A GENERALISATION OF DIR1CHLET'S MULTIPLE INTEGRAL 7

By writing y for n/4/x in the above relations, we obtain a corres-
ponding set of expressions for X @, ., (ny) for y =10. For
n=1
example from (8) we have

; ‘I)g,+1 (ny) % (— l)r+1 (27') !/17'*7!

n=1
which is independent of y (= 10), and for » = 1 gives
S e— v Dy (n2) = 4, if 2> 14.

n=1
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A Generalisation of Dirichlet’s Multiple Integral
By I. J. Goop. |

The purpose of this note is to generalise the Dirichlet-Liouville
formula which expresses a certain type of multiple integral in terms
of a single integral.! In our formula the multiple integral will involve
several arbitrary functions instead of only one, and it will be expressed
as a product of single integrals.

Let » be a positive integer. Let f, (¢), f (¢), ..., f, (t) be Lebesgue
measurable functions when 0 < ¢#=<1. A finite sequence of n real
numbers m,, m,, ..., m, is given. We write m,_ . ; = 0 and

M,=m;+my+ ...+ m,
X, =z,4+ 2,4+ ... + 2,

1 See, for example, G. F. Meyer, Vorlesungen diber die Theorie der bestimmten
Integrale (Leipzig, 1871), 566 et seq.; or E. T. Whittaker and G. N. Watson, Modern
Analysis (4th edn., Cambridge, 1935), section 12.5; or H. Jeffreys and B. S. Jeffreys,
Methods of Mathematical Physics (Cambridge, 1946), section 15.08; or L. J. Mordell,
¢ Dirichlet’s integrals,” Edin. Math. Notes, No. 34 (1944), 15-17.
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and so on, and we assume that all variables of integration, such as
Xy, &gy - .., Ty, are non-negative. Then

n-—-l X
f J 'ﬁ( ~>}x Ju(X,) dz, day . .. da,
< X))o

=1 f,(m)(l,x)m,mM,H_ldx (1)

r=1

provided that the n single integrals on the right all exist.

Proof. We proceed in a formal spirit. The proof can easily be
made rigorous by working backwards from the final result and making
usge of Fubini’s theorem.

Denote the left-hand side of (1) by I, (fy, fas --+» fa). In this
n-fold integral we first change the variables of integration from
iy Ty ooy Ty 8O &y, Xy o ooy Ty 1, Xpand second putz, = X9, (r =1, 2,
- n—1). Weobtain I, (fi, f2s -3 n)

=J:f" (X,) dX,,J---jr(Xn — Xy " —1 xm'f’(X +1> dx'}

Xn-1<<Xn =

- f Ja (X X en 2, [ j,_l { i ,+1>}

Y1 <1

y:'":;fu~1 (Y,-1) (1 — Yn_l)”‘"dy, R £ T

1
=Udy 1 (fl:f2a e o2 Gn_y) -{Of“ (x) Mnn =1 g,

where g, .3 () =fs-1(t) (1 —t)". The theorem now follows by
induction.

As a special case let f, (t) = tA\- where A, =X + X, + ... + A, and
assume m, > — 1, A, 4 m,> — 1, Then

[ Jﬂ{x"‘rX"d:v}w DL SRS
o T, M,y )

Xa <1

where m,,__y = 0.
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