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ISOMETRIES OF Hp SPACES OF BOUNDED 
SYMMETRIC DOMAINS 

ADAM KORÂNYI AND STEPHEN VAGI 

1. Introduction. The isometries of the Hardy spaces Hv (0 < p < co ,p ^ 2) 
of the unit disc were determined by Forelli in 1964 [3]. For p = 1 the result 
had been found earlier by deLeeuw, Rudin and Wermer [2]. For several 
variables the state of affairs at present is this: For the polydisc the isometries 
of Hp onto itself have been characterized by Schneider [13]. For the unit ball 
the same result was proved in the case p > 2 by Forelli [4]. Finally in [12] 
Rudin removed the restriction p > 2 and also established some results about 
isometries of Hp of the ball and the polydisc into itself. 

The purpose of this note is to show that the methods developed by Forelli, 
Rudin and Schneider apply to bounded symmetric domains in general. We get 
a complete characterization of the isometries of Hp onto itself. For isometries 
intoj we prove the same kind of reduction to a question about "inner maps" 
as Rudin [12]. In the final section we give some examples and a discussion of 
what can be said about such maps in general. 

We are grateful to Professors Forelli and Rudin for useful information. 
Work on this paper was partially supported by the N.S.F. 

2. Preliminaries. Let D be a bounded symmetric domain given in the 
canonical Harish-Chandra realization in the complex n-space Gn. The following 
facts are well known [6; 9]. Let G be the group cf holomorphic automorphisms 
of D, K the isotropy group of 0 in G. Then K acts by complex linear transfor­
mations. Let 5 be the Bergman-Silov boundary of D; S is a compact real-
analytic submanifold of Cn to which the action of G extends. It is homogeneous 
under K and therefore has a unique normalized ./^-invariant measure /x; all our 
measure theoretic notions, in particular the spaces LP(S) will be relative to 
this measure. The domain D always has a realization as a generalized half-
plane: This is a tube domain over a homogeneous self-dual cone if and only if 
dimR S = n. In this case D is said to be of tube type. The Cartesian product of 
bounded symmetric domains is again in the same class and its Silov boundary 
is the product of the Silov boundaries of the factors. Every such domain arises 
in a natural way as the product of irreducible ones. 

As proved in [7] D has a Szegô kernel, i.e. for all fixed z £ D there exists a 
function SZ1 holomorphic on D and such that 

/GO = f fSzd» 
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for all continuous holomorphic / . There is also a "Poisson kernel", i.e. for 
every z £ D there exists a positive continuous function Pz on S such that 

(1) / (for)dn= / fPmd» 
J s J s 

for all automorphisms T of D, and all integrable / on S. The two kernels are 
related by 

The sets D and 6* are circular, i.e. the group T of complex numbers of modulus 
one acts on them by multiplication. So T is contained in the center of K and 
consequently we have, for every/ £ L1(S)1 and every measurable/ ^ 0, that 

(3) f fdn = f ( f f(tw)dAd»(w), 

where d£ is the normalized Haar measure of T. As first observed by Bochner 
[1], formula (3) is useful for reducing function-theoretic questions on D to 
the one-variable case. 

It has been shown by R. Hermann [10, page 371] that D is convex, and 
therefore star-shaped relative to the origin. Consequently, if / is a (possibly 
vector-valued) function on D and 0 ^ r < 1, then we can define a function 
fr on 5 hy }r(w) = f(rw). If f*(w) = \imfr(w) exists for a.e. w £ S, as r —» 1, 
then we say tha t /* is the boundary function of/. The Nevanlinna class N(D) 
is defined [11; 14] as the class of holomorphic functions f on D such that 

/ . : 
l o g + | / ^ M 

is bounded for 0 ^ r < 1. The subclass N*(D) of N(D) consists of those/ for 
which {log+ |/r |} is a uniformly integrable family. Any strongly convex function 
if (cf. [I l , p. 37] for the definition of this concept) gives a further subclass 
HpÇD) of N*(D) which consists of the functions satisfying 

I p(log \fr\)dn < oo. 
J s sup 

0^r< l •* S 

The special case <p(t) = exp pt (0 < p < oo ) gives the spaces HV(D). Finally, 
Hœ(D) is defined as the space of bounded holomorphic functions on D. A 
function is called inner if it is in Hœ(D), and |/*| = 1 a.e. A holomorphic map 
F : D —•> D is called an inner map if F*(w) G 5 for a.e. w £ S. 

A number of properties of these function spaces have been proved in [5] 
and [14] by the use of subharmonicity and of formula (3). Thus, for each 
/ G N(D), f* exists, and log |/*| G L^S) unless / = 0. This implies that 
/* ^ 0 a.e., and hence each / Ç N(D) is uniquely determined by/*. One can 
define in an obvious way the spaces of boundary functions N(S), N*(S), ^ ( 5 ) , 
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Hp(S) ; then HP(S) is a closed subspace of LV(S). If g G N(S), then the unique 
function F G N(D) such that T7* = g will be denoted by g. 

We also need the following result, a simple extension of Theorem 3.4.2 of [11]. 
We omit the proof. 

LEMMA 1. Let f G N*(D) and let cp be strongly convex. 
(i) Then / G H^ÇD) if and only if <£>(log |/*|) G Ll(S). If this is the case, 

then for 0 ^ r < 1, 

(4) f * ( log | / r | )dM^ f ^Oog|/*|)dM, 

moreover the left hand side of (4) converges to the right hand side as r —» 1. 
(ii) / G Hœ(D) if and only iff* G Lœ(S). 

3. The main results. The following lemma is a rather trivial generalization 
of a result of Schneider [13] ; we give a simple self-contained proof. 

LEMMA 2. Let g G N*(D), g ^ 0, and A G Lœ(5). If g*hk G iV*(S) /or 
k = 1,2, 3, . . . ,/Aewfc G i?°°(S). 

Proof. One may assume that ||fe||œ ^ 1. Define/^ = (g*hk)~ for fe = 1, 2, 
3, . . . and JÏ = / i /g . It suffices to prove that H G Hœ(D), since if* = A. 

By considering boundary values one sees that 

(5) / t* = g*-i/ t , 

(6) ? F = / , 

To prove that if is holomorphic, following [13], we consider (5) in the local 
ring of holomorphic functions at z, z G D. Let p be an irreducible factor of g 
and let px, py, pu be the highest powers of p occurring in / i , g, and/^, respec­
tively. Then (5) shows that k\ ^ (k — 1)7 + X̂  for k = 1, 2, 3, . . . , whence 
X ^ 7 and g divides/1 at z. Since z is arbitrary, H is holomorphic in D. 

To prove that H is bounded note that since g G N*(D) we have g G HV(D) 
for some strongly convex <£. Since \\h\\œ ^ 1, |/**| ^ |g*| a.e., and Lemma 1 
implies that/*; G H,p{D). Also by Lemma 1, 

f *(l0g|(/*),|)dM^ f *(l0g |g*|)d/x. 

Denote the right hand side of this inequality by A. Let 0 ^ r < 1 be fixed 
and Er = {w G S : \Hr(w)\ > 1}. Using (6) and Jensen's inequality we have 

*>( JE l o g \Hr\r\dix) é fE <p(hg \HT*gT\)dp ^ A, 

and hence for any fixed real a such that <p(a) ^ A, 

k I log \Hr\dfji + I log \gr\dn ^ a. 
^ Er J Er 
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Since this holds for all k = 1, 2, 3, . . . and since log \Hr\ > 0 on the open set 
Er, it follows that Er is empty. Thus \Hr\ ^ 1 on 5, whence \Hr\ :§ 1 on D, 
and, letting r tend to 1, \H\ ^ 1 on D. 

The following theorem is the principal result of this paper. For a discussion 
of inner maps and the condition (8) see Section 4. 

THEOREM. Let D be a bounded symmetric domain in the canonical realization 
and let 0 < p < oo, p ^ 2. 

(i) Let T : HP(D) —> HP(D) be a linear isometry, and denote Tl by g. Then 
there exists an inner map r of D such that, for all f £ HP(D), 

(7) Tf=g(f or), 

and 

(8) r (ftoT*)ig*i*d/x= f Mn 
J s J s 

for every bounded Borel function h on S. 
(ii) / / r is an inner map of D and g G HP(D) is such that (8) holds with every 

continuous function h on S, then (7) defines an isometry of HP(D). 
(iii) The linear isometry T is onto HP(D) if and only if r is an automorphism 

of D and 
( o 2 \ 1/p 

(9) g=4à)) • 
where a is a complex number of modulus one, S is the Szegô kernel of D, and 
u = r - 1 (0) . With this g, (8) is automatically satisfied. 

Proof. Let T be an isometry of HP(D) and set g = Tl. Then g Ç HP{D), 
so g* 9^ 0 a.e. Define the measure dv on S by dv = \g*\pdn. Define, for all 
/ G Hœ(S), Af = r//g*. Then A\ = 1 and 

f\Af\*dv= / | / R u . 

Thus, the hypotheses of Rudin's Theorem II [12] are satisfied, and it follows 
that A (fh) = (Af) (Ah) for all/, h in Hœ(S). It follows further that for every m 
and/1,/2, . . .fn G if00 (5) the m-tuples ^ = (fu . . .fm) and G = (Afly . . . Afm) 
are equimeasurable. (This means that /JL(F~1(E)) = v(G~1)(E)) for all Borel 
sets E C Cw. It implies that F and G have the same essential range. In particu­
lar \\Af\\œ = ll/IU for a l l / Ç Hœ(S). Note also that | | / | |œ is the same relative 
to M and to v because these measures are mutually absolutely continuous.) 
We have furthermore that 

g*(AfY = g*A (f) = T(f) € Hp(S) for k = 1, 2, 3, . . . , 

because 4̂ is multiplicative. Lemma 2 now implies that Af G Hœ(S), and we 
have shown that 4̂ is an isometric algebra endomorphism of Hœ(S). 
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Let £1, . . . , en be a basis of Cw; fi , . . . , fw its dual basis. T h e functions 
f i, . . . , fw are coordinate functions on Cn. Let f i*, . . . , fn* be their restrictions 
to 5 . Define T(Z) by 

riz) = E 04r,*r(*K 
then r is a bounded holomorphic map of D into Cw. I t follows immediately 
t ha t for every complex linear function X = ^X^f t one has 

(10) X(r(*)) = (4X*)~(z). 

As it was pointed ou t in Section 2, D is convex. Since it is also circular, it is 
the uni t ball for a Banach space s t ructure on Gn. Let D' be the uni t ball of the 
dual Banach space. I t is well known t h a t 

D = {z e Cn : |X(z)| < 1 for all X £ D'). 

By the defining proper ty of S, 

sup{ |X(s ) | :z£D) = ||X*|U, 

and therefore X 6 Z>' if and only if ||X*||œ < 1. Since A is an isometry it follows 
by (10) t ha t for every z £ D and X £ D', 

|x(r(*))| ^ px*|U = ||x*|U < i. 

We have showrn t ha t r maps D into itself. Also, by Rudin ' s theorem 
(fi*> • • • > fw*) a n d G4fi*> • • • J AÇn*) have the same essential range, viz. S 
(this proves t ha t r is inner) ; they are equi-measurable; this implies (8) because 
every Borel function h on 5 is the restriction of some Borel function on Cw. 

Formula (10) and the mult ipl icat ivi ty of A imply AP* = P* o r* for every 
polynomial P on Cn. Let now / £ HP(D) and let Pv be a sequence of poly­
nomials converging t o / in i P . Let p(p) be 1 if £ ^ 1, and £ if p < 1. Then 

1127, " g V r O r * ! ! ^ ^ | | r / r - TPvr\\
p

p
(p) + | | g * P , r o r * - f / , o r * | | f 

= l l / r - ^ r l ^ + H ^ r - M I ^ . 
T h e equali ty of the second terms follows by (8). Let t ing v tend to GO , we have 
Tfr = g* (/r o r*). Let t ing r —> 1 we have 7 /* = g* ( /* o r*) a.e., finishing 
the proof of (i). 

T h e proof of (ii) is a straightforward verification. T o prove (iii) suppose 
T is onto, so it has an inverse given by T~lf = hf o a, with h = T~11. 
Then 1 = TT~ll = g (h or), and for any linear function X, X = TT~l\ = 
g (h o T) (X O O- O r ) = X O a O T. Hence r is an automorphism and cr = r_ 1 . T o 
prove (9), let F be continuous on 5 . Applying (8) to h = F o r - 1 and using 
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(1) we have 

f F\£\vdp = \ For-'dfjL = \ FPJn 
J s J s J s 

with u = T - 1 ( 0 ) . Since this holds for any F, it follows tha t \g*\p = Pu. Now 
the equation 

/ o 2 \ 1/p 

defines a function a on D which belongs to HP(D) because g does, and because 
Su is nowhere zero on D [7]. From \g*\p = Pu and (2) we conclude t ha t \a*\ = 1 
a.e. Lemma 1 now implies t ha t a G Hœ(D). Using again 1 = g(h o r ) and (11) it 
follows t ha t a-1 = (Su(u)-lSu

2)llph o r, so or1 G H*(D). But (or1)* = a* by 
|a*| = 1. Hence both a and â are in Hœ(D) and a must be constant . This con­
cludes the proof of the "only if" pa r t of (iii). The proof of the converse is an 
elementary verification. 

4. Inner m a p s . If D is of tube type, then it has many inner maps. In fact 
the Cayley transform [9] carries D to a tube Dc over a homogeneous self-dual 
cone 12, and 5 to the real subspace Sc lying over the vertex of the cone. One 
can assume tha t Sc = Rw, then Dc = Kn + i!2. One can find cones Qi and 122 

affinely equivalent to "oc t an t s " such tha t 12i C & C ^2 . The tube domains 
P j = Rw + itlj, j = 1,2 are affinely equivalent to the Cartesian product of n 
copies of the one-dimensional upper half-plane. One has Pi C Dc C -P2, and 
all three domains have the same Silov boundary, viz. Kn. The restriction to Dc 

of any holomorphic mapping from P 2 to Pi which carries Kn to Rw is an inner 
map of Dc. 

Even if D is not of tube type bu t has an irreducible factor of tube type this 
construction gives a mult i tude of non trivial inner maps. However, in the case 
where no irreducible factors are of tube type, it may be tha t the only inner 
maps are the automorphisms of D. When D is the unit ball in Gn (n ^ 2) , this 
is expressly conjectured by Rudin [12]. 

Finding all isometries of HP{D) amounts to finding all pairs (r, g) satisfying 
(8). In case r is an automorphism of D, the compatible g's are exactly the 
functions of form (9) where a now is an ar ibi trary inner function. If D has a 
factor of tube type, then D has non-constant inner functions (e.g. by the same 
construction t ha t produces inner maps) , so HP{D) has isometries into itself. 
If however, D has no tube type factors it is reasonable to conjecture, following 
Rudin, t ha t there are no non-constant inner functions, and no inner maps 
different from automorphisms. This would imply tha t in this case every isometry 
of HP(D) is onto itself. 

If r is not an automorphism, an example of Rudin [12] shows tha t there 
may be no corresponding g. A complete description of all possibilities seems 
hopeless: a t any rate, we have the following positive result. 
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LEMMA 3. If D has an irreducible factor of tube type, then there exist inner maps 
T of D which are not automorphisms, and elements g of HV(D) such that f i—> 
g ( / o r ) is an isometry of HV(D) into itself. 

Proof. Assume first that D is of tube type. It is shown in [8] that there exist 
non-constant homogeneous polynomials on D which are inner functions. Let P 
be such, and define r{z) = P(z)z for all z 6 D. Clearly r is inner; it is not an 
automorphism because P(0) = 0 and P must have other zeroes in D as well. 
Apply (3) to calculate jsh o r*d/x for a continuous h on S. Using the homo­
geneity of P and the fact that \P*\ = 1 one readily obtains that it is equal to 
j shdfx. Hence (8) holds with any inner function g on D and the assertion follows. 

In the general case let D = D\ X D2 with D\ of tube type. Construct r and 
g for D\ as above and extend their definition to D by making them independent 
of the Invariables. 

Remark. In the case where it is known that D is not irreducible, there is an 
even simpler construction: Let D = Di X D2 with D\ of tube type and let gi 
be a non constant inner function on D\, continuous on T)\. Define r : D —> D 
by T(ZI, Z2) = (zi, gi(zi)z2) and let g be any inner function on D. 
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