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ABSTRACT

Let W be an extended affine Weyl group. We prove that the minimal length elements
we of any conjugacy class O of W satisfy some nice properties, generalizing results
of Geck and Pfeiffer [On the irreducible characters of Hecke algebras, Adv. Math. 102
(1993), 79-94] on finite Weyl groups. We also study a special class of conjugacy classes,
the straight conjugacy classes. These conjugacy classes are in a natural bijection with
the Frobenius-twisted conjugacy classes of some p-adic group and satisfy additional
interesting properties. Furthermore, we discuss some applications to the affine Hecke
algebra H. We prove that T,,, where O ranges over all the conjugacy classes of W,
forms a basis of the cocenter H/[H, H]. We also introduce the class polynomials, which
play a crucial role in the study of affine Deligne-Lusztig varieties He [Geometric and
cohomological properties of affine Deligne—Lusztig varieties, Ann. of Math. (2) 179
(2014), 367-404].

Introduction

0.1 Let W be a finite Weyl group and O be a conjugacy class of W. In [GP93] and [GP00],
Geck and Pfeiffer proved the following remarkable properties.

(1) For any w € O, there exists a sequence of conjugations by simple reflections that reduces
w to a minimal length element in O, with the lengths of the elements in the sequence weakly
decreasing.

(2) If w and w’ are both of minimal length in O, then they are strongly conjugate.

Such properties play an important role in the study of finite Hecke algebras. They lead to the
definition and determination of ‘character tables’ for finite Hecke algebras, analogous to character
tables for finite groups. They also play a role in the study of Deligne-Lusztig varieties (see, for
example, [OR08], [BRO8], and [HL12]) and in the study of links between conjugacy classes in
finite Weyl groups and unipotent conjugacy classes in reductive groups (see [Lusllal).

0.2 The main purpose of this paper is to study minimal length elements in a conjugacy class of
an (extended) affine Weyl group and to establish some remarkable properties. These properties
play an important role in the study of affine Hecke algebras and p-adic groups. We will discuss
some applications to affine Hecke algebras in §0.4. These properties also play a key role in the
study of affine Deligne-Lusztig varieties, see [Hel4] and [GHN12].

The minimal length elements for some affine Weyl groups of classical types were first studied
by the first author in [HelO] using a case-by-case analysis. The method we use here is quite
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different. We give a case-free proof that works for all cases, including the affine Weyl groups of
exceptional type, which seem very difficult using the approach in [Hel0]. The present method is
based on three main ingredients:

(1) the ‘partial conjugation’ method introduced in [He07];

(2) the geometric interpretation of the length function in terms of alcoves and Weyl chambers
introduced in [HN12];

(3) straight conjugacy classes and Newton points.

The first two ingredients were also used by the authors in [HN12] to provide a case-free proof
of the remarkable properties mentioned in §0.1 for finite Weyl groups.

The third ingredient is a new feature for affine Weyl groups. Not only is it a crucial ingredient
that allows us to pass from the finite Weyl groups to affine Weyl groups; it also has independent
interest. We will discuss this in more detail below.

0.3 For simplicity, we only consider (unextended) affine Weyl groups and (untwisted) conjugacy
classes in the introduction. However, we will also cover the general case in this paper.

Let P& be the set of dominant rational coweights. To each element z in the affine Weyl
group W, we may associate the dominant Newton point v, € Péf (see §3.4). We call an element
x straight if {(z) = (Ug,2p), where p is the sum of fundamental weights. This is equivalent to
saying that ¢(z™) = nf(x) for all n > 0. A conjugacy class is called straight if it contains a straight
element. The minimal length elements in a straight conjugacy class are just the straight elements
it contains. The notion of straight element/conjugacy class was first introduced by Krammer in
[Kra09] to study the conjugacy problem.

The first author observed in [HelO] that the straight conjugacy classes have a geometric
meaning: there is a natural bijection between the set of Frobenius-twisted conjugacy classes of
a p-adic group and the set of straight conjugacy classes of the corresponding affine Weyl group
W. There is no known counterpart for finite Weyl groups.

We prove the following.

THEOREM A (Theorem 2.9 and Theorem 3.8). Let W be an affine Weyl group and O be a
conjugacy class of W. Then we have the following.

(1) For any w € O, there exists a sequence of conjugations by simple reflections that reduces
w to a minimal length element in O, with the lengths of the elements in the sequence weakly
decreasing.

(2) If w and W' are both of minimal length in O, then they are strongly conjugate.

(3) If, moreover, O is straight, then any two minimal length elements are conjugate by ‘cyclic
shifts’.

THEOREM B (Theorem 3.3 and Theorem 3.4). Let W be an affine Weyl group. Then we have
the following.

(1) The map f : W — PZ, x + i, is constant on each conjugacy class of W.

(2) The map f induces a bijection from the set of straight conjugacy classes of W to f(W).

(3) Any conjugacy class O of W can be ‘reduced’ to the unique straight conjugacy class in
the fiber of f(O) in the sense of Theorem 3.4.

The statement of Theorem 3.4 is technical and we do not include it here. We would like
to point out that in fact Theorem B implies Theorem A. Moreover, Theorem B is a crucial
ingredient in the study of affine Deligne—Lusztig varieties in [Hel4]. Theorem A is not enough
for this purpose.
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0.4 Now we discuss some applications to affine Hecke algebras.

The affine Hecke algebra H is a free Z[q, ¢~ ']-module with basis T;, for w ranges over elements
in W. By the density theorem and the trace Paley—Wiener theorem [Kaz86], if ¢ is a power of
a prime, then the trace function gives a natural bijection from the dual space of the cocenter
H/[H, H] to the space of the Grothendieck group of representations of H.

We prove the following.

THEOREM C (Corollary 5.2 and Theorem 6.7). (1) Let O be a conjugacy class of W and wo be
a minimal length representative. Then the image of T\, in the cocenter H does not depend on
the choice of a minimal length representative wyp. We denote the image by To.

(2) The set {To}, where O ranges over all the conjugacy classes of W, is a basis of the
cocenter H/[H, H].

Here part (1) and the fact that {Tp} spans the cocenter follow from the special properties
for W discussed above, and the fact that {T} is a linearly independent set follows from the
density theorem for affine Weyl groups, which will be proved in §6.

As a consequence, we have the following.

THEOREM D (Theorem 5.3). For any w € W, the image of T\, in the cocenter of H is a linear
combination of To and the coefficients are the ‘class polynomials’ f,, 0.

It is worth mentioning that the class polynomials are closely related to the affine Deligne—
Lusztig varieties [Hel4, Theorem 6.1 and Proposition 8.3].

1. Preliminary

1.1 Let S be a finite set and (my)stes be a matrix with entries in NU {oo} such that mgs =1
and mg = mys > 2 for all s # t. Let W be a group generated by S with relations (st)™st =1 for
s,t € S with mg; < co. We say that (W, S) is a Cozeter group. Sometimes we just call W itself
a Coxeter group.

Let Aut(W,S) be the group of automorphisms of the group W that preserve S. Let 2 be
a group with a group homomorphism to Aut(W,S). Set W = W x £2. Then an element in W
is of the form wd for some w € W and § € 2. We have that (wd)(w'd") = wd(w')d6’ € W with
5,0’ € £2. Since we are mainly interested in the action of £2 on W, we may assume without loss
of generality that (2 is finite.

For w € W and § € 2, we set {(wd) = ¢(w), where {(w) is the length of w in the Coxeter
group (W, S). Thus £ consists of length 0 elements in W. We sometimes call the elements in £2
basic elements in W.

We are mainly interested in the W-conjugacy classes in w. By [GKPO0O, Remark 2.1], for
any & € {2, the map W — W, w — wd gives a bijection between the §-conjugacy classes in W
and the W-conjugacy classes in W that are contained in W4.

1.2 For w,w' € W and s € S, we write w > w' if w’ = sws and ¢(w’) < £(w). We write w — w’
if there is a sequence w = wg, w1, . .., w, = w' of elements in W such that for any k, wy_1 —> wg
for some s € S.

We write w ~ w' if w — w’ and w’ — w. In this case, we say that w and w’ are conjugate
by ‘cyclic shifts’. It is easy to see that w ~ v’ if w — w’ and ¢(w) = £(w').

We call @, @' € W elementarily strongly conjugate if £() = €(d’) and there exists © € W
such that ' = zwr~! and £(z®) = £(x) + £(D) or L(wx~ L) = l(x) + L(D). We call @, 0" strongly
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conjugate if there is a sequence w = wg, w1, . .. , W, = W’ such that for each 7, w;_1 is elementarily
strongly conjugate to w;. We write w ~ @’ if w and @’ are strongly conjugate. We write w~w’
if @ ~ 610’61 for some § € 2.

The following result is proved in [GP93], [GKP00] and [He07] via a case-by-case analysis
with the aid of computer for exceptional type. A case-free proof which does not rely on computer
calculation was recently obtained in [HN12].

THEOREM 1.1. Assume that W is a finite Coxeter group. Let O be a conjugacy class in W and
Omin be the set of minimal length elements in O. Then we have the following:

(1) for each w € O, there exists w' € Oy such that w — w';
(2) let w,w" € Opip, then w ~ w'.

The main purpose of this paper is to extend the above theorem to the cases of affine Weyl
groups and to discuss its application to affine Hecke algebras. To do this, we first recall some
basic facts on affine Weyl groups and Bruhat—Tits building.

1.3 Let @ be a reduced root system and Wy the corresponding finite Weyl group. Then (W, Sp)
is a Coxeter group, where Sy is the set of simple reflections in Wj.
Let @ be the coroot lattice spanned by @V and

W =Q x Wy ={t‘w; x € Q,w € Wy}

be the affine Weyl group. The multiplication is given by the formula (£Xw)(tX w') = tXTX yy'.
Moreover, (W, S) is a Coxeter group, where S D Sy is the set of simple reflections in W.
The length function on W is given by the following formula (see [IM65]):

o)=Y o+ Y Jea) -1l

a,w=l(a)edt acdt wl(a)ed—

1.4 Let V = Q ®z R. Then we have a natural action of W on V. For z,y € V, define (z,y) =
Y aca(® @)(y,a). Then by [Bou02, ch. VI, §1, no.1, Proposition 3], (,) is a positive-definite
symmetric bilinear form on V invariant under W. We define the norm ||| : V — R by ||z| =
V(z,z) for x € V.

For o« €  and k € Z, define Hy , = {x € V;(z, ) = k}. Let $§ = {Hop; o € D,k € Z}. For
each hyperplane H € ), let s;7 € W be the orthogonal reflection with respect to H. Connected
components of V — Hes H are called alcoves. We denote by A the closure of an alcove A. We
denote by A the fundamental alcove, i.e. the alcove in the dominant chamber such that 0 € A.

Let H € §. If the interior H4y = (HN A)° C HN A spans H, then we call H a wall of A and
H 4 a face of A.

For p # q € V, we denote by L(p,q) C V the affine subspace spanned by p and g.

Let K C V be a convex subset. We call x € K a regular point of K if, for any H € $, x € H
implies that K C H. It is clear that all the regular points of K form an open dense subset of K.

1.5 The action of W on V sends hyperplanes in § to hyperplanes in $ and thus induces an
action on the set of alcoves. It is known that the affine Weyl group W acts simply transitively
on the set of alcoves. For any alcove A, we denote by x4 the unique element in W such that
A = A.

For any @ € W and alcove A, set Wy = a:;lldm 4. Then any element in the W-conjugacy class
of W is of the form w4 for some alcove A.
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For any two alcoves A, A’| let $(A, A’) denote the set of hyperplanes in §) separating them.
Then H € (A, wA) if and only if v« is a negative affine root, where « is the positive affine
root corresponding to H. In this case, ¢(sgw) < ¢(w). We also have that {(0) = (A, 0A).

2. Minimal length elements in affine Weyl groups

Unless otherwise stated, we write Wy for finite Weyl group and W for affine Weyl group in the
rest of this paper.

2.1 Similar to [HN12], we may view conjugation by a simple reflection in the following way.
Let A, A’ be two alcoves with a common face Hy4 = H 4/, here H € . Let sy be the reflection
along H and set s = JUZISHJUA- Then s € S. Now

Wy = (sgza) b(sgra) = s:):;‘lﬁ)x,qs = sWAS

is obtained from wy4 by conjugating the simple reflection s. Similar to [HN12, Lemma 1.1], we
have the following criterion to check if £(w4/) > £(w4).

LEMMA 2.1. We keep the notation as above. Define fg : V — R by v > ||[w(v) — v||%. Let h be
a regular point in Hy and v € V such that (v,h — h') =0 for all B’ € Hy and h — ev € A for
sufficient small € > 0. Set

fi(h+tv) — fa(h)

Dy fa(h) = lim = 2(w(h) — h, B(v) — B(0) — v).
t—0 t

If 6(Du) = £(s@as) = L(@04) + 2, then Dy fa(h) > 0.

2.2 Let gradfy denote the gradient of the function fz on V; that is, for any other vector field
X on V, we have X fy = (X, gradfy). Here we naturally identify V' with the tangent space of
any point in V.

We will describe where the gradient vanishes. To do this, we introduce an affine subspace
Vip.
Notice that £2 is a finite subgroup of W. For any @ € W, there exists n € N such that
@™ € W. Hence there exists m € N such that @™" = t* for some A € Q. Set vy = \/mn € V
and call it the Newton point of w. Then it is easy to see that vy does not depend on the choice
of m and n. We set

Vo ={veV;w(v) =v+vy}.

LEMMA 2.2. Let @ € W. Then Vi C V is a nonempty affine subspace such that Vi = wVy =
Vo +vg.

Proof. Since w is an affine transformation, for any p # ¢ € Vy, the affine line L(p,q) is also
contained in V. Thus Vj is an affine subspace of V.
Now we prove that V is nonempty. Assume w"™ = t"® for some n > 0. Let ¢ € V. Set

p=(1/n) Z?;Ol @' (q). Then w(p) — p = (1/n)(@"™(p) — p) = vg. In particular, Vi # @.

For any x € Vg, ||@F(z) — @*1(z)|| = |i(z) — z|| = ||ve| and @ (x) — 2 = nvg. Hence
W () = WF () + vy for all k € Z. In particular, w(x) = = + vg € Vy. O
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LEMMA 2.3. Let @ € W. Then we have the following.
(1) Forv € V, gradfg(v) = 0 if and only if v € Vy.
(2) Let Cy : V xR — V denote the integral curve of the vector field grad f with Cy(v,0) = v
for all v € V. Define
Lim:V - Vi, v~ lim Cyg(v,t) € V.

t——00

Then Lim : V — Vj is a trivial vector bundle over V.

Proof. (1) Let p € V. Set T}, : V. — V by v — v+p. Define w0, = Tp_loZDOTp and Vg, = Tp_le =
{v e V; p(v) =v+vg}. Then Vg, C V is a linear subspace. Let Vu%p ={veV;(vVg,) =0}
be its orthogonal complement.

Then 1wy, (z +y) = Wp(x) + Wp(y) — Wp(0) = x + Wp(y) for any z € Vg, and y € Vli). Since wy,
is an isometry on V', we have that

z]1* + llyll* = llz + ylI* = l[@p(z + y) — @p(0)]”

= HCCHQ + ||l@p(y) — wp(O)H2 + 2(@, Wy(y) — wp(0)).

In particular, (z,w,(y) —w,(0)) =0 for all z € V3, and y € Vﬁfp. Hence w,(y) — w,(0) € Vﬁfp
forally € lep .Let M : lep — lep be the linear transformation defined by y — @, (y) —w,(0) —y.
By definition, ker M C Vz, N Vﬁf—p = {0} for w,(0) = vy. Hence M is invertible.

For x € Vi, and y € Vu%p,

fa, (@ +y) = lp(z +y) — (z+ ) |I> = |[M(y)|* + [|@p(0)]?
= (y,"MM(y)) + |val*,

where ! M is the transpose of M with respect to the inner product (,) on V. Thus grad Ja,(x+y) =
2LM M (y) € V,LDJ; . Hence grad fg, which vanishes exactly on Vg, .

Notice that fz, = fs o T and T, is an isometry. We have that grad f4(v) = gradfg, (v — p)
for any v € V. Hence grad f vanishes exactly on V.

(2) The integral curve of gradfgz, can be written explicitly as Cy, (z + y,t) = = +
exp(2t'MM)(y) for any x € Vg, and y € th- Hence the integral curve Cy(t,v) of gradfy is
given by Cy(z + y,t) = z + exp(2t'! MM)(y) for x € Vs and y € ij—p. Since !M M is self-adjoint
with positive eigenvalues, lim;_, _o, exp(2t! M M) = 0. Hence Lim(z + y) =  for any z € Vz and
Yy € Vif; . Thus Lim is a trivial vector bundle over V. O

PROPOSITION 2.4. Let @ € W and A be an alcove. Then there exists an alcove A’ such that A’
contains a regular point of Vi and w4 — w4 .

Remark 1. The proof is similar to [HN12, Proposition 1.2]. The difference is that we consider
here Dy = {v € Vv ¢ Cp(V>2,R) ULim 1(VZ1)}, where V2! C Vy is the complement of the
set of regular points of Vi; and V=2 be the complement of all alcoves and faces in V. We omit
the details.

2.3 As a consequence, there exists a minimal length element in the conjugacy class of @ which
is of the form w4 for some alcove A with Vz N A # @. However, not every minimal length element
is of this form. Now we give an example.

Let W be the affine group of type Ay with a set of simple reflections {81 = Says 52 = Say,
so =t tas g $981}, where aq, ag are the simple roots. The corresponding fundamental coweights
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are denoted by wy,wy respectively. Let 6 € AutW such that § : s1 — 9,82 > 81,50 — sp. Let
W = 12971293 § and A = 1 5159 A. Then () =¢(wa) = 8 and Wy is of minimal length in W - .
Note that Vi = {v € V; (v,a) — ay) = 0}. The vertices (extremal points) of A are wy, wy — wy

and 2wy — wy which all lie in the same connected component of V' — V;;. Hence Vi N A=9.

2.4 Now we recall the ‘partial conjugation action’ introduced in [He07].
For J C S, we denote by W the standard parabolic subgroup of W generated by J and by
JW the set of minimal coset representatives in W \W.
For w € / W, set
I(J,w) =max{K C J;w(K) = K}.

The following result is proved in [He07, §2 and §3]. See also [Hel0O, Theorem 2.1].

THEOREM 2.5. Let J C S such that W is finite. We consider the (partial) conjugation action
of Wy on W. Let O be an orbit. Then we have the following:

(1) there exists w € YW, such that for any @' € O, there exists x € Wi(s@) such that @' — xw;

(2) if @', 0" € Omin, then @' ~ .

2.5 We will show that w4 appeared in Proposition 2.4 is of the form zy for some y € /W and
x € Wiy To do this, we introduce some more notation.
Let K C V be a convex subset. Let Hx = {H € $H; K C H} and Wx C W be the subgroup
generated by sy with H € $k. For any two alcoves A and A’, define i (A4, A") = H(A, A ) NH.
Let A be an alcove. We set Wk 4 = x;llWKxA and I(K,A) = {sy € S; K Cz,H}. If A
contains a regular point of K, then Wk 4 = Wik a).

LEMMA 2.6. Let © € W and K C Vg be an affine subspace with w(K) = K. Let A be an
alcove such that A and WA are in the same connected component C of V. —Jg g, H. Assume
furthermore that A contains an element v € K such that for each H € $), v,w(v) € H implies
that K C H. Then

(i) = $9(A, 0A) = (75, 2p).

Here p is the half sum of the positive roots in ¢ and Uy is the unique dominant element in the
Wy-orbit of vg.

Proof. By our assumption,  fixes C. Hence $(0°A, 07/ A) C $—Hf for any i, € Z. Sincev € A
and w(v) € WA, any H € $(A,wA) intersects with the closed interval v, (v)] at a single point.

If vy = 0, then w(v) = v. For any H € (A, wA), we have v € H, hence H € k. That is a
contradiction. Hence $(A,wA) = @ and £(w4) = (vg,2p) = 0.

Now we assume vy # 0. Set v; = W' (v) = v +ivg € K for i € Z. Then all the v; span an
affine line L. We prove the following.

(a) If i < 7, then H(wW LA, @A) NH(W LA, @7 A) = 0.

Let H € (w0t A, @' A)NH(w’ 1A, @7 A). Then HNL = HN[vj—1,v;] N [vj_1,v;] # B. Thus
i=j—1and v; € H. Hence H € $(w' 1A, 1w A). Therefore @w'A and @/ A are in the same
connected component of V — H, that is, H ¢ $(w/~'A, @7 A). Hence (a) is proved.

Now we prove the following.

(b) For i < j, H(w'A, 07 A) = ] _;,, H@0F 1A, 0k A).
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If H ¢ Ui:iHYJ(ﬁ)k—lA,tDkA), then w'A, w't1A,... WA are all in the same connected
component of V — H. Thus H ¢ H(0'A, w7 A).

Let H € ("t A, w" A) for some i < r < j. Then HNL = HN[v,—1,v,] = {e}. If e ¢ {v;,v;},
then H € H(0'A,w A). If e = v;, then H € H(w/ LA,/ A) and vj_1 and v; are in the same
connected component of V — H. Hence @w'A and @/ ! A are in the same connected component of
V —H, while @/ ~! A and 47 A are in different connected components of V —H. Hence H € $(° A,
W/ A). If e = v;, by a similar argument we have that H € $(0'A, @7 A).

Let n € Z such that @w™ = ¢"@. Then by (a) and (b), we have that

n—1
(A, DA) =Y 49(° A, 0T A) = §H(A, 5" A) = 15(A, 170 A).
=0
Hence {(w4) = (Vw, 2p). -

PROPOSITION 2.7. Let w € W and K C Vi be an affine subspace with w(K) = K . Let A be
an alcove such that A contains a regular point v of K. Then wa = uwg 4 for some u € Wy a)
and Wy 4 € TEAWIEA with ((u) = 19K (A, DA), Wk A(I(K,A) = I(K,A) and L(ixa) =
<qu,, 2p> .

Proof. We may assume that A is the fundamental alcove A by replacing @ by wa. We simply
write [ for I(K, A).

We have that @ = u/w'u” for some o/, v” € Wy and @' € TW/. Since K = K, then w(Hg) =
Hx and DWr—' = Wr. Hence @' Wr(w')~! = W and @'(I) = 1.

Let C be the connected component of V' —Jcq . H that contains A. We claim that @'(A) C
C. Otherwise, there exists H € $i separating A and @w'(A). Hence {(syw’) < ¢(w'). This
contradicts our assumption that @’ € 'W. Hence £(u) = {95 (A, wA) and H (A, @' (4A)) = .

Since W7 is a finite group and the conjugation by w is a group automorphism on Wy, there
exists n > 0 such that

(@' = v N o) - (@ T T = 1.

Hence (w')™ = @™ and there exists m > 0 such that mnvg € Q and (@)™ = @™ = t™"Vs,
Note that v and w(v) = @'(v) = v + vy are regular points in K. Applying Lemma 2.6, we
have ((0) = (Vgr, 2p) = (U, 2p). O

COROLLARY 2.8. Let @ € W be of minimal length in its conjugacy class. Then @ is of finite
order if and only if w € W; x (0) for some proper subset J of S and § € {2 with §(J) = J such
that the corresponding parabolic subgroup W is finite.

Proof. The ‘if’ part is clear.

Now assume that @ is of finite order. Let K = V3. By Proposition 2.4 and 2.7, there exists
an alcove A such that @ ~ w4 and W4 = uWg, 4 for some u € Wik, a) and Wk A € H(K Ay
with Wi a(I(K,A)) = I(K,A) and {(ix a) = (Tg,2p). Since w is of finite order, vy = 0 and
f(ﬁi}(ﬂ) =0. So 'LZJKA € 1.

By definition, I(K, A) is a subset of S such that Wy 4) is finite. We have that @, €
WI(K’A)UN}KA and W ~ w4. Hence w € W[(K7A)717K7A~ g

Now we may prove the main result of this section, generalizing §0.1(1) and §0.1(2) to affine
Weyl groups.

1910

https://doi.org/10.1112/50010437X14007349 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14007349

MINIMAL LENGTH ELEMENTS OF EXTENDED AFFINE WEYL GROUPS

THEOREM 2.9. Let O be a W-conjugacy class in W and Omin be the set of minimal length
elements in O. Then we have the following:

(1) for each element W' € O, there exists W € Oy such that W' — w”;
(2) let W', 0" € Opin, then W' ~ @".

Proof. (1) We fix an element w of O. Set K = V. Then any element in O is of the form w4/ for
some alcove A’. By Proposition 2.4, w4 — w4 for some alcove A such that A contains a regular
point of K.

If C is a connected component of V — {Jycq . H, then w(C) is also a connected component
of V. — Upyeg, H- We denote by £(C) the number of hyperplanes in $i that separate C' and
w(C). By definition, if C is the connected component that contains A, then ¢(C) = {9 (A, WA).
Now by Proposition 2.7, {(wa) = £(C) + (Vw, 2p).

Let Cp be a connected component of V' —Jgcg . H such that £(Cp) is minimal among all the
connected components of V' —Jgcg  H. Then £(wa) = £(a) = €(Co) + (i, 2p). In particular,
let Ay be the alcove in Cy such that Ag = uA for some u € Wi, then Ay contains a regular point
of K and w4, € Omnin.

We have that w4, = w/wa(u')"! for some v’ € Wi 4 and 14, is a minimal length element in
the Wi a-conjugacy class O' = {zwsz~';2 € Wik 4} C O. Hence, by Theorem 2.5, there exists
w" € O, such that wa — wa — W ~ Wy,. Since Wa, € Omin, W' € Omin. Part (1)}8 proved.

(2) Let @' € Onin. We have showed that there exists an alcove A}y C Cp such that Af; contains
a regular point of K and W' ~ Wy - Now it suffices to prove that w4, ~ Wy -

Let Ac, be the set of all alcoves in Cy whose closures contain regular points of K. Then
Uac Ac, A D K. Hence there exists a finite sequence of alcoves A = Ay, ..., A, = A} € A¢, such
that K; = A;NA; 1 NK # @ for all 0 < i < 7. Then there exists u; € Wk, such that A; 11 = u; A;.
Hence wy,,, = ujwa,(u}) ! for some u; € W, a,. Notice that wy,,, and W, are minimal length
elements in {zwa,x7 2 € Wk, 4,}. (Actually by the proof of (1), they are of minimal lengths
in 0.) Thus by Theorem 2.5, w4,,, ~ wWa,. Therefore w4, ~ w ;. O

As a consequence, we have a similar result for any conjugacy class of W, which is a union of
W -conjugacy classes.

COROLLARY 2.10. Let O be a conjugacy class of W and O, be the set of minimal length
elements in O. Then we have the following:

(1) for each element W' € O, there exists W € Oy such that W' — w”;
(2) let @', 0" € Opin, then W' ~w”.

3. Straight conjugacy class

3.1 Following [Kra09], we call an element @ € W a straight element if, for any m € N, £(&™) =
ml(w). We call a conjugacy class straight if it contains some straight element. It is easy to see
that @ is straight if and only if £(@) = (vg, 2p) (see [Hel0]).

By definition, any basic element of W is straight. Also ¢ is also straight with A € Q. In
Proposition 3.1, we will give some nontrivial examples of straight elements.

3.2 We follow [Spr74, 7.3]. Let 6 € £2. For each J-orbit in S, we pick a simple reflection. Let g
be the product of these simple reflections (in any order) and put ¢ = (g,d) € W x (J). We call
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¢ a twisted Cozeter element of W. The following result will be used in forthcoming work by He
and Wedhorn in the study of basic locus of Shimura varieties.

PROPOSITION 3.1. Let ¢ be a twisted Coxeter element of W. Then c is a straight element.

Remark 2. The case where 6 = 1 (for any Coxeter group of infinite order) was first obtained by
Speyer in [Spe09]. Our method here is different from that given by Speyer.

Proof. Assume that ¢ € W for § € §2. By Propositions 2.4 and 2.7, ¢ — ux for some I C S with
Wi finite, v € W7, and a straight element x with x(I) = I. It is easy to see that ux is also a
twisted Coxeter element and ¢ = uz. In particular, x = wd for some w € Wg_;. For any s € I,
wd(s)w™t € I. Hence §(s) € I and commutes with w. So §(I) = I and 6(S —I) = S — I. Since
ux is a twisted Coxeter element of W, x = w4 is a twisted Coxeter element of Wg_; % (0). On
the other hand, w commutes with any element in I. Thus I is a union of connected components
of the Dynkin diagram of S. Hence I = ¢ since W7 is finite. So u = 1 and ¢ = x is also a straight
element. O

3.3 We will give some algebraic and geometric criteria for straight conjugacy classes. In order
to do this, we first make a short digression and discuss another description of W.

Let G be a connected complex reductive algebraic group and 7' C G be a maximal torus
of G. Let Wy be the finite Weyl group of G and Sy the set of simple roots. We denote by @
(respectively P) the coroot lattice (respectively coweight lattice) of T in G. Then Wg = Q x W)
is an affine Weyl group in 1.3. Set Wg = P x Wy. For the group 2 of diagram automorphisms
of Sy that induces an action on G, we set WG7Q/ = Wg % 2'. Then V~VG7Q/ = Wqg x 2 for
some 2 C Aut(Wg, S) with £2(S) = S. It is easy to check that for any affine Weyl group W,
W x Aut(W, S) = WG, «. Here G is the corresponding semisimple group of adjoint type and (2’
is the group of diagram automorphisms on Sj.

For any J C Sy, set 2, = {6 € 2';6(J) = J} and
Wy = (P xWy)x 2.

We call an element in W basic if it is of length 0 with respect to the length function on W;.
In the rest of this section, we assume that W = W and W = WG ¢ unless otherwise stated.

PROPOSITION 3.2. Let O be a Wg-conjugacy class of W. Then the following conditions are
equivalent:

(1) O is straight;
(2) for some (or, equivalently, any) w € O, Vi ¢ H for any H € $;
(3) O contains a basic element of W for some J C Sp.

In this case, there exist a basic element x in WJO and y € Wéj © such that v, = vp and
yry~t € Opn. Here vp = g for some (or, equivalently, any) w € O and Jo = {i € Sp;

(vo,a;) = 0}

Proof. (1) < (2). By Proposition 2.4 and Proposition 2.7, there is an alcove A such that A
contains a regular point of Vi and w4 € Omin. Moreover {(W4) = (Vg, 2p) + 19y, (4, WA).
If Hy, =0, then Hy, (A, WA) = 0. Hence £(wa) = (Vw, 2p) and w4 € O is a straight element.
If O is straight, then #9y, (A, wA) = 0, that is, @ fixes the connected component C of
V- UHeﬁ H containing A. Choose v € C and set y = (1/n) >, (1)121 (v), where n € N with

o= (e, Slnce C' is convex, we have y € C'N Vy, which forces )y, to be empty.
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(3) = (2). Denote by @; C @ the set of roots spanned by «; for i € J. Assume @ = tXwd’ € O
is a basic element in ;. Then it is a straight element in . By condition (2) for W, Vi ¢ Ho
for any « € ¢y and k € Z.

Let p € V with

(1, ) = 0 ifiel,
%=1 iries,—J

Since ¢'(J) = J, then ¢'(n) = p. Hence wd'(u) = p and Ry + Vi = Vi, Therefore (Vg a) = R
for any a« € & — &;. Thus Vg € Hy, € H with a € & — D and k € Z.

(1) = (3). By Proposition 2.7 and condition (2) there exists w € O, such that A contains
a regular point e of V. Let y € W(;]O with vo = 3y 1 (vg). Set © = y~Yoy. Then v, = v is
dominant.

Assume that x = tXwd’ € O with y € P, w € Wy and ¢’ € 2. Let n € N with 2" = t"0,

Then
HOTX ! = VO g — o — w8 (vo)txy, s

Thus vo = wd'(vp) is the unique dominant element in Wp - §'(vp). Hence ¢'(vo) = vo and
wro = vo. Therefore w € W, and §'(Jo) = Jo. Hence = € Wy,,.
Let C' be the connected component of V' — U, U,eq, Hak that contains A. Since y € de‘g,

for any o € @}“@, ya € &1 and 0 < (y~!(e),a) = (e,y(a)) < 1. Hence y~'(e) € C. Moreover,

zy~H(e) =y~ i(e) =y~ (e +va) =y~ (e) + vo.

Since (vo,a) = 0 for all a € &5, we have y~!(e) and y~!(e) + vo are contained in the same
connected component of V' — U, Upee, Hok- Hence C' 2 y~1(e) and zC > xy~!(e) are the

same connected component of V —J, U acd, Ha k- Thus there is no hyperplane of the form H,

with a € @; that separates C' from xC'. So x is a basic element in W;. O

3.4 The next task of this section is to give a parametrization of straight conjugacy classes. Such
parametrization coincides with the set of o-conjugacy classes of p-adic groups [Hel4].
Let P be the set of dominant coweights of G and

Pg={AeP®zQ(\a)>0forallacd}CV.

Then we may identify P& with (P ®z Q)/Wp. For any A € P ®z Q, we denote by A the unique
element in P& that lies in the Wy-orbit of A\. The group (2’ acts naturally on P& and on
Wa/Wg = P/Q. Let &' € 2.

For z € Wgd', we call i, the dominant Newton point of z. The map = — (20" "W, Uy)
induces a natural map

f§’ : WGé/—) (P/Q)(g/ X P(S

Here Wgd' € Wg\W is a right We-coset containing & and (P/Q)g is the §’-coinvariants of P/Q.
We denote the image by B(Wg, d').

THEOREM 3.3. The map fy induces a bijection between the straight Wg-conjugacy classes of
Wead' and B(Wg, ).

Proof. We first show that the following holds.

(a) The map fs is constant on each We-conjugacy class.
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Let @ = tXwd’ € W and @ = t*u € Wg, where y, A\ € P and w,u € Wy. Then awia ! =
A rux—(wwdu= (0D TN (yay6'/). Notice that for any « € Wy and p € P, zpu — p € Q. Hence
t)x—&-ux—(uw&’u’l((s’)’l)é’)\ c t)\+x—6’()\)WG and

awa "t € MY NWg (uwd'/ (67718 = MY Ve,

Hence the images of @wa ! and @ in (P/Q)s are the same. Assume that n € N and w" = t"o.
Then (e —1)" = ™o~ = tAwwat—A = ¥ Therefore vggq-1 = u(vg) and Dggg-1 = V.
Result (a) is proved.
Moreover, t"™i = ™ot = pxpwnd’ (va)g=x = wnd'(a) Thus vy = wd' (vg). Hence:

(b) 7y = &' () for all @ € Wed'.

By Proposition 2.4 and 2.7, for any @ € W, & — ww; for some I C S with W; finite,
u € Wr, and a straight element w; with w;(I) = I. By the proof of [HelO, Proposition 2.2],
fs(w) = fsr(uy) = fs(wr). So fs is surjective.

Now we prove that fs is injective.

Let 0,0 € Wgd' with fy () = fy(@'). Assume @ = t*wd’ and @' = tNw's' for some
M\ X € P, w,w' € Wg. Then after conjugating by a suitable element of Wg, we can assume
further that wWg = w'We.

Let J = {i € So; (", i) = 0}. By (b), 7y = ¢’ (7). Then ¢'(J) = J. By Proposition 3.2, after
conjugating by some elements in Wg, we may assume that @, %' € Wy and v = vg = vg € P(ég .

Let J' =Sy — J and Q;, Qj be the sublattices of ) spanned by simple roots of J and J’
respectively. Then

V=PzR=Q;22R® Qs ®zR.

We may write X and X as X\ = ay + ap and X' = d; + d/;, with a;,d/; € Q; ®z R and
ay,a’; € Qp @z R. Since A\ — X € Q, then ay —ad; € Qy and ay —ad; € Q.
Choose n € N such that (wd’)" = (w'6’)™ = 1. Then

n—1 n—1
_ 1 Nk 1 Nk
V= EZ(WS) (A € - (6)(ay) + Qs 2z Q.
k=0 k=0
Similarly,
n—1
1
ve=> ("*dy)+Qs2zQ
™ =0
Hence .
> () (ay —aly) = 0.
k=0

Since ay —a';, € Q. then ay —a';, = 6 —5'(0) for some 6 € Q5. Let w" = t%4't?. By condition
(2) of Theorem 3.2, @' and 4" are conjugate to basic elements in W by elements in Q7 x W.
Moreover, A € N + 60 — &' () + Qy and (Qy x W) = (Qy x Wy)d" € (Qy x W;)\W,. Thus 0
and @” are conjugate to the same basic element of W by an element in Qs x Wy and @ and @’
are in the same Wg-conjugacy class. O

Combining Proposition 2.4, Proposition 2.7 and the proof of Theorem 2.9, any W-conjugacy
class of Wd' can be ‘reduced’ to the unique straight conjugacy class in the same fiber of fs as
follows.

1914

https://doi.org/10.1112/50010437X14007349 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14007349

MINIMAL LENGTH ELEMENTS OF EXTENDED AFFINE WEYL GROUPS

THEOREM 3.4. Let O be a Wg-conjugacy class of Wgd' and @ € O. Then there exists @' € Omin
such that the following hold:

(1) w— w';
(2) there exists a straight element x € Wgd' with fy(x) = fs(), a subset J of S with W
finite, x € 7(Wgd') and 2~ 1(J) = J, and an element u € W such that @' = uz.

3.5 Let 7 € {2. Conjugation by 7 gives a permutation on the set of affine simple reflections S of
W. We say that 7 is superbasic if each orbit is a union of connected components of the Dynkin
diagram of S.

In this case, any two vertices in the same connected components of S have the same numbers
of edges and thus S is a union of affine Dynkin diagrams of type A. Hence it is easy to see that
T € {2 is a superbasic element of W if and only if W = W™ x - x W™, where W is an affine
Weyl group of type flni_l and 7 gives an order n;m; permutation on W™,

3.6 We follow the notation in § 3.4. Let ¢’ € £2'. Then any fiber of the map fy : Wgd' — (P/Q)s X
P& is a union of Wg-conjugacy classes. We call a Wg-conjugacy class in Wgd' superstraight if
it is a fiber of fy. By Theorem 3.3, any fiber contains a straight Wg-conjugacy class. Hence a
superstraight conjugacy class is in particular straight. Now we give a description of superstraight
Wg—conjugacy classes which is analogous to Proposition 3.2.

PROPOSITION 3.5. We keep the notation as in § 3.3. Let O be a Wg-conjugacy class of W. Then
the following are equivalent:

(1) The conjugacy class O is superstraight;

(2) for some (or, equivalently, any) w € O, HN Vg =@ for any H € $(vy). Here H € $H(vg) =
{Hox € 9 (v, o) = 0,k € Z};

(3) there exists a superbasic element x in WJO and y € W(‘;]O such that v, = vp and yzy ' €
Omin.

Proof. We assume that @ C Wgd' for some & € (2.

(1) = (3). By Proposition 3.2, there exists a basic element 2 in W, and y € Wéo such
that v, = vo and yzy~ ' € Omin. Assume that z is not superbasic in WJO. Then there exists an
z-orbit O such that C' N O C C for each connected component C' of the Dynkin diagram W, Jo-

Note that C' N O C C' is the Dynkin diagram of a finite Weyl group. Hence Wy is a finite
product of Weyl groups corresponding to C' N O and hence is finite. By the proof of [HelO,
Proposition 2.2], fs(wx) = fs(x) for all w € Wp. In particular, sjz and z are in the same fiber
of fs for any j € O.

However, {(sjz) = {(x) + 1 mod 2. Thus s;jz and « are not in the same conjugacy class. So
O is not superstraight.

(2) = (1). Note that H € $H(vg) if Viy C H € $. Hence, by Proposition 3.2 (2), O is straight.
Let @ be another Wg-conjugacy class such that @' and O are in the same fiber of fy. By
Proposition 2.4 and Proposition 2.7, O contains an element of the form uz, where x is straight,
fsr(ux) = fs(x) and u € Wy, . By Theorem 3.3, z € O. By the proof of [Hel0, Proposition 2.2],
Vg = Vg.

Let v € V. By Lemma 2.2, ux(v) = v 4+ vyy = v + vy € Vi Since u € Wy, z(v) =
utuz(v) = ur(v) = v + v, and v € V.. Thus V,, C V.
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Let H € 9y, C 9(v,). Then, by our assumption, H NV, C H NV, = @, which forces
v, = 0. Hence Wy, = {1} and u=1. So O’ = O.

(3) = (2). Let C be the unique connected component of V' —Jy ¢ ) H containing A. We
call H € $H(vp) a wall of C if HN C spans H. Let $(C) be the set of walls of C. Note that
xC' = C for zx is basic. Since C' is convex, V, N C # @.

Suppose that V, N H' # @ for some H' € H(vo). Let p € V, N H and q € V, N C. Then
the affine line L(p,q) C V, intersects with the boundary 9C C UHeﬁ(C) H of C. Choose v €
L(p,q) N OC. Then v € Hy for some Hy € H(C). Thus 2™(v) = v + mvo € 2™Hy for m € Z.
Notice that Rvp + H = H for all H € $(vo). Thus v € 2™ H for all m € Z. As x is superbasic,
the orbit O = {2°Hp;i € Z} is a union of connected components of the Dynkin diagram of
{sm; H € H(C)}. Hence v € (\co H = #. That is a contradiction. O

3.7 In the rest of this section, we will show that any two straight elements in the same conjugacy
class are conjugate by cyclic shift, which is analogous to §0.1(3) for an elliptic conjugacy class
of a finite Coxeter group.

In order to do this, we use the following length formula. The proof is similar to [HN12,
Proposition 2.3] and is omitted here.

PROPOSITION 3.6. Let @ € W and K C Vi be an affine subspace with w(K) = K. Let A and A’
be two alcoves in the same connected component of V — UHEFJK H. Assume that ANA'NK spans
a codimension 1 subspace of K of the form Hy N K for some Hy € $ and w(HyNK) # HyN K.
Then

(i) = Ui ar) = (D 20) + £ (A, D).

LEMMA 3.7. Let @ € W. Let K C Vi be an affine subspace such that WK = K. Let A and A’
be two alcoves such that AN A’ contains a regular point of K and wa, w4/ are straight elements.
Then U~}A = ’LDA/.

Proof. We may assume that A is the fundamental alcove A by replacing w by w4. We simply
write [ for I(K, A). By Proposition 2.7 and the straightness of w0, w € 'W! and @(I) = I. Since
A’ N A contains a regular point of K, x4 € W;. Thus

Wy = x;,llbl‘A/ = (1‘2,117)3314/@_1)1?)

and 2/ Wz 40! € Wy. Therefore £(w /) = £(w) +£(x ) Wa 4~ 1). Since £(i4/) = £(b), we have
:L'Aj,l’LTJZL‘A/ﬁifl =1and wy = w. O

THEOREM 3.8. Let O be a straight W-conjugacy class of W. Then for any @, %' € Omin, @ ~ @'
Proof. Let 4 € O and K = V. Then by Proposition 2.4 and Proposition 2.7, we may assume
that w = @14 and @' = G4/, where A and A’ are two alcoves whose closures contain regular points
of K. Let C be the connected component of V' — [Jycq . H that contains A and let A” be the
unique alcove in C such that A’ N A” contains a regular point of K. By Proposition 2.7, we have
Upgr € Omin. By Lemma 3.7, we have that @4 = tign.

It remains to show that @4 & G 4». Assume A # A”. Similar to the proof of [HN12, Lemma
2.4], there is a sequence of alcoves A = Ay, Ay,..., A, = A” in C such that A; contains a regular
point of K and A;_1 N A; N K spans a codimension one affine subspace P; of K for i =1,2,...,7.
By Proposition 2.7, 14, € Opin for any 1.

If aP; = P;, by Lemma 3.7, we have that @4, , = @a,. If 4(P;) # P;, then there is a sequence
of alcoves A;_1 = By,B1,...,Bs = A; in C such that B,_1 and Bj share a common face
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and By_1NBNK spans P; for k=1,...,s. By Proposition 3.6, we have that {(ip,_,) = {(ip,)
and up, , ~up, for k=1,...,5. S0 ta, , = Ua,. Hence g =~ . O

4. Centralizer in W

4.1 Let (W, S) be a Coxeter group and 2 be a group with a group homomorphism to Aut(W, S).
Let W =W x £2. Let w € W be a minimal length element in its conjugacy class. Let Py be the

set of sequences i = (s1,...,s,) of S such that
. S1 ~ 52 Sr ~
W —> S1WS] —> =+ —> Sp -+ S1WS] ** * Sy

We call such sequence a path form @ to s, ---s1wWs1 - - - s,. Denote by Pg 5 the set of all paths
from  to itself. Let Wy = {x € W;l(x~ bz) = £(0)} and Z (%) = {z € W; 2w = wz}.
There is a natural map

Tw:Pm—)W@, (81,...,8T>i—>81-"87«,

which induces a natural map 7,4 : Po,o —> 2 (w).
We call a W-conjugacy class O of W nice if, for some (or, equivalently, any) w € Opin, the
map 7y : Py — Wy is surjective. It is easy to see that O is nice if and only if properties (1) and

(2) below hold for O:

(1) for any w, 0’ € Opip, W =~ ';

(2) for any w € Opin, the map 74 4 : Pog — Z(W) is surjective.

The definition of nice conjugacy classes is inspired by a conjecture of Lusztig [Lusllb, 1.2]
that property (2) holds for elliptic conjugacy classes of a finite Weyl group.

4.2 For finite Weyl groups, nice conjugacy classes play an important role in the study of Deligne—
Lusztig varieties and representations of finite groups of Lie type. Property §4.1(1) is a key
ingredient to prove that Deligne-Lusztig varieties corresponding to minimal length elements
in a nice conjugacy class are universally homeomorphic. Property §4.1(2) leads to nontrivial
(quasi-)automorphisms on Deligne-Lusztig varieties and their cohomology groups. For more
details, see [DMO06] and [Lus11b].

Nice conjugacy classes for affine Weyl groups will also play an important role in the study
of affine Deligne-Lusztig varieties. See [Hel4].

4.3 The main goal of this section is to classify nice conjugacy classes for both finite Coxeter
groups and affine Weyl groups.

We first consider finite Coxeter groups. Let (Wy, Sg) be a finite Coxeter group and 2/ C
Aut(Wp, Sp). Set Wo = Wy x 2. Let 2 = wo € Wy with w € Wy and o € 2. We denote by
supp(w) the support of w, i.e. the set of simple reflections appearing in a reduced expression of
w. Set supp(z) = J,,ez o™supp(w). We call supp(z) the support of z. It is a o-stable subset of
So.

We call a Wy-conjugacy class O of Wy elliptic if supp(w) = Sy for any w € O. An element
in an elliptic conjugacy class is called an elliptic element.

We have the following result.

THEOREM 4.1. Any elliptic conjugacy class in a finite Coxeter group is nice.
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4.4 In order to classify nice conjugacy classes for finite Coxeter group, we first recall the
geometric interpretation of conjugacy classes and length function in [HN12].

Let V be a finite-dimensional Euclidean vector space over R and £y be a finite set of
hyperspaces of V' through the origin such that sy ($9) = 9o for all H € $y. Let Wy € GL(V)
be the subgroup generated by sy for H € $y. Let €($g) be the set of connected components
of V.= Upeg, H- We call an element in €()) a chamber. We fix a fundamental chamber Cp.
For any two chambers C, C’, we denote by $,(C,C”) the set of hyperspaces in £y separating C
from C’. Let So = {sg € Wo; #90(Co, suCo) = 1}. Then (W, Sp) is a finite Coxeter group. Let
Wo = Wy x 22/ where 2’ € GL(V) consists of automorphism preserving Sy. Then £(w) = £$0(Co,
wCy) is the length function on Wo.

It is known that Wy acts simply transitively on the set of chambers. For any chamber
C, we denote by x¢ the unique element in Wy with xcCy = C. Here (Cy is the fundamental
chamber. Then any element in the Wy-conjugacy class of w is of the form wg = x&lwwc for
some chamber C.

For any w € Wo, we denote by €;($0) the set of chambers C' such that @w¢ is of minimal
length in its Wy-conjugacy class. We denote by Vgsbreg the set of points in V' that is contained
in at most one hyperplane of ). By [HN12, Lemma 4.1], we have the following.

(a) A Wy-conjugacy class O of Wy is nice if and only if (| Acea o) DN Vg?breg is connected
for some (or, equivalently, any) @ € O.

By [He07, Lemma 7.2], a Wy-conjugacy class O of Wy is elliptic if and only if, for some (or,
equivalently, any) element 1w € O, the fixed point set V¥ € V"o, Now we introduce the weakly
elliptic conjugacy classes.

PROPOSITION 4.2. Let O be a Wy-conjugacy class of Wy. Then the following conditions are
equivalent.

(1) For some w € O, supp(w) is a union of some connected components of the Dynkin
diagram of Sy and w commutes with any element in Sy — supp(w).

(2) For any w € O, supp(w) is a union of some connected components of the Dynkin diagram
of Sy and W commutes with any element in Sy — supp(w).

(3) For some (or, equivalently, any) element w € O, sgV® = V% for all H € $).

In this case, we call O a weakly elliptic conjugacy class and any element in O a
weakly elliptic element.

Proof. (1) = (2). Assume that O C Wyo for o € 2. By our assumption, o(s) = s for all
s € So — S) and supp(zwx~t) C S) for any x € Wy. Since @ is elliptic in Wg, x (o), then
supp(zwz ) = S} for any x € Wp.

(2) = (3). Assume that O C Wyo for some o € 2'. By assumption, there exists Sj C So,
which is a union of some connected components of the Dynkin diagram of Sy such that o(s) = s
for all s € So — Sj and supp(w) = S for any @ € O. Then O is elliptic in Wg; x (o). Therefore

VI v for all @ € O. Hence sgV® = V@ for all H € $g.

(3) = (1). By [HN12, Proposition 2.2], there exists @ € Op;, such that Cy contains a regular
point e of V¥, Assume that @ = wo for w € Wy and o € 2. Then wo(e) = e and thus e =
o(e) = w(e) for e,o(e) € Cy are dominant.

Let J = {s € Sp;s(e) = e}. Then o(J) = J and w € W. Note that V¥ c VW7 for e is a
regular element in V%. Hence  is an elliptic element in W; x (o) and supp(w) = J.
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Let s € Sg — J. Then s(V%) = V% Thus s(e) = e + (e,a)a’ € V?, where «a is the positive
root corresponding to s. Since s ¢ J, we have s(e) # e and o € V¥. Hence ws = sw. The
statement follows from the following Lemma 4.3. O

LEMMA 4.3. Let w = wo with w € Wy and o € 2. Let s € Sy — supp(w). Then sw = ws if and
only if s = 0(s) and s commutes with each element of supp(w).

Proof. Let K = supp(w) and K' = {s' € K;ss' = s's}. Write w as w = abc for a € Wk,
c € Wk and b € K'WoK') Then sb = bo(s). Since s ¢ K and each element of K — K’ does
not commute with s, we have that bo(s) = sb € K=K'W;. Therefore b € K~K'Wy for o(s) ¢ K.
Since b € K'Wy, we must have that b = 1. Hence s = o(s) and K = supp(a) U supp(c) C K'.
Hence for any n € Z and any r € K, sc™(r) = 0"(sr) = 0" (rs) = ¢"(r)s. Therefore s commutes
with every element of supp(w) = (J,,cz 0" (K). O

Now we classify nice conjugacy classes for Wp.

THEOREM 4.4. Let O be a Wy-conjugacy class of Wy. Then O is nice if and only if it is weakly
elliptic.

Proof. Suppose that O is nice. Let @ € Opin and S|, = supp(w). Then wowwy € Omin, where
wo is the largest element of W,. Hence there exists a reduced expression wyg = s1S2...s, such
that Wy ~ W1 ~ - - - & W, where W; = (s1...5;) '0(s1...5;). By [He07, Lemma 7.4], supp(w;) =
supp(w) = Sj for all i. Therefore sj;1w;sj41 = w; if sj11 ¢ Sj. By Lemma 4.3, st = ts and
wt = tw for any s € S{ and any t € Sy — S;;. Hence O is weakly elliptic.

Suppose that O is weakly elliptic. Let w € Opin and J = supp(w). Let z € Wy such that
{(z~Yvz) = (). We may write z as xoz; with some z1 € Wy and 2o € Wg,_y for J and
Sy — J are unions of connected components of the Dynkin diagram of Sy and . Then z~ 'z =
xl_l(xglszg)xl = xl_lzbrrl. Since W commutes with each simple reflection of Sg — .J, xo is in the
image of 75. By assumption, @ is elliptic in W x (o) for some o € 2. Thus by [HN12, Corollary
4.4], x; is in the image of 7. Hence so is xox1. Thus O is nice. O

4.5 Now we study affine Weyl groups. We keep the notation as in §3.3. Let Wo = Wy % £2.
Then W = Wg x 2 = P x Wy. For any @ € W, we denote by 2 the set of alcoves A such that
Wy is of minimal length in its W-conjugacy class. We denote by VP8 the set of points in V'
that is contained in at most one hyperplane of $). Similar to the proof of [HN12, Lemma 4.1],
we have.

(a) A W-conjugacy class O of W is nice if and only if ({J Ae, A) N Vsubres ig connected for
some (or, equivalently, any) w € O.

4.6 Let y € W. Let K C Vy, be an affine subspace such that yK = K. Choose p € K. Define
y=T_,, poyoT, € GL(V), where T, denotes the map of translation by v € V. Then 5(0) =0
and ¢ is the image of y under the map W = P x Wy — Wy. In other words, 7 is the finite part
of y.

Set Hxp = T p(Hx). Then any element in Hy, , is a hyperplane through 0 and contains
V¥ =T_p,(V,). Since y preserves $)f, § preserves g p.

The following result relates §4.4(a) with §4.5(a).

LEMMA 4.5. Keep the notation as above. Assume p is a regular point of K and A, A" e 2, with
pe AN A Let C (respectively C') be the unique element of €(k p) such that A C T,(C)

1919

https://doi.org/10.1112/50010437X14007349 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14007349

X. HE AND S. NIE

(respectively A C T,(C")). Then A and A’ are in the same connected component of ({J geq, 4) N

Vsubreg if and only if C' and C' are in the same connected component of (Ucee,9x.,) C) ﬂVg‘;b:eg.

Proof. Suppose that C' and C” are in the same connected component of EUC%%( D) ) ﬁVg?):eg.
Then there is a sequence C = C1, Cy, ..., Cy = C' in €5(Hk p) such that C; N Cjq1 spans H, € Hi
for i =0,...,t— 1. Note that all the numbers )k ,(C;, yC;) are the same. Let A; be the unique
alcove in T,(C;) whose closure contains p. Then A; N A; 41 spans T,(H]) € $Hx for each i. By
Proposition 2.7,

19(Ai, yAs) = 19k (Ai, yAi) + (Dy, 2p) = 19k »(Ci, 5C3) + (Dy, 2p)

Hence all the A; lie in the same connected component of (| J Ael, A) nysubreg,

Suppose that A and A’ are in the same connected component of (| J e A)nVsubree There
is a sequence of alcoves A = Ay, Ay, ..., A, = A" in 2, such that A; and A; ;1 share a common
face which spans H; € §) for all 4. By Proposition 2.7, C,C" € €3($x ). Now we define a sequence
of chambers in €3(Hx ) as follows. Let C; = C. Assume that C; is already defined for i > 1. Let
Ji = max{k; T_,(Ay) C C;}. Let Cj41 be the unique connected component containing 7", (A, +1).
We obtain a sequence C' = CY,...,Cs = C’ in this way.

Notice that Hj, € i (hence so is yHj,) and

ﬁ(Ajmiji) - {Hjmiji} C ﬁ(AjHrlvyA 'i+1) C ﬁ(Ajmiji) U {Hjiaiji}'
Since ﬁf)(Ajz, yAJz) = ﬁf)(AjiJrl, iji+1), then {Hji’iji} ﬂﬁ(Aji+1, ijiJrl) consists of at most
one element. Hence
{T-p(Hj,), T-p(yHj,) = Y(T-p(H},))} N Hx p(Cit1, §Cit1)

consists of at most one element. Notice that 95 ,(C1,yC1) is minimal among all the chambers
in €(Hx p). Thus

19Kp(C1,701) = 19K p(Co, yC2) = - - = B9k p(Cs, §Cs)
and C1,...,Cs € €3(Hk p). By our construction C; N C;41 spans T_,(Hj) fori=0,...,s — 1.
So C,...,C are in the same connected component of (UCeeg(ﬁK,p) C)n Vg;‘fg- O

Now we classify nice conjugacy classes for affine Weyl groups.

THEOREM 4.6. Let O be a W-conjugacy class of W and © C Wgo for o € §2'. Then the following
conditions are equivalent:

(1) O is nice;
(2) for some (or, equivalently, any) y € O, sgy(Vy) =V, for any H € $H(v,) with H NV, # ;

(3) for some (or, equivalently, any) y € O with v, = vp, § is a weakly elliptic element in
WJ@ X <0>

Proof. (3) = (2). Let y € O with vy = vp. Let pe HNV, and H' = T_,H. Hence sg/(VY) = V¥
by Proposition 4.2(3) and Theorem 4.4. Thus sy (V,) =V, for V,, = T,,(VY).

(2) = (3). Let H = H, o with (1, ) = 0. It suffices to show the sy (V¥) = VY. This is
trivial if V¥ C H. Otherwise, (VY, ) = R. Let p € V,,, then H intersects with V, = T,(V¥). By
condition (2), sg(V,) =V,. Hence o” € and sy (V¥) = VY.
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(1) = (2). Let H € H(vy) such that K = HNV, # @. Then K is an affine subspace of V}, of
codimension at most 1 and yK = K. By Proposition 2.7 and [HN12, Lemma 2.3], there exists an
alcove A € 2, whose closure contains a regular point p of K. Since O is nice, applying Lemma
4.5 yields, (Ucee,(sx.,) c)n V;Z}:eg is connected. By Theorem 4.4, we have sy () (VY) = VY,
that is, sy (Vy) = Vj.

(2) = (1). Let y € O with v, = vp. By Proposition 2.4, it suffices to prove the following
statement:

Let A, A" € A, such that A and A’ contain regular points of V,. Then A and A’ are in the
same connected component of (Jacq, A) n V/subres,

Let C' be the connected component of V — UHei)vy H that contains A and A” be the

unique alcove in C' such that A’ N A” contains a regular point ¢ of V,. By condition (3) and
§4.4(a), (UCecg(ﬁVy,q) C)n Vﬁsl‘ffg is connected. Hence, by Lemma 4.5, A" and A” are in the

same connected component of (| J Bew, B) n Vsubreg,

Similar to the proof of [HN12, Lemma 2.4], there is a sequence of- alcoves A = Ay, Ay, ...,
A, = A" in C such that A; contains a regular point of V, and A;_1NA;N V, spans a codimension
one affine subspace P, = H; NV, of V,, for 1 <4 < r.

If P, = yP,;, then H; € H(v,). By condition (2), sy, (Vy) = V,. Since V,, € H;, then H; is
the affine hyperplane containing P; and orthogonal to V;,. Hence H; is the unique element in £
whose intersection with V, is P; and thus the unique hyperplane separating A;_; from A;. So
A;i—1 and A; are in the same connected component of (peq, B) n Vsubreg,

If yP; # P;, then there is a sequence of alcoves A;_1 = By, By,...,Bs = A; in C such that
By,_; and By, have a common face and Bj,_; N By N Vy spans P; for k =1,...,s. By Proposition
3.6, we see that all By € 2,. Hence A;_; and A; are in the same connected component of

(UBEQly B) N Vsubreg'
Hence A and A” are in the same connected component of (| Bew, B) N ysubreg, O

COROLLARY 4.7. Let y € W such that y is an elliptic element in Wy. Then the W -conjugacy
class of y is nice.

Now we classify straight nice conjugacy classes.

PROPOSITION 4.8. Let O be a straight W-conjugacy class of W and ©® C Wgo with o € (2.
Then O is nice if and only if there exists x € O such that v, = vp and x is superbasic in WJ,
where J C Jo is a union of connected components of Dynkin diagram of Jo and o fixes each
element of Jo — J.

Proof. Assume that x € O such that v, = vp and z is superbasic in WJ, where J C Jo is a
union of connected components of Dynkin diagram of J» and o fixes each element of Jo — J. Let
H=H,} € H(vz). Then (v;,®) =0 and « is a linear combination of roots in Jo. If « is a linear
combination of roots in J, then by Proposition 3.5, H NV, = @. If « is a linear combination of
roots in Jo — J, then sy (V,) = V, since a¥ € V*. By Theorem 4.6, O is nice.

Assume that O is nice. By Proposition 3.2 and Theorem 4.6, there exists a basic element
x € Wy, such that v, = vo and Z is weakly elliptic in W, x (o). Set J = supp(z). Then J is
a union of connected components of Dynkin diagram of Jp and o fixes each element of Jo — J.
Let H = H, j, such that « is a linear combination of roots in J. By assumption, x is elliptic in
Wy x (o), i.e. V2 C VW7 We have that V¥ C H, . By Proposition 3.2, V;, € H. Notice that
V. =p+ V?Z for some p € V,.. Thus V, N H = #. By Proposition 3.5, z is superbasic in W, O
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COROLLARY 4.9. Let O be a superstraight W -conjugacy class of W. Then O is nice.

5. Class polynomial

5.1 Set A = Z[v,v~']. The Hecke algebra H associated to W is the associated A-algebra with
basis T}, for w € W and the multiplication law is given by

T,Ty =Ty ifl(z)+y) = L(zy),
(T, —v)(Ts+v 1) =0 forsecsS.

Then T; ! = Ty — (v —v~!) and Ty, is invertible in H for all w € W. If § is an automorphism
of W with §(S) = S, then Ty, = Tj,) induces an A-linear automorphism of H which is still
denoted by . The Hecke algebra associated to W = W x (2 is defined to be H = H % 2. It is
casy to see that H is the associated A-algebra with basis Ty for @ € W and multiplication is
given by

T:T; =Tz i £(2) +£(7) = £(Z7),
(T, —v)(Ts+v 1) =0 forses.

Let h,h' € H, we call [h,h'] = hh/ — h'h the commutator of h and K. Let [H, H] be the
A-submodule of H generated by all commutators.

For finite Hecke algebras, Geck and Pfeiffer introduced class polynomials in [GP93]. We will
show in this section that their construction can be generalized to affine Hecke algebra based on
Theorem 2.9.

LEMMA 5.1. Let w,%' € W with w~@'. Then
Ty =Ty mod [H, H|.

Proof. By definition of <, it suffices to prove the case that there exists € W such that @' =
rwr~! with £(w) = £(i0') and either £(xw) = £(x) + (@) or L(Dx™1) = l(x) + (D).

If L(zw) = €(x) + £(W), then £(W'z) = L(zw) = L(W) + £(5(z)). Hence Ty Ty = Tre = Tow =

T, Ty and Ty = T, TgT; ' =Ty rnod[

If ((wx 1) = £(z) +£(W), then £(z~ ) = E(ﬁmil) =l(w")+4(z). Hence Tp-1 Ty = T4 =

o1 =TT, and Ty = T\ TT,— = [H, HJ. 0

—3

Ty

Now Corollary 2.10(2) implies the following.

COROLLARY 5.2. Let O be a conjugacy class of W and w0, %' € Opmin. Then
Tw = Tu;/ mod [ﬁ,f[]

Remark 3. We denote by Ty the image of Ty € H / [Ef JH | for any @ € Opin.

THEOREM 5.3. Let @ € W. Then for any conjugacy class @ of W, there exists a polynomial
fi.0 € Z[v — v~ with nonnegative coefficients such that fg o is nonzero only for finitely many
O and

Ty =Y faoTo € H/[H, H]. (a)

o
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Proof. We argue by induction on ¢(w).
If W is a minimal element in a conjugacy class of W, then we set

oo = 1 ifweO,
YO N0 ifwéo.

In this case, the statement automatically holds.

Now we assume that @ is not a minimal element in the conjugacy class of W that contains
it and that for any @' € W with £(@') < £(i) the statement holds for w@’. By Theorem 2.9, there
exist W, ~ w and ¢ € S such that ¢(s;w1s;) < £(w1) = £(w). In this case, {(s;w) < ¢(w) and we
define fy 0 as

foo=(v- v_l)fszﬂmo + fsitnsi,0

By inductive hypothesis, fs,i,,0, fsiw1s;,0 € Z[v — v~!] with nonnegative coefficients. Hence
fi.0 € ZJv — v~ with nonnegative coefficients. Moreover, there are only finitely many O such
that fs,m,,0 # 0 or fs,s,0 7 0. Hence there are only finitely many O such that fz o # 0.

By Lemma 5.1, Ty = Ty, mod [H, H]. Now

Ty = Tu~11 = TSiTsiwlsiTsi = Tsiﬁ)wiTsiTsi
= (v— Uﬁl)TsiwlsiTsi + Tspins; = (v — Uﬁl)TSiﬁJl + Ts iy ;-

Hence the image of T in H/[H, H] is

U_'U Zfs wl,OTO‘i'Zfslwlsl,OTO —wa(’)TO U

5.2 We call fz 0 in the above theorem the class polynomial associated to w and O.

Notice that the construction of fz o depends on the choice of the sequence of elements in
S used to conjugate w to a minimal length element in its conjugacy class. We will show in the
next section that fg o is in fact, independent of such choice and is uniquely determined by the
identity (a) in Theorem 5.3. For a finite Hecke algebra, a similar result was obtained by Geck
and Rouquier in [GR97, Theorem 4.2].

6. Cocenter of H

6.1 We call H/[H, H] the cocenter of H. Now for any conjugacy class @ of W, we choose a
minimal length representative wo. By Theorem 5.3, T, where O ranges over all conjugacy
classes of W, spans the cocenter of H. The main purpose of this section is to show that Tp are
linearly independent in the cocenter of H and thus form a basis. We call it the standard basis of

6.2 Following [Lus87al, let J be the based ring of W with basis (ty)wew. For each 6 € {2, the
map ty —> t5(,) gives a ring homomorphism of J, which we still denote by 4. Set J=Jx1,
Ja=J®z Aand J4 = J @y A

Let (cw)wew be the Kazhdan-Lusztig basis of H. Then cyc, =)y hay,-C. With hgy . € A.
There is a homomorphism of A-algebras ¢ : H — J4 defined by ¢, — ZdED,a(d):a(a:) hw,dzte,
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where a : W — N is Lusztig’s a-function and D is the set of distinguished involutions of W. It
is easy to see that for each ¢ € (2

©(0(cw)) = p(csw)) = Z hs(w),6(d),5(z)ts() = 00(Cw)-
deD,a(d)=a(zx)

Hence ¢ extends in a natural way to a homomorphism ¢ : H— Jy.

6.3 Set Jo = J®zC and Jec = J @z C. Set Hc = H ® 4 Clv,v~!] and He = H®u Clv, v 1.
For any g € C*, let C, be the one-dimensional .A-module over C such that v acts as the scalar
q. Set Hy= H®,C,and Hy = H®4C,.

Let E be a Je-module. Through the homomorphism

Gq = @lyq : Hy = Jc,

it is endowed with an ﬁq—module structure. We denote this ﬁq—module by Ej.

For an associative C-algebra R, we denote by K(R) the Grothendieck group of all finite-
dimensional representations of R over C.

Thus the map E + FE, induces a homomorphism (@,). : K(Jc) — K(H,). We have the
following lemma.

LEMMA 6.1. The map (p,)« : K(Jc) — K(H,) is surjective.

Proof. The proof is similar to [Lus87b, Lemma 1.9]. Since {2 preserves a-function, we associate
to each ﬁq—module M an integer aps such that ¢, M = 0 whenever a(w) > ap and ¢,y M # 0
for some w’ € W with a(w’) = aps. For each simple Hy,-module M, we construct as in the
proof of [Lus87b, Lemma 1.9] a finite-dimensional Je-module M and a nonzero ﬁq—morphism
p: Mq — M with M’ = ker p such that ap; < aps. Since the a-function is bounded, it follows
easily that (@q)« is surjective. O

6.4 Let K*(H,) = quZ(K(ﬁq), C) be the space of linear functions on K(H,). The map H, —

K*(H,) sending h € H, to the function M — Try;(h) on K(H,) induces a map
Uy @ Hy/[Hqy, Hy] — K*(Hy).

It is proved in [Kaz86, Theorem B] and [F1i95, Main Theorem] that ¥, is injective if ¢ is a
prime power. We will show below that ¥, is also injective. Here H; = C[W] is the group algebra.

LEMMA 6.2. Let w, @' € W. If & and @' are not in the same conjugacy class of W, then there
exists n > 0 such that the images of w and W' in W /nP are not in the same conjugacy class.

Proof. Tt suffices to consider the case where W C W x Aut(W, S). Then we have that W /W is
finite. Notice that ) is a normal subgroup of W and W/mQ is a quotient group of W. Since
W /W and W/Q are both finite groups, W /Q is also a finite group. We choose a representative
x; for each coset of Q). Set w; = xiu?:ci_l. Then any element conjugate to w is of the form T A
for some ¢ and A € Q.

Now we show that the following holds.

(a) For any 4, there exists n; > 0 such that the images of w; and @’ are not conjugate by an
element in n;Q).
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Otherwise, there exists i such that @' = tXw; for some x € @ such that y € (1 — w;)Q + nQ
for all n > 0. Therefore the image of x in Q/(1 — @;)Q is divisible by all the positive integer n.
So the image of y in Q/(1 — @;)Q is 0 and y = X — ;A for some A € Q. Hence @' = tM;t—*
conjugate to @ in W. That is a contradiction. Hence (a) is proved.

Now set n = II;n;. If the images of w and @’ in W/ n@ are in the same conjugacy class, then
there exists ¢ such that the images of w; and W’ in 1474 /n@Q are conjugate by an element in (). Hence
their images in W /nQ — W /n;Q are conjugate by an element in Q. That contradicts (a). O

PROPOSITION 6.3. Let w1, ..., w, € W be elements in distinct conjugacy classes of W. Then the
elements Vi (wy),...,¥1(w,) are linearly independent functions on K(C[W]).

Proof. Again, it suffices to consider the case where W /Q is finite.

For any 1 <4 < j < r, there exists n;; > 0 such that the image of w; and w; in W/nijQ are
not in the same conjugacy class.

Set n = J[1c;cjepmij and F' = W /nP. Then F is a finite group. Let @; be the image of 1

in F. If w; and w; are in the same conjugacy class of F', then their images in W/ n;; P under

the map F — W/ n;;P are still in the same conjugacy class. That is a contradiction. Hence
Wy, ...,w, are in distinct conjugacy classes of F.

The surjection W — F induces an injection K(C[F]) — K(C[W]) and a surjection
K*(C[W]) — K*(C[F]). We have the following commutative diagram.

WYL K*(C[W])

|

F—Y > K*(C[F))

Here ¥ : F' — K*(CI[F]) is defined in the same way as ¥, in §6.4.

Since F'is a finite group and @,,...,w, are in distinct conjugacy classes of F', then ¥(w,),
., ¥(w,) are linearly independent functions on K(C[F]). Hence Wy (11), . .., V1 (10, ) are linearly
independent functions on K(C[WW1]). O

COROLLARY 6.4. The map ¥, : C[W]/[C[W],C[W]] — K*(C[W]) is injective.
Now we prove the main result of this section.

THEOREM 6.5. Let w1, ..., W, € Vi/ be elements in distinct conjugacy classes of W. Then the
image of T, , ..., Ty, in Hc/[Hc, Hc] are linearly independent.

Proof. Set Ac = Clv,v™!]. Assume that Y |_, cszl € [He, He) with all ¢; € Ac. Suppose that
not all the ¢; are 0. Then there exist ¢ € Ac and ¢, € A¢ for 1 < i < r such that ¢; = ¢c, and
there exists 1 < s < r with ¢|,_; #0.

Let E be a J-module over C. Set Ec = FE ®¢ AC Then E¢ is a JAC -module over Ac. Via
the homomorphism ¢ : H — J4, Ec admits an He-module structure over Ac. We denote it
by E,. For h € H, let Tr e(h) € Ac be the trace of the endomorphism h on E, over Ac. Then
Tre(Y i eils,) =i, Tre(Ty,)) = 0 € Ac. Since Ac is an integral domain and ¢ # 0, we
have that >27_, ¢/ Trg(T;,) = 0 for all J-modules E. Set v = 1; then

i=16

T

> ilomt Tre(Ts,) =0 (a)

i=1
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for all J-module E. Hence, by Lemma 6.1, (a) holds for all W-modules. Now by Proposition 6.3,

/

G

|,—1 = 0 for all 7. That is a contradiction. a

COROLLARY 6.6. The class polynomial fy o is uniquely determined by the identity (a) in
Theorem 5.3.

Now combining Theorem 5.3 and Theorem 6.5, we have the following theorem.

THEOREM 6.7. The set {To}, where O ranges over the conjugacy classes of W, is a A-basis of
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