32

(Pseudo)scalar correlators

We shall be concerned with the two-point correlators:
Ws(gD) =i / d*x €45 (01T 9, A*(x)! (3,A"0)!) |0) ,
V(gD =i / d*x 10| T9, V™ (x)! (3, VV(O){)T 0) ,
associated to the pseudoscalar and scalar currents:

3MAZ = (m; +m)¥; (iys)¥;
AV = (mi —m )iy,

(32.1)

(32.2)

Here the indices i, j correspond to the light quark flavours u, d, s; m; is the mass of

the quark i. It will be convenient to introduce the notation:

mizmi:tmj.

(32.3)

The result of the scalar current can be deduced from the one of the pseudoscalar by the

change m ; into —m  or, equivalently, by the change m into m_ and vice-versa.

32.1 Exact two-loop perturbative expression in the M S scheme

The complete two-loop result for the pseudoscalar correlator, using the M S renormalized

mass is:

. 3 N L ’
vt =g [ - - [ (2) ]+ (2)

with:

1 1
K51+§li+§(l+xi)fi + (@ «— ),
L =3K>+2K +6—2EI — 10x; f
+ mi[ BK —2)0K /om; — 2(E +m3)01/dm; | + (i «<— j),
M=-mi1+1)+ (i <)),
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1

N = _ng(lsz — 4K +5)+3mi(1+ )1 +x; £)
—2m3(5 + 51 + 317) + (i «<— J),

I =[F(x)+ Fx)) = F(xix;) = F(D1/4,

1
> (mf +m3 —q?),

E =
2

o 2, 9 _ log x;

l; =log (v /ml-), fi = —(1 e

xi,j = m; ;J{E + E[1 — (mym;/E)1'?}
X 2 00
Fx) = / dy (iogy ) log <f> =3 1@ —nlogx)* + 21" /n’ . (32.5)

o -y y n=l1

This expression reproduces the massless result given previously in Section 11.14. The
use of these results at g = 0 lead to the two-loop expression given in Eq. (27.14).

32.2 Three-loop expressions in the chiral limit

To order af, the correlator reads:!

(167%)Ws(g%)

v2
= —q’m? [—12 - 61n—2}
—q

A 131 2 g
4 (0‘_) 2 b 243y =3 _ e
T 2

0? 0?
o\ 2 17645 3
+(2) |- 35300 + 5 £4) — 50¢(5)
b4 24 2
511 10801 = 1?2 V2
+Enf—8§(3)nf— 1 1n_—6]2+117§(3)11‘1_—q2
6 v? v? , 12 11 , 12
19 p2 1 3 p2
The same equation with ny = 3 reads:
(167%)Ws(q%)
2
= —q’m? [—12 - 61n—2]
—q
o 131 V2 2 V2
+(2) [-= +2400) - 34— — 6>
T 2 —q? —q?

! From now, we shall omit the indices i and j on lIls(qz)"/..
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a\2[ 15601 9631 1>
LY 4 30943 4)—50(5) — In——
+(n)[ R R9LG) 45 L)~ 505(5) — o s
2 2 17 2
F10523) In—— — 95> —— — 32| |. (32.7)
_qz _qz 2 _qz

32.3 Dimension-two

For a practical application, one should substract the mass singularities with the help of
the Ward identity in Eqgs. (2.17) and (27.14) and by working with the non-normal ordered
condensate. To next-to-leading order in the quark mass terms, the IR stable result is:

- 3
Wy (gH)|P=? = W(m ~|—m,)2[ (m + m* ) F Bm; mj] (32.8)
where:

’ 25
A=2-24Cf (“;) [—312—1—81— ?—1—6{(3)} ,
B=2—4+Cy (“—) (=302 + 141 — 22 + 62(3)] , (32.9)
T

with: Cp = (N? — 1)/(2N) and [ = log(—¢g?/v?); ¥, and W_ are the pseudoscalar and
scalar correlators.

32.4 Dimension-four

In terms of the non-normal ordered quark condensate, where the m* log m? terms have been
absorbed, one obtains:

V()0 = (m,

[m? + 4m12m§ + m‘}
+ 2(m,. F 2m,.m,- F 2m3-mi +mi)l]. (32.10)

To lowest order in o and to all orders in the quark mass, the normal ordered quark
condensate contribution reads:

< alpoaly. - 2
\I—’i(qz)‘(D = = —(m; :I:m])2|:( Vil )|:1 - = qn;_mz f(Zi)i| + (i «— j):| ;
J

2m; qc —m;

(32.11)
where:
1
fzi) = 2—1[1 —v1—=4z],

G mie
(2 = m3 +m)
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qe =q* — (m; £m;)*,
4dm; m]

q>

u= |1-— (32.12)

To order «; and to leading order in the quark mass, one obtains:

_ - 31 . .
‘I’i(q20|E/,D 4) %[2[1+CF<T[> <—§l+z>i|(milﬂﬂﬁi+mj‘ﬁj‘pj>

s 3.7 - -
ZF|:1+CF (;) (—§l+§>:|(mj1ﬁi1pi+milﬂj1//j)i| , (32.13)

To all orders in the quark mass, one obtains the contribution of the normal ordered gluon
condensates:

Vo (gd)|e ™ = —mi £m)) Lﬂ( :a,GG : )

g% 33 +u>)(1 —u?) u+1 3ut4+4u*+9 4
ol vy 3 log - 2 2 - )
qi 2u u—1 u’(l — u?) m;m;

(32.14)

where the expression of the scalar correlator can be deduced from the former by the ad-
ditional change of u into 1/u. The previous expression still contains mass singularities.
The introduction of non-normal ordered condensates as given in Eq. (27.17) leads to a
cancellation of these terms. One obtains the IR stable result:

1
V([ = i £ mp— —(@,GG)
—q? 8w
2m,~2 + m? 2m;m;
1+ = + (3—21) (32.15)
3¢ q*

where the mass-logs have cancelled.

32.5 Dimension-five

To all order in the quark mass, the contribution of the normal ordered mixed quark-gluon
condensate reads:

5 - 1
V@)™ = —mi £m )P G >W[q2—m§q:mim,-
[(qz—m?)zﬂmej(q —m} +m?) = mm]
- P 2 f(Zi
q? —m; —m;
+( <« ). (32.16)

https://doi.org/10.1017/9781009290296.044 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290296.044

32 (Pseudo)scalar correlators 349
The leading contribution of the non-normal ordered condensate is:

= (m; £m;)? _ _
V(g0 = ¢T2~’g<miw,-cw,- +m G GY) (32.17)

32.6 Dimension-six

The leading contributions are:

p=ey (m; £m;)* - _
Vi), = T-’nax F MV 100 Tav; ¥ 0,0 Tati)

<91/f VuTawi + U ivuTav)) D wky“TAwk>] . (32.18)
u,d,s

Using the vacuum saturation-like parametrization, one can write:

iEm;Y (4C _ _ o
a0 = - q[”’) (3N’”)ms[<¢f,-w,->2+<w,-w,->2¢9<w,-wi><wj>].

(32.19)

32.7 Exact two-loop expression of the spectral function

The complete two-loop pseudoscalar spectral function expressed in terms of the pole mass

reads:
L imws() = —— (m; + )2 1+4(a5)_3(7 %)
T = g 3\n/[8 Y
+> w+vh [Liz(a,-aj) — Lix(e;) — log ; log B;]
+ A; loga; + B; log ,3,} +0(a?) |, (32.20)
where:
Lis(x) = / —log(l —x),
Ai=_ 3m; +m; 19+2v + 30* _m_,-(m,-—mj) T 2v ’
4\ m;i+mj 32v G*v(1 + v) 1+ q;
m? —m?
Bl‘ =2+ 2¥ s
g*v
m; 1—v
o =— :
mj1l+v
1+ v)?
Bi = ( . U +a, (32.21)
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350 VIII QCD two-point functions

with:
_ 2
g =t—(m —m;),
4m,-mj

P

V= (32.22)
while A;, o, B; and B; can be obtained by interchanging the label i and j. The spectral
function of the scalar current 0# (tﬁiyuw j) can be obtained from the former by changing
the sign of m ;. For m; = 0, one has A; = 0 and B; = 1, which guarantee the absence of
mass singularities. In this case, the expression simplifies and reads (m = m;):

1 3 2.0 4 ra\ [9 .

ZImWs(t) = ——x(1 — x| 1 + = (—) 2+ Lir(x)

T 8w 3\n/ |4

X

3 1
+10gx10g(1—x)—510g< l)—log(l—x)

+xlog (l - 1) -t logx:|:|9(t —m?), (32.23)
X 1—x
where x = m?/t.

The order ozsz corrections to the (pseudo)scalar spectral function has been also obtained
recently for massive quarks [448] where the result is available in a Mathematica package
Rvs.m from the url: http://www-ttp.physik.uni-karlsruhe.de/Progdata/ttp00/ttp00-25.

32.8 Heavy-light correlator

We have given in the previous section the expression of the spectral function when one of
the quark mass goes to zero. In the following, we give useful lowest order expressions in o
when m = m; < M = m for the (pseudo)scalar current. In taking the small mass m limit,
different cares have been taken in order to have IR stable results. Expressing the correlator as:

o= on kP (W27 + WL () + wE22(00) + WE (e, 6P +

YV 560, 2 e o
wi S ot Gy ) + w2007 Gi,0)] (3224)

v

One obtains[488] (W = M? — ¢?):

N M4 M2 MZ
pert _ 2 2 2 o
M2 M2 2 2
oM (2= me smE ) —oam? (14
q* w w w
m3M M? 2 m?
F2 l—-—In— —In—
w q* w

3 M4 M? 2
er—[M2 2 n oM~ M m—]}
q w
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\IIl/_N/f B qu N mq2(2M2 _ q2) m2M3q2
= T T w w2z T s
00 M m? 2 2
Vi~ = _Eim:FW for —qg">M
G? ! Mg*  q* apgw (2 2, MM
m?q* 2 2 2, mM
piov _ | L Ma® _ mMq°
* QW3 2WH
) 2
w060 _ i% for —gq?> M? (32.25)

One can notice that some of these terms are IR singular and behave like logm and 1/m.
In order to have an IR stable result, one should work with the renormalized condensates
defined in Eq. (27.56). In this way, one obtains:

L = gt %[ﬂj[log ﬁj - 1]\1129 + m—j[log m—j - 1]\11;”} :
L4 H q %
vee = wpe,
‘I,iw _ \I‘i“// ,
\I/fz = \I/fz 121M EQ ﬁﬂfiw — %log ﬁjlllch 2 log—\Ile‘k ,
\IJQGQ \I/QGQ
grov — glov :FM (32.26)

2

Therefore, one can deduce for small m:

3 1
P = | 4g2 — (M* + 4AM*m® + m*)—
16712{6]1 ( m m)q2

—Z[qZZF — M? —m? + (M* F2M%m F2Mm® +m )q ]10g —q}

2

iy 1 M>4+m ) Mm
go — - T [3—21 —] 3227
+ 8 12q2 4 2 g ( )
where
93 =q"—MFm), (32.28)

and where all IR infinities have disappeared.
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