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Integrating sine and cosine Maclaurin remainders
RUSSELL A. GORDON

In order to state our primary results, we must first establish some
notation. Let S_;(x) = sinx and C_;(x) = cosx, then for each non-
negative integer n, let

(-1 2k (= 1)k
¢t 2k + 1)' (2k)'
these are the remalnders of the Maclaurin series for sine and cosine,

respectively. Note that S, (x) = C,(x) for each n > —1 and C,/ (x) = =S,,_ (x)
for each n > 0. It is known that

S,(x) = sinx — 2 and C,(x) = cosx — 2

5

_1yn+ 1
n_f S(x) = =1 z forn > -1;
0 xz"” (2n + 2) 2
-1 n+1
J‘ C(x) ) z forn > 0.
2’”2 (2n + D! 2

See [1] for several different proofs of the well-known fact that

0 X 2’
the values of «, and 3, for n > O then follow rather easily using induction
and integration by parts. (Details are provided in the Appendix.)

Our goal is to prove the following results, valid for all non-negative
integers n, without requiring any ideas from complex analysis:

= 8in x T
a_p = J‘

J (S (X))2 _ %75 J. (C (X))2 ..

A+ 4 (4n + 3)((2n + DY A4 = K,;
=1, o OF, - €y, _
X2  (n+ 1)((2n)')2 2 ¢ n

See [2] and [3] for two different methods for evaluating these integrals, both
of which use results from complex analysis. The computations presented
below to prove these facts are a little tedious, but all of the steps are
elementary and accessible to students.

We first establish the values of /,, and K, using mathematical induction.
By direct computation, it is not difficult to show that I, = g7 = K. To
avoid clutter here, the details are provided later in the paper (The reader
may wish to try evaluating these two integrals as an exercise; the value of
o_; plays a role in these computations.) Now suppose that

i

=K n-1
(4n — ((2n — 1)1
for some positive integer n. Combining the set of derivatives

Sy (0) = C(x), 8" (%) = =8,-1(x0), §7(0) = =C,p-1 (), 77 (%) = $,-2(%)

n-1 =
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which are valid for each n > 1, along with the fact (sometimes called the
general Leibniz rule) that

(fg) nrr — fg/ll/ + 4flg/ll + 6f//g// + 4f//lg/ + f//l/g
and thus
(fz)//// _ 2ff//// _ +8fff”’ + 6f’tf”,
we find that
(S0 ))) " = 28, (x)Sy—2 (x) = 8C, (x)Coy () + 6(Su—1 (1))’

Simplifying two of the terms in this expression yields

—1) -1 n+1
CL(OC,1() = (cn_l(zo = 109 = (€ + o
S ()82 () = [S,_1 () - VAT )
n n-2 n-1\X (2n T 1)' n-2
-1 n+1 .
= S ()20 + ﬁf" 'S, 5(1)
-1 n-1 ~ -1 n+1 .
R A F et Rl T
-1 n—1 ~ -1 n+1 -
=(Sn,1(x>)2+((2n—fl)!x2" 1S, )+ ((Znil)!xz 15, ().

It is an easy exercise to show that the function (S, (x))* behaves like x*'*2

for large values of x and like x* * ¢ for values of x near 0, while the function
(C, (x))* behaves like x*" for large values of x and like x*'** for values of x
near 0; these facts justify the limits at e and O that are omitted in the
following computations involving improper integrals. Combining these
results and integrating by parts four times, we find that

(4n + 3)! r’ (S, ()

@n = 1) Jo gmes &
_ ()™
= IO o dx
[ 25u8)50-209) = 8Co (C-1 (9 + 65 SN
0 X

P (Sm) =(Cpoi (1)) 8(=1)""" =C,_1(x)
-8, e dx=8[ T T o I, o W

2(-1)""" = S,_1(x) 2(-1)"* = S,_0(x)
Ton-1)! J, e T o) J, e
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Using the induction hypothesis 7,1 = K, _; and the integrals represented

by a, and 3,, we have

(4n + 3! 1= (S, (v)°

(4n — DI Jo x#n+4

8(-1)" 2(-1 2(-1
Bici — 1 — @

(2n)! 2n - D! 2n + 1)!

TG A GV . G S G . D G V.
Tenm @n-0 2 G-l @nl 2 @nr )l 2n-2) 2
8 2 2 -

“lent@n—n " @n-1i@n) T @n+ )i@n-2))2

n-2

1

- )
“2n+ 1)!)(6(2n+ DEr)@2n+ 1) +22n+ 1)(2n)(2n - 1))
ia
- m'Zn(2n+l)(12n+6+4n—2)
__
“ @+ ) 4n(4n+2)(4n+1)
and thus
I — w(Sn (x))Z _ %,7'[
n 0 X4n+4 (41’[ + 3)((21’[ i 1)‘)2
Using the fact that

D™

(S, () + (Co(0)))) = 2(8,(0) Co(x) = C()S,,-1 (1)) = 2C,(x) -

2n+1)!
and the known value for 3, we obtain
= (S () + (CW)
L+ K, = | e dx
. L ey Gon,
4n + 3 7o x4n+3

2 G
4n+3 Qn+ 1) *
2 (_1)n+1 (_1)n+1 T

+3 Cn+ D @Qn+ 1) 2
= 21,
This shows that K, = I,. Hence, the values for I, and K, for all n > 0
follow by induction.
We now turn to the J,, and L, integrals. The integrals J, and L are easy
to evaluate (see the Appendix for details), while the value of J, appears as

0 x2n+2
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part (a) of Problem 105.H in the July 2021 issue of the Gazette. However,
these values all follow from the calculations below, which do not rely on
induction. Suppose that # is a nonnegative integer. Using the fact that

1S @) = (S0 Ca@)” = (Ca(@)’ = S, () S,y—1(x)
2 (=" n+
= (C(0) - (S,H(x) - m)ﬁ Su1 )
(G = S )+ s
" " 2n + 1! "
and the known values for a, _ | and I,, we obtain (using integration by parts)
_ 1 = (S, (0)))”
" Gn + 3)(@n + 2) Jy PR
_ 2 = (Ca(0))’ = (Su1 () (=" =81 (®) )
~@n+3@n+2)\lo e di= [ St (2n+1) Jy s
S S P Gl i .ﬂ.z)
T n+3)2n+ DU T en+ ) @) 2
e (YA i
An+3)2n+1) (4n +3)((2n + 1)!)?
1

= (L, =) + 1,
An+3)2n+1)

This shows that L, = J, forall n > 0. Paralleling our previous work, using

the fact that

(=1)" 2
X

(2n)!

and the known value for a,_;, we obtain (using integration by parts yet

again)

((S0-1 () + (Co@)))” = 28,1 (1) Cot (1) = C ()81 (1)) = 28,1 (x) -

A6 M (GO
x4n+2
1 f = ((Sy—1 () + (C,(0)))
dn + 1% xhnel
2 '(_1)’1 J‘an—l(-x)dx
4n +1 (2n)!

2 Y Y

n+1 @2n)! @n)! 2

J,+ L, = f:(s

dx

0 x2n+1

It follows that

_ i _
" @+ D@
for all non-negative integers 7.

J

n
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To find [, and K, we must evaluate the integrals

and

o . _ 2 oo _ 12
J» (sinx — x) e I (cosx )dx,

respectively. With f(x) = (sinx — x)* and g(x) = (cosx — 1)’, we find

that

f(x) = sin’x — 2x sinx + x% g(x) = cos’x — 2 cosx + 1;
f/(x) = sin(2x) — 2 sinx — 2x cosx + 2x; g (x) = —sin (2x) + 2 sinx;
f7(x) =2cos(2x) —4cosx + 2xsinx +2;  g”(x) = =2 cos(2x) + 2 cosx.
Note that the Maclaurin series for £ has the form f (x) = 6x6 — i +.
while the Maclaurin series for g has the form g(x) = Ix* — JLx6 +..

Using integration by parts and the value of a_j, while omitting the
evaluation of some simple limits at o and 0 (using both the explicit series
forms for each of the functions), it follows that

I, = .[Wf(ix)dx _ J' f(X) J‘ f”(X)

o x* 3x3 6)(2
1 cos (2x) — 2 cosx + 1 1 p=sinx
= - dx + - | —d
3-" * -[ X *
1 -2 sin (2x) + 2 sinx 1 pe=sinx
=30, d+ 3 [, S
_ gJ- s1n(2x) ‘4 2 J-°°s1nxdx N lj-“’smxdx
3 X 0 x 0o X
_z
6
and
"8, _ g, =g W
Ko = 0o x4 dx = 0 3x3dx_-[o 6x2dx
_ lJ-M— cos (2x) + cosxdx
370 x?
_ lJ'""Z sin (2x) — sinxdx
370 X
_ gJ»“ sin(2x)dx B lr’sinxdx
370 X 37 «x
_z
olrs

We have thus found the values of all four collections of integrals using
elementary ideas and concepts along with the familiar value of a_;.
An observant reader may have noticed that there are two more

. . . . . 2 .
collections of integrals involving the functions (S, (x))” and (C, (x))* with
denominators involving integer powers of x. These integrals are more
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difficult to evaluate; details can be found in [3]. However, for completeness,
we record the values of these integrals below. Using the notation

1
hy, = z — for the harmonic numbers, we find that

j=11
= (S,(1))° 'y = 2 22 gty 4 2§1 dn+4 3 ]
0 x4n+s (4n + 4)! An+4 = 2% + 1 2k+1]>

= (C(0))” 4n 4n & (an+2
dx = 212 = 2Ry + o).
Jy e @n+ol|” " ne2 kz%l o |

It is rather intriguing that the values of these integrals are more complicated
than those of the previous four collections.

Appendix
We want to prove that

oo _1yr+1 o 1+l
R VA S T J C TN
0 x21 3 2n + 2 2

2 T an o+ )2

where the sine equation is valid for all n > —1 and the cosine equation is
valid for all n > 0. The sine case for n = —1 is a well-known result
(referred to as a_; in the body of this paper). When n = 0, we find that
(using integration by parts and evaluating the required limits at e and 0

implicitly) that
=So(®) ,  pesinx - x [sinx - XT’ “cosx — 1
. dx = X S = [ + o
e -1 1 ¢=C
_ J~ CcoSX dr = ’J. O(x)dx
0 2x2 2J0 2
_ [cosx - IT B J-°°sinxdx
—2x 0 0 X
__Z
7

Note that this set of equations gives the desired result for both the S, integral
and the C, integral. Now assume that the sine and cosine integral results
hold for some non-negative integer n. We then have (once again using
integration by parts and evaluating the required limits implicitly)

F‘Snu(X)d _[ Sn+1(X) T 1 I“’Cnu(X)
X = + X
0 x2n+5 —(2}’1 + 4)x2n+40 2n + 4 J0 x2n+4
oL Gt
2n + 4 Jo x4
1

[ Cra1 (¥) T 1 J""’—Sn )
+ dx
2n + 4\L-Q@2n + 3)x*3)y  2m+ 37 w2t
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B -1 J-°°Sn (x)
C@n+ H2n+ 3) w3
B -1 (_1)n+1 E
S 2n+H2n+3) Cn+2)! 2
G VAN
2n + 4! 2
and (looking inside the above equation)
[T, -1y @
x = -
0 xntd 2n+3)! 2

The results for both sets of integrals now follow by induction.

To evaluate the values for J, and L, directly, we use integration by parts
and the value of a_; to compute

J'“ sinzxd [sinsz . J'“ sin (2x)dx o
0 2

Jo = = =
0 0o X —x 0 X
and
(= (cosx — 1)? B =cos’x — 2 cosx + 1
Lo = J‘O de = J‘O x2 dx
_ J~°°2 - 2 cosx — sinzxdx _ J-°°4 sin® (3x) — sinzxdx
0 x2 0 x?
_ J-“sinlz(%;)_@ a J""’sinjxdx _ 2y - Jy = E.
0 (3x) 2 0 X 2
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