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A BETTER COMPARISON OF cdh- AND
l[dh-COHOMOLOGIES

SHANE KELLY

Warmly dedicated to Shuji Saito on his 60th birthday

Abstract. In order to work with non-Nagata rings which are Nagata “up-
to-completely-decomposed-universal-homeomorphism,” specifically finite rank
Hensel valuation rings, we introduce the notions of pseudo-integral closure,
pseudo-normalization, and pseudo-Hensel valuation ring. We use this notion
to give a shorter and more direct proof that Hlyy (X, Fean) = Hign (X, Flan)
for homotopy sheaves F' of modules over the Z-linear motivic Eilenberg-
Maclane spectrum. This comparison is an alternative to the first half of the
author’s volume Astérisque 391 whose main theorem is a cdh-descent result
for Voevodsky motives. The motivating new insight is really accepting that

Voevodsky’s motivic cohomology (with Z[%}—coefﬁcients) is invariant not just
for nilpotent thickenings, but for all universal homeomorphisms.

81. Introduction

Context—motives of singular schemes (with compact support).
In [Voe00], Voevodsky constructed a triangulated category of motives
DMgeg(k) using smooth schemes. In order to

e extend the motive functor M : Smk%DMggl(k) from smooth k-schemes
to all separated finite type k-schemes, and

e have access to a well-defined theory of motives with compact support
Me: SchgrOP%DMgg(k),

he proves a cdh-descent result. However, his proof only works in the presence
of strong resolution of singularities (for example, in characteristic zero). In
[Kell7], the resolution of singularities assumption was removed, at least if
one works with Z[%]—coefﬁcients, where p is the exponential characteristic
of the base field. The proof in [Kell7] has two main steps, namely [Kell7,
Corollary 2.5.4] and [Kell7, Theorem 3.2.12]. This present article provides
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184 S. KELLY

a shortcut to the first one. For more details about the strategy of [Kell7]
we recommend consulting [Kell7, Chapter 1] and/or [Kell7, Chapter 4].
Main result. The main theorem of this article is:

THEOREM 1. (cf. Theorem 30)  Suppose S is a finite dimensional
Noetherian separated scheme of positive characteristic p#1, Schg the
category of separated finite type S-schemes, and F' a presheaf of Z)-modules
on Schg satisfying all of:

~Y

(uh-invariance) F(X) = F(Y) for any universal homeomorphism Y — X.

(Traces) F' has covariant “trace” morphisms associated to finite flat sur-
jective morphisms, see Definition 13.

(G1) F(R) C F(Frac(R)) for every finite rank Hensel valuation ring' R.

(G2) F(R)— F(R/p) is surjective for every finite rank Hensel valuation
ring R and prime p C R.

Then the canonical comparison morphism is an isomorphism:
Hign (S, Fean) = Higy (S, Fian)-

However, the main result of this article is its proof. The proof of [Kell7,
Corollary 2.5.4] is a poorly structured collection of lemmas, which are
difficult to arrange into some kind global narrative, and the hypotheses
of [Kell7, Corollary 2.5.4] are an awkward list of very special properties
that do not give much insight into why the cohomologies should agree.

The proof of Theorem 30 on the other hand, is short? and linear, and one
can mostly explain how its hypotheses are used in the proof: Z-linearity
and traces are to give descent for finite-flat-surjective-prime-to-I morphisms
(cf. Lemma 2), universal homeomorphism invariance is to correct non-
Nagataness of Hensel valuation rings (cf. Lemma 3), and (G2) is to control
Hi, F (cf. Equation (2) on page 204). Unfortunately, (G1) remains a little

"We implicitly extend F to all quasi-compact separated S-schemes using left Kan
extension. See also Conventions on page 188.

2Even though the proof “finishes” on page 205, of course this introductory section does
not form part of the proof, most if not all of Sections 2 and 4 is background scheme theory
included for the convenience of the reader, and most of Section 5 is routine checking that
pseudo-integral closures have the properties that we want. If one was writing in the more
concise style preferred by some authors, one could fit the proof in 10 pages, probably less.
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mysterious. It is easy to say how it is used in the proof (it produces inclusions
F(X) C Flan(X) C[l,ex F(x), cf. Lemma 28, Proposition 29), but not why
it should be a necessary ingredient. See also Remark 23 for more on this.

The class of presheaves covered by the hypotheses of Theorem 30 is
reasonably large. Any cohomology theory representable in the motivic stable
homotopy category is invariant under universal homeomorphisms (at least
with Z[%]—coefﬁcients), [EK18], [CD15, Lemma 3.15]. It is quite common
for cohomology theories in algebraic geometry to have some kind of trace or
transfer morphisms, see Example 14 for a list of examples. Many cohomology
theories in algebraic geometry satisfy (G1), see also Gersten’s Conjecture
for algebraic K-theory [Qui73, Theorem 7.5.11], or Cousin complexes in
the Bloch-Ogus—Gabber theorem [CTHK]. In particular, the cohomology
theories representable in the motivic stable homotopy category that we are
interested in satisfy (G1), [KM18, Remark 3.2], [Kell7, Theorem 3.3.1].

Condition (G2) seems newer. It is true for algebraic K-theory, or more
generally, for nilpotent invariant theories commuting with filtered colimits
which satisfy “Milnor” excision, [KM18, Lemma 3.5]. The author is currently
working with Elmanto, Hoyois, and Iwasa to prove “Milnor” excision for
SH with Z[%]—coefﬁcients. See also Bhatt and Mathew’s newly minted arc-
topology [BM18, Theorem 1.6].

The problem—non-Nagataness. One of the first things one might try
when comparing the cohomology of a finer topology A with a coarser one o
is the change of topology spectral sequence

HE(X, (HIF),) = HY(X, Fy).

If one can show that HY(P, F\)=0 (for p>0 and F)\(P)=F(P)) for
schemes P in a family inducing a conservative family of fiber functors
of the o-topos, it follows that (H{F), =0 (for p>0 and F, =F)), the
spectral sequence collapses, and one is done. If (o, A) = (Zariski, étale) then
this would be to show that HZ (—, Fi) vanishes on all local rings. In our
setting where (o, A) = (cdh, Idh) it amounts to showing that H}}, (—, Fian)
vanishes on finite rank Hensel valuation rings, (Appendix B).

To prove this vanishing, one would like to use a structure of trace
morphisms on F' (as formalized in Definition 13) and the well-known fact
that every ldh-covering of (the spectrum of) a Hensel valuation ring is
refinable by a finite flat surjective morphism of degree prime to [, via
something like the following well-known lemma:
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LEMMA 2. (Lemma 15, [Kell7, Lemma 2.1.8]) Suppose that F is a Z-
linear presheaf with traces in the sense of Definition 13, and f:Y — X a
finite flat surjective morphism of degree prime to l. Then the complex

0 F(X) 5 FY) 5 FYV xxY) 5 FY xx Y xyY)— -

15 exact.

The problem is that finite flat algebras over Hensel valuation rings are
not necessarily products of Hensel valuation rings. We can try to return to
Hensel valuation rings by normalizing (cf. Lemma 16), but then this takes
us out of the category of finite algebras. To summarize:

Problem. Given a Hensel valuation ring R and a finite faithfully flat
R-algebra R — A, in general, there is no A-algebra A’ such that R — A’ is
finite faithfully flat and A’ is a product of Hensel valuation rings.

The normalization R — A is a product of Hensel valuation rings, and
faithfully flat, but unless Frac(A)/ Frac(R) is finite separable and R is
discrete [Bou64, Chapter 6, Section 8, No. 5, Theorem 2, Corollary 1], the
morphism R — Aisin general no longer finite, not even for a general discrete
valuation ring R (cf. Example 18).

The solution—pseudo-normalizations. The observation which res-
cues us is that Z[%]—motivic cohomology, and more generally the sheaves
we are interested in, are invariant under universal homeomorphism. Since
we can restrict our attention to finite rank Hensel valuation rings (cf.
Corollary A.3), and all residue field extensions of a finite extension of
valuation rings are finite, we do not have to normalize to catch all the

information in the normalization that we need.

LEMMA 3. (See Lemma 20) Suppose R is a finite rank Hensel valuation
ring and R — A a finite faithfully flat algebra. Then there exists an A-algebra
A" such that R — A’ is finite faithfully flat and Spec(A’) — Spec(A’) induces

an isomorphism on underlying topological spaces and all residue fields.

Since our sheaves do not distinguish between A’ and the (product of)
valuation ring(s) A’, we can use A’ as though it were a valuation ring. To
work with this lemma we introduce the notion of pseudo-normalization.
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DEFINITION 4. (See Definition 19) Let A be a ring and A — B an A-
algebra. Define a pseudo-integral closure® of A in B to be a finite sub-A-
algebra

A— BPC B°CB

of the integral closure B of A in B such that Spec(BP) — Spec(B')
induces an isomorphism on topological spaces and residue fields. A pseudo-
normalization of A is a pseudo-integral closure of A in its normalization

A— AC (A,

So the lemma above now becomes:

LEMMA 5. (See Lemma 20) Every finite faithfully flat algebra A over a
finite rank Hensel valuation ring admits a pseudo-normalization A — A.

Outline. In Section 2 (resp. 3, resp. 4), we recall some well-known mate-
rial on universal homeomorphisms (resp. presheaves with traces, resp. Hensel
valuation rings). An interesting observation is that a morphism of schemes
becomes an isomorphism of /dh-sheaves under Yoneda if and only if it is
a universal homeomorphism, Corollary 9, Remark 10, (valid for any [ # p).
The h-version of this statement is well-known and due to Voevodsky [Voe96]
for excellent Noetherian schemes and Rydh [Ryd10] in general.

In Section 5, we introduce the notion of pseudo-integral closure and
pseudo-normalization, and develop some basic properties.

Sections 6-8 (pages 199-205) contain our proof.

In Section 6, the condition (G1) appears, and we use it to show that for
Hensel valuation rings R we have F(R) = Fig,(R), Proposition 24.

In Section 7, we continue using (G1) to show that traces on F' induce
traces on Fjqn, Proposition 29.

Section 8 (pages 203-205) contains our main theorem (Theorem 30) and
the rest of its proof.

In Appendix A, we recall the definitions of the cdh- and Idh-topologies,
and observe that for finite dimensional Noetherian schemes, the class of
finite dimensional Hensel valuation rings induces a conservative family of
fiber functors.

31f one prefers names that explain the meaning, we find finite cduh-local integral closure
and finite cduh-local normalization to be the most accurate.
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In Appendix B, we confirm that everything we need passes from finite
type separated S-schemes to all quasi-compact separated S-schemes just as
one would expect.

Convention. We work with a base scheme S which will almost always
be separated and Noetherian, and often of finite dimension. We write:

Schg for the category of separated finite type S-schemes. Unless otherwise
indicated, presheaf means a presheaf on Schg which is extended to the
category

SCHg of all quasi-compact separated S-schemes by left Kan extension.
That is F(T) = lim, o F (X) where the colimit is over factorizations
through X € Schg. Another way of saying this, (when S is quasi-
compact and quasi-separated), is that

presheaf means an additive functor F': SCHZ” — Ab that commutes with
filtered colimits. For more on this see Appendix B.

We use

h_:C — PreShv(C); X — hx for the Yoneda functor, and

(=)r : PreShv(C) — Shv.(C); F — F; for the sheafification functor. We
write

HF for the presheaf H(—, F;) associated to a presheaf F'. This paper’s
topologies (principally cdh, Idh, fpsl’) are classically defined on Schg
for S Noetherian. We extend them to SCHg in the canonical way (cf.
Appendix B).

Q(A) is the total ring of fractions of a ring A. We will only ever apply this
to reduced rings.

[ and p are always distinct primes.

§2. Universal homeomorphisms

In this section, we recall some basic material on universal homeomor-
phisms (uh), and show that [dh-sheafification preserves uh-invariances. For
some background on the Idh-topology for Noetherian, and non-Noetherian
schemes, we direct the reader to appendices A and B, respectively.

DEFINITION 6. A morphism of schemes f:Y — X is a universal home-
omorphism or uh if it satisfies the following equivalent conditions.

(1) For every X-scheme T'— X, the morphism 7' xx Y — T induces a
homeomorphism on the underlying topological spaces.

(2) [Stacks, Tag 01S4, Tag 01S3| f is a homeomorphism, and for every
y €Y, the field extension k(y)/k(f(y)) is purely inseparable.
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(3) [EGAIV4, Corollary 18.12.11] f is integral, surjective and universally
injective.
(4) [Stacks, Tag 01WM] f is affine, surjective, and universally injective.

Note there are no finiteness conditions. There are universal homeomor-
phisms that are not of finite type, pertinently Example 18, and finite
universal homeomorphisms that are not finitely presented. For example,
A=lim . Fplay,. .., zn]/(ziz; i # j) and the map ¢ : A= A; 2127 To
generate the kernel of Afy] — A; > amy™ — Y ¢(am)z]", in addition to
yP — x1 one needs all the yx,, for n > 1.

LEMMA 7. Suppose that Y — X is a universal homeomorphism, and
A C Oy is a sub-Ox-algebra. Then both of Y — Spec(A) — X are universal
homeomorphisms.

Proof. By Definition 6(3) it suffices to prove that Y — Spec(A) is
surjective. But this follows from integrality and injectivity of A C Oy,
[Stacks, Tag 00GQ)]. il

Recall that a morphism of schemes Y — X is completely decomposed if it
induces a surjection Y (K) — X (K) of K-points for every field K.

LEMMA 8. Let S be a Noetherian separated scheme of positive char-
acteristic p. Every universal homeomorphism Y — X in Schg is refinable
by a composition Y1 — Yoy — X such that Yy — X is proper and completely
decomposed, and Y1 — Yy is finite flat surjective and locally of degree a power

of p.

Proof. We reproduce the standard proof using Raynaud—Gruson flatifica-
tion and induction on the dimension. The initial case is dimension —1, that
is, the empty scheme. Suppose that ¥ — X is a universal homeomorphism
with dim X =n >0, and suppose that the statement is true for a target
scheme of dimension < n. Replacing X and Y with their reductions, we can
assume that Y — X is generically flat. In this case, by Raynaud—Gruson
flatification [RGT71, Theorem 5.2.2], there exists a nowhere dense closed
subscheme Z C X such that the strict transform Y’ — BlzX is globally
flat. On the other hand, as Y — X is an integral morphism of finite type, it
is finite. Therefore, Y’ — Blz X is flat and finite. Moreover, as Y — X is a
universal homeomorphism, for each generic point ¢ € X with corresponding
point 7 € Y, the finite field extension k(n)/k(§) is purely inseparable. In
particular, as Y’ and BlzX are reduced, Y/ — BlzX is locally of degree a
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power of p. Using the Noetherian inductive hypothesis to choose a refinement
W1 — Wy — Z of the universal homeomorphism Y Xx Z — Z, we have
produced the desired refinement W7 LY’ — Wy UBIZzX — X of Y — X. []

COROLLARY 9. Let S be a Noetherian scheme of positive characteristic
p#l and f:Y — X a universal homeomorphism in Schg. Then the image
(hf)ian € Shvian(Schg) of f is an isomorphism.

REMARK 10. In fact, the converse is also true: [Voe96, Theorem 3.2.9]
and [Ryd10, Theorem 8.16] say that the image of (h)y : Schg — Shvy,(Schg)
is equivalent to the localization of Schg at the class uh. As uh is a right
multiplicative system and satisfies the 2-out-of-6 property, it follows that
a morphism in Schg is in uh if and only if it becomes an isomorphism
in Schy(Schg), [KS06, 7.1.20]. Since Schg — Shvy,(Schg) factors through
Shvyan (Schg), the converse of Corollary 9 follows.

Proof. Surjectivity is a result of f being (refinable by) an [dh-cover,
Lemma 8. For injectivity, consider some s, s’ € (hy )jqn(T) sent to the same
element of (hy)ian(T). Let T — T be an ldh-cover such that s, s’ can be
represented by some morphisms ¢, ¢ : 7" — Y in Schg with T” reduced. Pos-
sibly refining T, we can assume that ft = ft’. Let 7y, ..., n, be the generic
points of 77. As f:Y — X is a universal homeomorphism, it is injective
on the underlying topological space, and all residue field extensions are
purely inseparable. Consequently, hom(IIn;, Y) — hom(IIn;, X) is injective,
80 t|i1y, = t'|11y;- But Y — X is separated, and 7" reduced, so t =1t'. 0

COROLLARY 11. Let S be a Noetherian scheme of positive characteristic
p# 1. For any presheaf F' and n >0, the associated presheaf (H}y F)(—) =
H}J}, (=, Fian) is uh-invariant.

Proof. Let Fign, — I® be an injective resolution in Shvigq,(Schg). Then we
have (Hj4,F)(—) = H"(homshy,,,, ((h—)an, I*)). But Corollary 9 says that
(h—)1an sends universal homeomorphisms to isomorphisms. Hence, the same
is true of Hjyy F. [

§3. Traces and fpsl’-descent

This section contains material on presheaves with traces from [Kell7]
included for the convenience of the reader.

DEFINITION 12. We abbreviate finite flat surjective to fps, and finite
flat surjective of degree prime to [ to fpsl’.
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DEFINITION 13. [Kell7, Definition 2.1.3] Let S be a category of schemes
admitting fiber products. A structure of traces on a presheaf F': S — Ab
is a morphism Try: F(Y)— F(X) for every fps morphism f:Y — X,
satisfying the following axioms.

(1) (Add) We have Trsiip = Try @ Tryp for every pair Y ER X, Y’ L X of
fps morphisms.

(2) (Fon) We have Tr¢ o Trg = Tr o4 for every composable pair why L x

of fps morphisms.
(3) (CdB) We have F'(p) o Try = Try oF(q) for every fps morphism f:Y —
X and every cartesian square

WxxY —s Y

gi if

w X.

p

(4) (Deg) We have Try oF'(f) =d - idp(x) for every fps morphism f:Y —
X of constant degree d.

A presheaf equipped with a structure of traces is called a presheaf with
traces. A presheaf with traces taking values in the category of R-modules
for some ring R, is called a presheaf of R-modules with traces or an R-linear
presheaf with traces.

EXAMPLE 14. (For these and more examples see [Kell7, Example 2.1.4])

(1) Every constant additive presheaf has a unique structure of traces
determined by the axioms (Add) and (Deg).

(2) The trace and determinant equip (O, +) and (O¥, ) respectively with
a structure of traces, [Kell7, Example 2.1.4(vii)].

(3) If F is a presheaf with traces, then the associated Nisnevich sheaf Fyis
inherits a unique structure of traces compatible with the canonical mor-
phism F' — Fy;s, [Kell7, Corollary 2.1.13]. This is essentially because a
finite algebra over a Hensel local ring is a product of Hensel local rings.

(4) Pushforward of vector bundles would induce a structure of traces on
higher K-theory K, and homotopy invariant K-theory K H,, for every
n € Z, except (Deg) is only satisfied Zariski locally. The Nisnevich
sheafifications of these sheaves (K, )nis and (K H,)nis have canonical
structures of traces (cf. [Kell4, Proof of Lemma 3.1]).
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LEMMA 15. (cf. [Kell7, Lemma 2.1.8]) Suppose that F is a Z-linear
presheaf with traces, and Xo — X_1 s a simplicial X_1-scheme such that
each X1 — (cosky, Xe)nt+1 is an fpsl’-morphism of constant degree, for
example, X,,_1 =Y *X" for some fpsl’-morphism of constant degree Y — X .
Then the complex

is eract. Here the morphisms are Y (—1)'d;.
Consequently, F is a fpsl’-sheaf, and we have both Hg)sl,(—, F)=0, and

HfT[L)sl’(_7 Ffpsl’) =0 fOT n>0.

Proof. For each 0 <i < j <n we have the commutative diagram

//\m

a b
Xn+1 —_— (COSkn X.)n+1 e Xn XXn—l Xn e Xn

pry d;
d;

X, Xn—1.

dj,1

All morphisms are fpsl’-morphisms of constant degree, [Stacks, Tag 01GN].
Setting, Dy, = deg(Xm — X_1)/ deg(Xpn—1 — X_1) = deg(Xm 2 X;n_1),
the composition ba is of degree D, 1/D,. Now, it follows from the above
diagram, that

(Fon) 1 (Deg) 1
Trqo F(d;) =" ——Try Try.F(ba)F =" —Try F
Dot Td; (J) Dot Tpri4 Tha (ba)F(prs) D, Tpry (pra)
cdB) 1
( = ) D— (dj—l)Trdi'
n

In particular, (1/D4)T'rg, is a chain homotopy between the zero morphism
and the identity morphism of the chain complex in the statement.

For the second statement, notice that any fpsl/’-morphism is refinable
by an fpsl’-morphism of constant degree. Hence, the Cech cohomologies of
these two classes of morphisms are the same, and moreover, they generate
the same topology. Since the colimit over all hypercovers calculates sheaf
cohomology, [SGA42, Theorem 7.4.1(2)], vanishing of sheaf cohomology also
follows from exactness of the sequence. 0
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84. Hensel valuation rings

Recall that an integral domain R is a waluation ring if for all nonzero
a € Frac(R), we have a € R or a~! € R. Equivalently, the set of ideals of R
is totally ordered by inclusion, [Bou64, Chapitre VI, §1.2, Théoreme 1].

A valuation ring R is a Hensel valuation ring or hvr if it extends uniquely
to every finite field extension, [EP05, §4.1]. That is, for every finite field
extension L/ Frac(R), there exists a unique valuation ring R’ C L such that
L =Frac(R') and R=LNR'. A valuation ring is a hvr if and only if it
satisfies Hensel’s Lemma, [EP05, Theorem 4.1.3].

We will frequently use the following lemma. Recall that Q(—) denotes the
total ring of fractions.

LEMMA 16. Let R be a hvur, let R — A be a finite R-algebra, and let
Q(A*) — L be a finite morphism with L reduced. Then the integral closure
A€ of A in L is a product of valuation rings. If A and L are integral
domains the induced morphism Spec(A) — Spec(A) is a homeomorphism.

Proof. The integral closure A is the product of the integral closures
of the images of A" in the residue fields of L, so we can assume A is
an integral domain and L a field. Replacing R with its image* in A, we
can assume R — A is injective. Note that since A is finite, the integral
closure of A in L is equal to the integral closure of R in L. Now the first
claim follows from the facts that the integral closure of a valuation ring is
the intersection of the extensions [EP05, Corollary 3.1.4], and since R is
Henselian, by definition there is a unique extension to L. Now, RC A C
Al are integral extensions of rings so Spec(A°) — Spec(A4) — Spec(R) are
surjective [Stacks, Tag 00GQ]. Since R C A C A are integral extensions,
the incomparability property implies that Spec(A'°) — Spec(A) — Spec(R)
are injective. Finally, since the prime ideals of A and R are totally ordered,
the bijection Spec(Ai°) — Spec(A) is a homeomorphism. [

LEMMA 17. Suppose that R is a hvr of characteristic p with fraction
field K, and suppose that K — K' is a purely inseparable extension, and
R’ the integral closure of R in K'. Then Spec(R') — Spec(R) is a universal
homeomorphism.

IThe image is an integral domain because A is, and its ideals are the ideals of R
containing the kernel of R — A, so they are totally ordered. That is, the image of R in A
is certainly a valuation ring.
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Proof. The extension R — R’ is integral by definition, and Spec(R’) —
Spec(R) is surjective as it is dominant and satisfies the going up property.
So it remains to see that it is injective, and each extension of residue fields
is purely inseparable. As R is Henselian, R’ is a valuation ring, and so
its poset of primes is totally ordered. By the incomparability property, it
follows that there is exactly one prime of R’ lying over any prime of R. Let
p C R be a prime and p’ C R’ the prime lying over it. Localizing at p we
can assume both are maximal ideals. Then a given a € k(p’) = R'/p’, lifts to
some b € R, and since K'/K is purely inseparable, b € K for some i. Now
R is the integral closure of R in K’, so b satisfies some monic f(T") € R[T].
But then b satisfies the monic f (T)?l. Since valuation rings are normal, it
follows that b”" € R. Consequently, a?* € k(p) = R/p. So k(p)/k(p) is purely
inseparable. [

§5. Pseudo-normalization

One of the obstacles to using valuation rings to study finite type
morphisms of Noetherian schemes is non-Nagataness: Suppose R is a hvr and
R C A afinite extension with A an integral domain. Then the normalization
A of A is a valuation ring, Lemma 16. If Frac(A)/ Frac(R) is finite separable
and R is discrete then the morphism R — A is also finite [Bou64, Chapter 6,
Section 8, No. 5, Theorem 2, Corollary 1]. However, in general, the morphism
R—A may not be finite.

ExXAMPLE 18. [Bou64, Chapter 6, Section 8, Exercise 3b] Let k=
Fp(Xn)nen, and equip K = k(U, V), with the (discrete) valuation induced
by ¢:k(U,V)=k(U)); V=32, XPUP. Let K'=K(V'YP). Then,
(exercise), the unique extension of valued fields K’'/K induces an
isomorphism on both value groups and residue fields. Consequently, the
corresponding morphism R — R’ of discrete valuation rings is not finite,
and so the normalization R’ of R[V''/P] is not finite over R[V/P].

On the other hand, at least if the rank of R is finite, if we take a
large enough member A of the filtered poset of finitely generated sub-A-
algebras of A, the induced morphism Spec(g) — Spec(fvl) will be a universal
homeomorphism (and even completely decomposed). Hence, as far as uh-
sheaves (and even cdh-sheaves, cf. [HK18, Lemma 2.9]) are concerned, the
normalization might as well be finite.

To formalize this phenomenon, we introduce the notions of pseudo-

integral closure, pseudo-normalization, and pseudo-hvr.
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CONVENTION. [EGAII, Corollary 6.3.8], [Stacks, Tag. 035N, 035P] By
normalization A of a ring A with finitely many minimal primes, we mean

the integral closure of its associated reduced ring A™? in the total ring of
fractions of Q(A™?) of Ared,

Note, that usually one only talks of normalizations of reduced rings.

DEFINITION 19. Let A be a ring and A — B an A-algebra. Define a
pseudo-integral closure of A in B to be a finite sub-A-algebra A— BPi¢C Bi¢
of the integral closure B C B of A in B such that Spec(BP¢) — Spec(B°)
is a completely decomposed universal homeomorphism.

A pseudo-normalization of a ring A with finitely many minimal primes is
a pseudo-integral closure of A in its normalization A — A C (A™d)™~. We will
write PselntClo(B/A) and PseNor(A) for the set of pseudo-integral closures,
and pseudo-normalizations respectively.

A pseudo-hvr is an integral domain A such that Ais an hvr, and A is
a pseudo-normalization of itself, A = A. That is, Spec(ﬁ) — Spec(A4) is a
completely decomposed universal homeomorphism.

Even if pseudo-integral closures and pseudo-normalizations exist they are
certainly not unique in general. If the normalization, respectively, integral
closure is finite, then it is the final pseudo-normalization, respectively,
pseudo-integral closure.

The following lemma contains the basic facts we need about pseudo-
normalizations A, at least for finite rings A over a finite rank hvr R: (3) they
exist, (2), (4) they are (ind-)functorial for dominant morphisms, and (5) they
preserve flat morphisms.

LEMMA 20. Let R be a finite rank hor.

(1) Let A— B be a ring homomorphism. If BP® C B° is a pseudo-integral
closure, then any finitely generated subalgebra B C B’ C B is also a
pseudo-integral closure.

(2) If the collection of pseudo-integral closures of a ring homomor-
phism A—B is nonempty, then it is a filtered poset and B¢ =
UBpicePselntClo(B/A) Bre.

(3) If A is a finite R-algebra, and Q(A™) — K finite with K reduced,
the poset PselntClo(K/A) of pseudo-integral closures is nonempty. In
particular, the conclusion of part (2) holds.
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(4) If ¢ : A— B is a morphism of finite R-algebras such that Spec(¢) sends
generic points to generic points, and

K L

f f

Q(A™) —— Q(B™Y)

a square of finite morphisms of reduced rings, then for any AP €
PselntClo(K/A) there is a BP € PselntClo(L/B) compatible with the
above square. In other words, the canonical morphism of integral
closures A — B'® of A— B in K — L induces a morphism of ind-
objects
“lim ” Apic — “lim” BpiC.
— PselntClo(K/A) — PselntClo(L/B)
(5) If p:A— B is a ﬁmte flat morphism of finite R-algebras, then there

exists an inclusion A C B of pseudo-normalizations compatible with ¢,
which is flat.

Proof.

(1) Since Bi°DBP is integral so is B2 B’, and consequently, Spec(B€) —
Spec(B’) is surjective, [Stacks, Tag00GQ)]. But Spec(B'®) — Spec(BPi)
is a homeomorphism, so Spec(B¢) — Spec(B’) is also injective. Finally,
for any point z € Spec(B®) with images ¥, z in Spec(B’), Spec(BP©),
The isomorphism k(x) = k(z) implies an isomorphism k(x) = k(y).

(2) Follows from part (1).

(3) Let A be the integral closure of A™ in K. Since A™Y is reduced
with finitely many minimal primes, Q(A™Y) is a finite product of fields,
[Stacks, Tag 02LV], so K is also a finite product of fields. Hence A is
the product of the integral closures in the residue fields of K, and there-
fore it suffices to consider the case A and K are both integral domains.
Replacing R with its image in A, we can also assume R — A is injective.
Now R C A is an extension of valuation rings, Lemma 16. As R C Al°
is generically finite, for every prime p C R, the extension k(p) C k(q)
is finite, where q C A'® is the prime lying over p, [Stacks, Tag 0ASH].
For each prime of R, choose a set of generators of the corresponding
finite field extension, lift them to A, and let AP be the sub-R-algebra
that they generate. Certainly, AP’ is a finite R-algebra. The morphism
APi© C Al is an integral ring extension so Spec(A€) — Spec(AP€) is
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surjective, [Stacks, Tag00GQ)]. As R is Henselian, Spec(A'°) — Spec(R)
is a homeomorphism, and we conclude that Spec(A') — Spec(AP®) is
also a homeomorphism. By construction it induces isomorphisms on
all field extensions. Hence, it is a completely decomposed universal
homeomorphism. So PselntClo(//A) is nonempty.

(4) This follows from Part (3)—Existence, and Part (1)—Closure under
subextension: Choose any Bgic € PselntClo(B) and take BP° to be the
sub-B-algebra of L generated by the image of AP and B} i

(5) We will construct the following diagram. Note all morphisms except
possibly the ones with source A and B are inclusions.

e (B, (Amd))
B— Bl B2 B3 B (Bred)N
f.t., not
necessarily O O /
flat f.t.flat f.t.flat f.t.flat
A A Ay As (Ared)~

Given some A; — By extending A — B, consider the sub-(A™4)~-
algebra B; C B’ C (B™)™ generated by the image of B;. As (B™4)™ is
(Ared)~_torsion-free, so is B’, and as (A™9)™ is a (product of) valuation
rings, Lemma 16, we deduce that B’ is (A™d)~-flat. As A; — By is
finite type, (A™4)~ — B’ is also finite type. Since (A™%)™ is a product
of local rings, the finitely generated flat module B’ is a free module
(Noetherianness is not needed, [Mat89, Theorem 7.10]). As (A™4)~ =

UpseNor(4) A, we have® B’ = (Ared)~ ® 4, By for some finite free Ay —
By with A in PseNor(A) (th§ ring By is not necessarily in PseNor(B)
yet). Since (UAQAQGPseNor(A) A) ®, B2 = B' D By, tensoring with some
large enough As O Ay in PseNor(A), we get our B3 = Aj ® i, By DB D
By, with A3 — Bs in PseNor(¢). N

®This is true for any globally free finite flat morphism A :=1lim Ay — B from the
colimit of a filtered system: Choose an A-basis 1 =ey, ..., e, for ? whose first element
is the unit. Then the multiplication of B is determined by the n(n — 1)? coefficients
of the products e;e; =3, azjek € B A" for 2 <14,j <n,1<k< nsubject to linear and
quadratic conditions imposed by the commutativity and associativity axioms. These n(n —
1)2 elements are in the image of some Aj, and the conditions become satisfied in some,
possibly higher, A,,. They then define a finite free Ay,-algebra of rank n whose pullback
to A is B.
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LEMMA 21. Let R be a hvr of characteristic p#1. Then any fpsl'-
morphism R — A is corefinable by the composition of a generically étale
fpsl’-morphism R — A’ and a uh-morphism A’ — A" such that R — A" is
also fpsl’.

Proof. First consider the case when A is an integral domain. Consider
the separable closure L of Frac(R) in Frac(A), and choose pseudo-integral
closures A, A” of R, A in L, Frac(A) respectively, Lemma 20(4).

sep. purely insep.
Frac(R) —— L = Frac(A)
1\ finite finite
R

A/ A//
\ ,T
A

By definition, A’ — Z,Iv and A” — A” induce completely decomposed uh-
morphisms, and A’ — A” induces a universal homeomorphism by Lemma 17.

Hence A" — A” is a universal homeomorphism.

So now it suffices to show that every fpsl’-morphism R — A is corefinable
by an fpsl’-morphism R — A” with A” an integral domain. Suppose first that
R is a field K = R. Then one of the residue fields of A is of degree prime to
I: Indeed, write A =]] Ay, as the product of its local rings. As [{dimg A
we have [ {dimy Ay, for some i. As dimy Ay, = 3, dimg p; /p?T! and each
pg/pgJrl is a k(p;)-vector space, we see that {1 [k(p;) : K]. For a general R,
the previous case applied to Frac(R) — Frac(R) ® g A produces a minimal
prime p of A such that [ { [A;ed : Frac(R)|. But then since flat = torsion-free
over valuation rings, R — A/p is fpsl’. [

LEMMA 22. If R is a finite rank hvr and R — A a finite R-algebra, then
every ldh-cover of Spec(A) is refinable by a finite one.

Proof. Since every [dh-covering is refinable by the composition of an
fpsl’-covering and a cdh-covering (see the proof of B.5(4)) it suffices to
prove the statement for cdh-coverings. Replacing A with [ yca (A/p)”

" pprime
we can assume that A is a pseudo-hvr. That is, A is a hvr and
Spec(A) — Spec(A) is a completely decomposed universal homeomorphism.
Let Spec(B) — Spec(A) be the cdh-covering in question, which we assume

is affine, and since our cdh-topology is pulled back from a Noetherian
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scheme (cf. Proposition B.4), we also assume its of finite presentation B =
Alzy, ..., xn]/{(f1, ..., fm). Every cdh-covering of a hvr admits a section, so
there is a factorization A — B — A. As A — A is an integral extension, the
images of the z; in A satisfy some monic polynomials g;(T") € A[T]. Then the
composition A— B — B :=A[z1, ..., z0){f1,- -, fm, g1(x1), . . ., gn(xn))
is a finite morphism, and its Spec is completely decomposed because Spec
of the composition A — B’ — A is completely decomposed. 0

86. [dh-descent for pseudo-hvrs

From this point we start working with the following “Gestern” condition.
A presheaf F satisfies (G1) if:

(G1) For every hvr R, the canonical morphism F'(R) — F(Frac(R)) is a
monomorphism.

REMARK 23. We find it disappointing that we do not know a proof
avoiding this condition, as its not really clear heuristically why it should be
involved in passing traces from F' to Figp.

Voevodsky shows in [VoeOOb, Corollary 4.18] that for a homotopy
invariant presheaf with transfers F' and a smooth semilocal k-scheme X,
the morphism F(X) — F(n) to the generic scheme 7 is a monomorphism.
So, at least in the homotopy invariant setting over a field, traces imply
a version of (G1). However, in our setting we do not have this: if S is a
Noetherian base scheme of dimension > 0, s a nongeneric point, and F' the
constant additive sheaf of some nontrivial abelian group A, then F(— xg s)
is clearly uh-invariant, and has traces by Example 14(1), however, will not
satisfy (G1).

PROPOSITION 24. Suppose that F' is a uh-invariant Z-linear presheaf
with traces satisfying (G1). Then for any pseudo-hvr R of positive charac-
teristic p # 1, we have F(R) = Fign(R).

Proof. Since F is uh-invariant, so is Fjqn, Corollary 11, so we can assume
R is a hvr.

Injectivity: s € ker(F(R)—Fan(R)) if and only if there is some Idh-
covering f:Y — Spec(R) such that F(f)s=0. Since R is a hvr we can

assume that f is an fpsl’-morphism, Proposition B.5(4). But then s (Dee)

(1/ deg f) Tr; F(f)s =0.
Surjectivity: For every s & Fjgn(R) there is an Idh-covering f:Y —
Spec(R) =: X such that s|ly € im(F(Y)—Fan(Y)). Since R is a hvr we
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can assume that f is an fpsl’-morphism, Proposition B.5(4). In fact, we

can assume f factors as ng#YOf#X with fi1 a uh-morphism, and fy
a generically étale fpsl’-morphism, Lemma 21. Since F is uh-invariant,
so is Fjgn, Corollary 11, so we can forget f; and just work with fj.
Since fy is generically étale, Yy X x Yp is generically reduced. Choose Y, =
(Yo x x Yy)~ such that the composition 71 : Y1 — Yy xx Yj P4y, s still flat,
Lemma 20(5), and therefore fpsl’. We claim that

F(Wlﬁ;(ﬂz)

0 F(x) " p(vp) F(v1)

is exact where 79 is the composition Y7 — Yy x x Yp gk Yy. Indeed, by id (Dee)
(1/ deg fo) Trg, F(fo) it is exact at F'(X). For exactness at F'(Yp), we claim
that Trr, F(m2) = F(fo) Trs,. Indeed, since Y; is Spec of a (product of)
pseudo-hvrs, and F' is ub-invariant, by (G1) it suffices to check this after
pulling back to the generic points of Y. But by (CdB), it suffices to show
Trr, F(m2) = F(fo) Try, holds generically, that is, over the generic point 1
of X. But
nxx Y1 —=nxx Yy

| |

n Xx Yo n

is cartesian, so the claim follows from (CdB). Hence, the above
sequence is exact at F(Yy) since if F(mg)s'=F(m)s’, then

; cycle , (“CdB”)

5 (8) (1/ deg m1) Trn, F(m1)s' = (1/ degmi) Try, F(ma)s
(1/ deg 1) F (fo) Try, s

So we have established that the top row in the following diagram is exact.
Injectivity for pseudo-hvrs says the right vertical morphism is injective.
Hence, by diagram chase, we find a preimage of s in F(X).

0 — F(X) F(Yp) F(v1)

| | } 0

0 — Fan(X) — Fan(Yo) — Flan(W1)

87. Traces on Fjg,

In this section, we show that for a nice presheaf with traces F', the
associated [dh-sheaf also has traces. We essentially transplant the method
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of [Kel12, Theorem 3.5.5], which becomes much easier in the context of this
paper. For another approach to putting trace morphisms on Fjq;, (with more
restrictive hypotheses than we use here) see [Kell7].

Recall that in [Kell2, § 3.5] we defined

Feaa(X) =[] F(a
reX
for F' a presheaf and X a scheme.

REMARK 25. One sees directly that Frqq is a cdh-sheaf. More specifi-
cally, for any completely decomposed morphism Y — X, the sequence

0 = Feqd(X) = Feqa(Y) = Feaa(Y xx Y)

is exact (showing this by hand using a splitting of I cyy — Hyexx is an
easy exercise).

What takes a little bit more work is the following theorem.

ProprosiTION 26. [Kell2, Theorem 3.5.5, Lemma 3.3.6(2), Defini-
tion 3.3.4, Proposition 3.5.7] Let F' be a uh-invariant Z)-linear presheaf
with traces, where | # char s for all points s € S of the base scheme. Then
there is a unique structure of traces on Feqq such that F — F.gq is a
morphism of presheaves with traces. Moreover, the trace morphisms on Fiqq
satisfy:

(Tr) If A is a pseudo-hvr, ¢ : A — B an fps morphism, p1, ..., p, are the
minimal ideals of B, and n;: B — (B/p;)~ the canonical morphisms,
then

> F(mi)

F((B/pi)”)

Trg = > m; Try0p F(1;) \ %
i +In;00

where m; = length By, and of course, (B/p;)~ are chosen to be flat over
A, (or some cduh-extension of it, and we implicitly use uh-invariance),
Lemma 20(5).

REMARK 27. We do not need the following description, but in case the
reader is interested, we recall that the trace morphisms on Fiqq are defined
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as follows. Given an fps morphism f:Y — X, and y € Y, the yth component
of the trace morphism Feaa(Y) =[[,cy F(y) = [Liex F(2) = Feaa(X) is
given by (length Ogx (vy) Tryp, o

LEMMA 28.  Suppose that F is a uh-invariant Z)-linear presheaf with
traces satisfying (G1), and R a finite rank hvr of positive characteristic
p#1l. Then on the category of finite R-algebras, there is a factorization
F— Flan <y Feqq with v a monomorphism.

Proof. On hvrs, and in particular on fields, F' = Fjqn, Proposition 24, so
Fedd = (Fidn)cdd- Our injection is ¢ : Fign — (Fidn)edd < Fedd-
Let A be a finite R-algebra. Spec of the morphism A — [] pca (A/p)~

p prime
is a cdh-covering. Since Fjqy is uh-invariant, Corollary 11, each of the

morphisms  Fian((A/p)”) = Fian((A/p)~) is an isomorphism. But F =
Fign on the hvrs (A/p)~ and k(p), Proposition 29, and F satisfies
(G1), so each Fign((A/p)~) — Flan(k(p)) is injective. Hence, Fjqn(A) —
IT pca Fian(k(p)) = (Fidn)cad(A) = Feaa(A) is injective. i

p prime

PROPOSITION 29. Suppose that F' is a uh-invariant Z-linear presheaf
with traces satisfying (G1), and R is a finite rank hvr of positive character-
istic p # 1. Then on the category of finite R-algebras, the trace morphisms
on Feqq descend to the subpresheaf Fiqn. In particular, Fiq, has a structure
of traces on the category of finite R-algebras.

Proof. Explicitly, we want to show that for every fps-morphism of
R-algebras ¢: A — B, the trace morphism Trg : Foqq(B) — Feaa(A) sends
the image of Fjgn(B) < Feqq(B) inside the image of Fign(A) < Feqq(A).
First note that if A— A’ is a morphism whose Spec is a completely
decomposed proper (=finite) morphism, then a diagram chase using the
short exact sequences, Remark 25, associated to A —+ A’ = A" ®4 A" by
Flan < Feaq shows that Fiqn(A) = Flan(A") N Feqq(A). So replacing A with
A"=T] yca (A/p)” and using (Add) and (CdB), we can assume that A

p prime

is a pseudo-hvr. Now, using the morphism B — [] 4cp (B/q)” and the
q prime
property (Tr) stated in Proposition 26, we can assume that B is also a

pseudo-hvr. So now A — B is a fps-morphism between pseudo-hvrs. But
then F(A) 5 Fign(A), F(B) = Fiqu(B) are isomorphisms, Proposition 24.
So the result follows from the fact that F — Fqq is a morphism of presheaves
with traces, Proposition 26. [
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88. Comparison of cdh- and Idh-descent

THEOREM 30. Suppose S is a finite dimensional Noetherian separated
scheme of positive characteristic p#1 and F' is a uh-invariant Z)-linear
presheaf with traces satisfying both conditions:

(Gl) F(R)— F(Frac(R)) is injective for every finite rank hvr R.
(G2) F(R)— F(R/p) is surjective for every finite rank hvr R and prime p
of codimension one.

Then the canonical comparison morphism is an isomorphism:
Hean (S, Fedn) = Higy (S, Fian)-
Proof. By the change of topology spectral sequence

Hlgn(S, (ﬂ{th>cdh) = Hzi;%j(sa Fian)

C

it suffices to show that F.qy = Fiqn, and (ﬁgth)th =0 for j > 0. Since finite
rank hvrs form a conservative family of fiber functors for the cdh-site Schg,
Corollary A.3, and cohomology commutes with filtered limits of schemes
with affine transition morphisms, Proposition B.5, it suffices to show that
for every finite rank hvr R we have F(R) = Fian(R), and H}y, (R, Fian) =0
for j > 0.

It was already shown in Proposition 24 that we have F'(R) = Fjgqn(R). We
now show that for any finite R-algebra A, we have

(1) Hiyy (A, Fian) =0

for 7 > 0. We work by induction on (dim Spec(A), j) where N x Ny has
the lexicographical ordering. Explicitly, we suppose that (1) is true for
dim Spec(A) < dim Spec(R), and all 0 < j and suppose also that (1) is true
when dim Spec(A) = dim Spec(R) and 0 < j < J. We will show that it is
true for dim Spec(A) = dim Spec(R) and j = J.

Here is a plan of what we will prove, Wherefjl’ = AP is a pseudo-integral
closure of A™ in (Q(R) ®g A)*d, and R = A’

()
H (A, Fan) =& HYW(A' Flan)  blowup Le.s, induction via (2),
ub-inv., (G2)

—~

B
~ H (R, Flan) uh -inv., Corollary 11

=
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O -, . . .
~ Hiy (R, Flan) induction via (7)

—
>
~

1

Hf{)sl’(R,a Flan) R’ is a product of hvrs,

Proposition 38(4)

0 traces, Lemma 15, Proposition 29

Step a. Let A’ = APi¢ be a pseudo-integral closure of A*d inside (Q(R) ®r
A)ed let p C R be the prime of height one (if dim Spec(R) = 0 set p to be the
unit ideal p = R), and consider the blowup sequence, Proposition B.5(5),

<o = HipY(A'/p, Fian)
— Hijy, (A, Fian) = Hyjy (A, Flan) @ Hyy, (A/p, Fian)
(2) - Hl]dh(Al/p, Fian) — - -

By induction on dim Spec(A), (1) is true for A/p and A’/p, so we obtain an
isomorphism

(3) Hin(A, Flan) = Hy (A, Fay).

Here, (G2) and uh-invariance of Figy, Corollary 11, is used in the case J =1
to obtain surjectivity of the morphism Fjqn(A’) — Fian(A’/p).

Step B. Note Spec of A’ — R':= A’ is a uh. Since H, (—, Fian) is ub-
invariant, Corollary 11, we are reduced to showing that H. l{ih(R’ , Flan)
vanishes.

Step ~. Consider the Cech spectral sequence

(4) Ey’ = Higy, (R, Hjy, F) = Hyy! (R, Fian)-

Note that the i = 0, j > 0 part vanishes automatically, since H?(—, HLF) =

J
0 vanishes for any topology 7 and j > 0. In particular,

0,J ) ~
(5) Ey” = Hy (R, Hiy, F) 0.
Since every Idh-covering of R’ is refinable by a finite one, Lemma 22, and
Hj F(—)=Hj,,(—, Flan) vanishes on finite R'-algebras for 0 < j <.J by

induction, it follows that

(6) By = 0 (R Hy F) =0, for 0<j<.J.
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The vanishing so far, (5) and (6), with the spectral sequence (4) shows that
J,0 & ~
(7) Ey" = HW (R, Flan) = Hily (R, Fian).

Step 6. Since R’ is a product of hvrs, every Idh-covering is refinable by an
fpsl”’-covering, Proposition B.5(4). So it suffices to show that the isomorphic
groups

(8) HW (R, Fyay) = ﬁf{)sl’(R/7 Flan)

are zero.
Step e. Since Fqp has a structure of traces, Proposition 29, this vanishing
follows directly from Z-linearity and the structure of traces, Lemma 15.

i
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years to realize how to get around the non-Nagataness of valuation rings.
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to use pseudo-normalizations. I thank Giuseppe Ancona, Matthew Morrow,
and Simon Pepin-Lehalleur for comments that improved the writing style.
I also thank an anonymous referee for helping catch a mathematical error
in a previous version.

Appendix A. The cdh- and [/dh-topologies

In [GK15] it was observed that Hensel valuation rings, or hvrs, form a
conservative family of fiber functors for the cdh-site of a Noetherian scheme
(see Section 4 for some facts about hvrs). Here, we observe that if dim S is
finite, then in fact, it suffices to consider hvrs of finite rank.

DEFINITION A.1. Let S be a separated Noetherian scheme, Schg the
category of separated finite type S-schemes, and [ € Z a prime. We quickly
recall the following definitions.

(1) A morphism f:Y — X is completely decomposed if for all x € X there
exists y € Y with f(y) =z and k(y) = k(x).

(2) The cdh-topology is generated by families of étale morphisms {Y; —
X}ier such that ITY; — X is completely decomposed, and families
of proper morphisms {Y; — X };c; such that IIY; — X is completely
decomposed.
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(3) The Idh-topology is generated by the cdh-topology, and finite flat
surjective morphisms of degree prime to .

LEMMA A.2. Let A be a Noetherian ring, R a hvr, and A— R a
morphism. Then R is a filtered colimit A-algebras which are finite rank
huvrs.

Proof. Note A — R factors through a localization of A, and local
Noetherian rings have finite Krull dimension, so we can assume A has
finite Krull dimension. Certainly, R is the filtered union of its finitely
generated sub-A-algebras. For each such A-algebra A — Ay C R, define
Ry =TFrac(A)) N R C Frac(R) to be the valuation ring induced on the
fraction field of Ay by R. This is finite rank: Certainly, Ry is the union
of its finitely generated sub-Aj-algebras Ay C Ay, € Ry. By Ay C Ay, C
Frac(Ay) we have Frac(A)) =Frac(Ay,) so dim Ay > dim A, [EGAIV2,
Theorem 5.5.8], and therefore® dim Spec(4,) > dim Spec(R,).

Consider the Henselizations Rﬁ of the R). Henselizations of valuation
rings are valuation rings of the same rank, [Stacks, Tag 0ASK], so the
R’/{ are also of finite rank. The inclusion Ry C R extends uniquely to an
inclusion” R} C R as R\ C R local morphism of local rings (indeed R} = R*)
toward a Hensel local ring. Moreover, any inclusion of finitely generated sub-
A-algebras Ay C Ay C R induces a unique factorization Rg‘\ - Rf\‘, C R for
the same reason. For every a € R, there is a finitely generated sub-A-algebra
Ay with a € Ay. Clearly, this implies a € Ry, so a € R?, and it follows that
R is the union of the finite rank hvrs Ry, and this is a filtered union because

the poset {A,} is filtered. 0

COROLLARY A.3. Let S be a Noetherian separated scheme, and Schg the
category of finite type separated S-schemes equipped with the cdh-topology.

5Suppose that po D - D pn is a sequence of prime ideals of Ry with n > dim Ay.
For each i choose a; € p; \ pi+1, and consider the finitely generated sub-Ajx-algebra
Al = Ay[ao, . . ., an] € Rx. Then p; N AY # p;y1 N A for each i, but by [EGAIV2, The-
orem 5.5.8] we have dim Af\ < dim A, so there is a contradiction and we conclude that
Po 2 -+ 2 pn cannot exist.

"The map R} C R is indeed injective: Henselizations of valuation rings are valuation
rings of the same rank, [Stacks, Tag 0ASK]. In particular, R} is an integral domain, and
Spec(RY) — Spec(R») is an isomorphism of topological spaces. As Spec(R) — Spec(R»)
sends the generic point to the generic point, Spec(R) — Spec(R%) must also send the
generic point to the generic point. In other words, RY — R is injective.
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For any S-scheme P — S define

F(P)= lim F(X),
P—X—S

where the colimit is over factorizations with X — S in Schg. Then the family
of functors

Shvean(Schg) —  Set Spec(R) — S
F —  F(P) | R is a finite rank hor

s a conservative family of fiber functors.

Proof. 1t was proven in [GK15, Theorems 2.3 and 2.6] that the family of
all hvrs induces a conservative family of fiber functors. But Lemma A.2 says
that any hvr is a filtered colimit of finite rank hvrs. So given a cdh-sheaf
F,if F(R) =0 for every finite rank hvr, we have F(R) =0 for all hvrs, and
therefore F' = 0. [

Appendix B. Sites of non-Noetherian schemes

DEFINITION B.1. We write SCHg for the category of all® quasi-compact
separated (and therefore quasi-separated) S-schemes.

REMARK B.2. Since our base scheme S will always be a Noetherian
separated scheme, and in particular quasi-compact quasi-separated, SCHg
is nothing more than the category of those S-schemes T'— S of the form
T= yLn/\e AT for some filtered system T : A — Schg with affine transition
morphisms, [Tem11, Theorem 1.1.2].

REMARK B.3. Following Suslin and Voevodsky, we use the term covering
family in the sense of [SGA4, Exp. II. Definition 1.2]. That is, in addition
to satisfying the axioms of a pretopology, any family refinable by a covering
family is a covering family.

ProroOSITION B.4. Let S be a Noetherian separated scheme, let T be a
topology on Schg such that every covering family is refinable by one indexed
by a finite set, and let 7' be the coarsest topology on SCHg making Schg —
SCHg continuous (cf. [SGA4, Exp. III. Proposition 1.6]). Then the covering

8This is a bit of overkill, since we just really only want to enlarge Schs to include
schemes of the form Spec(A)— Spec(R)—S with R a finite rank valuation ring and R — A
finite, but whatever.
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families for 7' are those families which are refinable by pullbacks of covering
families in Schg.

Proof. Certainly any 7-covering family in Schg must be a 7/-covering
family in SCHg, and therefore the pullback of any 7-covering family in
Schg must also be a 7’-covering family in SCHg, so it suffices to show
that the collection of such families (i) contains the identity family, (ii) is
closed under pullback, and (iii) is closed under “composition” in the
sense that if {Uj — X'}, and {V; — U/} are such families, then so
is {VZ/J - X/}iel,ieji'
hypothesis, without loss of generality we can assume that I is finite.
Suppose U] —Y;, and X' — X are morphisms with Y;, X € Schg, and
{Vij = Yi},{U; — X} are 7-coverings such that U/ =U; xx X’ and VZ’] =
V;j Xy; Uz/

JEJ;
The first two are clear, so consider the third. By

V/, > U = X' €SCHsg

P

U; — X €Schg

Vij =Y,

Without loss of generality we can assume that X’ is the limit
Im Xy of a filtered system {X)} in Schg with affine transition mor-
phisms (cf. Remark B.2), and since hom(@ Xy, X) :thom(X)\, X)
[EGAIV3, Corollary 8.13.2] that X = X, for some Ag € A. In particular,
now U/ = m, (X xx,, Ui). Now since hom(yLnK/\o (Xn xx,, Ui),Ys) =
ligq)\g)\o hom(Xy xx, Ui, Vi) [EGAIV3, Corollary 8.13.2], for each i we can
assume that Y; = X, XXy, U; for some \; < A\g. Choosing a u < \; small
enough (this is where we use finiteness of I) and pulling back everything
to X, we can assume that Y; =U;. In this case, {V}; = U — X'} is the
pullback of the T-covering family {V;; = U; — X} in Schg. [

In light of Proposition B.4, the 7/-covers in Schg are refinable by the 7-
covers, so for such topologies (e.g., cdh, Idh, fpsl’) we use the same symbol
to denote the induced topology on SCHg. Another consequence of this
observation is that the adjunction

¢® : Shv,(Schg) = Shv.(SCHg) : ¢5

induced by the continuous functor Schg—SCHg satisfies tst% =id. See
[SGA4, Exposé 3] for some material about this basic adjunction.
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We will write
* : PreShv(Schg) = PreShv(SCHg) : ¢

for the presheaf adjunction.

PROPOSITION B.5. Let S be a Noetherian separated scheme, and T—S
in SCHg. Write T as the limit

T = limT),

15

A

>
m

of some filtered system {T»} in Schg with affine transition morphisms
(cf. Remark B.2). Let T be both a topology on Schg such that every covering
family is refinable by one indexed by a finite set, and also the induced
topology on SCHg, for ezample, 7 = cdh, Idh, fpsl’.

(1) hﬂ,\eAﬁf(T)" F) 5 HY(T, *F) for any presheaf F € PreShv(Schg).

(2) HXNT,.°F)= hﬂ,\eAH?(TM F) for any sheaf F' € Shv(Schg).

(3) Ewvery ldh-cover of T is refinable by the composition of a cdh-cover
{Vi =T}, and fpsl’ morphisms W; — V;.

(4) Ewvery ldh-cover of the spectrum of an hvr is refinable by an fpsl’-
morphism.

(5) If Z =T a closed immersion, andY — T a proper morphism, such that
Y\Z xpY =T\ Z is an isomorphism, then

0=>Z(ZxrY)—=Z(Z2)DZY)—Z(T)—0

becomes a short exact sequence after cdh-sheafification, where Z(W) :=
Z hOmSCHS(*, W)

(6) If F € PreShv(Schg) has a structure of traces, then *F € PreShv(SCHg)
inherits a canonical structure of traces extending that of F.

(7) If F €PreShv(Schg) is uh-invariant, then *F € PreShv(SCHg) is
mwvariant for finitely presented uh-morphisms, and uh-morphisms
between affine schemes with finitely many points.

REMARK B.6. In part (7) we can actually prove that *F' is invariant
for all uh-morphisms, assuming only that S is quasi-compact and quasi-
separated, but as we do not need this stronger more general statement
in this present work, we do not include its proof. In fact, David Rydh
explained to us that the proof below works more or less unchanged, with
quasi-compactness of the constructible topology in place of the hypothesis
that the schemes have finitely many points.
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Proof.

(1) Both surjectivity and injectivity follows directly from Proposition B.4
together with [EGAIV3, Theorem 8.8.2] saying that morphisms over T'
lift through the filtered system {7 }.

(2) As i® is exact, the functor is preserves injective resolutions.” Then
any injective resolution of (*F — Z°® restricts to an injective
resolution  F =1s°F — ;2% and we have HXT,/°F)=
(H"T*)(T) = (H"T*)(lm T») 2 limg (H"T*)(T)) = lim (H"0,T*)(T3) =
hﬂHﬁ(TA,F). For (*) note for any injective sheaf I, hom(—,I) is
exact by definition, and Yoneda, and sheafification are both left exact.

(3) By Proposition B.4, this follows from the case where T' € Schg which is
well-known, [Kell7, Proposition 2.1.12(iii)]. This latter is proved using
Raynaud—Gruson flatification, see also the proof of Lemma 8.

(4) By part (3), every Idh-cover is refinable by a fpsl’’-cover followed by a
cdh-cover. But every cdh-cover of a hvr has a section: for completely
decomposed proper morphisms this follows from the valuative criterion
for properness, and for completely decomposed étale morphisms, this
follows from Hensel’s Lemma.

(5) To check exactness, it suffices to check exactness after evaluating the
sequence of presheaves on an hvr. But in this case one readily checks
exactness using the valuative criterion for properness.

(6) Given a finite flat surjective morphism f:Y — X in SCHg, there
is a filtered system (X)) in Schg with affine transition morphisms,
Remark B.2, such that X = 1'&1(1X>\7 there is some A and f, : Yo — X,
in Schg such that f=X xx,_ fa, [EGAIV3, Theorem 8.8.2(ii)]. We
can assume f, is surjective and finite, [EGAIV3, Theorem 8.10.5].
By restricting to finitely many affine opens U C X,, and choosing
isomorphism inducing global sections 0% — f.Oy, we see that we can
also assume f, is flat. Note that Noetherianness was used here to kill
ker(O4 — f.Oy).

YTf the reader is worried SCHs is too big for injective resolutions, then just choose
some large enough regular cardinal x and instead work with the category SCH?w of quasi-
compact separated S-schemes which are filtered limits of filtered systems in Schgs with
affine transition morphisms indexed by a category A with < x morphisms. Then SCH§'i

will be essentially small.
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Now define trace morphisms on +*F' by choosing such presentations and
define Try to be lim Try, . Note that this is well defined. Let a € F(Y)
be represented by some ay € F(X) xx, Ya), and let (X)), f,,: Y, —
X,,,a\, € F(X) xx/, Y,,) be some other choice of representative. By
[EGAIVS, Propositilon 8.13.1] the canonical morphism X — X}, factors
as some X — X, — X},. Since Xxx, Vo 2Y = X xx Y, there exists
some possibly smaller ;4 and an isomorphism X, x X;Ya = X, X xr ,YCC/
compatible with the former [EGAIV3, Theorem 8.8.2(i)]. As ay and
a)\, agree in the colimit F'(Y"), possibly making ;1 smaller again, we can
assume ay and a, already agree in F(X, xx, Yo) = F(X, xx Y.).
Then it follows from (CdB) that Try, (ay) agrees with Trf;,(c‘z’/\,) in
F(X,), and therefore also in the colimit F'(X).

(Add) Given f:Y — X and f':Y’— X', choose representatives for
Y - XUX and Y — X U X’ separately. Then (Add) follows.

(Fon) Given g: W —Y and f:Y — X choose a representative for f,
and then use the system {X) x x, Y,} to choose a representative for g.
Then (Fon) follows.

(CdB) Choose a representative for f, then descend W to (X)) using
[EGAIV3, Theorem 8.8.2(ii)].

(Deg) is clear.

(7) If f:T"— T is a finitely presented universal homeomorphism in SCHg,
then there exists some a € A, and a universal homeomorphism f, :
T! — T, in Schg, such that f =T X7, fa, [EGAIV3, Theorem 8.8.2(ii),
Theorem 8.10.5(vi)(vii)(viii)], so (*F(f) :hﬂl)\gaF(T X1, fa) is an
isomorphism. Note that EGA’s “radiciel” is equivalent to universally
injective.

Suppose that f: T = Spec(O7) — Spec(Or) =T is a universal home-
omorphism between affine schemes with finitely many points. Write
O = hﬂOTﬁA 9 OT/A as a filtered colimit of finitely presented Or-

algebras.

As T'—T is a universal homeomorphism each Spec(p(A)) —T
is a finite universal homeomorphism, Lemma 7. Also, ¢(A)=
hﬂ]gker(A—Np(A))A/I is the filtered colimit of the quotients of A by
the finitely generated ideals of the kernel K =ker(A — ¢(A)). Since
Spec(A) has finitely many points, we can always find some finitely gen-
erated ideal J such that for each J C I C K C A the closed immersion
Spec(¢(A)) — Spec(A/J) is surjective. Hence, f:T' — T is a filtered

https://doi.org/10.1017/nmj.2019.24 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2019.24

212

S. KELLY

limit of universal homeomorphisms of finite presentation. We have
already seen that (*F sends such morphisms to isomorphisms, so

CF(f)= lim F(Spec(A) — T') is an isomorphism. [
REFERENCES
[BM18] B. Bhatt and A. Mathew, The arc-topology, 2018.

[Bou64]

[CD15]

[CTHK]

[EGAII]

[EGAIVZ]

[EGAIV3]

[EGAIV4]

[EK18]
[EP05)]

[GK15]

[HK18]

[KS06]

[Kell2]

[Kell4]

[Kell7]

N. Bourbaki, Eléments de mathématique. Fasc. XXX. Algébre commutative.
Chapitre 5: Entiers. Chapitre 6: Valuations, Actualités Scientifiques et Indus-
trielles, No. 1308, Hermann, Paris, 1964.

D.-C. Cisinski and F. Déglise, “Integral mized motives in equal characteris-
tic”, in Documenta Math. Extra Volume: Alexander S. Merkurjev’s Sixztieth
Birthday, 2015, 145-194.

J.-L. Colliot-Thélene, R. T. Hoobler and B. Kahn, The Bloch—Ogus—Gabber
theorem, Algebraic K-theory (Toronto, ON, 1996) 16 (1997), 31-94.

A. Grothendieck, Eléments de géomélrie algébrique. II. Etude globale
élémentaire de quelques classes de morphismes, Inst. Hautes Etudes Sci. Publ.
Math. 8 (1961), 222.

A. Grothendieck, Eléments de géométrie algébrique. IV. Etude locale des
schémas et des morphismes de schémas. II, Inst. Hautes Etudes Sci. Publ.
Math. 24 (1965), 231.

A. Grothendieck, Eléments de géométrie algébrique. IV. Etude locale des
schémas et des morphismes de schémas, troisieme partie, Inst. Hautes
Etudes Sci. Publ. Math. 28 (1966), 255. Revised in collaboration with Jean
Dieudonné. Freely available on the Numdam web site at http://www.numda
m.org/numdam-bin/feuilleter?id=PMIHES_1966__28_.

A. Grothendieck, Eléments de géométrie algébrique. IV. Etude locale des
schémas et des morphismes de schémas IV, Inst. Hautes Etudes Sci. Publ.
Math. 32 (1967), 361. Revised in collaboration with Jean Dieudonné. Freely
available on the Numdam web site at http://www.numdam.org/numdam-bi
n/feuilleter?id=PMIHES_1967__32_.

E. Elmanto and A. A. Khan, Perfection in motivic homotopy theory, 2018.
A. J. Engler and A. Prestel, Valued Fields, Springer Science & Business Media,
Berlin/Heidelberg, 2005.

O. Gabber and S. Kelly, Points in algebraic geometry, J. Pure Applied Algebra
219(10) (2015), 4667-4680.

A. Huber and S. Kelly, Differential forms in positive characteristic II: cdh-
descent via functorial Riemann—Zariski spaces, Algebra and Number Theory
Forthcoming, 2018. Preprint arXiv:1706.05244.

M. Kashiwara and P. Schapira, Categories and Sheaves, Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences] 332, Springer-Verlag, Berlin, 2006.

S. Kelly, Triangulated categories of motives in positive characteristic. PhD
thesis, Université Paris 13, Australian National University, 2012. Preprint ar
Xiv:1305.5349.

S. Kelly, Vanishing of negative K-theory in positive characteristic, Compos.
Math. 150(8) (2014), 1425-1434.

S. Kelly, Voevodsky motives and ldh-descent, Astérisque 391 (2017), iv+125.

https://doi.org/10.1017/nmj.2019.24 Published online by Cambridge University Press


http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1966__28_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.numdam.org/numdam-bin/feuilleter?id=PMIHES_1967__32_
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1706.05244
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
http://www.arxiv.org/abs/1305.5349
https://doi.org/10.1017/nmj.2019.24

[KM1§]
[Mat89]
[QuiT3]
[RGT1]
[Ryd10]

[SGA4]

[SGA42]

[Stacks]
[Tem11]
[Voe96]

[Voe00]

[Voe0O0b]

A BETTER COMPARISON OF CDH- AND LDH-COHOMOLOGIES 213

S. Kelly and M. Morrow, K-theory of valuation rings, 2018.

H. Matsumura, Commutative Ring Theory, 2nd edn, Cambridge Studies in
Advanced Mathematics 8, Cambridge University Press, Cambridge, 1989,
Translated from the Japanese by M. Reid.

D. Quillen, Higher Algebraic K-Theory: I, 85-147. Springer, Berlin, Heidel-
berg, 1973.

M. Raynaud and L. Gruson, Critéres de platitude et de projectivité. Techniques
de “platification” d’un module, Invent. Math. 13 (1971), 1-89.

D. Rydh, Submersions and effective descent of étale morphisms, Bull. Soc.
Math. France 138 (2010), 181-230.

Théorie des topos et cohomologie étale des schémas. Tome 1: Théorie des
topos. Lecture Notes in Mathematics, Vol. 269. Springer-Verlag, Berlin, 1972.
Séminaire de Géométrie Algébrique du Bois-Marie 1963-1964 (SGA 4), Dirigé
par M. Artin, A. Grothendieck, et J. L. Verdier. Avec la collaboration de N.
Bourbaki, P. Deligne et B. Saint-Donat.

Théorie des topos et cohomologie étale des schémas. Tome 2. Lecture
Notes in Mathematics, Vol. 270. Springer-Verlag, Berlin, 1972. Séminaire de
Géométrie Algébrique du Bois-Marie 1963-1964 (SGA 4), Dirigé par M. Artin,
A. Grothendieck et J. L. Verdier. Avec la collaboration de N. Bourbaki,
P. Deligne et B. Saint-Donat.

The Stacks Project Authors. Stacks Project. http://stacks.math.columbia.ed
u, 2014.

M. Temkin, Relative Riemann—Zariski spaces, Israel J. Mathematics 185(1)
(2011), 1-42.

V. Voevodsky, Homology of schemes, Selecta Math. (N.S.) 2(1) (1996),
111-153.

V. Voevodsky, “Triangulated categories of motives over a field”, in Cycles,
Transfers, and Motivic Homology Theories, Ann. of Math. Stud. 143, Prince-
ton University Press, Princeton, NJ, 2000, 188-238.

V. Voevodsky, “Cohomological theory of presheaves with transfers”, in Cycles,
Transfers, and Motivic Homology Theories, Ann. of Math. Stud. 143, Prince-
ton Univ. Press, Princeton, NJ, 2000, 87-137.

Department of Mathematics
Tokyo Institute of Technology
2-12-1 Ookayama

Meguro-ku

Tokyo 152-8551

Japan

shanekelly@math.titech.ac. jp

https://doi.org/10.1017/nmj.2019.24 Published online by Cambridge University Press


http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
mailto:shanekelly@math.titech.ac.jp
https://doi.org/10.1017/nmj.2019.24

