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ABSTRACT

We will develop a theory of multi-pointed non-commutative deformations of a simple
collection in an abelian category, and construct relative exceptional objects and relative
spherical objects in some cases. This is inspired by a work by Donovan and Wemyss.

1. Introduction

We shall develop a theory of multi-pointed non-commutative deformations of a simple collection
in an abelian category. A simple collection is a finite set of objects such that each object has
no endomorphisms except dilations and there are no non-zero homomorphisms between objects.
The commutative deformations of several objects are just the direct product of deformations of
each objects, but there are interactions of objects in the case of non-commutative deformations.
We will prove that any iterated non-trivial extensions between the given objects yield a non-
commutative deformation in the case of a simple collection, and we obtain a versal deformation
in this way. As applications, we will construct relative exceptional objects and relative spherical
objects in some special cases.

The deformation theory has non-commutative versions in two directions, non-commutative
fibers and non-commutative base. We consider the latter case. The point is that there are more
non-commutative deformations of commutative objects than the commutative deformations as
proved in a paper by Donovan and Wemyss [DW13]. They discovered an interesting application
of the theory of non-commutative deformations to the theory of three-dimensional algebraic
varieties. They provided a better understanding of the mysterious analytic neighborhood of a
flopping curve on a threefold by investigating non-commutative deformations of the flopping
curve. The invariants defined by them are found to be related to Gopakumar—Vafa invariants
and Donaldson—Thomas invariants [Tod15a]. This paper is motivated by their works. Moreover
we consider systematically multi-pointed deformations, i.e., non-commutative deformations of
several objects.

The theory of deformations over a non-commutative base is developed by Laudal [Lau02]. The
definition of non-commutative deformations is very similar to the commutative deformations, but
only the parameter algebra is not necessarily commutative. A non-commutative Artin semi-local
algebra with nilpotent Jacobson radical is not necessarily a direct product of Artin local algebras.
By this reason, we need to consider several maximal ideals simultaneously.

The extensions of a deformation and the obstruction theory is similarly described
by cohomology groups as in [Sch68], and there exists a versal family of non-commutative
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deformations under some mild conditions. But there are much more non-commutative
deformations than the commutative ones. For example, unobstructed deformations in the
commutative case can be obstructed in the non-commutative sense.

Let k be a field, A a k-linear abelian category, r a positive integer, and F; (1 < i < r)
objects in A. The set {F;} is said to be a simple collection if dim Hom(F;, Fj) = d;;. We define
non-commutative deformations of the collection {F;} as iterated non-trivial mutual extensions
of the F;. We will prove that the non-commutative deformations behave very nicely under the
condition of simplicity.

In §2, we define a multi-pointed non-commutative deformation of a collection of objects.
In §3, we treat non-commutative deformations of objects as their iterated extensions. The
first theorem states that, for any two sequences of iterated non-trivial extensions of a simple
collection, there exists a third sequence of iterated non-trivial extensions which dominates others
(Theorem 3.3). In particular, if the extensions terminate, then there exists a unique versal
deformation.

In the second theorem in §4, we prove the converse statement that arbitrary sequence of
iterated non-trivial extensions of a simple collection can be regarded as a non-commutative
deformation. The point is that the base ring of the deformation is recovered as the ring of
endomorphisms. For this purpose, we consider a tower of universal extensions of a simple
collection, and we prove the flatness of the extension over the ring of endomorphisms. In this
way we construct a versal multi-pointed non-commutative deformation (Theorem 4.8).

As applications we construct relative multi-pointed exceptional objects and relative multi-
pointed spherical objects in some special cases in §§5 and 6. A relative multi-pointed exceptional
object yields a semi-orthogonal decomposition of a triangulated category, and a relative multi-
pointed spherical object yields a twist functor. In the case of a local Calabi—Yau threefold, we
will prove that a versal non-commutative deformation of a simple collection becomes a relative
spherical object if the deformations stop after a finite number of steps.

We will use the abbreviation ‘NC’ for non-commutative, or, more precisely, not necessarily
commutative in the rest of the paper.

2. Definition of r-pointed NC deformations

We give a definition of multi-pointed NC deformations. It is modified from [Lau02] in order to
adapt to our situation of deformations of sheaves. It seems that our treatment is also different
from [DW15], because our definition works well only in the case of simple collections. See also
[BB15].

We would like to consider infinitesimal deformations of r coherent sheaves on a variety at
the same time for a positive integer r. If we consider only commutative deformations of these
sheaves, then they deform independently. But NC deformations reflect interactions among the
sheaves.

First we define the category of base rings for deformations according to [Lau02].

DEFINITION 2.1. Let k be a base field, let r be a positive integer, and let k" be the direct product
ring. An r-pointed k-algebra R is an associative ring endowed with k-algebra homomorphisms

k" — R — k"

whose composition is the identity homomorphism.
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Let e; be the idempotents of R corresponding to the vectors (0,...,0,1,0,...,0) € k" for
1 <4< r, where 1 is at the ith place. We have >, ; e; =1, e;e; = ¢; and e;e; = 0 for ¢ # j. Let
R;j =e;Re; C R. Then R = @zjzl R;j, and R can be considered as a matrix algebra (R;;) such
that the R;; are k-vector spaces and the multiplication in R is given by k-linear homomorphisms
R;; ®x Rjr, — Ri.

Let M; be the kernels of the surjective algebra homomorphisms R — k" — k for 1 < i < 7,
where the second homomorphisms are ith projections. These are maximal ideals and the R/M;
are simple two-sided R-modules. Let M = NM;. We have M = Ker(R — k") and R/M = &R/M;
as R-modules.

DEFINITION 2.2. We define (Art,) to be the category of r-pointed k-algebras R such that
dimy R < oo and M is nilpotent.

The second condition is independent. For example, let R = k®k be a commutative k-algebra
with r =1 and M = 0@ k. Then M is not nilpotent.

If R € (Art,), then any simple right R-module is isomorphic to some R/M;. Indeed, let
N = R/I be a simple module for a right ideal I. Since M is nilpotent, there is an integer 7 such
that M? ¢ I but M*t' C I. Then there is an element n € N such that nM = 0 in N. Then
Ann(n)/M is a right ideal of R/M = k", that is one of the M;/M.

DEFINITION 2.3. Let A be a k-linear abelian category. An object F' of A has a left R-module
structure if there is a k-linear map R — End(F). For a right R-module N with presentation
RD — RY) > N — 0, we define a tensor product N ®p F as the cokernel of FO) — F()).
F is said to be flat if the exactness of a sequence 0 - Ny — Ny — N3 — 0 of right R-modules
implies the exactness of a sequence 0 > Ny QrF — No®@rF — N3®QrF — 0.

A set of objects {F;}]_; in A is said to be a collection in this paper. Let F' = &F;. An
r-pointed NC deformation of the collection {F;} over R € (Art,) is a pair (FRg, ¢) consisting of an
object Fr of A which has a flat left R-module structure and an isomorphism ¢ : R/M ®p Fr =
F inducing isomorphisms R/M; @ Fr = F; for all i. The r-pointed NC' deformation functor
Defyp,y : (Art,) — (Set) of {F;} is defined to be a covariant functor which sends R to the set
of isomorphism classes of r-pointed NC deformations of {F;} over R. If R — R’ is a k-algebra
homomorphism, then r-pointed deformations Fr over R are mapped to r-pointed deformations
R' ®p Fgr over R'.

For example, we can take A = (coh(X)), the category of coherent sheaves on an algebraic
variety X defined over k.
We give a definition of a versal deformation.

DEFINITION 2.4. A sequence of r-pointed NC deformations {(F(™, (™)} of {F;} over rings
(R™, M™) e (Art,) with surjective homomorphisms of r-pointed algebras fant1 ¢ R(+1)
R™ such that (F(™, ¢™) = R ®R<n+1)(F("+1),¢("+1)) is called a wversal deformation if the
following conditions are satisfied.

(i) For any r-pointed deformation (Fg/,¢') of {F;} over a ring R’ € (Art,), there exist a
positive integer n and a ring homomorphism of r-pointed algebras ¢ : R™ — R’ such that
(Frry @) = R @ gy (FM, ¢M).

(ii) There exists a positive integer n such that the natural homomorphisms M ™) /(M ("))2
— M®/(M™)2 are bijective for all n’ > n, and the induced homomorphism
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dg : M™ /(M™)2 - MR//M}%, is uniquely determined, i.e., dg = dg’ for any other choice

¢ satisfying (i).

It follows from the condition (ii) that for each m there ex1sts n(m such that the
natural homomorphisms (M ™))™ /(M )erl — (M O)ym (pr(m)ymtl - are  bijective
for all n’ = n(m). Indeed, there are surjective homomorphisms ( M) /(M ()2 ) mo—
(MO /(M) ymFL (A /(MY for any n/ > n, so that dim(M ™))™ /(M) ym+1
stabilize for large n’.

We have uniqueness of a versal deformation.

PROPOSITION 2.5. Let {(Fj(n), ¢>§-n))} (j = 1,2) be versal r-pointed NC deformations of F over

rings (Rg.n),Mj(n)) € (Art,), and let R; = 1(i_111R§n) be the inverse limits. Then there is an

isomorphism f : Ry — Ry which induces an isomorphism @Fl(n) S Ry @FQ(”)

Proof. By the versality, we have ring homomorphisms f : Ri — Ry and g: Ry — Ry which

induces isomorphisms @Fl(n) >~ R1&® By l(glFQ(n) and LE] FQ(n) ~ Ro® 7 1(&1 Fl(") . It is enough to

prove that g o f and f o g are bijective. We know that g o f induces the identity on M 7 /M?

Therefore it follows that it induces surjections on Mz’ /MlgHl for all m. Since Mp, /M; is finite
1 1 1

dimensional as a k-module, so are the Mg /Mg“. Therefore they are also injective. Hence go f
1 1
is bijective. f o g is bijective similarly. O

Remark 2.6. (i) There is a hull R for the functor Def{ ;) under suitable conditions [Lau02].

If » = 1, then the maximal commutative quotient (R)ab coincides with the hull of the usual
commutative deformation functor. R is determined by Ext! (F,F) and the Massey products
(Ext}(F, F))®™ — Ext?(F, F) for m > 2 [Lau86]. We will not use these facts.

(ii) NC deformations exist only over local base by definition. But Kapranov and Toda
constructed globalization of NC deformations in the commutative direction [Tod15b].

3. Iterated non-trivial r-pointed extensions

We shall define the notion of a simple collection and consider its iterated non-trivial multi-pointed
extensions. A simple collection behaves well under iterated multi-pointed extensions.

DEFINITION 3.1. Let A be a k-linear abelian category, and let r be a positive integer. A collection
{Fi}i_; in A is said to be a simple collection if dim Hom(F;, Fj) = ;5.

If A is a category of coherent sheaves on a variety, then a member of a simple collection is
usually called a simple sheaf. This is the origin of the term ‘simple’. But we note that a simple
sheaf is not necessary a simple object in the abelian category of sheaves.

We consider iterated non-trivial r-pointed extensions of a simple collection {F;}/_;.

DEFINITION 3.2. A sequence of iterated non-trivial r-pointed extensions of the simple collection
{Fi}i_, is a sequence of objects {G" }o<n<n for a positive integer N with decompositions G" =
@®;_, G such that G? = F;, and for each 0 < n < N, there are i = i(n) and j = j(n) such that

O—>Fj—>G?+1—>G?—>O

is an extension corresponding to a non-zero element of Ext! (G, F}), and G"H G7 for 7 # .
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We prove that any two iterated non-trivial r-pointed extensions are dominated by a third.

THEOREM 3.3. Let {F;} be a simple collection, and let G be an object. Let 0 — F;, — G —
G — 0 for j = 0,1 be two non-trivial extensions which are not isomorphic. Then there exists a
common object H with non-trivial extensions 0 — F;, . — H — G; — 0.

Proof. Let & € Ext!(G, F;;) be non-zero elements corresponding to the given extensions. We
consider exact sequences

Hom(F;,_,,F;,) — Ext'(G, F,,) - Ext'(G1-;, F},)

1—5
derived from &;_;. Let §§» € Extl(Gl_j, F;;) be the images of §; by the second homomorphism.
We claim that ‘f; # 0. Indeed if ig # i1, then the first term vanishes, hence 5; £ 0. If ig = i1, then
the image of the first homomorphism is generated by &;_;, hence the image of &; by the second
homomorphism is non-zero because the two extensions are not isomorphic.

We have a commutative diagram

0 F, H Gy 0
0 F Go G 0
0 0

where the two horizontal short exact sequences correspond to & and &y. They are commutative
by the construction of ;. By the 9-lemma, we obtain the two vertical short exact sequences,
which correspond to &] and &;. Therefore we have constructed a common non-trivial extension H.

H can be directly constructed as the kernel of the morphism py — p1 : Go ® G1 — G where
the p; : Go ® G1 — G; — G are the given morphisms. O

The maximal iterated non-trivial r-pointed extension is unique if it exists.

COROLLARY 3.4. Let {G™}o<m<nm and {H"}o<n<ny be two sequences of iterated non-trivial
r-pointed extensions of a simple collection {F;}. Assume that Ext'(GM, F;) = 0 for all i. Then
M > N, and there exists a sequence of iterated non-trivial r-pointed extensions {H" }o<n<m
extending the given sequence such that GM = HM _ In particular, the maximal iterated non-trivial
r-pointed extension is unique if it exists.

Proof. Let N' < min{M, N} be the maximum number such that the sequences {G™ }g<m<n’ and
{H"}o<n<n’ are isomorphic as iterated non-trivial r-pointed extensions. We will prove that there
exists another sequence {(G’)"}o<m<ar such that (G')” =2 GM and N” > N’ for the maximum
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number N” where the sequences {(G')"}o<m<n» and {H"}o<n<n» are isomorphic. Then we
obtain our assertion by the induction.

We will obtain the new sequence {(G’)™}o<m<m by replacing the extensions inductively.
Namely, let L be a common extension of GV'*1 and HN'*1 of GN' = HN' given by the theorem.
If L' =2 GN'*2 then we replace GN't1 by HV'*! and leave other extensions G™ unchanged.
Otherwise we take a common extension L? of GN'*2 and L! over GN'*1. If L2 =~ GNV'*3, then
we replace GN't1 and GV'*2 by HN'*! and L', respectively, and leave other extensions G™
unchanged. Otherwise we take a common extension L3 of GN'*3 and L? over GN'*2. Since
Ext!(GM, F;) = 0 for all 4, this process stops after finitely many repetition, hence our result. O

Remark 3.5. (i) The above theorem is the reason why our theory works well only for simple
collections.

(ii) The sheaf G™ in the above corollary will be proved to be a versal r-pointed NC
deformation of the simple collection {F;} in the case where the base ring is finite dimensional
in Theorem 4.8. The base ring of the deformation will be constructed in the next section. The
general case where the sequence of iterated non-trivial r-pointed extensions may not terminate
will also be treated there.

We will need the following in the next section.

LEMMA 3.6. Let {G"} with G" = @, G} be a sequence of iterated non-trivial r-pointed
extensions of a simple collection {F;}. Then dim Hom(G?, F;) = §;; for all i, j,n.

Proof. We proceed by induction on n. If n = 0, then the assertion is true by the assumption of
the simplicity. Suppose that we have an exact sequence

0— F— G - GI" > 0.
Then we have a long exact sequence
0 — Hom(G?, F},) — Hom(G?, Fy,) — Hom(F}, F},) — Ext!(G?, Fy)

for any k. If k # j, then the third term vanishes, hence the first arrow is bijective. If k = j,
then the last arrow is injective because the extension is non-trivial. Therefore the first arrow is
bijective again. Hence we complete the proof. O

4. Iterated universal r-pointed extensions

We will construct a sequence of universal r-pointed extensions of a simple collection {F;} under
the assumption that dim Ext!(F,F) < oo, and prove the existence of a versal r-pointed NC
deformation.

PROPOSITION 4.1. Let {F;}._, be a simple collection, let F = @;_, F; be the sum of the
collection, and set F = F©) and F; = Fi(o). Assume that dimExt!(F, F) < oo. Then there

exists a sequence of universal extensions F(™) = D, Fi(n) given by

0— @Extl(Fi(n),Fj)* ® F; — Fi("H) — Fi(n) -0
J

for each i, which is also obtained by a sequence of iterated non-trivial r-pointed extensions of
the collection {F;}.
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Proof. A natural morphism Fi(n) — @D, Extl(Fi(n),F})* ® Fj;[1] in the derived category D(A)
of the abelian category A yields the extension as stated in the proposition. We will prove that
this extension is obtained as an output of a sequence of iterated non-trivial r-pointed extensions
of the collection {F;}. We note that we have dim Extl(Fi(n),Fj) < oo for all ¢, j,n under the
assumption.

We write G = Fi(n). We take a basis {vj1,...,vjnm;} of Extl(G,Fj) for each 7, and let
Vim C Ext!(G, F}) be the subspaces generated by v;1,...,vjm for 1 <m < M;. We set Vj o =0.
The natural morphisms

j—1 Jj—1
G — PExt (G, Fr)* ® B[] @V, ® Fj[1] > @D Ext! (G, Fy)* @ Fy[1] @ Vs, ® Fj[1]
k=1 k=1

yield a commutative diagram of extensions

0 —— @i;ll Extl(G,Fk)*(X)Fk@Vn’;@Fj . qM+m G 0
0 > DI Ext (G R @ Fa Vi ® Ff ——s GMtm-1 G 0

where M = Zf;ll M. Thus we obtain extensions
0 — F] N GM+m N GM+m—1 = 0.

We will prove that these extensions are non-trivial. Since Hom(Fj/, F}) = k5j’j, we have a
commutative diagram of exact sequences

V-1 —— Ext!(G, Fj) —— Ext'(G™1 F))

Vin —— Ext'(G,F;) —— Ext'(G™, F})
where the last vertical arrow has a non-trivial kernel generated by the image of v;,,. Therefore
the extensions above are non-trivial.
A referee pointed out that the above universal extension can be expressed as
0 — Ext!(F™ F)* @p, F — F"*) - W 5 g
for Rp = End(F) =Kk". O

DEFINITION 4.2. We define a filtration of F(") by GP(F(™) = Ker(F™ — F®=1) for 0 < p <
n + 1. We have GO(F(") = F(") and G"+1(F") = 0.

Let Endg(F (")) be the ring of endomorphisms of the object F(™ which preserve the filtration
{GP}.

LEMMA 4.3. The natural ring homomorphism Endg(F"+Y) — Endg(F™) is surjective.
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Proof. Since we only consider endomorphisms preserving the filtration, there is certainly a
natural ring homomorphism. For any element f € Endg(F ™), we have a commutative diagram
in the derived category D(A).

FntD) Fn) @, Ext'(FM, Fy)*  F[1]
fl f**l
FntD) F) P, Ext'(FM, Fy)* © F[1]
We obtain a lifting of f to Endg(F™!) by the axiom of a triangulated category. 0

By Lemma 3.6, we have the following

LEMMA 4.4. Let ro =7 and rm41 = ) ; dim Ext!(F™) F}) for m > 0. Then dim Endg(F™) =
2 m=0 Tm-

Proof. We have dim Endg(F(©) = r. We have the following exact sequence

0 — Hom <F<m+1>, P Ext' (P, F)* ® Fj> — Endg(F ™)) > Endg(F™).  (4.1)
J

The dimension of the first term is equal to 3 ; dim Ext!(F™), F}) = ry,11. Therefore we complete
the proof. O

LEMMA 4.5. dimEnd(F(™) < 3" 7.

Proof. By Lemma 3.6, we have dim Hom(F(), F}) = 1 for all i. Since the total number of the F;
in the extension process yielding F(™ is equal to > om0 m, we deduce our inequality by exact
sequences. O

COROLLARY 4.6. The natural inclusion Endg(F™) C End(F™) is bijective.

Let R™ = End(F®™) and RE?) = Hom(Fj(n), Fi(n)). Then we can write in a matrix form as
R = (RZ(;L)) Let M = Ker(R™ — R()) and Mi(n) = Ker(R™ — R — k), where the last
arrow is the projection to the ith factor.

PROPOSITION 4.7. R™ € (Art,).

Proof. There is a ring homomorphism R™ — R 2 k" The idempotent e; of R coincides
with the projection F(™ — Fi(n) C F() to the ith factor. This gives the k"-algebra structure of
R(™ . We know already that dim R < co.

We will prove that M is nilpotent by induction on n. M = 0. We assume that ( M(”)) m_
0 for some m > 0, and consider M (1) By the assumption, (M(n+1))m(F(n+1)) - G”H(F("H)),
where G (F("T1) = SR Ext!(F(, F;)* ® F;. There is an exact sequence
0— Hom(F(O), G”H(F(TH-I))) N Hom(F(”H), G"H(F("‘H)))
N Hom(Gl (F(nJrl)), Gl (F(n+1))),

The first homomorphism is bijective by Lemma 3.6, hence the second homomorphism is zero. It
follows that (M(TH—l))m(Gl (F(n+1))) = (0. Therefore (M(n-‘rl))Zm = 0. 0O
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THEOREM 4.8.
(i) The above-constructed F(™ with a natural isomorphism ¢ : R(™ /(") Qp(n) Fn) >~ F g
an r-pointed NC deformation of the simple collection {F;} over the ring R™.

(ii) The sequence {(F™ ¢(™)} of r-pointed NC' deformations over {(R™, M)} is a versal
deformation of the simple collection {F;}.

Proof. (i) Since dimHom(F™ F;) = 1, we have Hom(F(™ F;) = R(”)/M](n) as right R(™-
modules for all . Indeed if Hom(F(”), F}) is generated by the natural projection f;, then M j(n) =
{s € R™ | f;s = 0}. Thus we have exact sequences of right R(™-modules

0~ PExt'(FP, Fy)* @ R(n)/M](”) _ RUHD _, g 5
j

for 0 < k < n by (4.1), where the last arrow is surjective by Lemma 4.3 and Corollary 4.6.

We prove that R(*) QR F =~ (k) and Tor}%(n) (R(k), F(")) = 0 by the descending induction
on k. If k = n, then this is obvious. By taking the tensor product ® R(n>F(") with the above exact
sequence, we obtain the universal extension exact sequence

0 —» PExt (FP, F)* @ F; — F*+D o p®) 0,
j

Therefore, if our assertion is true for k + 1 for some 0 < k < n, then it is also true for k. If we
set k = 0, then we obtain

RO /M @ P 2 F,

and
Tork, (R™ /M, FM) = 0

)

for all 7. There are no simple R™-modules other than the R(" /Mi(n), and any right R-module
of finite type is an iterated extension of simple modules. Therefore F(™ is flat over R(™).

(ii) Let Fg be an arbitrary r-pointed NC deformation of F over (R, M). Since M/M?, and
hence M* /M**! for all k, are direct sums of simple modules R/M; = k, there exists a decreasing
sequence of two-sided ideals {I,,,} of R such that I[p = M, I,, =0 and I,;,/I,,+1 = k for all m. We
will inductively construct k-algebra homomorphisms f,, : R(%) — R /I, for some non-decreasing
sequence of integers a,, such that we have isomorphisms R/I,, ®g Fr = R/In @ gam) F (@m) oyer
R/I,, for all m.

Assume that f;, is already constructed, and let us extend it to f,,+1. We consider an extension
of algebras

0— I/Ims1 — R/Ipy1 — R/I, — 0

and the corresponding extension of objects
0— F, — R/Ierl Rr Fr — R/Im QrFr—0

for some 4. Since there is an isomorphism R/I,, ®r Fr = R/Im ® gam) F' (@m) the homomorphism
fm induces a natural homomorphism f}, : Ext'(R/I,, ®g Fg, F;) — Ext!(F(@m) F}). Let

0—> F,—> G — Flm)
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be the induced extension given by G = Ker((R/Ini1 ®r Fr) ® F*) — R/I,, ®p Fg). It is an
NC deformation over R' = Ker(R/I,n41 ® R*) — R/I,,) (see Lemma 4.9 below). Let p : R’ —
R/I4+1 and ¢ : R’ — R(@m) be projections. Then we have R/I41®r G = R/t @r Fr by
p, and R(*) @ p G = Flom) by ¢.

There are two cases. If the extension is trivial as G = F©@m) ¢ F;, then we have R’ 2
Rlam) @ R/M;. There is a homomorphism g : R(@m) s R’ given by the identity and the projection
such that we have R’ ® pam) Flam) =~ G by g. We set amp1 = am.

If the extension is non-trivial, then there is a non-zero element ¢ € Ext!(F(@m) F)
corresponding to G. There is a homomorphism g : R@+Y) — R’ given by &, : Ext!(F(em) F i)*
— k such that we have R’ @ p(am+1) FOm D) 2 G by g. We set apmi1 = am + 1.

In either case, if we set f,11 = po g, then we have

R/Lint1 ® pamsn) Flme) = R/T 1 @p G = R/Ini1 ®r Fr.

This is what needs to be proved.
For all i, we have induced extensions

0—>M/MM1®RFR—>R/MM1®RFR—>F—)O,
where we have M/MM; @ Fr = Fibi for some b; > 0. Since the extension
0—> @Ext' (F,F)*®F,—> FY 5> F 50

is universal, there are uniquely determined homomorphisms Ext!(F, F; ) - M / M M; over k such
that their sum induces the first extensions from the second. Since R /MM = R/M = k" are
generated by dilations, the sum of the homomorphisms are uniquely extended to a k-algebra
homomorphism R(Y) — R/M? as required. O

LEMMA 4.9. Let Fr, be r-pointed NC deformations of a collection {F;} over R; € (Art,) for
t =0, 1,2. Assume that there are ring homomorphisms f; : Ry — Rg such that Ry ®g, Fr, = Fr,
for t = 1,2. Then Fr, = Ker(Fgr, ® Fr, — Fg,) is an r-pointed NC deformation of {F;} over
R3 = KeI'(Rl D R2 — RO)

Proof. We prove that Fpg, is flat as a left R3-module. Let M;; be the ith maximal two-sided
ideals of Ry, i.e., Ry/M;y; ® Fr, = F; for t = 0,1,2,3. We have M3 ; = Ker(M;; ® Ma; — My;).
We will prove that Torl®(Rs/Ms;, Fr,) = 0 for all i.
By using the induction on the length of Ker(f1), it is sufficient to treat the case where there
is an exact sequence
0— Rl/Ml,j —> R1 —> R() — 0

for some j. Then we have

0— R3/M3’j — R3 — R2 — 0,
0— R3/M37j —> M37Z‘ —> M27i —> 0,
0—)Fj—>FR3—)FR2—>O.

By the flatness of the F, over R; for t = 0,1,2, we have exact sequences

O_>Mt,i®RtFRt _>FRt — F;, — 0.
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We consider the commutative diagram

0
F; N F;
B
M3,Z' ®R3 FR3 —’Y> FR3 FZ 0
0 —— Mgﬂ' @R, FR2 _ FR2 F; 0
0 0

where the first and second columns and the second and third rows are exact. Then the arrow «
is surjective. Since Fj is simple, it is also injective. Then f is injective. It follows that v is also
injective. Therefore Fpr, is flat. g

Remark 4.10. (i) The above argument gives an explicit construction of the pro-representable
hull, i.e., the versal r-pointed NC deformations, for a simple collection in a k-linear abelian
category A as the inverse limit of the F(").

(ii) The presentation of the pro-representable hull by Massey products [Lau86] corresponds
to the following exact sequences

0 — Ext!(F"*V Fy) > @ Ext' (F™, Fj) @ Bxt! (F), F,) — Ext>(F™, Fy),
J

where we obtain inductively injective homomorphisms Ext!(F(), F) — (Ext!(F, F))®(+1),

(ili) The above defined versal family is not universal due to the non-commutativity of
the deformation rings. The deformation functor is pro-representable if the following condition
is satisfied: for any surjective ring homomorphism R — R’, the natural homomorphism
Autg(FRr) — Autp/ (Fg/) for Fpr = R' ®p Fg is surjective. Since Endg(Fgr) = R, it follows that
Autr(FR) coincides with the group of units of the center Z(R) of R. Since Z(R) — Z(R') is not
necessarily surjective, there is no universal NC deformation of a simple collection in general.

Indeed, two different homomorphisms to the versal algebra may give rise to isomorphic
deformations. Let Fr be an r-pointed NC deformation of F' over (R, M). Assume that there is a
socle I of R; I is a two-sided ideal such that I = R/M; for some i. Let R = R/I. Let f : R™ — R
be the homomorphism obtained in the above theorem, and let f : R™ — R be its restriction.
Assume that there is an invertible element o € R which is not in the center of R such that its
image @ € R is in the center. Then f’ = afa™' : R™ — R is different from f, induces f, and
induces Fr as shown in the commutative diagram

0 I, Fr Fp 0
I
0 I, Fr Fp 0

where o induces a k-isomorphism of Fr which does not commute with the action of R.
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We give some criteria for the versality.

COROLLARY 4.11. Let F = ©F; be a simple collection.

(i) Let G be a final object in a sequence of iterated non-trivial r-pointed extensions of F,
i.e., the object obtained as the final output of the sequence of extensions. Assume that
Ext! (G, F) = 0. Then G is a versal r-pointed NC deformation of F.

(ii) Let G be a final object in a sequence of iterated r-pointed extensions of F' which are not
necessarily non-trivial. Assume that Hom(G, F;) = k and Ext! (G, F;) = 0 for all i. Then G
is a versal r-pointed NC deformation of F'.

Proof. (i) The assertion follows from the existence and uniqueness of a versal r-pointed NC
deformation proved in Theorem 4.8.
(ii) The condition Hom(G, F;) = k for all ¢ implies that the extensions are non-trivial. O

5. r-pointed relative exceptional objects

Exceptional collections yield important examples of semi-orthogonal decompositions. We extend
the definition of an exceptional object to a relative version, and prove that it also yields a
semi-orthogonal decomposition.

We note that, if Fr is an r-pointed NC deformation of some collection over R, then
Hom(FR,a) has a right R-module structure for any a € A.

We consider its derived version. Let X be an algebraic variety. For a € D’(coh(X)), we take
a quasi-isomorphism a — I to an injective complex, and we define R Hom(Fg,a) = Hom(Fg, I).
Then RHom(Fg,a) has a natural right R-complex structure. This complex is well defined in
D’(R°), where R° is the opposite ring of R, because, if a — I’ is another quasi-isomorphism
to an injective complex, then there is a quasi-isomorphism Hom(Fg, I) — Hom(Fg, I') which is
uniquely determined up to homotopy.

DEFINITION 5.1. Let {F;}I_; be a simple collection in the category of coherent sheaves (coh(X))
on an algebraic variety X, and let Fr = @, Fr; be an r-pointed NC deformation over R € (Art,.).
Assume that X is quasi-projective and Fp is a perfect complex whose support is projective.

The pair (Fg, F) for F = @, F; is said to be an r-pointed relative exceptional object if
RHom(Fg, F) = R/M as right R-modules, i.e., dim Hom(Fg, F;) = 1 for all i and Ext?(Fg, F)
=0 for all p > 0.

We note that Hom(Fg;, Fr,;) may not vanish even though Hom(F;, Fj) = 0 for i # j.
We consider only those relative exceptional objects which are versal NC deformations in this
paper, but we may consider such objects in other situations.

THEOREM 5.2. Let X be a quasi-projective variety, and let (Fgr,F) with F = @,_, F; be
an r-pointed relative exceptional object in (coh(X)) over R. Assume that Fr is a perfect
complex whose support is projective. Let (F;)7_, denote the smallest triangulated subcategory
of D?(coh(X)) which contains all F;. Then there is a semi-orthogonal decomposition

D*(coh(X)) = (({(Fi)i=1) ™ (Fi)i1)
with an equivalence
(F;)'_, = D’(mod-R).
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Proof. We prove the theorem using a down-to-earth method of diagram chasing. A more modern
proof is presented in the following remark.

First we define the derived dual F; of F in the following. By this step, we will be able to
define a functor for the semi-orthogonal decomposition by the cone construction. Fj will be the
derived dual in D%(coh(X)) equipped with a uniquely determined right R-module structure.

Since FR is an R®y Ox-module which is a perfect complex as an Ox-module, there is an
exact sequence of left R ®, Ox-modules

0—)Pm—>---—>P0—>FR—>0

such that P; for 0 < i < m are locally free as R ®k Ox-modules and P, is locally free as an
Ox-module. Then we define Fj, = Hom(FP,,Ox). It is a complex of right R ®y Ox-modules.
We prove that F} is well defined as an object in D*(Ox) with a right R-module structure.
Let P. be another resolution of Fg of length m’ as above. Then by using the lemma below, we
construct a third resolution P! of Fr of length m” > m, m’ which makes the following diagram

commutative:
0 —— Pm// s P() FR 0
O E— P#L// e Pél FR O
0 —— P7’n P . Pé Fr 0

where we set P; =0 for ¢ > m and P/ =0 for ¢ > m/.

Indeed we construct the P/ by induction on i as follows. Assume that the P, are already

constructed for ¢ < ig. We take a locally free R ®y Ox-module P which surjects to Ker(PZ-’é —

i _1)- Using the lemma, we take a very ample invertible sheaf L and a subspace V C H O%(X,L)
which generates L, and let P! | =V @, L™' ® P with a homomorphism P, — P} induced
by the natural surjective homomorphism V ®, L~! — Ox. Then the composite homomorphisms
Pl ,— P! — P, and P/, — P — P/ factor through P; ;1 and P; ,,, respectively.

Moreover if there are two vertical morphisms between the same complexes which make the
diagram commutative, then there exists a chain homotopy between these morphisms due to
the same lemma.

Indeed we construct a chain homotopy {h; : P" — P;;1} between two morphisms {g; : P/ —
P;} and {g, : P — P;} by induction on ¢ as follows. Assume that the h; are already constructed
for i < 7p. Using the lemma, the difference of g;,4+1 — gl’-O 41 and the composite homomorphism
Pi’é b Pi’(’) — Pj 41 defined from h;, factors through Pj, ;1.

Thus there are uniquely determined morphisms Hom(P,,Ox) — Hom(P), Ox) and
Hom(P.,Ox) — Hom(P!,Ox) in D’(Ox) which are compatible with their right R-module
structures. These morphisms are in fact isomorphisms in D’(Ox) as is well known.

We define Fy XL Fr = Hom(P,, Ox) g Fg as an object in D’(coh(X x X)). The derived
tensor product is taken in D’(coh(X x X)) and not as R-modules. Here we note that Fg is
R-flat. Let G : D?(coh(X)) — D%(coh(X)) be an integral functor defined by a Fourier-Mukai
kernel Cone(F5 X5 Fr — Ay) on X x X.

Since the P; are locally free, we have RHom(P,,a) = Hom(P,,a), hence

pox(pia ® Fjy X% Fr) = RT(X, Hom(P,, a)) ®r Fr = RHom(Fg,a) ®p Fg.
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Thus we have distinguished triangles
RHom(Fg,a) ®r Fr — a — G(a)

for all @ € D?(coh(X)). We note that the derived tensor product is taken over the structure
sheaves but we take usual tensor product over R. This is justified because Fg is flat over R.

Since Hom(Fg, Fr[p]) = 0 for all p # 0, we have RHom(Fg, Fr) = Hom(Fg, Fr) = R. Hence
we obtain R Hom(Fg,G(a)) = 0 by taking R Hom(Fg,e) of the above triangle. Thus we obtain
a semi-orthogonal decomposition

D*(coh(X)) = ({Fr)", (FR))

with an equivalence
(Fg) = Db(mod-R)

by the tilting theory (cf. [TU10, Lemma 3.3]), where an equivalence ® : D’(mod-R) — (Fg) is
given by ®(b) = b®p FRr, and its quasi-inverse ¥ : (Fr) — D?(mod-R) by ¥(a) = R Hom(Fg,a).
Finally, since RHom(FRg, F;) = R/M;, we have G(F;) = 0. Therefore (Fr) = (F;)]_;. O

LEMMA 5.3. Let X be a quasi-projective variety, let

f f: fn
Qo —— Q1 — --- Qn

be an exact sequence of R ®y Ox-modules, and let P be a locally free R @y Ox-module. Then
there exists a very ample invertible sheaf L on X, without R-action, which satisfies the following
condition: for any given R®jy Ox-homomorphism g; : L' @ P — Q; such that f;;10g; =0
for some 1 < i < n, there exists a R ®y Ox-homomorphism h;—1 : L' ® P — Q;_1 such that
gi = fiohi—1.

Proof. Tt is sufficient to take L such that H'(X, Hompge, o, (P,Ker(f;)) ® L) = 0. a

Remark 5.4. A referee suggested the following algebraic proof of Theorem 5.2 using the Brown
representability theorem [Nee96, Theorem 4.1]: a triangulated functor between triangulated
categories has a right adjoint functor if the source category is compactly generated and has
all small coproducts (arbitrary direct sums), and if the functor respects coproducts. This proof
shows the power of modern technology compared to the down-to-earth old argument above in
the same way as in [Nee96].

We consider unbounded derived categories of quasi-coherent sheaves D(Qcoh(X)) and (not
necessarily finitely generated) modules D(Mod-R). We define a functor ® : D(Mod-R) —
D(Qcoh(X)) by ®(e) = e®@p Fr. Since D(Mod-R) is generated by D°(mod-R), it is compactly
generated. Since ® commutes with (not necessarily finite) direct sums, it has a right adjoint
functor ¥ : D(Qcoh(X)) — D(Mod-R). By adjunction, we have

HP(¥(a)) = Hom(R, ¥(a)[p]) = Hom(®(R), alp]) = Hom(FF, alp])

for all p. We note that we do not have to define R Hom(Fg, a) in this proof. Since Ff is a perfect
complex with proper support, it follows that W induces a functor ¥ : D?(coh(X)) — D®(mod-R).
Let ® : D’(mod-R) — D%(coh(X)) be the restriction of ®.

Since Hom(Fg, Fi[p]) = 0 for p # 0 and all 7, we have Hom(Fg, Fr[p]) = 0 for p # 0. Since
Hom(Fg, Fr) = R, we have

HP(¥(2(b))) = Hom(R, ¥(®(b))[p]) = Hom(Fr, bp] ©r Fr) = H"(b).
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Thus the adjunction morphism b — W(®(b)) is a quasi-isomorphism. Therefore ® is fully
faithful, and ®(D"(mod-R)) is a right admissible subcategory [BK89] with a semi-orthogonal
decomposition as stated in the theorem, where ®(D®(mod-R)) is generated by the F; = ®(R/M;),
since D?(mod-R) is generated by the R/M;.

We consider some examples which yield relative exceptional objects.

Example 5.5. Let X be a singular quadric surface in P? defined by an equation zixo + :c% =0.
Let P=[1:0:0:0] € X be the vertex. Then we have a projection p : X\{P} — P!. We
denote by Ox (a) the reflexive hull of the invertible sheaf p*Op1(a) for any integer a. Ox(2) is an
invertible sheaf coming from a hyperplane section in P3, and we have Ox (Kx) = Ox(—4). By
the vanishing theorem [KMMS85, Theorem 1.2.5], we have HP(X,Ox(a)) =0 forp > 0ifa > —3.
Let ' = Ox(—1). We define an extension 0 - F' — G — F' — 0 by the commutative
diagram
0 — Ox(-1) —— G —— Ox(-1) —— 0

- | |

0 —— Ox(-1) —> 0% —— Ox(l) —— 0

where the right vertical arrow is obtained from an inclusion Ox(—2) — Ox whose cokernel is
supported in the smooth locus, and the sequence in the second row is exact since Ox (D) = Ox (1)
for D = {x1 = x3 = 0} is generated by global sections {1, z3/z1}. It is induced from the following
exact sequence on P!

0— Opi(—1) = 0% — Op1(1) — 0.

We note that G is a locally free sheaf, hence the extension is non-trivial. Moreover there is no
more local extension of G by F. Thus the dimension of the local extension at P is dim H(X,
ExtY(F,F)) = 1.

We will prove that there is no more non-trivial extension, G is a versal one-pointed NC
deformation of F', and that G is a relative exceptional object. Since G is locally free, it is
sufficient to prove that HP(X, Hom(G, F')) = 0 for p > 0. We have an exact sequence

0 - Ox — Hom(G,F) - Ox — Ext!(F,F) — 0,

where we have Hom(F, F') = Ox because F' is a reflexive sheaf of rank 1. Let H = Ker(Ox —
Ext!(F, F)). Then we have HP(X,Ox) = HP(X, H) = 0, hence HP(X, Hom(G, F)) = 0 for p > 0.

The base ring of the deformation G is R = k[t]/(t?), and G is a relative exceptional object over
R. Db(coh(X)) is generated by Ox (a) for —3 < a < 0 [Kaw04, § 5]. But we have an exact sequence
0 — Ox(-3) - Ox(—2)?> - Ox(—1) — 0. Hence it is generated by Ox(a) for —2 < a < 0.
Therefore we have a full collection of relative exceptional objects (Ox(—2),G,Ox), and an
equivalence

D®(coh(X)) == (D" (k), D*(K[t]/(t*)), D" (k).
This is a special case of results given in [Kuz08]. But the expressions of the rings seem different,
because such expressions are not unique. The algebra given in [Kuz08] seems to be Morita
equivalent to Kk[t]/(t?).
Example 5.6. Let X be a singular quadric hypersurface in P* defined by an equation z129 +
x3x4 = 0. It is a cone over P! x P
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Let P=[1:0:0:0:0] € X be a vertex, and p : X\{P} — P! x P! a projection. We denote
by Ox(a,b) the reflexive hull of an invertible sheaf p*Op1yp1(a,b) for any a,b. Ox(1,1) is an
invertible sheaf coming from a hyperplane section in P4, and we have Ox (Kx) = Ox (-3, —3).
By the vanishing theorem, we have HP(X,Ox(a,b)) =0 for p > 0 if a,b > —2.

Indeed there is a small resolution f :Y — X, a special case of a crepant Q-factorialization,
and an invertible sheaf Oy (a,b) such that Oy(a,b) ® Oy(—Ky) is nef and big and that
Rf.Oy(a,b) = Ox(a,b). Therefore the vanishing follows from [KMMS85, Theorem 1.2.3].

Let F} = Ox(0,—1) and F; = Ox(—1,0). We define an extension 0 - Fy - G1 — F; — 0
by the commutative diagram

0 —— Ox(-1,0) G Ox(0,-1) —— 0
0 —— Ox(—1,0) 0% Ox(1,0) —— 0

where the right vertical arrow is obtained from an inclusion Ox(—1,—1) — Ox, and the sequence
in the second row is exact since Ox (D) = Ox(1,0) for D = {x; = x3 = 0} is generated by global
sections {1,x4/z1}, where we note that x4/x1 = —x2/x3. It is induced from the following exact
sequence on P! x P!

0 — Opiypi(—1,0) = O3, p1 = Opiypi(1,0) — 0.

We note that (1 is a locally free sheaf, hence the extension is non-trivial. In a similar way, we
construct an extension 0 — F} — Go — F5 — 0 with G4 locally free.

We will prove that H?(X, Hom(Gj, F;)) = 0 for p > 0 and for all 4, j. We may assume that
1 = 1. We have an exact sequence

0 — Hom(Fy, Fy) — Hom(G1, Fy) — Hom(Fy, Fy) — Ext!(Fy, Fy) — 0.

Let Hy = Ker(Hom(Fy, Fy) — Ext!(Fy, Fy)). Since dim H(X, Ext!(Fy, F2)) = 1, we have
HP(X,H;) =0 for p > 0, hence HP(X, Hom(G1, F3)) = 0 for p > 0.

On the other hand, the natural homomorphism Ox(1,0) ® Ox(0,—1) - Ox(1,-1) is
surjective, because so is Ox(1,0) ® Ox(1,0) - Ox(2,0). Since there is an exact sequence

0— O0x(0,1) - G7 — Ox(1,0) — 0,
Hom(G1, F1) = Ox(1,—1) is also surjective, and we have an exact sequence
0 - Hom(F, F1) - Hom(G1, F1) - Hom(F, Fy) — 0.

Hence H?(X,Hom(G1, F1)) = 0 for p > 0.
G1 @ Gy is a versal two-pointed NC deformation of F} & F» over

[k Kkt 9
R_<]kt k) mod ¢°.

G1 @ G2 is a two-pointed relative exceptional object over R. We note that G; and G2 are
exceptional objects, but they do not form an exceptional collection, though there is a semi-
orthogonal decomposition with their right orthogonal complement.

Let f': Y’ — X be the blowing up at the vertex, and F the exceptional divisor. Then there
is a Pl-bundle structure p’ : Y’ — P! x PL. Let Oy/(a,b) = (p')*Op1p1(a,b). Since a relative
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hyperplane class of the bundle p’ is given by Oy (E) = Oy+(—1, —1), we deduce that D’(coh(Y"))
is generated by the Oy (a,b) for

(a,b) =(—-2,-2),(-2,-1),(-1,-2),(-1,-1),(-1,0),(0,-1),(0,0)
by [Or193]. Therefore D’(coh(Y)) and D®(coh(X)) are also generated by the Oy (a,b) and the

Ox(a,b) for such (a,b), respectively.
We have exact sequences

0— Ox(-1,-2) > Ox(-1,-1)> > Ox(~1,0) - 0,

0— Ox(-2,-1) = Ox(~1,-1)> = Ox(0,-1) — 0.
Thus D’(coh(X)) is generated by the Ox(a,b) for

(a,b) = (-2,-2),(—1,-1),(-1,0),(0,—-1),(0,0).
Therefore we have a full collection of relative exceptional objects
(Ox(-2,-2),0x(-1,-1),G,0x)
for G = G1 @ G2, and an equivalence
D*(coh(X)) = (D*(k), D°(k), D°(R), D" (k)).

This is a special case of results given in [Kuz08]. But the expressions of the rings seem different,
because such expressions are not unique. The algebra given in [Kuz08] seems to be Morita
equivalent to R.

Ezample 5.7. Let X = P(1,1,d) be the cone over a rational normal curve of degree d. We have
reflexive sheaves of rank one Ox (a) for integers a, and Ox (Kx) = Ox(—d—2). We consider NC
deformations of a sheaf F' = Ox(—1).

Since dim H(X, Ox(d — 1)) = d, we have an exact sequence

0— Ox (1)1 - 0% - Ox(d—1) = 0.
This is induced from the following exact sequence on P!
0— Op1(—1)"! - O, - Opi(d—1) — 0.
Let Z € |Ox(d)| be the smooth curve at infinity. Then we have an exact sequence
0— Ox(—1) > Ox(d—1) - Oz(d—-1) - 0.

Since dim H%(Z, Oz(d — 1)) = d, there is a surjective homomorphism 0% — Oz(d — 1). Let G
be the kernel. Then G is a locally free sheaf of rank d on X. Thus we have the commutative

diagram
0 0
0 —— Ox(-1)+!1 —— G ——> Ox(-1) — 0
0 —— Ox(-1)¥! —— 0% ——> Ox(d-1) —— 0

Oz(d—1) —— Oz(d—1)
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where the first horizontal sequence is exact because all other sequences are exact. Thus G is an NC
deformation of F = Ox(—1) over R =k|[t1,...,tq_1]/(t1,...,tq_1)?, and dim H(X, Ext!(F, F))
= d — 1. We have an exact sequence

0 — Ox — Hom(G, F) - 041 — extY(F, F) — 0.

Hence HP(X,Hom(G, F)) = 0 for p > 0 as in the above example. Therefore G is a versal NC
deformation of F' = Ox(—1), and G is a relative exceptional object over R.

By the vanishing theorem, we have HP (X, Ox(a)) =0 for p > 0 and a > —d — 1. By [Kaw04],
D(coh(X)) is generated by the Ox(a) for —d — 1 < a < 0. But there are exact sequences
0— Ox(—d—1)"" - Ox(—d)¥*' — Ox(—i) — 0 for 1 <i < d—1, hence it is generated only
by Ox(a) for a = —d, —1,0. We have a full collection of relative exceptional objects (Ox(—d),
G,Ox), and an equivalence

D"(coh(X)) = (D"(k), D*(R), D°(k)).

Ezample 5.8. Let X = P(1,2,3) be a weighted projective surface. X has two singular points P
and @ which are Du Val singularities of types A; and Aj, respectively. We have Ox(Kx) =
Ox(—6), hence HY(X,Ox(—i)) = 0 for 0 < i, and HP(X,Ox(—i)) =0 for p > 0 and i < 6. We
write Fi = Ox(—i).

First we consider NC deformations of a reflexive sheaf of rank one F; = Ox(—1). In this
example, the non-commutative deformations of F; do not terminate after finite steps, though
commutative deformations do.

Let us calculate local extensions of Fj at the singular points. The singular point P is a
quotient singularity of type %(1, 1). Then it is already known by the previous example that
Extt(Fy, F1)p =k, and the versal NC local deformation has the base ring k[s]/(s?).

The singular point ) is a quotient singularity of type %(17 2). Let a cyclic group Z/(3) act on
k[z, y] with weights (1,2), and let A C k[z,y] be the invariant subring. We may assume that the
sheaf Fy at @ is represented by the ideal (z)NA = (23, zy) in 4, and Fy at Q by (y)NA = (zy, y?)
or (x2) N A = (23, 2%y?). There are exact sequences

0= (2)NA—= A (zH)NA) - (z)NA—-0,
0= (1)NA— A% > (y)NA— 0,

where in the first sequence, the map A — (z) N A is given by 1 + zy, the map (#?)N A =
(23, 2%y?) — (z) N A = (23, 2y) and the map (r) N A — A are natural injections, and the map
(r) N A — (z?) N A is induced from 1 ~ —zy. In the second sequence, the map A% — (y) N A
is given by the generators (zy,y3), and the map (z) N A — A2 is given in the following way:
the map to the first entry of A is the composition of the isomorphism given by z — —y? and the
natural injection (z) N A = (y2)N A — A, while the second is the natural injection ()N A — A.

We claim that the versal NC deformation of the ideal (x) N A at @ has the base ring k[t]/(¢3).
For this purpose, it is sufficient to prove that Ext!'(Fy, F° 1) = k. From an exact sequence

0= (y)NA— A= (2)NA—0
we obtain an exact sequence
0> A— (()NA) & ((HP)NA) = (y)NA— ExtH(F, Fi)g — 0,

where the first arrow is given by 1 — (zy,2?y?) and the second induced by 1 — —zy and a
natural inclusion. Then the cockerel of the second arrow is generated by the image of zy, hence
one dimensional.
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We prove that a sequence of iterated non-trivial extensions G7 of F} never become locally
free for any n by induction on n. If G is not locally free at P, then we take an extension

O—>F1—>G’f+1—>G7f—>O

which induces a non-trivial extension at P and a trivial extension at ). Then G?H is not locally
free at ). The same argument works if we interchange P and (). Therefore we have proved our
assertion.

Indeed we could prove that the versal NC deformation has a base ring k(s, t)/(s?,3), which
is infinite dimensional, while its maximal abelian quotient k[s, t]/(s?,3) is finite dimensional.

Next we consider one-pointed NC deformations of reflexive sheaves Fy = Ox(—2) and
F3 = Ox(—3). Then the results are better, because Fy (respectively Fj3) is locally free at P
(respectively Q). We claim the following: Fy (respectively F3) has a versal NC deformation G
(respectively G3) over k[t]/(t3) (respectively k[s]/(s?)) which is a locally free sheaf of rank 3
(respectively 2), and they are relative exceptional objects.

As for F3, we can prove that Ext?(Gs, F3) = 0 for p > 0 in the same way as in Example 5.5.
We consider F. Since HP(X, Hom(Fy, F»)) = 0 for p > 0, we have Ext! (Fy, Fy) = HO(X, Ext!(Fy,
F,)) 2Kk, since we already proved Ext!(Fy, Fy)g = k. Therefore we have a non-trivial extension
0— Fy — G'2 — F5 — 0. We consider an exact sequence

0 — Hom(Fy, Fy) — Hom(GYh, Fy) — Hom(Fy, Fy) — Ext!(Fy, Fy).

Since G, is a non-trivial extension also locally at @, the last arrow is non-zero. Let H be the
kernel of the last arrow. Then we have HP(X, H) = 0 for p > 0, hence HP(X, Hom(G%, F»)) =0
for p > 0. Therefore Ext! (G}, ) = HY(X, Ext!(GY, F2)) =k, and we have a non-trivial extension
0 — F, - G2 — G4 — 0. In the same way, we obtain HP(X, Hom(G2, F3)) = 0 for p > 0. Since
G2 is locally free, this is the desired result.

We claim that the category D?(coh(X)) is generated by the reflexive sheaves Ox(—m) for
m =0,2,3. It is already known that it is generated by the Ox(—m) for 0 < m < 5 [Kaw04, §5].
We check that Ox(—m) for m = 1,4,5 are generated by others.

Let D; be the coordinate divisor such that Ox(D;) = Ox(1). We consider exact sequences

0— Ox(—m) > Ox - Opp, — 0

for 1 < m < 5, where the third terms are defined as cokernels. Since H°(X,0x) = k and
HP(X,0x) =0 for p > 0, and HP(X,Ox(—m)) = 0 for all p and 1 < m < 5, we deduce that
HY(X,0pp,) 2k and HY(X,O,,p,) = 0. Therefore we have an exact sequence

0— Op,(-1) > Omp, = Om-1yp, = 0

1

for 0 < m < 5. Indeed the first term is isomorphic to Coker(i) in the following commutative
diagram of exact sequences:

0 —— Ox(—m) Ox Omp, —— 0
0 —— Ox(—m+1) Ox Om-1yp, —— 0

where Coker(7) is an invertible sheaf on Dp, because X has only quotient singularities and
Coker(i) is locally the sheaf of invariants of the corresponding sheaf on the covering. Therefore
Op, (—1) is expressed by the Ox(—m) for m = 0,2, 3, and so are the Ox(—m) for m = 1,4, 5.
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In conclusion, we have a full collection of relative exceptional objects (G3, G2, Ox), and an
equivalence

D"(coh(X)) = (D"(k[s]/(s*)), D" (k[t]/ (%)), D" (K)).

By a similar method, the author expects that the following can be proved. Let X = P(1,
a,b) be a weighted projective plane for coprime positive integers a,b with a < b. We consider
one-pointed NC deformations of F,, = Ox(—a) and F, = Ox(—b). We could prove that there
exist versal deformations G, and Gp of F, and Fj, respectively, which are locally free and
relative exceptional objects. Moreover there is a semi-orthogonal decomposition D?(coh(X)) =

(Gy,Gq, Ox).

6. r-pointed relative spherical objects on Calabi—Yau threefolds

We define relative spherical objects after [Tod07] and [AL13], and prove that a versal multi-
pointed NC deformation of a simple collection on a Calabi—Yau 3-fold yields a relative spherical
object if the deformations stops after finitely many non-trivial extensions and if one more
condition holds.

DEFINITION 6.1. Let X be a smooth projective variety of dimension n > 2, let {F;}/_; be a
simple collection in (coh(X)), and let Fr = @, Fr, be an r-pointed NC deformation of {F;}
over R € (Art,). The pair (Fg, F) for F = @,_, F; is said to be an r-pointed relative n-spherical
object over R if the following conditions are satisfied.

(i) There exists a permutation o of r elements such that

R/]WZ P = 0,
Hom(Fg, Fi[p]) = { R/M,u) p=n,
0 p#0,n

as right R-modules for all 7.
(11) Fouwx =2F.

More generally, for a triangulated category with a Serre functor S, the second condition can
be replaced by S(F') = Fin|.

The following lemma shows that the base ring R of an r-pointed relative n-spherical object
is an NC Gorenstein artin algebra [AR91].

LEMMA 6.2. Let (Fg, F') be an r-pointed relative spherical object over R. Then R* = Homg(R, k)
is a free right R-module of rank 1.

Proof. Since dim Hom(Fg, F;) = dim Hom(F;, Fr) = 1 by the Serre duality, we can define s; €
R = Hom(Fg, Fr) as a composition of non-zero homomorphisms Fr — F; — Fr up to a constant.
Let ¢ € R* be a homomorphism R — k such that ¢(s;) =1 for all i.

We will prove that ¢ generates R* as a right R-module. Let I = {s € R | ¢s = 0} be the
annihilator ideal of ¢. If I # 0, then there is a socle; there exist ¢ and 0 # s € [ such that M;s =0
for the 7th maximal ideal M; of R. We know that non-zero s € R satisfying M;s = 0 is unique
up to a constant for a fixed i, because dim Hom(F;, Fr) = 1. It follows that s = ¢s; for 0 # ¢ € k.
Then 0 = ¢s(1) = ¢(cs;) = ¢, a contradiction. Hence I = 0. Since dimy R < oo, we complete the
proof. |
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The conclusion of the lemma is equivalent to saying that the socle of R is isomorphic to
We have the duality theorem.

COROLLARY 6.3. Let M be a finitely generated right R-module. Then there is a natural
isomorphism
Homy (M, k) = Hompg (M, R*)

with R* = R.
Proof. We define a natural isomorphism
Homy (M, k) = Homp(M, Homg (R, k))

as follows. For a k-homomorphism f : M — k, we define a right R-homomorphism g : M —
Homg (R, k) by g(m,r) = f(mr). g is compatible with the right R-action: g(ms,r) = g(m, sr).
For g : M — Homg (R, k), we define f(m) = g(m, 1). They are inverses each other. O

We simply write D(R) = D?(mod-R), D(X) = D’(coh(X)), etc. in the following. We consider
the diagram of ‘spaces’
[R] <2~ [R]x X 2> X,
where [R] is the imaginary ‘space’ corresponding to the ring R and [R] = Spec(R) if R is

commutative.

We define

pi(e) = e Ox, pi(e) =e@xwx[n], pi(e)=RI(X,e),
p;(.) = R®xge, p!2(.) = Homk(R, 0)7 pg*(o) EX

We define an exact functor ¢ : D(R) — D(X) by
®(a) = a @R Fr = p2.(pia ®rzox FR).
We recall that the derived dual F is defined in the proof of Theorem 5.2.

LEMMA 6.4. The functor ® has right and left adjoint functors W : D(X) — D(R) and ¥y, :
D(X) — D(R) defined as follows:

U g(b) = RHomo,, (Fr,b) = p1«(Fj; ®reoy phd),
V(b)) = p1«(Fr @ pswx [n] ® p3b) = Vp(b)[n].

Proof. On the imaginary spaces, we have

Hom px(®(a),b) = Homp(gx x)(Pia @reox Fr,phb)
=~ Hom p((p)x x) (Pa, Ffy ®reoy pyb) = Homp(g)(a, Tr(D)).

Or we have

Homo, (®(a),b) = Hompgoy ((a @k Ox) @reoy Fr, Homg(R, b))
= Hompgo, (¢ ®k Ox, Fr @roo, Homg(R, b)) = Hompg(a, Yr(b)).
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Since pi(a) = p}(a) ® phwx[n], we have
Hompx)(b, ®(a)) = Homp(r)x x) (P3b; p1a ®reox Fr)
= Homp ()« x)(Ff ® pswx [n] @ p3b, pla) = Hompg) (VL (b), a).
Or we have
Homoe, (b, ®(a)) = Hompgo, (R ®k b, (a @k Ox) @reoyx Fr)

= Hompgoy (Fp @ wx[n] © b, a @k wx|n])
= Homp(RT'(X, Fp @ wx[n] ® b),a) = Homg(VL(D),a),

where we have used the Serre duality
Homop, (¢,wx[n]) = Homy (RI'(X, ¢), k).
Since p3 = p!2 by Corollary 6.3 and since wy ® Fr = Fr, we obtain the last isomorphism. O

We note that the right adjoint functor ¥y is already constructed in §5. It can be obtained
without using the derived dual F; by Remark 5.4, but we need for the following Theorem 6.5
the additional property that these functors are of Fourier—Mukai type, because these functors
should be lifted to the enhancement of the triangulated categories [AL13].

We define the twist functor 7' : D(X) — D(X) associated to ® to be the functor
corresponding to the Fourier-Mukai kernel cone(F3EXFr — Oa, ) € D(X xX), where A C X x X
is the diagonal. Then we have a distinguished triangle of functors

T[-1] - ®oVr — ldpx) = T.

THEOREM 6.5. The functor ® : D’(mod-R) — DP(coh(X)) given by ®(a) = a®pFg is a
spherical functor. In particular, the twist functor I' which induces the following distinguished
triangles,

T(a)[—-1] > RHom(Fgr,a) ®r Fr — a — T'(a)

for a € D*(coh(X)), is an auto-equivalence of D®(coh(X)).

We note that, because Fp is flat over R, the tensor product R Hom(Fg,a) ®pg Fg is the same
as the derived tensor product, and is bounded.

Proof. We have to check the following conditions [AL13, Meal6].
e The cotwist functor C defined by a distinguished triangle

C — IdD(R) — \I/RO(I)—> C[l]

is an auto-equivalence of D®(mod-R).
o Up=(CoVy[l].
D’(mod-R) is spanned by R. We have

\I/R((I)(R)) = ‘I’R(FR) = RHOH](FR, FR).
Therefore we have a distinguished triangle
C(R) > R — RHom(Fg, Fr) — C(R)[1],

hence C'(R) = R[—1 — n], and C is an auto-equivalence.
We have C(\IJL(FR)) = C(R HOHI(FR, FR)) [n] = RHOIH(FR, FR) [—1] = \I/R(FR) [—1]. Thus
we have confirmed the conditions. |
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THEOREM 6.6. Let {F;}_, be a simple collection of coherent sheaves on a smooth projective
variety X of dimension 3 such that F @ wxy = F for F = @F;. Assume that the versal r-pointed
NC deformation Fg is obtained by a finite sequence of iterated non-trivial r-pointed extensions.
Assume moreover that Hom(F;, Fr) # 0 for all i. Then (Fg, F) is relatively 3-spherical over R.

We note that the last condition holds trivially if r = 1.

Proof. We have already Ext!(Fg, F;) = 0 for all i, because FF is versal. Then we have Ext!(Fg, G)
= 0 for any extension G of the F;. We have an exact sequence

0—> F,— Fr—>G;—0
for some G; for each i. Thus
Ext!(Fr,G;) — Ext?(Fr, F;) — Ext?*(Fgr, FR).

Since the last term is dual to Ext!(Fg, Fg) = 0, we conclude that Ext?(Fg, F;) = 0.
Let m; be the number of appearances of F; in the iterated extension Fr. Then

> m; = dimHom(Fg, F) = dim Ext*(Fg, Fr)
7
= m;dimExt?(Fg, F;) = Y _ m; dim Hom(F}, Fg).
i i

Since Hom(F;, Fr) # 0 for all 4, it follows that dim Hom(F;, Fg) = 1 for all i. Therefore we have
dim Ext3(Fr, F;) = 1 for all 4, and we complete the proof by the following lemma. O

LEMMA 6.7. Let Fr be an r-pointed NC deformation of a simple collection {F;} over R € (Art,).
Assume that dim Hom(F;, Fr) = 1 for all i. Then there exists a permutation o of r elements
such that Hom(F;, Fr) = R/M, ;) as left R-modules for all i.

Proof. As left R-modules, we have Hom(F;, Fgr) = R/M; for some j = j(i). Then we have
dim Hom(F;, Fr 1) = 0. On the other hand, for each k, there is at least one ¢ such that Hom(F7},
Fr ) # 0. Therefore we have a one-to-one correspondence. O

We consider some examples.

Ezample 6.8. Let f : X — Y be a projective birational morphism from a smooth variety of
dimension 3 to a normal variety over k = C. We assume that Kx is relatively trivial and
the exceptional locus of f is one dimensional. In this case, Y has only terminal Gorenstein
singularities, and the irreducible components C; (i = 1,...,r) of the exceptional locus are smooth
rational curves intersecting each other transversally, because R'f,Ox = 0 by the vanishing
theorem [KMMS85] applied to an invertible sheaf Ox = Ox(Kx).

Let F; = O¢,(—1). Then {F;}/_, is a simple collection. But there are many other simple
collections on X. For example, for any disjoint subsets I; of the set of indexes {1,...,r}, if
the D; = Uielj C; are connected, then {Op,} is a simple collection. Let I; be the length of Cj,
i.e., the length of the scheme theoretic fiber over a singular point of Y at the generic point of
C;, and take an integer k; for each i such that 0 < k; < [;. Then a collection consisting of fat
curves {O,c;} is simple if End(Ok,c,) = k for all 4. It is interesting to know whether these
collections satisfy conditions of the above theorem yielding spherical objects, and what are their
relationships.
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Ezample 6.9. Let Y be a hypersurface in k* defined by an equation zy — zw(z + w) = 0. It has
an isolated singularity at the origin.

We define a resolution of singularities f : X — Y in the following way. X is constructed by
gluing three affine spaces X = U?:1 U;. Uy, Uy and Us are isomorphic to A with coordinates
(x,2',w), (2/,z,w’) and (2", y, 2), respectively, and f is given by

Uy : (2,9, 2,w) = (z,2w(zz +w), 22", w),
U : (z,y,2,w) = (22,0 (2 + 2'w'), z,2"w"),
U3 : (5Uail/7 2, w) = (:L'”Z(;L’”y - Z)a Y, Z7$”y - Z)7

where we considered 2’ = z/z, 2/ = x/z, W' = w/2' = zw/x and 2" = 2’ /w = z/2w. f is the
composition of a blowing up along the ideal (x,z) of a prime Weil divisor followed by another
along (2/,w), the ideal corresponding to the strict transform of a prime divisor defined by (z, w).

The exceptional locus of f consists of two smooth rational curves C7 U C; which intersect
transversally. C; is defined on U; by an ideal (x,w), and on U by (z,w’). Cy is defined on U,
by an ideal (2/, z), and on Us by (y, 2).

Let F; = O¢,(—1) for i = 1,2. Then {Fi, F5} is a simple collection. We consider its NC
deformations.

The conormal bundles NV a /X of the C; for i = 1, 2 are calculated as follows. C has coordinates

2’ on Uy and 2’ on Us, and they are related by 2’ = (2/)~!. The generating sections of N¢g, /X
are transformed as z > 2’z and w > 2'w’. Therefore N¢, /x = Op (1)%.

Cy has coordinates w’ on Us and z” on Us, and they are related by w' = (z”)~!. The
generating sections of N¢, ,y are transformed as ' — 2" (2"y—2) and z+w'2’ — 2”y. Therefore
N¢, x = Op1(1)2.

The union © = C; U Cs is defined by ideals (z,w) on Uy, (2’w’, z) on Us, and (y, z) on Us.
We denote by Og(a,b) an invertible sheaf on © whose restrictions to the C; for i = 1,2 have
degrees a and b. Let G1 = Og(—1,0) and G2 = Og(0,—1). Then we have non-trivial extensions

0— Fy— G; —> F;, —> 0,

where ¢ + 14 = 3.

We calculate the normal bundle Ng& /X = Ig/ Ié of ©. It is generated by linearly independent
sections s;,t; on U; which are defined as follows: s; = x and t; = w + 'z on Uy, s = z and
ty = z + 2'w’ on Us, and s3 = z and t3 = y on Us. We have s1 = 2'sy and t; = t5 on Uy N Us,
and s = s3 and t3 = 2”'t3 on Us N Us. Therefore we have

N(f)/X ~ 06(1,0) ® 0g(0,1).

Let g : © — X be the embedding. Since O is a locally complete intersection, we obtain the
following by a Koszul resolution:

9"9:00 = O & N5 (1] @ det(Ng x)[2]
>~ 0o @ (0e(1,0) ® 0s(0,1))[1] ® Ve (1,1)[2],

where the direct sum decomposition to cohomologies is a consequence of the fact that dim © = 1.
Therefore we have

1

Extl (G, F1) = Home(0g(0,0) ® Oe(—1,1), F})
Ext) (Ga, F5) 2 Home(Og(1, —1) & 0g(0,0), Fy)

12

k,
k
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Hence we have non-trivial extensions
0—>Fl—>FR7z—>G2—>O

fori=1,2.

The extension Fp ; is induced from the surjection Og(—1,1) — Fi. Hence Fp ; is an invertible
sheaf of degrees (—1,0) on a subscheme ©; of X defined by ideals (s, xt1, wt1) = (z,w?) on Uy,
(52, 2ty, w'ta) = (2,2’ (w')?) on Us, and (s3,t3) = (2, y) on Us. ©1 is not reduced along C1, but is
still locally complete intersection.

The extension F'p 2 is induced from the surjection Og(1, —1) — F». Hence Fg 2 is an invertible
sheaf of degrees (0,—1) on a subscheme Oy of X defined by ideals (s1,t1) = (x,w) on Uy,
(520, 802,t0) = (2'2,2%, 2 + 2/w') = (22,2 + 2'w') = (2 + 2w, (2')?w’) on Uy, and (s3y, s32,
t3) = (22,y) on Us. O is not reduced along Cy, but is still locally complete intersection.

We calculate the conormal bundles Ng /x = 1o, / Iéi of the fat curves ©; for i =1, 2.

Ng, /X is generated by linearly independent sections s},t; on the U; which are defined as
follows: s§ = z and ¥} = w? 4+ z2’w on Uy, sh = z and th = 2/(w')? 4+ 2w’ on Uy, and sy = z and
th =y on Us. We have s} = 2'sh and t| = 2/t on U; N Uy, and sh = s4 and th, = t4 on Up N Us.
Therefore we have

Ngl/X = 091 (17 O) ©® 061(17 0)'
.
s/=zand t] =w+xz on Uy, s§ =2’z and t§ = 2’w’' + z on Uy, and s§ = 2"yz — 2% and t§ =y
on Us. We have s = s and ¢] = t§ on Uy N Us, and s = 2”s4 and t§ = 2”t§ on Uy N Us.
Therefore we have

Ng2 % is generated by linearly independent sections s on the U; which are defined as follows:

Néz/x = 06,(0,1) ® 0e,(0,1).

Hence
Exty (Fgrs, Fj) = Home(0g(0,0) @ Og(0,0), Fj) =0

for all 7,7 = 1,2. By the duality, we conclude that Fr; ® Fg2 is a versal two-pointed NC
deformation of F} @ F5.
The deformation algebra R has the following form

k + kt? Kkt
( kt k+kt2> mod t°.

FR is a relative 3-spherical object over R:
RHom(Fg, F}) 2 R/M; ® R/M;[-3].

Example 6.10. Let Y C k* be a hypersurface of dimension 3 defined by an equation zixs +
23 + 23 = 0. The blowing up at the origin gives a resolution of singularities f : X — Y with
an exceptional divisor E, which is a quadric cone over P! that was considered in Example 5.5.
We use the notation Og(a) defined there. We have Kx = f*Ky + E, Og(E) = Og(—2) and
Kg = Og(—4).

Let e = Op(—2). Then e is an exceptional object in D®(coh(X)). Let D be its left orthogonal
complement, and let S be the Serre functor of D. Then F = Og(—1) is an object in D. If S’ is
the Serre functor of D’(coh(X)), then we have S'(F) = Og(—3)[3]. Let j. : D — D(coh(X))
be the inclusion functor, and j' : DP(coh(X)) — D its right adjoint functor. Then we have
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S = j'S'j,. Since j'e = 0, we deduce that S(F) = j'Op(—3)[3] = Or(—1)[2]. From an exact
sequence
0— Op(-3) = 2 = 0p(-1) - 0

we deduce that S(F) = F[2].
We construct a non-trivial self extension G of F' as in Example 5.5. G is a versal NC
deformation of F over R = k[t]/(t?), and G is a relative 2-spherical object in D:

RHom(G,F) =~ R/M & R/M[-2].

Indeed we will show that Ext!(G, F) = 0 in the following. Then we have Ext*(G, F) = k by
the duality. Let ¢ : E— X be the embedding. Then we have i*i,G = G & G(—E)[1], where the

direct sum decomposition to cohomologies is consequence of the fact that Ext?(G,G(—E)) =
Hom(G(—FE),G)* = 0 since —F is ample. Hence

Ext} (i,G, i, F) = ExtL(G, F) @ Homp(G(—E), F) 0.

Remark 6.11. The category D in the above example was already considered in [Kaw09, 4.3]. The
sheaf G there appeared in [Tod13, 4.13]. The construction of tilting generators in [Van04] can
also be considered as a multi-pointed non-commutative deformation of a collection which is not
simple. See also [TU10].

We have a similar example in dimension 4, where we obtain again a relative 2-spherical
object. A non-trivial permutation o of the indexes appears in this example.

Ezample 6.12. Let Y C k® be a hypersurface defined by an equation 129 + 324 + azg’ = 0. The
blowing up at the origin gives a resolution of singularities f : X — Y with an exceptional divisor
E, which is a cone over P! x P! that was considered in Example 5.6. We use the notation Og/(a, b)
defined there. We have Kx = f*Ky + 2F, Og(F) = Og(—1,—1) and Kg = Og(-3,-3).

Let e1 = Op(—1,—1) and ez = Op(—2,—2). Then (ez,e1) is an exceptional collection in
D%(coh(X)). Let D be its left orthogonal complement, and let S be the Serre functor of D. Then
Fiy = Op(—1,0) and F = Og(0,—1) are objects in D. If S’ is the Serre functor of D’(coh(X)),
then we have S’(F1) = Og(—3,—2)[4]. From exact sequences

0— Op(-3,-2) > e?Q — Op(—1,-2) —> 0,
0— Op(—-1,-2) > 6?2 — Op(—-1,0) > 0

we deduce that S(Fy) = Fy[2]. Similarly we have S(F») = Fy[2].

We construct non-trivial self extensions G; and Go of F; and Fy as in Example 5.6,
respectively. Then G = G1 @ G5 is a versal two-pointed NC deformation of F' = Fy & F» over
R= (ﬂﬂé “ﬂ‘g) mod #2. By the vanishing theorem, we have H?(E, Og(a,b)) =0 for p > 0ifa,b > —2,
and G is a relative 2-spherical object in D:

Indeed we will show that Ext' (G}, F},) 20 for j, k = 1,2 in the following. Then we have Ext*(G;,
F3_;) = k by the duality. Let ¢ : £ — X be the embedding. Then we have i*i,G; = G; ®
G;(—E)[1]. Hence

Extk (.G}, 1. F),) = Ext (G}, Fy) © Homp(G;(—E), F},) = 0.

1840

https://doi.org/10.1112/50010437X18007248 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007248

ON MULTI-POINTED NON-COMMUTATIVE DEFORMATIONS AND CALABI-YAU THREEFOLDS

ACKNOWLEDGEMENTS

The author would like to thank Alexei Bondal, Yukinobu Toda and Michael Wemyss for useful
discussions on the subject. Yukinobu Toda made a remark on the universality of the deformations,
and Michael Wemyss pointed out that one needs to assume the rigidity of the curves in
Example 6.7. This work was partly done while the author stayed at National Taiwan University.
The author would like to thank Professor Jungkai Chen and the National Center for Theoretical
Sciences of Taiwan for the hospitality and excellent working conditions. I would like to thank the
anonymous referees for a careful reading of the first draft of this paper and the many suggestions
for improvements.

This work is partly supported by Grant-in-Aid for Scientific Research (A) 16H02141.

REFERENCES

AL13 R. Anno and T. Logvinenko, Spherical DG-functors, Preprint (2013), arXiv:1309.5035.

AR91 M. Auslander and I. Reiten, Cohen—-Macaulay and Gorenstein artin rings, Progr. Math. 95
(1991), 221-245

BB15 A. Bodzenta and A. Bondal, Flops and spherical functors, Preprint (2015), arXiv:1511.00665.

BK89 A. Bondal and M. Kapranov, Representable functors, Serre functors, and reconstructions, Izv.
Akad. Nauk SSSR Ser. Mat. (1989), 1183-1205.

DW13 W. Donovan and M. Wemyss, Noncommutative deformations and flops, Preprint (2013),
arXiv:1309.0698.

DW15  W. Donovan and M. Wemyss, Twists and braids for general 3-fold flops, Preprint (2015),
arXiv:1504.05320.

Kaw04 Y. Kawamata, Equivalences of derived categories of sheaves on smooth stacks, Amer. J. Math.
126 (2004), 1057-1083.

Kaw09 Y. Kawamata, Derived categories and birational geometry, in Algebraic geometry, Seattle 2005,
part 2, Proceedings of Symposia in Pure Mathematics, vol. 80, part 2 (American Mathematical
Society, Providence, RI, 2009), 655-665.

KMMS&5 Y. Kawamata, K. Matsuda and K. Matsuki, Introduction to the minimal model problem, in
Algebraic geometry Sendai 1985, Advanced Studies in Pure Mathematics, vol. 10 (Kinokuniya
and North-Holland, 1987), 283-360.

Kuz08  A. Kuznetsov, Derived categories of quadric fibrations and intersections of quadrics, Adv. Math.
218 (2008), 1340-1369.

Lau86 O. A. Laudal, Matric Massey products and formal moduli. I, in Algebra, algebraic topology and
their interactions, Stockholm, 1983, Lecture Notes in Mathematics, vol. 1183 (Springer, Berlin,
1986), 218-240.

Lau02 O. A. Laudal, Noncommutative deformations of modules, Homology Homotopy Appl. 4 (2002),
357-396.

Meal6  C. Meachan, A note on spherical functors, Preprint (2016), arXiv:1606.09377.

Nee96 A. Neeman, The Grothendieck duality theorem wvia Bousfield’s techniques and Brown
representability, J. Amer. Math. Soc. 9 (1996), 205-236.

Orl93 D. Orlov, Projective bundles, monoidal transformations, and de- rived categories of coherent
sheaves, Russ. Acad. Sci. Izv. Math. 41 (1993), 133-141.

Sch68 M. Schlessinger, Functors of Artin rings, Trans. Amer. Math. Soc. 130 (1968), 208-222.

Tod07 Y. Toda, On a certain generalization of spherical twists, Bull. Soc. Math. France 135 (2007),
119-134.

Tod13 Y. Toda, Stability conditions and extremal contractions, Math. Ann. 357 (2013), 631-685.

1841

https://doi.org/10.1112/50010437X18007248 Published online by Cambridge University Press


http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1309.5035
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1511.00665
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1309.0698
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1504.05320
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
http://www.arxiv.org/abs/1606.09377
https://doi.org/10.1112/S0010437X18007248

ON MULTI-POINTED NON-COMMUTATIVE DEFORMATIONS AND CALABI-YAU THREEFOLDS

Todlba Y. Toda, Non-commutative width and Gopakumar—Vafa invariants, Manuscripta Math. 148
(2015), 521-533.

Tod15b Y. Toda, Non-commutative thickening of moduli spaces of stable sheaves, video recording of a
talk at the AMS Summer Institute in Algebraic Geometry, Salt Lake City, 2015,
http://www.claymath.org/utah-videos.

TU10 Y. Toda and H. Uehara, Tilting generators via ample line bundles, Adv. Math. 223 (2010),
1-29.

Van04 M. Van den Bergh, Three-dimensional flops and noncommutative rings, Duke Math. J. 122
(2004), 423-455.

Yujiro Kawamata kawamata@ms.u-tokyo.ac.jp

Graduate School of Mathematical Sciences, University of Tokyo, Komaba, Meguro,
Tokyo, 153-8914, Japan

1842

https://doi.org/10.1112/50010437X18007248 Published online by Cambridge University Press


http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
http://www.claymath.org/utah-videos
https://doi.org/10.1112/S0010437X18007248

	1 Introduction
	2 Definition of r-pointed NC deformations
	3 Iterated non-trivial r-pointed extensions
	4 Iterated universal r-pointed extensions
	5 r-pointed relative exceptional objects
	6 r-pointed relative spherical objects on Calabi–Yau threefolds
	Acknowledgements
	References

