XB

n (u) and YB
n (u, v) separately.

We begin with XB
n (u). Let v = b + 2m

Z (b ∈ Z) be a noninvertible element of Z/2m
Z.

Then b is an even integer, so that ab is even and ab − 1 is odd. Thus, uv − 1 ∈ U(m).
By Lemma 2.2(iii), we can define the following two maps:

• fn,u : XB
n (u) −→ ΔB

n−1(m) which takes (a1, u, a3, . . . , an) to

(a1 + (1 − a3)(ua3 − 1)−1, ua3 − 1, a4 + (1 − u)(ua3 − 1)−1, a5, . . . , an);

• gn,u : ΔB
n−1(m) −→ XB

n (u) which takes (a1, . . . , an−1) to

(a1 + (u−1(a2 + 1) − 1)a−1
2 , u, u−1(a2 + 1), a3 + (u − 1)a−1

2 , a4, . . . , an−1).

Then fn,u and gn,u are reciprocal bijections, and |XB
n (u)| = |ΔB

n−1(m)|.
Next, we consider YB

n (u, v). Let v = b + 2m
Z (b ∈ Z) be an invertible element of

Z/2m
Z. We have

YB
n (u, v) =

⊔
w∈Z/2mZ

{(a1, . . . , an) ∈ ΩB
n (m), a2 = u, a3 = v and a4 = w}︸������������������������������������������������������������︷︷������������������������������������������������������������︸

ZB
n (u,v,w)

.

Hence, we will consider the sets ZB
n (u, v, w). Let w be an element of Z/2m

Z, and a and
b odd integers. Then ab is odd and ab − 1 is even. Hence, uv − 1 is not invertible.
Let x = ψ(u, v, w) = ((vw − 1)(uv − 1) − 1)v−1. Since uv − 1 is not invertible, x is
invertible. By Lemma 2.2(iv), we can define the following two maps:

• hn,u,v,w : ZB
n (u, v, w) −→ ΛB

n−2(m, x) where

(a1, u, v, w, a5, . . . , an) �−→ (a1 − (vw − 2)x−1, x, a5 − (uv − 2)x−1, a6, . . . , an);

• kn,u,v,w : ΛB
n−2(m, x) −→ ZB

n (u, v, w) where

(a1, . . . , an−2) �−→ (a1 + (vw − 2)x−1, u, v, w, a3 + (uv − 2)x−1, a4, . . . , an−2).

Then hn,u,v,w and kn,u,v,w are reciprocal bijections. Hence, |ZB
n (u, v, w)| = |ΛB

n−2(m, x)|.
Now, we give some properties of the sets T(m, x). First,

U(m) × U(m) × (Z/2m
Z) =

⊔
x∈U(m)

{(u, v, w) ∈ U(m) × U(m) × Z/2m
Z,ψ(u, v, w) = x}.
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6 F. Mabilat [6]

Let x ∈ U(m). We define two maps:

αx : T(m, 1) −→ T(m, x)
(u, v, w) �−→ (ux, vx−1, wx)

βx : T(m, x) −→ T(m, 1)
(u, v, w) �−→ (ux−1, vx, wx−1) .

Then αx and βx are reciprocal bijections, so |T(m, x)| = |T(m, 1)|. Moreover,

23m−2 = |U(m) × U(m) × (Z/2m
Z)| =

∑
x∈U(m)

|T(m, x)| = 2m−1|T(m, 1)|.

So, |T(m, x)| = |T(m, 1)| = 22m−1.
If we collect all these observations,

|ΔB
n (m)| =

∑
u∈U(m)

|XB
n (u)| +

∑
u,v∈U(m)

|YB
n (u, v)|

=
∑

u∈U(m)

|ΔB
n−1(m)| +

∑
u,v∈U(m)

( ∑
w∈Z/2mZ

|ZB
n (u, v, w)|

)

= |U(m)||ΔB
n−1(m)| +

∑
x∈U(m)

( ∑
(u,v,w)∈T(m,x)

|ZB
n (u, v, w)|

)

= 2m−1|ΔB
n−1(m)| +

∑
x∈U(m)

( ∑
(u,v,w)∈T(m,x)

|ΛB
n−2(m, x)|

)

= 2m−1|ΔB
n−1(m)| +

∑
x∈U(m)

|T(m, x)||ΛB
n−2(m, x)|

= 2m−1|ΔB
n−1(m)| + |T(m, 1)|

∑
x∈U(m)

|ΛB
n−2(m, x)|

= 2m−1|ΔB
n−1(m)| + |T(m, 1)||ΔB

n−2(m)|
= 2m−1|ΔB

n−1(m)| + 22m−1|ΔB
n−2(m)|. �

REMARK 2.4. Let x � y be two invertible elements of Z/2m
Z. In general,

|ΛB
n (m, x)| � |ΛB

n (m, y)|. For instance, by computation, we find the following values:
|ΛId

5 (3, 1 + 8Z)| = 20 and |ΛId
5 (3, 3 + 8Z)| = 8.

PROPOSITION 2.5. Let N = 2m, m ≥ 2, B ∈ SL2(Z/NZ) and n > 4. We define the set
ΔB

n (m) := {(a1, . . . , an) ∈ (Z/NZ)n, Mn(a1, . . . , an) = B and a2 ∈ U(m)}. Then

|ΔB
n (m)| = 2mn−n−4m+1(2n + (−1)n × 8)

3
|ΔB

4 (m)| + 2mn−n−3m(2n + (−1)n+1 × 16)
3

|ΔB
3 (m)|.

PROOF. We set

A =
(
2m−1 22m−1

1 0

)
and P =

⎛⎜⎜⎜⎜⎜⎜⎝
1 1
1

2m

−1
2m−1

⎞⎟⎟⎟⎟⎟⎟⎠ , so that P−1 =
−2m

3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
−1

2m−1 −1
−1
2m 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .
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[7] Counting formulae for λ-quiddities 7

TABLE 1. Numerical values of |ΔId
n (3)| and |ΔS

n(3)| for small values of n.

n 3 4 5 6 7 8 9 10

|ΔId
n (3)| 1 4 48 320 2816 21504 176128 1392640
|ΔS

n(3)| 0 8 32 384 2560 22528 172032 1409024

By the previous proposition,( |ΔB
n (m)|

|ΔB
n−1(m)|

)
=

(
2m−1 22m−1

1 0

) (|ΔB
n−1(m)|
|ΔB

n−2(m)|

)
= An−4

(|ΔB
4 (m)|
|ΔB

3 (m)|

)
.

Moreover, A = P
( 2m 0

0 −2m−1

)
P−1. Hence,

|ΔB
n (m)| = 2mn−n−4m+1(2n + (−1)n × 8)

3
|ΔB

4 (m)|

+
2mn−n−3m(2n + (−1)n+1 × 16)

3
|ΔB

3 (m)|. �

Let S := ( 0 −1
1 0 ) and T := ( 1 1

0 1 ). Then SL2(Z) is generated by S and T and we have
Mn(a1, . . . , an) = Tan S · · ·Ta1 S for all (a1, . . . , an) ∈ Zn.

COROLLARY 2.6. Let m ≥ 2 and n > 4. Then

|ΔId
n (m)| = |Δ−Id

n (m)| = 2mn−n−3m(2n+1 + 8 × (−1)n+1)
3

;

|ΔS
n(m)| = |Δ−S

n (m)| = 2mn−n−3m+1(2n + (−1)n × 8)
3

;

|ΔT
n (m)| = |Δ−T

n (m)| = |ΔId
n (m)| = 2mn−n−3m(2n+1 + 8 × (−1)n+1)

3
.

PROOF. We apply the formula given in the previous proposition with the following
values:

|ΔId
4 (m)| = |Δ−Id

4 (m)| = 2m−1, |ΔId
3 (m)| = |Δ−Id

3 (m)| = 1;

|ΔS
4(m)| = |Δ−S

4 (m)| = 2m, |ΔS
3(m)| = |Δ−S

3 (m)| = 0;

|ΔT
4 (m)| = |Δ−T

4 (m)| = 2m−1, |ΔT
3 (m)| = |Δ−T

3 (m)| = 1. �

For instance, we have the values shown in Table 1.

PROPOSITION 2.7. Let N = 2m, m ≥ 2, B ∈ SL2(Z/NZ) and n ≥ 3. We define the set
ΛB

n (m,−1) := {(a1, . . . , an) ∈ ΩB
n (m), a2 = −1}. Then |ΛB

n (m,−1)| = |Ω−B
n−1(m)|.

PROOF. By Lemma 2.2(ii), (a1, . . . , an) ∈ ΛB
n (m,−1) �→ (a1 + 1, a3 + 1, a4, . . . , an) ∈

Ω−B
n−1(m) is a bijection. �

https://doi.org/10.1017/S0004972724000340 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972724000340


8 F. Mabilat [8]

LEMMA 2.8. Let m ≥ 2. Then |{(x, y) ∈ ((Z/2m
Z) − U(m))2, xy = 0}| = m2m−1.

PROOF. We have the following equalities:

R = {(x, y) ∈ ((Z/2m
Z) − U(m))2, xy = 0}

= {(0, y), y ∈ (Z/2m
Z) − U(m)} � {(x, 0), x ∈ (Z/2m

Z) − U(m) and x � 0}
� {(2ka + 2m

Z, 2lb + 2m
Z), 1 ≤ k ≤ m − 1, m − k ≤ l ≤ m − 1,

a, b odd, 0 < 2ka, 2lb < 2m}.

Hence,

|R| = 2m−1 + 2m−1 − 1 +
m−1∑
k=1

2m−k−1
m−1∑

l=m−k

2m−l−1

= 2m − 1 + 22m−2
m−1∑
k=1

1
2k

2
2m−k (1 − 2−k)

= 2m − 1 + 2m−1(m − 1 − (1 − 2−m+1)) = m2m−1. �

PROPOSITION 2.9. Let m ≥ 2. Then w+4,2m = (m + 2)2m−1, w−4,2m = 2m.

PROOF. (i) Ω1
4(m) = {(−y, x, y,−x) ∈ (Z/2m

Z)4, xy = 0}. Hence, by the previous
lemma,

|Ω1
4(m)| = |{(x, y) ∈ ((Z/2m

Z) − U(m))2, xy = 0}| + |{(x, 0), x ∈ U(m)}|
+ |{(0, y), y ∈ U(m)}| = (m + 2)2m−1.

(ii) Ω−1
4 (m) = {(y, x, y, x) ∈ (Z/2m

Z)4, xy = 2 + 2m
Z}. Let x = 2a + 2m

Z and y =
2b + 2m

Z, (a, b) ∈ Z2. Then xy = 4ab + 2m
Z � 2 + 2m

Z since 4ab − 2 is not a multiple
of 2m (m ≥ 2). So, xy = 2 implies x ∈ U(m) or y ∈ U(m). Hence,

|Ω−1
4 (m)‖ = |{(−2x−1, x, 2x−1,−x), x ∈ U(m)}| + |{(−y, 2y−1, y,−2y−1), y ∈ U(m)}| = 2m.

�

2.2. Proof of Theorem 1.4. Let N = 2m, m ≥ 2, n ≥ 2 and ε = ±1. Define the sets:

• Ωεn(m) := {(a1, . . . , an) ∈ (Z/2m
Z)n, Mn(a1, . . . , an) = εId};

• Δεn(m) := {(a1, . . . , an) ∈ (Z/2m
Z)n, Mn(a1, . . . , an) = εId and a2 ∈ U(m)};

• Λεn(m, u) = {(a1, . . . , an) ∈ Ωεn(m), a2 = u} for u ∈ U(m).

(i) By Proposition 2.1(i) and Lemma 2.2(i), we can define the maps:

ϑn,u : Λε2n(m, u) −→ Ωε2n−1(m)
(a1, u, a3, . . . , a2n) �−→ (a1u − 1, a3u − 1, a4u−1, a5u, . . . , a2nu−1)

θn,u : Ωε2n−1(m) −→ Λε2n(m, u)
(a1, . . . , a2n−1) �−→ ((a1 + 1)u−1, u, (a2 + 1)u−1, a3u, . . . , a2n−1u) .

Then ϑn,u and θn,u are reciprocal bijections. Hence, |Ωε2n−1(m)| = |Λε2n(m, u)| and so
|Λε2n(m, u)| = |Λε2n(m, v)| for all u, v ∈ U(m).
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Moreover, |Δε2n(m)| = ∑
u∈U(m) |Λε2n(m, u)| = 2m−1|Ωε2n−1(m)|. By Corollary 2.6,

w+2n−1,2m = |Ω1
2n−1(m)| = 22mn−2n−3m(22n+1 + 8 × (−1)2n+1)

3 × 2m−1 =
22mn−2n−4m+1(22n+1 − 8)

3
.

So, by Proposition 2.1(ii),

w+2n+1,2m = w−2n+1,2m =
22mn−2n−2m−1(22n+3 − 8)

3
.

(ii) Let n ≥ 3. We have the equality:

Ωε2n(m) = Δε2n(m)
⊔

x�U(m)

⊔
y∈Z/2mZ

{(a1, . . . , a2n) ∈ Ωε2n(m), a2 = x, a3 = y}︸�����������������������������������������������︷︷�����������������������������������������������︸
Gε

2n(x,y)

= Δε2n(m)
⊔

x�U(m)

⊔
y∈U(m)

Gε
2n(x, y)

⊔
x�U(m)

⊔
y�U(m)

Gε
2n(x, y).

Let x = a + 2m
Z (a ∈ Z) be a noninvertible element of Z/2m

Z. Let y = b + 2m
Z (b ∈ Z).

Then a is an even integer, so ab is even and ab − 1 is odd. Thus, xy − 1 ∈ U(m). By
Lemma 2.2(iii), we can define the two maps: σn,x,y : Gε

2n(x, y) −→ Λε2n−1(m, xy − 1)
where

(a1, x, y, a4, . . . , a2n) �−→ (a1+(1−y)(xy−1)−1, xy − 1, a4+(1−x)(xy − 1)−1, a5, . . . , a2n)

and τn,x,y : Λε2n−1(m, xy − 1) −→ Gε
2n(x, y) where

(a1, xy − 1, a3, . . . , a2n−1)

�−→ (a1 − (1 − y)(xy − 1)−1, x, y, a3 − (1 − x)(xy − 1)−1, a4, . . . , a2n−1).

Then σn,x,y and τn,x,y are reciprocal bijections. Hence, |Gε
2n(x, y)| = |Λε2n−1(m, xy − 1)|.

Let y ∈ U(m). Then x ∈ (Z/2m
Z − U(m)) �→ xy − 1 ∈ U(m) is a bijection. Indeed,

let z ∈ U(m). The equation xy − 1 = z has exactly one solution, x = (z + 1)y−1, in
(Z/2m

Z) − U(m). Hence,∣∣∣∣∣
⊔

x�U(m)

⊔
y∈U(m)

Gε
2n(x, y)

∣∣∣∣∣ =
∑

y∈U(m)

∑
x�U(m)

|Gε
2n(x, y)| =

∑
y∈U(m)

∑
x�U(m)

|Λε2n−1(m, xy − 1)|

=
∑

y∈U(m)

∑
z∈U(m)

|Λε2n−1(m, z)| =
∑

y∈U(m)

|Δε2n−1(m)|

= 2m−1|Δε2n−1(m)|.

Moreover,∣∣∣∣∣
⊔

x,y�U(m)

Gε
2n(x, y)

∣∣∣∣∣ =
∑

x,y�U(m)

|Gε
2n(x, y)| =

∑
x,y�U(m)

|Λε2n−1(m, xy − 1)|.
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TABLE 2. Different possible values of xy − 1 for x, y noninvertible elements of Z/8Z.

x
y

0 + 8Z 2 + 8Z 4 + 8Z 6 + 8Z

0 + 8Z −1 + 8Z −1 + 8Z −1 + 8Z −1 + 8Z
2 + 8Z −1 + 8Z 3 + 8Z −1 + 8Z 3 + 8Z
4 + 8Z −1 + 8Z −1 + 8Z −1 + 8Z −1 + 8Z
6 + 8Z −1 + 8Z 3 + 8Z −1 + 8Z 3 + 8Z

So, ∣∣∣∣∣
⊔

x,y�U(m)

Gε
2n(x, y)

∣∣∣∣∣ ≤
∑

x,y�U(m)

|Δε2n−1(m)| = 22m−2|Δε2n−1(m)|.

In addition, ∣∣∣∣∣
⊔

x,y�U(m)

Gε
2n(x, y)

∣∣∣∣∣ ≥
∣∣∣∣∣

⊔
x,y�U(m),xy=0

Gε
2n(x, y)

∣∣∣∣∣ ≥ m2m−1|Δε2n−4(m)|.

Indeed, let x, y be two noninvertible elements of Z/2m
Z satisfying xy = 0.

Then (−y, x, y,−x) ∈ Ω1
4(m). For all elements (a1, . . . , a2n−4) ∈ Δε2n−4(m), we have

(−y, x, y,−x, a1, . . . , a2n−4) ∈ Gε
2n(x, y). So, |Gε

2n(x, y)| ≥ |Δε2n−4(m)|. By combining this
with the result of Lemma 2.8, we reach the desired inequality.

Hence,

|Δε2n(m)| + 2m−1|Δε2n−1(m)| + m2m−1|Δε2n−4(m)|
≤ |Ωε2n(m)| ≤ |Δε2n(m)| + 2m−1|Δε2n−1(m)| + 22m−2|Δε2n−1(m)|.

If we associate this inequality with the formula given in Corollary 2.6, we have the
result given in the theorem.

2.3. The case of Z/8Z. The aim of this section is to prove Theorem 1.5. We use the
notation introduced in the previous section.

We already have the formula for w+2n+1,8 = w−2n+1,8. Let n ≥ 3 and ε ∈ {−1, 1}. We will
focus on |Ωε2n(3)| + |Ω−ε2n (3)|. The proof of Theorem 1.4 gives us the following formula:

|Ωε2n(3)| = |Δε2n(3)| + 4|Δε2n−1(3)| +
∑

x,y�U(3)

|Λε2n−1(3, xy − 1)|.

To give a complete formula, we have to study the value of
∑

x,y�U(3) |Λε2n−1(3, xy − 1)|.
To do this, we will use the different possible values of xy − 1 (x, y � U(3)) given in
Table 2.

From Table 2,∑
x,y�U(3)

|Λε2n−1(3, xy − 1)| = 12|Λε2n−1(3,−1 + 8Z)| + 4|Λε2n−1(3, 3 + 8Z)|.
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Hence,

w2n,8 = |Ωε2n(3)| + |Ω−ε2n (3)|
= |Δε2n(3)| + 4|Δε2n−1(3)| + 12|Λε2n−1(3,−1 + 8Z)| + 4|Λε2n−1(3, 3 + 8Z)| + |Δ−ε2n (3)|
+ 4|Δ−ε2n−1(3)| + 12|Λ−ε2n−1(3,−1 + 8Z)| + 4|Λ−ε2n−1(3, 3 + 8Z)|.

For x ∈ U(m), the map (a1, . . . , a2n−1) ∈ Λ−ε2n−1(3, x) �→ (−a1, . . . ,−a2n−1) ∈
Λε2n−1(3,−x) is a bijection (by Proposition 2.1(ii)). Thus, |Λ−ε2n−1(3, x)| = |Λε2n−1(3,−x)|.
Besides, by Corollary 2.6, |Δεl (3)| = |Δ−εl (3)| for all l ≥ 5. Hence,

w2n,8 = 2|Δε2n(3)| + 8|Δε2n−1(3)| + 12|Λε2n−1(3,−1 + 8Z)| + 4|Λε2n−1(3, 3 + 8Z)|
+ 12|Λ−ε2n−1(3,−1 + 8Z)| + 4|Λε2n−1(3, 5 + 8Z)|
= 2|Δε2n(3)| + 8|Δε2n−1(3)| + 12|Λε2n−1(3,−1 + 8Z)| + 4|Δε2n−1(3)|
+ 12|Λ−ε2n−1(3,−1 + 8Z)| − 4|Λε2n−1(3, 1 + 8Z)| − 4|Λε2n−1(3,−1 + 8Z)|
= 2|Δε2n(3)| + 12|Δε2n−1(3)| + 12|Λε2n−1(3,−1 + 8Z)| + 12|Λ−ε2n−1(3,−1 + 8Z)|
− 4|Λ−ε2n−1(3,−1 + 8Z)| − 4|Λε2n−1(3,−1 + 8Z)|
= 2|Δε2n(3)| + 12|Δε2n−1(3)| + 8|Λε2n−1(3,−1 + 8Z)| + 8|Λ−ε2n−1(3,−1 + 8Z)|
= 2|Δε2n(3)| + 12|Δε2n−1(3)| + 8w2n−2,8 (by Proposition 2.7).

Hence, by Corollary 2.6,

w2n,8 = 8n−2w4,8 +

n−3∑
k=0

8k 24(n−k)−6 + 7 × 26(n−k)−9

3

= 28 × 8n−2 +
24n−6

3

n−3∑
k=0

(1
2

)k
+

7 × 26n−9

3

n−3∑
k=0

(1
8

)k

= 28 × 8n−2 +
24n−5

3
(1 − 22−n) +

26n−6

3
(1 − 26−3n)

= 28 × 8n−2 +
24n−5 − 23n−3 + 26n−6 − 23n

3
.

This formula is already true for n = 2. This completes the proof of Theorem 1.5.

2.4. Numerical applications. We can also establish other formulae. Indeed, with
the Chinese remainder theorem, we can easily prove the following results.

COROLLARY 2.10. Let k = p1 . . . pr with pi distinct odd prime numbers. For m ≥ 2
and n ≥ 2,

w+n,2mk = |{(a1, . . . , an) ∈ (Z/2mkZ)n, Mn(a1, . . . , an) = Id}| = w+n,2m u+n,p1
u+n,p2

. . . u+n,pr
,

w−n,2mk = |{(a1, . . . , an) ∈ (Z/2mkZ)n, Mn(a1, . . . , an) = −Id}| = w−n,2m u−n,p1
u−n,p2

. . . u−n,pr
.
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TABLE 3. Numerical values of w+n,N for some values of n and N.

n
N 8 16 24 32 40

3 1 1 1 1 1
5 80 320 800 1280 2080
7 5376 86016 489216 1376256 3499776
9 348160 22282240 285491200 1426063360 5666652160

TABLE 4. Numerical values of wn,8 for small values of n.

n 2 3 4 5 6 7 8 9 10

wn,8 1 2 28 160 1440 10752 88320 696320 5605376

We give some values obtained with the formulae given in Theorems 1.4 and 1.5 in
Table 3. We begin with w+n,N for n odd.

Finally, we consider wn,8 in Table 4.
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