
M O M E N T P R O B L E M S A N D Q U A S I - H A U S D O R F F 

T R A N S F O R M A T I O N S 

D a n y L e v i a t a n 

( r e c e i v e d N o v e m b e r 7, 1967) 

1 . I n t r o d u c t i o n . T h e s e q u e n c e to s e q u e n c e q u a s i - H a u s d o r f f 

t r a n s f o r m a t i o n s w e r e d e f i n e d b y H a r d y [ l ] 1 1 . 19 p . 277 a s f o l l o w s . 
F o r a g i v e n s e q u e n c e {u } ( n ^ O ) of r e a l o r c o m p l e x n u m b e r s , d e f i n e 

o k , k - 1 . „ 
t h e o p e r a t o r A b y A u = u, , Au. = u - u, ,, A = A(A ) f o r 

n n n n n+1 
k > l . { t } ( m >_ 0) i s c a l l e d t h e s e q u e n c e to s e q u e n c e q u a s i - H a u s d o r f f 

t r a n s f o r m b y m e a n s of {|JL } ( o r , i n s h o r t , t h e [ Q H , \± ] t r a n s f o r m ) 
n n 

00 

of { s ) (n > 0) if t = 2 ( m ) A u. s , m > 0, p r o v i d e d 
n J — m ' m n ~ 

n = m 
t h a t t h e s u m s on t h e r i g h t - h a n d s i d e c o n v e r g e f o r a l l m >_ 0 . R a m a n u j a n 
i n [11] and [12] h a s d e f i n e d t h e s e r i e s to s e r i e s q u a s i - H a u s d o r f f 
t r a n s f o r m a t i o n s and h a s p r o v e d n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r 
t h e r e g u l a r i t y of t h e t w o k i n d s of t r a n s f o r m a t i o n s . 

I t i s o u r p u r p o s e to g e n e r a l i z e t h e q u a s i - H a u s d o r f f t r a n s f o r m a t i o n s 
b y a n i d e a s i m i l a r to t h e o n e u s e d b y J a k i m o v s k i [3] p . 17 to d e f i n e t h e 
g e n e r a l i z e d H a u s d o r f f t r a n s f o r m a t i o n s . In 3 w e s h a l l b r i n g n e c e s s a r y 
and s u f f i c i e n t c o n d i t i o n s i n o r d e r t h a t t h e g e n e r a l i z e d q u a s i - H a u s d o r f f 
t r a n s f o r m a t i o n i s c o n s e r v a t i v e o r r e g u l a r . In 5 w e w i l l d e a l w i t h s o m e 
m o m e n t p r o b l e m s , t h e s o l u t i o n s of w h i c h a r e c o n n e c t e d w i t h t he 
q u a s i - H a u s d o r f f t r a n s f o r m a t i o n s . We w i l l o b t a i n n e c e s s a r y and 
s u f f i c i e n t c o n d i t i o n s on a s e q u e n c e {u } (n >. 0) i n o r d e r t h a t i t h a s t h e 

1 X 

/
n 

t d a ( t ) , n = 0, 1, 2, . . . , w h e r e a(t) i s of 
^ o 

1 \ 
b o u n d e d v a r i a t i o n i n [0 , l ] o r u = / t f ( t )d t , n = 0, 1, 2 , . . . , w h e r e 

n J o 
f( t ) b e l o n g s to a p r e s c r i b e d s e t of f u n c t i o n s . F i n a l l y I wou ld l i k e to 
t h a n k t h e r e f e r e e f o r s h o r t e n i n g t h e p r o o f s of T h e o r e m s 3 . 1 and 5 . 1 . 

2 . D e f i n i t i o n s . L e t t h e s e q u e n c e {\.} (i >. 0) s a t i s f y t h e 

f o l l o w i n g p r o p e r t i e s 

( 2 . 1 ) 0 < \ < \ A < . . . < \ < . . . /oo , 2 

~" ° n • , X 

1 

i = l 

C a n a d . M a t h . B u l l . v o l . 1 1 , n o . 2 , 19* 
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We will obtain now the general form of the transformations of 
00 

the form t = Z X* s which commute with the transformation 
m nm n 

n=m 
t = X (s - s ), this is, what are the \ * !s which satisfy the 
m m m m+1 nm 
system of equations 

00 00 00 

X [ Z X* s - Z X* , s ] = 2 X* X (s -s ), 
m nm n n, m+1 n nm n n n+1 

n=m n=m+l n=m 

m = 0, 1, 2, . . . . 

A formai solution of these equations yields the following. Let {u. } be 

an arbitrary sequence of real or complex numbers and define 
X* = UL , n> 0, then 

nn n _ 

( 2 . 2 ) X* = ( - 1 ) X . . .X Â [\x , . . . ,u, ], 0< m < n = 0,1,2, 
nm m n-1 "m r n J — — 

where 

(2.3) [u. , . . . ,|JL ] = 2 |JL./ w1 (X.), 0 < m < n = 0, 1, 2, . . . , 
m n . l nm l ~ ~" 

i = m 

where w (x) = (x - \ ) . . . ( x - X ) , 0 < m < n = 0 , 1 , 2 , . . . . 
nm m n ~" — 

For a given sequence {JJL } (n >̂  0) of real or complex numbers, 

•ft ) (m > 0) is called the generalised sequence to sequence 
m -

quasi-Hausdorff transform (or, in short, the [QH, JJL ; X ] transform) 
n n 

m > 0, 

(where the X* !s are defined by (2.2)) provided that the sums on 
nm 

the right-hand side of equation (2.4) exist. 

For the sequence X = n, n > 0, the fQH, UL ; X 1 transform is 
^ n — nn n 

the known [QH, u 1 transform, 
n 

oo 

For a sequence (UL } (n > 0), the series S b is called the 
n ^ m 

n=0 
generalized series to series quasi-Hausdorff transform by means of 

of i s } (n > 0) if 
n ~ 

(2.4) t = 
m 

00 

= 2 X* 
run 

n=m 
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{JJL } of the series 2 a if 
n n 

00 

(2.5) b = S X a , m > 0, 
m nm n — 

where 

(2.6) X = ( - l ) n " m
x " . . ."X [M- ,.. . ,M- ] 0 < m < n = 0 , 1 , 2 , . . 

nm m+1 n m n ~~ ~~ 

(X = |JL n = 0, 1,2, . . .), 
nn n 

provided that the sums on the right hand side of equation (2.5) exist. 

This transform with the {JJL } (n > 0) preassumed to have the 
n ~ 

1 X 
representation UL = / t àa{t) n = 0, 1, 2, . . . where a(t) is of 

n J o 
bounded variation was discussed by Jakimovski and the author in [4]. 

For the sequence X = n, n > 0, this transform is the series to 
n — 

series quasi-Hausdorff transform defined by Ramanujan [ l l ] . 

3 . Regularity-of the transformations . 

THEOREM 3 .1 . The sequence {JJL } (n>0) posesses the 
representation 

1 X 
(3.1) [x = f t n dff(t) n = 0, 1, 2, . . . 

n ^ o 

where a(t) is of bounded variation in [0, l ] , ii:, and only if 

oo 

(3.2) sup S |x* | = H < oo 
m >̂  U n=m 

Proof. Suppose, first, that {|JL } (n>;0) possesses the 

representation (3.1). For n, m, 0 <C m <_ n = 0 , 1 , 2 , . . . and 

X X 
0 < t < l we have (-l)n~m[t m , . . . , t n] > 0 (see [9] p. 46(10)), 

X X X 
([t , . . . , t ] is given by (2. 3) for JJL = t , n >_ 0) and by [5] 

oo X X 

Theorem 2.3 we have S ( - l ) n " m X ...X [t m , . . . , t n ] < 1 for 
m n-1 

n=m 

m > 0. 
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Hence 

oo 1 X X 
,n-m s |x* |< s f (-if'mx ...\ „ [t m t n ] | d c ( t ) 

nm ' — J m n - 1 
i=m n=m o 

1 oo X X 
= / [ s ( - i ) n " m x . . . x [ t m . . . , t n ] ] |d a ( t ) | 

«̂  m n 
o n = m 

1 

< J | d Q'(t) | < 00 # 

Converse ly , suppose f i r s t that X > 0. Then (3 .2) i m p l i e s 

2 — |X I < H/X m > 0. 
X nm — m — 

n - m n 

Thus for N > 0 i t follows that 

N N oo 
1 l i i 

H . 2 — > 2 2 — \ 
X ~ X nm 1 

m = o m m = o n=m n 
N N 

> 2 2 — Ix I 
— X nm 

m=o n=m n 
N n 
2 — 2 |X | 

X n m ' 
n=o n m=o 

Hence 

N 1/X 
2 ( — ^— ) 2 |x I < H f or N > 0 . 

N nm — — 
n=o 2 l / x 

m=0 

00 

Since 2 1/X = oo i t follows that t h e r e ex i s t s an infini te subsequence 
m 

m = l 

{n.} (i > 0) such that 
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n. 

( 3 . 3 ) S U P S | x | = K < oo. 
i > ° m = o n . > m 

I t i s r e a d i l y s e e n by 

X . X . = (X -X )X + X , . X A 0 < m < n 
n n - l , m n m n m m + 1 n , m + 1 — 

t h a t X A < X + U 0 < m < n 
n - l , m — n m ' n, m + 1 ~~ 

and t h u s ( 3 . 3 ) i m p l i e s 

n 
( 3 . 4 ) s u p S i x | E K < oo. 

n ^ ° m = o 

B y T h e o r e m 2 . 1 of [8 ] , {(JL } (n > 0) p o s s e s s e s t h e r e p r e s e n t a t i o n 

( 3 . 1 ) . If X = 0 e x a c t l y t h e s a m e p r o o f y i e l d s t h e r e s u l t 

1 X 
(3.5) p. = J t n dor(t) n > 1. 

L e t (3(t) = { Q o t = Q -

t h e n b y ( 3 . 5 ) 

1 X 
= f t n d(3(t) n = 0, 1, 2 , . . 

n J o 
H 

T h i s c o m p l e t e s t h e p r o o f of T h e o r e m 3 . 1 . 

T H E O R E M 3 . 2 . T h e s e q u e n c e to s e q u e n c e [QH, jj. ;X ] 

t r a n s f o r m a t i o n i s c o n s e r v a t i v e if and o n l y if {JJ, } (n >_ 0) p o s s e s s e s 

t h e r e p r e s e n t a t i o n ( 3 . 1 ) . I t i s r e g u l a r , if and o n l y if, i n a d d i t i o n , 

<*(l)-o?(0+) = 1 . 
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Proof . If the [QH, UL ;X ] t r a n s f o r m a t i o n i s c o n s e r v a t i v e , then 
n n 

by the wel l known Toepl i tz T h e o r e m , (3 .2) holds and hence by 
T h e o r e m 3 . 1 , {u. } ( n > 0 ) p o s s e s s e s the r e p r e s e n t a t i o n ( 3 . 1 ) . 

Conver se ly , suppose (3 .1) ho lds , then by Toepl i tz T h e o r e m in o r d e r 
that the [QH, u. ; X 1 t r a n s f o r m a t i o n is c o n s e r v a t i v e we have to p rove 

*n n r 

00 

that (3 .2) holds and that l im 2 X* ex i s t s (the th i rd condi t ion i s 
nm 

m->oo n=m 
t r i v i a l l y fulfilled s ince the [QH, UL ; X ] t r a n s f o r m a t i o n i s defined by 

n n 

an upper t r i a n g u l a r m a t r i x ) . Now, (3 .2) holds by T h e o r e m 3. 1 and 

oo 1 X X s x* = s / (- irm x -...-x A [t m t n]d.(t) 
nm J m n - 1 J 

n=m n=m o 
(by Lebesgue T h e o r e m on domina ted conve rgence ) 

1 

/ 
o 

00 

2 ( - l ) n - m x • • • 
m 

n=ra 

1 

/ dor(t) = *(1) -*(0+), 

X 
• • x J t m . 

n- 1 
d a{t) 

o + 

s ince by [5] T h e o r e m 2 . 3 

n- 1 

X 

[t 
X 1 for 0 < t < 1. 00 

m n - 1 L J l 0 for t = 0 
n=m 

In o r d e r that the [QH, u ;X ] t r a n s f o r m a t i o n i s r e g u l a r i t i s n e c e s s a r y 
n n y 

oo 

and sufficient that l im 2 X* = 1 or in o ther words a(i)-a(0+) = 1 
n m m->oo n=m 

in addit ion to the o ther p r o p e r t i e s . This c o m p l e t e s our proof . 

We have s i m i l a r r e s u l t s for the s e r i e s to s e r i e s q u a s i - Hausdorff 
t r a n s f o r m , n a m e l y 

THEOREM 3 . 3 . Suppose that X = 0 . The s e r i e s to s e r i e s 
o 

quas i -Hausdor f f t r a n s f o r m a t i o n is c o n s e r v a t i v e if and only if {u. } 

( n > 0 ) p o s s e s s e s the r e p r e s e n t a t i o n ( 3 . 1 ) . It i s r e g u l a r , if and only 
if, in addit ion, a{l)-a{0) = 1. 

P roof . N e c e s s a r y and sufficient condi t ions in o r d e r that the 
s e r i e s to s e r i e s gene ra l i z ed quas i -Hausdor f f t r a n s f o r m a t i o n is 

230 

https://doi.org/10.4153/CMB-1968-026-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-026-7


c o n s e r v a t i v e a r e b y V e r m e s ' s t h e o r e m ( s e e [12 ] L e m m a s 2 , 3) 

( 3 . 6 ) 

( fo r 

( 3 . 7 ) 

I t i s r e g u l ; 

( 3 . 8 ) 

s u p 
k > 0 

n < m , 

l i m 
k*-*oo 

oo k 

2 | 2 

n=0 m = 0 

X =0) 
nm 

k 

nm 
m=0 

a r if, and o n l y if, 

l i m 
k-*-oo 

k 

S X 
nm 

m=0 

nm n+1 

exists fo: 

in addition, 

= 1, 

H< oo 

0, 1, 2, 

ByHausdorff [2] (16) 

k 

nm n+1, m k+1 n+1, k+1 n+1 n+1, k+1, 
m = 0 

hence condition (3.6) is condition (3.2) . 

Suppose, f i rs t , that the transformation is conservative, then by 

Theorem 3.1 {fa } (n:>0) possesses the representat ion (3.1) . 

Conversely, if (3.1) holds, then by Theorem 3.1 we get the conclusion 
k 

that (3.6) holds. Moreover, by [2] (7) lim 2 X = u , hence 
. nm o 
k-»-oo m = U 

(3 . 7) is satisfied . 

We have regular i ty if, and only if, in addition, 

1 

[i = f <Mt) = 1. 
o •/ 

o 

This completes the proof. 

4. Miscellaneous r e su l t s . 

LEMMA 4 . 1 . For any two sequences {\i } (n>_0), {v } (n_>0) 

we have for 0 <C m < n = 0, 1, 2, . . . 

2 3 1 
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(4.1) [u V , . . . ,\1 V ] = S [|JL , . . . , |JL ] [v , . . . , V ] • 
m m n n , u m k k n 

k=m 

Proof. We prove (4. 1) by induction on n > m. For n = m, 

(4.1) is trivially satisfied. Suppose (4.1) is true for n and we shall 
prove it for n + 1. By (2.3) it is easily proved that 

Tu v , . . . , u . , . v 1 L rm m r n+l n+1 

[|J. V , . . . , |JL V ] - [|JL V , . . . , |JL V . , \1 . . V ] 

m m n n m m n - 1 n-1 n+1 n+1 
X -X 

n n+1 

by our assumption 

n n+1 

n-1 

S ( [ ^ m > . . . > n k ] [ v k > . . . > v n ] - [ u ^ . . . , ^ ] 
k=m 

[v , . . . , v . , v , , ]) + [[i. , . . . , p. ] v - [p , 
k n-1 n+1 m "n n m ^n- l^n+l 1 V l 

n+1 

S [nm , • • • , nk] [vk, • . . , v n + J 
k=m 

THEOREM 4 . 1 . Every two conservative sequence to sequence 
generalized quasi-Hausdorff transformations commute. 

Proof. Let {s ) (n > 0) be abounded sequence and let {t } 
n j — -i m j 

(m > 0) and {r ) (m > 0) be the [QH, u ;X ] • [QH, v ;X ] and the 
— mJ — *n n n n 

fQH, v ; X 1* [QH, u ; X 1 transforms of {s ) (n > 0), respectively, 
n n n n n 

Denote X* (u) = ( - l ) n mX • 
nm m n-1 m 

] 0<m< n = 0, 1, Z, . . 

X* (v) = (-l)n"mX B . . . -X „ [v , . . . , v ] 0<m< n = 0, 1, 2, 
nm m n-1 m n — — 

We have 

and since 

00 00 

t = S X (u) 2 X. (v) s, 
m nm kn k 

n=m k=n 

00 00 

2 |X (|JL)| S | X i ( v ) | | s . | < oo 

nm kn k 
n=m k=n 

we can change order of summation and obtain 

2 3 2 
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t = S s Z X (n) \ (v) 
m . k nm kn 

k=m n=m 

by Lemma 4. 1 

_ . j xk-m . . r i 
S s (-1) X . . . X. . L|Ji v , . . . , |JL vi J 

k m k- 1 m m k k 
k=m 

and again by Lemma 4. 1 

k 
S s S \ . (v) X (\i) 

k nm kn 
k=m n=m 

This completes our proof. 

5. Moment problems. Let M(u) be an even, convex, continuous 
function satisfying 1. M(u)/u-> 0 as u -*• 0, 2. M(u)/u-* oo as u-> oo. 

Denote by L [0, l] the class of all functions integrable over [0, 1] 

1 
such that / M[f(x)]dx < oo . L^ [0, l] is the Orlicz class related to 

J o M 

M(u). (For details see [6]). Take M(u) = | u | P , 1 < p < oo, then 

L, JO» l] is the space L [0, l ] , L [0, l] is not necessarily a linear ML ML 

space (see [7] Theorem 8.2). 

THEOREM 5 .1 . The sequence {\± } (n>0) possesses the 

representation 

(5.1) 

1 \ 
L = f t n f(t)dt 
n J o 1, 2, . 

where f e L [0, l l , if, and only if, 
M L J — l 

(5.2) sup S 
m> 1 n=m 

J (-D1 

J o 
•x ,[t 

n- 1 
t ]dt 

M 
I X X 

/ [ t m . . . . , t n ] d t 

5 H < oo . 
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COROLLARY 5 . 1 . The sequence {u } (n >_ 0) possesses the 

representation (5.1) where f e L [0,1], if, and only if, 

| \ * | p 

(5.3) sup 2 ~ — 5 H< oo, 

™>1 » = m \f x* (t)dt lP-1 

^ o nm 

X X 
where X* (t) = (.-l)n""m\ • . . . - \ It m , . . . , t n ] , 0 < m < n = 0, 1, 2, , 

nm m n-1 -. _ _ 

Corollary 5.1 for X = n , n > 0, reduces to Ramanujan's Theorem 
n — 

[13]. Corollary 5.1 for X =n+a, a>^0} n ;> 0, reduces to Jakimovski 

and Ramanujan Theorem 7 [6]. 

Proof of Theorem 5 . 1 . Suppose, first, that {JJL } (n >_ 0) 

possesses the representation (5.1). Then 

Kn—-^n] = / 0 [ t m , . . . , t n ] f ( t ) dt; 

hence 

[\i , . . . , JJ. ] / Sl 

/•[•"" ' " W \ f >>* w « 
J o / V J o nm 

X* (t) f(t)dt 
o nm 

1 

and as X* (t) > 0 for 0 < m < n = 0, 1, 2, . . . and 0 < t < 1 nm — — — _ _ 

(see [10] p . 46(10)) we have by Jensen's inequality (see [14] p.23-24) 

M , ^ ' • • • ' ^ \ So Xlm (t) Mtf(t)Jdt 

M / _ _ _ < _ _ 
f [t m t n]dt J r x* (t)dt 

Hence 

1 [[> , . . . , (JL ] \ oo 1 
S [ f X* (t)dt] M M f - £ < Z f X* (t)M[f(t)]dt 

J o n m J 1 X X j — J o ^m L J 

/ [t , . . . , t ]dty 
o 

00 

by Levi's Theorem and since 2 \ * (t) < 1 for 0 < t< 1 
nm — — — 

n=m 
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( s e e [5] T h e o r e m 2 . 3 ) 

1 oo 1 

f [ 2 X* (t)] M [ f ( t ) ] d t < f M [ f ( t ) ] d t < oo, 
J n n m J r\ o n m 

n = m 

T h e p r o o f of t h e s u f f i c i e n c y r u n s a l o n g t h e l i n e s of t h e p r o o f of 
T h e o r e m 3 . 1 u s i n g t h e p r o o f of T h e o r e m 1 of [9] a f t e r h a v i n g p r o v e d t h a t 
{|JL } p o s s e s s e s t h e r e p r e s e n t a t i o n ( 3 . 1 ) . T h i s c o m p l e t e s t h e p r o o f . 

R E F E R E N C E S 

1. O . H . Hardy , D ive rgen t s e r i e s . (Oxford, 1949). 

2 . F . Hausdorff, Summat ionsme thoden und momentenfo lgen II . 
Ma th . Z . 9 (1921) 280 -299 . 

3 . A. J ak imovsk i , The p roduc t of summabi l i t y m e t h o d s ; new 
c l a s s e s of t r a n s f o r m a t i o n s and the i r p r o p e r t i e s . Techn ica l 
(sc ient i f ic) note n o . 4 , con t r ac t no . AF 61 (052)-187, (1959). 

4 . and D. Levia tan , A p r o p e r t y of app rox ima t ion 
o p e r a t o r s and appl ica t ions to T a u b e r i a n c o n s t a n t s . Math . Z. 
102, (1967) 177-204 . 

, Comple teness and 
app rox ima t ion ope ra to r s . J . Indian Math . Soc. (to a p p e a r ) . 

6. A. J ak imovsk i and M . S . Ramanujan , A uni form app rox ima t ion 
t h e o r e m and i t s appl ica t ion to m o m e n t p r o b l e m s . Ma th . Z . 
84 (1964) 143 -153 . 

7. M . A . K r a s n o s e l ' s k i i and Ya. B . Rut icki i , Convex functions and 
Or l i cz s p a c e s . (T rans l a t ed by Leo F . B o r o n ) . ( P . Noordhoff L t d . -
Groningen the Ne the r l ands , 1961). 

8. D. Lev ia tan , A gene ra l i zed m o m e n t p r o b l e m . I s r a e l J . Math . 
5 (1967) 9 7 - 1 0 3 . 

9. , Some m o m e n t p r o b l e m s in a finite i n t e r v a l . 
Canadian J . Math , (to a p p e a r ) . 

10. G . G . L o r e n t z , B e r n s t e i n p o l y n o m i a l s . (Toronto Univ. P r e s s , 
1953). 

1 1 . M . S . Ramanujan , Se r i e s to s e r i e s quas i -Hausdorf f t r a n s f o r m a t i o n s . 
J . Indian Math . Soc. 17 ( 1 9 5 3 ) 4 7 - 5 3 . 

235 

https://doi.org/10.4153/CMB-1968-026-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-026-7


12. M . S . Ramanujan , On Hausdorff and quas i -Hausdor f f m e t h o d s of 
s u m m a b i l i t y . Q u a r t . J . Ma th . (Oxford second s e r i e s ) 8 (1957) 
197 -213 . 

1 3 . , The m o m e n t p r o b l e m in a c e r t a i n function 
space of G . G . L o r e n t z . Arch iv d e r Math . 15 (1964) 7 1 - 7 5 . 

14. A. Zygmund, T r i g o n o m e t r i c s e r i e s I, second edi t ion . C a m b r i d g e 
Univ. P r e s s . 

Un ive r s i t y of I l l inois 
Urbana 

236 

https://doi.org/10.4153/CMB-1968-026-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-026-7

