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Abstract The main purpose of this paper is to capture the asymptotic behaviour for solutions to a class
of nonlinear elliptic and parabolic equations with the anisotropic weights consisting of two power-type
weights of different dimensions near the degenerate or singular point, especially covering the weighted
p-Laplace equations and weighted fast diffusion equations. As a consequence, we also establish the local
Holder estimates for their solutions in the presence of single power-type weights.
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1. Introduction and main results

In this paper, we will use the De Giorgi truncation method [16] to study the local
behaviour of solutions for a class of nonlinear elliptic and parabolic equations with
the weights comprising two power-type weights of different dimensions. For that
purpose, we should first establish the corresponding anisotropic weighted Sobolev embed-
ding theorems and Poincaré’s inequality, which are fundamental tools to investigate
relevant Sobolev spaces and partial differential equations. The former has recently
been established by Li and Yan [30], whose results improve and extend the classical
Caffarelli-Kohn—Nirenberg type inequalities in [10]. With regard to the latter, we pre-
pare to prove that this type of anisotropic weights belongs to the Muckenhoupt class
A, under certain conditions, and then the anisotropic weighted Poincaré inequality is
obtained by utilizing the theories of A,-weights, 1 < ¢ < 00, see Section 2 below for the
finer details. This is another major novelty of this paper besides the regularity results with
anisotropic weights. For more relevant investigations on weighted Sobolev and Poincaré
inequalities, see [2, 3, 8, 9, 11, 14, 31, 33, 34] and the references therein.
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392 C. Miao and Z. Zhao

The anisotropy of the weights considered in this paper comes from two power-type
weights of different dimensions. This complex weighted form will bring great difficulties
of analyses, computations and discussions in the following proofs, especially the findings
for regular indices which make this type of anisotropic weights become A -weights. The
mathematical formulations and main results for the considered nonlinear elliptic and
parabolic problems with anisotropic weights are, respectively, presented as follows.

1.1. The nonlinear elliptic equations with anisotropic weights

Consider a bounded smooth domain 2 C R™ with 0 € Q and n > 2. With regard to
the weighted elliptic equations, we mainly study the local regularity of solution to the
following problem

div(Aw|Vu[P~2Vu) =0, in Q,
0<u<M < oo, in Q,

(1.1)
where w = |2/|1]2|%2 , the values of #; and 6 are assumed in the following theorems,
1 <p<n+0,+06; Mis a given positive constant, A(z) = (a;;(2))nxn is symmetric
and satisfies

AHEPE < Z aij(2)&& < NEP, A>1 for ae. x € Qand all € € R™. (1.2)

4,g=1

Here and throughout this paper, we use superscript prime to denote (n — 1)-dimensional
variables and domains, such as z’ and B’. Moreover, in the following, we simplify the
notations Bg(0) and Bj(0") as Br and BY, respectively, where R > 0. The prototype
equation is the anisotropic weighted p-Laplacian, that is, the equation in the case when
A =1 in Equation (1.1). Remark that the origin can be called the degenerate or singular
point of the weight. For example, if ; > 0, 63 > 0, then the weight w = |2/|1|z|%2 — 0
as || — 0, while for §; < 0, 0 < 0, it blows up as |z| tends to zero. For the former, the
origin is called the degenerate point of the weight, while it is called the singular point for
the latter.

For the weighted elliptic problem (1.1), Fabes et al. [22] established the local Holder
regularity of weak solutions under the case of §; = 0, 62 > —n and p =2. However, the
value of Holder index a obtained in [22] is not explicit. Recently, Dong et al. [21] utilized
spherical harmonic expansion to find the exact value of index « for the solution near the
degenerate point of the weight. To be precise, for problem (1.1) with Q replaced by Bg,
R>0,letn>2,0; =0,0, =p=2and A = r(x)], where x satisfies that \™* < x < \in

Bpg and fsnfl kr; =0,i=1,2,...,n. Based on these assumed conditions, they derived
_ /2 4 4\
w(z) = u(0) + O(D)]a]*, a= T . TN 0 B,

where O(1) represents some quantity such that |O(1)] < C = C(n, \, M), Ay <n —1is
the first non-zero eigenvalue of the following eigenvalue problem:

—divga—1(£(§)Vgn-1u(§)) = Ae(§u(§), €S
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In particular, A; = n — 1 if A=1 See Lemmas 2.2 and 5.1 in [21] for more details. By
finding the explicit exponent «, they succeeded in solving the optimal gradient blow-up
rate for solution to the insulated conductivity problem in dimensions greater than two,
which has been previously regarded as a challenging problem. By their investigations
in [20, 21], we realize that the Holder regularity for solutions to the weighted elliptic
problem (1.1) is in close touch with the insulated conductivity problem arising from
composite materials. Then the study on the regularity for weighted elliptic problem (1.1)
is a topic of theoretical interest and also of great relevance to applications for the insulated
composites. It is worth emphasizing that when p >2, the exact value of index « still
remains open. In addition, with regard to the Holder regularity for nonlinear degenerate
elliptic equations without weights, we refer to [32, 36, 38] and the references therein.
Before stating the definition of weak solution to problem (1.1), we first introduce some
notations. Throughout this paper, we will use LP(2,w) and W1P(Q,w) to represent
weighted LP space and weighted Sobolev space with their norms, respectively, written as

1
lull zr(@.w) = (Jo [ulw dz) 7,

1 1
lully (@) = (Jo lulPwdz)? + ([, [VulPwdz)? .

We say that u € WHP(Q,w) is a weak solution of problem (1.1) if
/ Aw|VulP~2Vu - Vodz =0, Yo e WP (Q,w).
Q
For later use, we introduce the following indexing sets:

A={(a,b):a>—(n—-1),b>0},
B={(a,b):a>—-(n—-1),b<0,a+b>—n},
Co={(@h)a<@m—1)g—1),b<0}, g¢>1,
Dy={(a,b):a<(n—1)(¢g—1),b>0,a+b<n(¢g—1)}, ¢>1,
F={(@b):a+b>—(n-1}

The local behaviour of solution to problem (1.1) near the degenerate or singular point of
the anisotropic weight is captured as follows.

Theorem 1.1. Forn > 2, (61,02) € (AUB)N(CaUD)NF, 1< qg<p<n+b;+06s,
let u be a weak solution of problem (1.1) with Q = By. Then there exists a constant
0 < a < 1 depending only on n,p,q, 01,02, A, such that

u(z) = u(0) +O(1)[z|*  for allx € By /s, (1.3)

where O(1) denotes some quantity satisfying that |O(1)] < C = C(n,p,q, 01,02, \, M).

Remark 1.2. If the considered domain B is replaced with Bg, for any given Ry > 0
in Theorems 1.1 and 1.4, then by applying their proofs with minor modification, we
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obtain that Equations (1.3) and (1.4) also hold with By, replaced by Bp/o. In this
case, the constant C' will depend on Ry, but the index o depends not on it.

Remark 1.3. The result in Theorem 1.1 can be extended to general degenerate elliptic
equations as follows:

div(G(z,Vu)) =0, in Bg,
0<u< M < oo, in Bp,

where Ry > 0, G : Bpy x R" — R" is a Carathéodory function such that for a.e. x € Bp,
and any £ € R", there holds

A rw(@)EP < G(e,€) &, 1G(2,€) < M) [P, w(x) = J2'| 2|2,

Here A > 1, (01,602) € (AUB)N(CaUD,) NF, 1< qg<p<n+b;+ 0. In fact, it only
needs to slightly modify the proof of Lemma 3.1 below for the purpose of achieving this
generalization.

When 6; = 0, the above weight becomes a single power-type weight. In this case, we
establish the Holder estimates as follows.

Theorem 1.4. Forn > 2, 0; = 0,0, > —(n—1), 1 < p < n+ 0, let u be a
bounded weak solution of problem (1.1) with Q@ = By. Then there exist a small constant
0 <a=a(n,p,b,\) <1 and a large constant 0 < C = C(n,p, b2, \, M) such that

lu(z) —u(y)| < Clz —y|*  for allz,y € Byjs. (1.4)

Observe that when 61 = 0, Equation (1.1) will become degenerate elliptic equation in
any domain away from the origin, then we can directly establish its Holder regularity
in these regions by using the interior Holder estimates for degenerate elliptic equation.
This, in combination with Remark 1.2 and Theorem 1.4, gives the following corollary.

Corollary 1.5. Forn > 2,601 = 0,05 > —(n—1), 1 < p < n+ 0, let u be a
weak solution of problem (1.1). Then wu is locally Holder continuous in S, that is, for
any compact subset K C €, there exists two constants 0 < a = «a(n,p,02,A) < 1 and
C = C(dist(K,09),dist(0,09),n,p,02,\, M) > 0 such that Equation (1.4) holds with
By 3 replaced by K.

1.2. The nonlinear parabolic equations with anisotropic weights

Let 0 € Q C R", n > 2, be defined as above. The second problem of interest is concerned
with studying the local regularity of solution to the weighted nonlinear parabolic equation
as follows:

w1 0puP — div(AwsVu) =0, in Qr,

_ (1.5)
O<m<u<M<oo, in Qp,
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where Qp = Q x (=T,0], T>0, w; = |2/|71]2|°2, wy = |2’|%3|x|%, p > 1, the ranges of
0;,1=1,2,3,4 are prescribed in the following theorems, m and M are two given positive
constants, the symmetric matrix A = (a;;(2))nxn satisfies the uniformly elliptic condition
in Equation (1.2). When 6; = 0, i = 1,2,3,4, and A=1I, Equation (1.5) becomes fast
diffusion equation, whose relevant mathematical problem is modeled by

OyuP — Au =0, in Q x (0, 00),
u=0, on 9N x (0, 00), (1.6)
u(z,0) = up(x) > 0.

In physics, Equation (1.6) can be used to describe fast diffusion phenomena occurring in
gas kinetics, plasmas and thin liquid film dynamics. For more related applications and
physical explanations, see [15, 39] and the references therein.

For problem (1.6), it is well known that when ug(x) # 0, there exists a finite extinction
time T > 0 such that u(-,t) =0in Q if ¢ € [T*,00) and u(-,t) > 0in Q if ¢ € (0,7%).
This, together with the continuity of u (see Chen-DiBenedetto [12]), indicates that for
any U CC Q x (0,T*), there exist two positive constants m and M such that 0 < m <
u < M < oo for (z,t) € U. This fact motivates our investigation on the local regularity of
weak solution for the corresponding weighted problem (1.5). In particular, it can be called
the weighted fast diffusion equation when A =1 in Equation (1.5). For the fast diffusion
problem (1.6), the regularity of solution and its asymptotic behaviour near extinction
time have been extensively studied, for example, see [7, 12, 15, 17-19, 27-29, 35] for the
regularity and [1, 4-6, 23] for the extinction behaviour, respectively. In particular, Jin
and Xiong recently established a priori Holder estimates for the solution to a weighted
nonlinear parabolic equation in Theorem 3.1 of [28], which is critical to the establishment
of optimal global regularity for fast diffusion equation with any 1 < p < co. Their results
especially answer the regularity problem proposed by Berryman and Holland [4]. Tt is
worth pointing out that the degeneracy of weight in [28] is located at the boundary. By
contrast, the degeneracy or singularity of the weights considered in this paper lies in
the interior. This will lead to some distinct differences in terms of the establishments
of Holder estimates under these two cases. Moreover, since the weights considered in
this paper take more sophisticated forms comprising two power-type weights of different
dimensions, it greatly increases the difficulties of analyses and calculations. With regard
to the regularity for weighted parabolic problem in the case when p =1 in Equation (1.5),
we refer to [13, 25, 37] and the references therein.

The weighted LP space and weighted Sobolev spaces with respect to space variable have
been defined above. Similarly, for a weight w, let WP (Q, w) represent the corresponding
weighted Sobolev spaces in (z, t) with its norm given by

—
Sl

P
||UHW17P(QT,M)) = (/ |u|pw dz dt) + (/ (|8tu|1’ + |Vu|p)wdxdt>
Qp Qr
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We say that u € W12(Qr, ws) is a weak solution of problem (1.5) if
t2
/ / (w10uP o + AwaVuVp) dedt =0
t1 Q

for any —T < t; < t3 <0 and p € C*(Qr), which vanishes on 9Q x (-T,0).
Introduce the following index conditions:

(S1) let n >4 and 1+2/(n —1) < ¢ < 2, if (61,605) € (AUB) NCy:
(S2) let n >3 and 1+ 2/n < g < 2,if (61,62) € AND,.

For the local behaviour of solution to problem (1.5), we have

Theorem 1.6. Suppose that p > 1, (61,02) satisfies condition (S1) or (S2), (6s,64) €
AUB, 01 +05 > 034+ 04 = 2, 01/03 = 05/04, 03,04 # 0. Let u be a weak solution
of problem (1.5) with Q@ x (=T,0] = By x (—=1,0]. Then there exists a small constant

0 <a=an,p,q,0,0s,03, A\, m, M) <1 such that for any tg € (—1/4,0),
u(z,t) = u(0,t0) + O(1) (Jx| + 1R/t —to])", V(x,t) € Bijp x (—=1/4,t],  (1.7)

where O(1) satisfies that |O(1)| < C = C(n,p,q,01,02,03,\, 1, M).

Remark 1.7. We provide here explanations for the index conditions (S1) and (S2).
Observe that if (01,02) € Cy, 1 < ¢ < 2 and 01 + 65 > 2, then we have (n—1)(¢—1) > 2,
which requires that n > 4 and ¢ > 2/(n — 1) + 1. Similarly, if (61,602) € Dy, 1 < ¢ < 2
and 67 + 02 > 2, it requires that n > 3 and ¢ > 2/n + 1.

Remark 1.8. For any fixed Ry > 0, let Bg, x (—ROTT2 0] substitute for By x (—1,0]
in Theorems 1.6 and 1.9. Then applying their proofs with a slight modification, we
derive that Equations (1.7)-(1.8) still hold with ¢y € (—1/4,0), By/2 x (—1/4,t0] and

By s % (—1/4,0) replaced by to € (—Rg'"2/4,0), Br, /o x (—Rg'""2/4,to] and Bp, /s x

(—Rg2 /4,0), respectively. A difference lies in that the constant C' will depend on Ry, but
not on «.

In the case of 6; = 03 = 0, w; and wy become single power-type weight. Then we have

Theorem 1.9. Forp>1,n>2,0, =03=0, 0, > 04 =2, let u be a weak solution of
problem (1.5) with Q x (=T,0] = By x (—1,0]. Then there exist two constants 0 < a < 1
and C>0, both depending only on n,p, 02, \,m, M, such that

u(z,t) = uly, s)| < C(|lz =yl + /]t — 5])° (1.8)

for any (xz,t),(y,s) € By/z x (—=1/4,0).

When 6; = 65 = 0 and 63 > 04 = 2, Equation (1.5) will be uniformly parabolic in
any domain away from the origin. Then we can directly use the interior Holder estimates
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for uniformly parabolic equation to obtain its Holder regularity in these regions. This,
together with Remark 1.8 and Theorem 1.9, leads to the following corollary.

Corollary 1.10. Forp>1,n> 2,0, =03 =0, 0, > 0, = 2, let u be a weak solution of
problem (1.5). Then w is locally Holder continuous in Qx (—T,0), that is, for any compact
subset K C Qx (—T,0), there exist a small constant 0 < a = a(n, p, 02, \,m, M) < 1 and
a large constant C = C(dist(K,d(Q x (=T,0))),dist(0,9Q),n, p, 02, \,m, M) > 0 such
that Equation (1.8) holds with K substituting for By, x (=1/4,0).

The rest of this paper is organized as follows. In § 2, we establish the anisotropic
weighted Poincaré type inequality and its corresponding isoperimetric inequality. Then
we make use of the De Giorgi truncation method [16] to study the local regularity for
solutions to the nonlinear elliptic and parabolic equations with anisotropic weights in § 3
and § 4, respectively.

2. Anisotropic weighted Poincaré inequality and its application to the
isoperimetric inequality

As pointed out in the introduction, this section is devoted to establishing the anisotropic
weighted Poincaré-type inequality. It will be achieved by proving that w = |2/|%1|x|%2
is an Ag-weight under the condition (61,602) € (AU B) N (Cq U D), see Theorem 2.6
and Corollary 2.8 below. As a consequence, we derive the isoperimetric inequality of De
Giorgi type, which is critical to application for the De Giorgi truncation method in [16].

Denote by w,, the volume of unit ball in R™. In this section, we employ the notation
a ~ b to represent that there exists a constant C' = C(n, 61,62) > 0 such that %b <a<
Cb. To begin with, we have

Lemma 2.1. dy = wdr = |2'|°t|z|2dz is a Radon measure if (01,02) € AU B.
Moreover, u(Bgr) ~ R"01%% for any R > 0.

Proof. It suffices to verify that the weight w is a locally integrable function in R™
under these above cases. Specifically, it only needs to prove that for any r >0, there
holds u(B,) < co. Recall the following elemental inequalities: for a,b > 0,

T < (a4 b)T < af + b9, 0<qg<l1,

(2.1)
a? + b7 < (a+b)? <297 (a? +b9), q> 1.

Step 1. Consider the case when 63 > 0. Then we have from Equation (2.1) that

po=2 [ WP [ |
Brn{zn>0} B, 0
r 1 92+1
N/ <8n+91+92—2 (rz _ 82)§ 4 gnto1—2 (7«2 — 52) 2 ) ds
0

1 1 92+1
~ " H01F02 / snHOIH02-2 (1 _ 5)2 4 gn 0172 (1 — 5) 2 ds.
0

742,‘m/|2 ) 0
/
(12" + 22) da,
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Observe that this type of integration is called Beta function. It makes sense if and only
ifn+6;+60;—1>0and n+60; —1 > 0. Then the conclusion is proved in the case when

(91, 92) e A
Step 2. Consider 6 < 0. Then it follows from Equation (2.1) that

u(B,) =2 / /|71 || dx
Byrn{zn>0}

dzp,. (2.2)

2 |22
~ [ pas /v . !
B

: 0 /|02 + 2,

For the last integration term in Equation (2.2), we further split it as follows:

|2'] 1
Il :/ |(L‘/|91 dl‘// —_gdl'n,
B o 2|72 42,2

1
\/57"
/7"2—|3:’|2 1
IQ :/ |{1;/|91 d‘r// —_adxn,
By E4 |2z/| =92 + x,, 2
ﬂr
/7'2—|z’\2 1
I3 :/ ‘x/‘ﬁl d([l/ —_den
BI\B'| 0 |2/| =02 + x,, 2
ﬁ7

Observe that |2/|7%2 < |2/|~%2 2,72 < 2|2'|7%2 if 0 < 2,, < |2’|. Then for the first term
11, we have

& -
L N/ |2’|%1 dx'/ |2’|%2 dzz,, ~ / s 01021 g
B’ 0 0

a1,

V2

1
N,rn+91+92/ Sn+91+9271 dS.
0

This integration makes sense iff n + 6; 4+ 65 > 0.

With regard to the second term I, we divide it into two cases to discuss as follow.
Case 1. If §; = —1, then

/ 27‘ /|2 r
T xr 2 2
_ V2 _ Vre—3S8
IQN/ |’ |01 dm’/ xnldxnw/ sy 7 ds
B’ | 0

1 x'\ S

r

V2

1 1
73 1—s2
~ o1 /ﬁ "2y 2o T ds ~ —pn Ol V2 s"t172 Insds
0 s 0
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1 1
~ rn+91+92 <5n+91+92 IHS‘ \/§ _ /\/5 Sn+91+9271 ds) .
0

It makes sense iff n 4+ 61 + 65 > 0.
Case 2. If 05 # —1, then

—=T 92+1
N/\/i G612 ((r2 ST 892+1> ds
0

% Oo+1
NT"+91+92/ gnto1-2 (1- 52) 27— g%211) ds.
0

09+
Note that min{1,2~ } <|1-s%)"2" | < max{1,2” } in [0, ] Then it makes
sense iff 67 > —(n — 1) and n + 607 + 65 > 0.
The last term I3 remains to be analyzed. Note that |z'| > /72 — |2/|? > x,, if T <

|2'| <7 and 0 <z, < /r? —|2’|2. Then we deduce

r27|m/\2

I3 w/ 2|91 dx'/ 2|2 da,
B;\BiT 0
V2
T 1
N/ §HOLH02=2 /2 2 (g~ 01102 / §H0IH02-20 /1 2 s
1 1
V2" V2
N'f‘n+91+627

where we used the fact that the integrand s"T?17924/1 — 52 has no singular point in
[%, 1]. Consequently, combining these above facts, we obtain that if (61,602) € B, then
du is a Radon measure. The proof is complete. O

Definition 2.2. A Radon measure dp is called doubling if there exists some constant
0 < C < 0 such that u(Bar(Z)) < Cu(Bgr(Z)) for any & € R™ and R>0.

Theorem 2.3. The Radon measure du = wdz is doubling if (61,02) € AU B.

Remark 2.4. w = |2/|%1|2|°2 degenerates to be an isotropic weight if #; = 0. In this
case, it is doubling if 65 > —n. Its proof is simple and direct, see pages 505-506 in [24] for
more details. By contrast, it will involve complex analyses, computations and discussions
if 61 # 0.

Proof. For any z € R™ and R > 0, we divide all balls Bg(Z) into two types as follows:
the first type satisfies |Z| > 3R and the second type satisfies |Z| < 3R.
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Step 1. Consider the case when |Z| > 3R. Observe that

(2.4)

— 9 9 .
/ |$/|91|1'|02 dz > (|.’L'|—R) szR(fg) |£L'/| 1d{I,‘7 if 92 >0,
Bp(3) "Qﬂ+m%bﬂwﬂﬁm,ﬁ%<a
and
— 9 9 .
/ |2/ ]2]%2 dz < (121 +2R)%2 [p, @) |#'" dz, if 62 > 0,
Byp(@) B W$QM%EM@WWM,ﬁ%<&
On one hand, we have
/ 12| da :2/ 2|1 RE o — 7P da’ > ﬁR/ /| da.
BR(x) Bp(a) B o@)

Observe that |2/|?1 increases radially if #; > 0, while it decreases radially for 6; < 0.

Then we obtain that

(i) for |#'| > 3R, then

J

(i) for |2'| < 2R, then

n—1 _ 0 .
P 3y (B)T 1R 020
- 2
)

e (1Z'] + R/2)°1, if 6, < 0;

) fB}z/?(O/) |2’|1 da’, i£0, >0,
2|1 da’ >
/332/2(3?’) | | = f / - ‘(E/lel dx', if 91 <0
BR/Q(? @)
T P
an—an71+61 21401 (n—140;)’ i£6: =0,
7T if 6, <0,

On the other hand, we have

/ |l2/|%1 da :2/ |2'|%1\/4R? — |2’ — 7|2 dz’
Bop(2) BéR(i/)

§4R/ 2|91 da’.
Byp(@)

By the same argument as above, we deduce that
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(1) for |Z'| > 3R, then

(IZ'| + 2R)"1, if 6, >0,

(2.6)
(|z'| —2R)"1, if 6, <0;

/ WP e <w iR
BZR(QT)

(2) for |Z'| < 3R, then

/ /|1 de’ < / @0 dt = POt i, g
Bl o () ~JBLA(0) n—1+06
Note that if #; > 0, then

|Z'| + 2R < 2(|z'| — R/2), for |Z'| > 3R,
R< || - R/2<5R/2, for 3R/2 < |T'| < 3R,

while, if 6, < 0,

@] — 2R > 2(1#'| + R/2), for |#'| > 3R,
9R < |#| + R/2 < TR/2, for 3R/2 < || < 3R.

Then combining these above facts, we obtain
/ o[ de < C(n,el,e2)/ 12| da. (2.8)
Bor(T) BRr(z)
Since |Z| > 3R, then |Z| + 2R < 4(]z — R|) and |Z| + R < 4(|z| — 2R). This, in
combination with Equations (2.3)—(2.8), reads that for |z| > 3R,
/ j2/|P |22 dz < C(n,91792)/ 12/|91 ] da. (2.9)
Bar(@) BR(2)
Step 2. Let |Z| < 3R. Then we have
/ /|91 |z]%2 do < / |2/|%1 2|2 do < C(n, 61, 62) R HO1102,
Bygr(®) BsR(0)

First, if 6; < 0, then

[tz [ japeds
BRr(Z) Br(@)

fBR(O) |l‘|01+02 dJC, if 02 > —91,

Jon(onz) 2|1 +02 dr, i 0, < 0y
R =T

]
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_nWn 1 —
>Rn+91+92 n+61+69° if 62 2 917
291+92wn, if 85 < —04,

where we utilized the fact that |z|?1792 is radially increasing if #; + 6 > 0 and radially
decreasing if 6; + 65 < 0.
Second, if #; > 0, we discuss as follows:

(i) for O3 > 0, similarly as before, we have

/ |$/|01|$|02 d.r 2/ |x/|01+62 dx 2 \/gR/ |$/|91+02 dl'/

Bl (3

>/ |(E/|91+92 de/ _ (n - 1)(“)774*1 Rn+91+92,
- B}%(O/) n—|—91—|—92—1 ’

(ii) for 65 < 0, then

EA
/ |$/|61|:L‘|92 dz :/ |:L‘/|91+92 <> dz
Bp(z) BR(z) ||

8% 5 4
S ’
20102 Br(@)n{|a’|>R/2}

0
5 e | s
29102 BR(O)N{lz|>R/2}

892 (w,, — 22 "w,_1)
- 201+02

Rn-‘r@l +0o )

Then combining these aforementioned facts, we obtain that Equation (2.9) also
holds if |Z| < 3R. The proof is complete.

0

Definition 2.5. Let 1 < ¢ < co. We say that w is an Ag-weight, if there is a positive
constant C = C(n,q,w) such that

_1 A\ 1
][ wdx <][ w 9—1 dx) < C(n,q,w), With][ = —/
B B B |BlJs

for any ball B in R™.

Theorem 2.6. Let 1 < g < oo. If (01,62) € (AUB) N (C,UD,), then w = |2'|1|x|%2
is an Ag-weight.

Remark 2.7. From Theorems 2.3 and 2.6, we see that the Radon measure dy =
wdz = |2|%1|z|°2 dz is doubling on a larger range (61,602) € AU B. This implies that
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when (61,62) € (AUB) \ (C, UD,), the weight w = |2/|%1|z|%2 provides an example of a
doubling measure but is not in A,.

Proof. For 1 < g < oo, according to the definition of A ,-weight, it needs to verify the
following inequality:

1 q-1
/ wdz <][ w a-T dx) < C(n,q,061,02) (2.10)
B B

for any ball B C R™. For any R >0 and Z € R"™, the ball Bg(Z) must belong to one of
the following two types: |Z| > 3R and |Z| < 3R. On the one hand, if |Z| > 3R, then we
have

4
|z| <|z|-R<|z| < |z|+ R < §|zfc|, for z € Br(). (2.11)

Wl N

Applying Equations (2.4)—(2.7) with Bog(Z) and Bj(Z') replaced by Br(z) and B (Z'),
it follows from Equation (2.11) that

/ \m’\el |:17|02 dx §0(92)|:Z”|92 / |:17/|91 dz < 0(92)|i|02+1/ |x/|91 dz’
Bpr(z) Br(z) z

Blp(@)
<C(n,01,0,)|z|" 01102
and
6 6 6 6
/ 2| T x| eI dz <C(q,02)|7] -1 2| T dw
_ 02 S B
<.l =1 [
Bl (')
91+92

SO(WH q, 615 92)|£|n_ p—1 )
where we require that —(n — 1) < 6; < (n —1)(¢ — 1) and 2 € R. Combining these two
relations, we obtain that Equation (2.10) holds in the case of |Z| > 3R.

On the other hand, if |Z| < 3R, we have |z| < 4R for x € Br(Z). Therefore, it follows
from Lemma 2.1 that

][ |2’ |%1|z)%2 dz < 4"][ |2/|%1 |2|%2 dz < C'(n, 61, 62) RO1H02
BRr(z) Byp(0)

and

4 02 o _0 O !
][ @ T e T de | <an(@D ][ & T T o] T da
BR(Q?) B4R(O)

SC(”’? q, 917 92)R_91_92 )
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where these two relations hold if (91,92),(—07,—(107—21) € AU B, that is, (01,602) €

q—1
(AU B) N (Cq UD,). Therefore, Equation (2.11) holds for any B C R™. The proof is
complete. O

Denote du := wdx = |2/|%|z|°2 dz. Combining Theorem 15.21 and Corollary 15.35
in [26] and Theorem 2.6 above, we obtain the following anisotropic weighted Poincaré
inequality.

Corollary 2.8. Forn >2 and 1 < g < oo, let (61,62) € [(AUB)N(CqUD,)| U {6 =
0, 02 > —n}. Then for any B := Br(Z) CR", R>0 and ¢ € WH4(B, w),
[ o=l an < Gl 01008 [ Vel (2.12)
B B

where pp = f(%) [ e dp.
Remark 2.9. It is worth emphasizing that according to Corollary 15.35 in [26],
Equation (2.12) holds for any (61,62) € {#1 = 0,62 > —n} and 1 < ¢ < oo. This

conclusion is very strong, which is achieved by combining the theories of A,-weights and
quasiconformal mappings; see Chapter 15 of [26] for further details.

Making use of the anisotropic weighted Poincaré inequality in Corollary 2.8, we can
establish the corresponding weighted isoperimetric inequality of De Giorgi type as follows.

Proposition 2.10. Forn > 2 and1 < g < o0, let (61,02) € [(AUB)N(C,UD,)|U{61 =
0, 03 > —n}. Then for any R>0, >k and u € W19(Bgr, w),

q
(I—k)* / dp / dp
{u>1}nBR {u<k}NBp

< C(n.q.01, 6a) RO Vuft dy (2.13)
{k<u<I}NBp

and

q
- [ au) [ s
{ugk}ﬁBR {uzl}ﬂBR

< Cnq,00,02) 1702 V|7 dp, (2.14)
{k<u<I}NBp

where dp = wdx = |2'|%1 |z|%2 da.

Remark 2.11. Since the index ¢ > 1, we have to establish two isoperimetric inequali-
ties in Proposition 2.10, which are used to capture the decaying rates of the distribution
function in Lemmas 3.4 and 4.5 below. Meanwhile, it also causes more complex
calculations in the proofs of Lemmas 3.4 and 4.5.
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Proof. Step 1. Set

1
uy = inf{u,l} — inf{u, k}, u; = /ud.
T e

First, we have

q
1
uwldy =——+——— / ur dy / du
/{ul—O}OBR ! (1(Br))1 ( Bp {(u<k}nBR

q
c(l— k) / /

> Uk d du.
Ra(n+61+62) ( {u>}NBp a {u<k}NBp

Second, it follows from Corollary 2.8 that

/ 1|7 dp g/ lu — |7 dpt < CRq/ Vs |7 dps
{u1=0}nBR Br BRr

ZC’Rq/ |Vul? dp.
{k<u<l}NBp

The proof of Equation (2.13) is finished.
Step 2. Denote

I, u2dp
U2 = sup{u7 l} - Sup{u7 k}a Ug = @T
W

By the same argument as before, we have

q
1
wddpy =——— / ug dp / du

q
ol — k) / /
> du dp
Ra(n+01+02) ( {u<k}NBp {u>1}NBp

and

/ |T2|? dp S/ |ug — ta]? dp < C’Rq/ [Vusg|? du

_CR / IVl dp.
{k<u<I}NBp

The proof is complete. O
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3. Regularity for solutions to degenerate elliptic equations with anisotropic
weights

Throughout this section, denote dy := w da = |2/|1|2|% da. The first step is to establish
a Caccioppoli inequality for the truncated solution.

Lemma 3.1. Let u be the solution of problem (1.1). Then for any non-negative n €
C§°(Br(xo)) with any Bgr(zg) C By,

/ ¥ (on)Pwdz < Cn,p, ) / VP ol dz,
Bpr(zq) Bpr(zq)

where v = (u—k)* or (u — k)~ with k > 0.

Proof. First, pick test function ¢ = vn? if v = (u — k)™. Since
0= / Aw|Vu|P~2Vu - Vi = / Aw|Vol[P =2V - Ve,
BRr(zg) BRr(zo)
then it follows from Young’s inequality that

A [VolPrnPw dz
BRr(zg)

< / Aw|VuPnP = —p/ Aw|Vol[P~2Vy - ViupP~?
BRr(zo) BRr(zo)

Sp)\/ [nVoP~ oVn|w de
BRr(zg

A
< f/ [VolPnPwdz + C [v|P|VnPw dx, (3.1)
2 BR(:L‘()) BR(xO)

which yields that
/ |V (vn)[Pw dz §2p*1/ (InVolP + [oVn|P)w da
BRr(zo) BRr(zg)
SC’/ [VnPlvPw de.
BRr(=zg)
Second, choose test function ¢ = —vn? if v = (u — k)~. Then we have

Oz/ Aw|VulP~?Vu - Vo = —/ Aw|Vv|P~2Vu - V.
Bpr(zqg) Bp(xq)

Therefore, in exactly the same way to Equation (3.1), we obtain that Lemma 3.1
holds. g
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We now improve the oscillation of the solution u in a small domain provided that u is
small on a large portion of a larger domain.

Lemma 3.2. Assume that n > 2, (01,02) € (AUB)NF, 1 <p < n+06;+ 6z For
R e (0,1),let 0 <m < glfu < supu < M < M. Then there exists a small constant
R B

0 <19 =T10(n,p,61,02,\) <1 such that for any € >0 and 0 < 7 < 79,

(a) if
H{z € BR:u>M —€}|, < 7|Bgr|yu, (3.2)
then
uSM—%, for x € Brja; (3.3)
(b) if
H{z € Br:u <m+e}|, < 7|Brly,
then

uszg, for x € Bgjs. (3.4)

Remark 3.3. The assumed condition in Equation (3.2) is natural, since
{zeBr:u>M-—c¢}|, -0, ase—0.

This fact also implies that the value of 7 can be chosen to satisfy that 7 — 0, as ¢ — 0.
Then the key to applying Lemma 3.2 lies in making clear the dependency between 7 and
¢ in condition (3.2). The purpose will be achieved by establishing the explicit decaying
estimates in terms of the distribution function of « in Lemma 3.4 below.

Proof. Step 1. Fore >0 and i =0,1,2,..., let

R R € i
ri:§+2i+1’ ki:M—8+§(1—2 )

Take a cutoff function n; € C§°(B,,), satisfying that 7, = 1 in B, 0 < n; < 1,
|Vl < C(ri = ri41)~" in B,,. For k € [m, M] and p € (0, R], write v; = (u — k;)* and
A(k,p) = {x € B, : u > k}. By Theorem 1.1 in [30], we have the following anisotropic
Caffarelli-Kohn—Nirenberg type inequality:

||u|| (n+601+62)p < C(nvpv 017 92)||vu||Lp(BR,w), Yu € W()Lp(BR,w)a
Ln+91+92—p (BR,w)
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which, together with Lemma 3.1, reads that

1
X
: 0, + 6
/ Imivi[Pwda | < C/ v [P|Vn[Pwde, x = _ntbhh+o
Bpr Bp n+01+92_p

Since

C(M — k)P

(Ti _ Ti+1)p |A(kl7 ri)|#

/ i P[P da <
Bgr

and

==

1
> (kit1 — k)P |A(Kig 1, ric) |

/ |iv; | PXw da
Br

it then follows that there exists a positive constant ig = ig(n,p, 61,602) > 0 such that for
T Z Z‘07

|A(Kit1,7i41) | < (C22P(+2) )X RO1+02m) (x—1) ~px (|A(kiv”>|u>x

|BR‘,U« |BR‘/,L
—(C22P(i+2))x < [AKi; 7)1 ) *

|Brlu
. i+1
d . _ s A(k‘o ’I“o)| X
< C92p(i+2-5))x* ! (' 7o)
51;[0( ) Bl
<(C*)i+1 ('A(kO;TO”H)X(’LJrl) .
N |Qrly

Fix 70 = (C*)~X. Then we deduce that for any £ >0 and 0 < 7 < 79, if Equation (3.2)
holds, then

A k; ’ ) x(i41)
—‘ ( E’T 1)l < (Crrx)itt = <T> —0, asi— oo.
Rlp 70

Hence, Equation (3.3) is proved.
Step 2. Similarly as above, set

R R ~ 9 —i .
7"7;25""21,?, klzm+5_§(l_2 ), ZZO
For k € [m, M] and p € (0, R], let & = (u — k;)~ and A(k,p) = {z € B, : u < k}. Then
applying the proof of Equation (3.3) with minor modification, we obtain that Equation
(3.4) also holds. The proof is finished. O
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The decaying estimates for the distribution function of the solution u are established
as follows.

Lemma 3.4. Suppose that n > 2, (61,62) € [(AUB)N(CqaUD,) NFlU{0; =0,6, >
—(n—l)},1<q<p<n+91+92,0<7<1,0<R<% and 0 <m < inf u < supu <

Bogr Bog
M. Then for any € >0,
(a) if
Bg: M — .
|BR|y
then for any j > 1,
re€Br:iu>M-—- = C
{ o7 Hu - - (3.6)
|BR|M \qﬁjw
(b) if
Bgr:
{z € Br u<m+€}‘”§1—% (3.7)
| Br|u
then for any j > 1,
{z € Briu<m+ 5}y C
|BR|,U« - -

Nk
where C = C(n,p,q,01,02, ).

Proof. Step 1. For i > 0, let k; = M — = and A(k;, R) = Br N {u > k;}. From
Equation (2.13), we know that for ¢ > 1,

(kiv1 — ki) A(kiv1, R[] |IBr \ Aki, R)| .

< ORI 01402+ / |Vu|Tw dz. (3.8)
A(k;, R)\NA(k;41,R)

Using Equation (3.5), we have
|BR \ A(kia R)‘M > 7|BR|M = C(”) 017 92)’7Rn+91+02-
This, together with Equation (3.8), shows that

2i+1 (n+601469)(g—1)
Akisr, R)|, < S5 g / Vul9w da
ey A(ki, R\A(k; 1,R)

Sl
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Since 1 < ¢ < p <n + 601 + 03, we then have from Hélder’s inequality that

/ [Vu|%w dx
Ak, R\A(k;11,R)

pP—gq

% 2
< (/ |Vu|pwdx> (/ wdx)
Ak, RO\NA(k;11,R) Alky, RONA(k;11,R)

p—q
P
< (/ IV (u— k)T [Pw dm) (/ wdm) .
Bpr Ak R\A(k;41,R)

Choose a cutoff function n € C5°(Bsg) satisfying that

hS{1S)

n=1inBg, 0<n<1, |Vp<

% in BQR. (39)

It then follows from Lemma 3.1 that

1 1
3 1
/ |V(u—k) [Pwdz | <C / |(uw— k)T P|[VyPwder | < —R
Br Bar 2

A combination of these above facts shows that

i1
Q
™
3
3
>
+
&
¥
i}

pP—q
n+61+0 —= Dq
|A(kig1, >|,L_f ROFOFODO=5D Ay, R)\ Ak, R)T
This leads to that for j > 1,
e i—1 _pq_ C g
. — — n+61+6 4 1
JAG, RIET <3 Ak, R)ET < —S RO (7))
i=0 yP—4
2L
——|Brlf *
ryp—q

Then Equation (3.6) is proved.
Step 2. For i > 0, denote k; = m+ 5 and A(k;, R) = Brn{u < k;}. In light of Equation
(2.14), we see that for g > 1,

(ki — kiy1)?) A(kiv1, R)|%|Br \ A(ki, R)|,.

< C'Rq("+01+92+1)/ [Vu|Tw dz.
A(ki, R\\A(k;11,R)

From Equation (3.7), we have

|Br\ A(ki, R)|e > 1 Brlu = C(n, 01, 62)yR™ 172,
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Hence, we obtain

1

- 21+l (n+61+62)(g—1) 4

AR, B, < SR /  Vuwdz ] .
ey Ak, R\\NA(k;41,R)

Analogously as before, it follows from Hélder’s inequality and Lemma 3.1 that for
l<g<p<n+6,+06
pP—q

1
q
(/ |Vu|w dx)
A(k;, R\\A(k; 1 1,R)

1 P—q
P P4

< (/ |Vu|pwdx> (/ wda:)

Alky, R\NA(Rj41,R) Ak R\\A(k;41,R)

1 p—q
~ b Pa
< (/ V(u—ki)_|pwdx> (/_~ N wdx)
BRr A(ky, R)\NA(k;41,R)

1
—q

~ P . P
<C (/ [(u— ki)~ [P Vn[Pw dx) |A(Ki, R) \ A(kit1, R)[ ™
Bop

n—+01+09— . - . p—q
= %R 1p = A(kl’R) \A(ki+17R)|Mpq )

where 7 is given by Equation (3.9). Then we obtain

~ p— p—g

~ C _P—qy\ ~ ~ o~
|A(kis1, R)| S%meegm 0| A(ks, R)\ Akii1, R)5T

and thus,
N A . P O nror+0y) (24 1)
JIA(k;, B[ < |A(kip1, R)| * < ——R P=4 /| Bply
i=0 yP—4
C _pq_
<—5—|Br|i"?" forj>1
ryp—q
The proof is complete. d

A combination of Lemmas 3.2 and 3.4 yields the following improvement on oscillation
of v in a small domain.

Corollary 3.5. Assume thatn > 2, (61,602) € [(AUB)N(CqUD,)NFJU{61 =0, b >

—(n—l)},1<q<p<n+91+92,0<7<1,0<R<% andogmglignfugsupug
2R Bogr

M. Then there ezists a large constant kg > 1 depending only on n,p,q, 61,02, A,y such

that for any € >0,
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412
(i) if
Hzr € BR:u>M —¢}|, <1+,
|Br|,
then
€
sup v < M — Py
Br/e2 2%
(i) of
{z € Br:u<m-+e}|, <1+,
‘BR|M
then
€
. . £
3111%152 u>m+ >0
Proof. Applying Lemmas 3.2 and 3.4, we obtain that Corollary 3.5 holds. In par-
ticular, in the case of 61 = 0, 62 > —(n — 1), 1 < p < n+ 09, we fix ¢ = pzil in
Lemma 3.4. 0

We are now ready to prove Theorems 1.1 and 1.4, respectively.

Proof of Theorem 1.1. For 0 < R < %, denote

A(E) =swpu. u(R)=ipfu. w(R) = (R) - p(B).
R

Note that one of the following two statements must hold: either

o € Br:u>A(R) ~ 2 w(R)}, < ¢ |Bal, (3.10)

or
1
[{z € Br:u < p(R) + 2 'w(R)}, < §|BR\M. (3.11)

Using Corollary 3.5 with v = %, we derive that there is a large constant kg > 1 such that

_ _ w(R .
n(R/2) <u(R) — QkE)T)l’ when Equation (3.10) holds

and

w(R .
u(R/2) > p(R) + ngﬁ')l’ when Equation (3.11) holds.
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In either case, we have

R/2) < (1- -2 R) = ~w(R), witha = (1 = 5rer)
w(R/2) < T Qkotl w()—ij( ), wi a——T

Observe that for each 0 < R < %, there exists an integer [ > 1 such that 2-(+) « R <
27!, Since w(R) is non-decreasing with respect to R, we then have

w(R) < w(27h) < 27 Doy 271 = g0~ (e, 971 < OR?,

where C' = C(n, p, q, 01,02, A\, M). The proof is complete. O

Proof of Theorem 1.4. First, by applying the proof of Theorem 1.1 with a slight
modification, we also obtain that there exist a small constant 0 < a = a(n,p,2,\) <1
and a large constant C' = C(n,p, 02, A\, M) > 0 such that

lu(z) —u(0)] < Clz|* for all z € Bys. (3.12)
For R € (0,1/2), y € Q1/g, denote
ur(y) = u(Ry),  Ar(y) = A(Ry).
Hence, ug is the solution of
div(Agly|”2Vur) =0 in Qg

After the change of variables, we see that this equation becomes degenerate elliptic equa-
tion in By /o(y) for any g € 0B;. For any two given points x,Z € By/q, let [Z] < ||
without loss of generality. Denote R = |z|. By the interior Holder estimate for degenerate

elliptic equation, we derive that there exist two constants 0 < 8 = B(n,p,02,\) < 1 and
0 < C=C(n,p,02,\, M) such that for any § € 9By,

lur(y) —ur(@| < Cly—4l”, Yy € Bipa(B). (3.13)
Consequently, for |z — Z| < R%, we have from Equation (3.13) that
u(z) = u(@)| = ur(z/R) — ur(#/R)| < C|(x — &)/R|” < Clz — &[°/?,
while, for |z — Z| > R?, we deduce from Equation (3.12) that
Ju(x) — u(@)] <lu(z) = u(0)] + [u(0) — u(@)| < C(R* +|&*) < CR* < Clz — 2.

Therefore, the proof of Theorem 1.4 is complete. O
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4. Regularity for solutions to nonlinear parabolic equations with anisotropic
weights

Let n > 2, R>0 and -T < t; < to < 0. For u € C((t1,t2); L*(Br,w1)) N
L2((t1,t5); Wy 2 (Bg, wy)), denote

t2
1]l 1 = sup / |u\2w1dx+/ / |Vu|?wq dz dt,
Vg (Brx(t1,t2)) te(tite) B y JBp

where the anisotropic weights w; and ws are defined in Equation (1.5). The parabolic
Sobolev inequality with anisotropic weights is now given as follows.

Proposition 4.1. Forn > 2, R>0, 01 + 60 > —(n—2) and —-T < t; <t <0, let
u € O((t1,t2); L*(Br,wy)) N L2((t1, t2); Wy *(Br, ws)). Then

n+91—|—02—|—2

lell 2 (B ey ) ) CHUHVOI(BRX(tth))’ with x = n+ 01+ 6>
where C' = C(n,01,02).

Proof. Applying the anisotropic version of the Caffarelli-Kohn—Nirenberg inequality
in [30], we obtain that for any u € W,*(Bg,ws),

n+91 +92 —2
2(n+91+92) 03(n+01 +02)7201 94(n+01+92)7202 n+01+0o
/ dz
Br

|U| 7L+91+92—2 |.’,U/| n+91+02—2 |33| n+61+92—2
< C/ |Vu|?|z|%3)z]% da.
BRr

This, in combination with the Holder’s inequality, leads to

/ 2|2 |%5]2]% da
Br

:/ [uf?|2’|93 70101 |7 |04 =020 1) 14 20 1) |7 |01 O 1) F2 = 1) g
R

2 03=01(x=1) ~ 04=0>(x=1) X o0 10e 1 10 Xt
<( [ eI e N ) ([ Pl o
Br BR

x—1
gc/ |Vu|2|1:’93|a:|94dx</ |u|2x’91|x|92dx> . (4.1)
Br BRr

Then integrating Equation (4.1) from t; to t3, it follows from Young’s inequality that

x—1

to % X %
/ / || *Xws <C| sup / |u|?w; d / |Vul>ws dz
t1 JBpg te(ty,ta) /B Bp
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t2
<C| sup / |u|?w; dx—i—/ / |Vu|*wy dzdt | .
tE(tl,tQ) BR tq BR

415

The proof is complete.

The Caccioppoli inequality for the truncated solution is given as follows.

Lemma 4.2. Set m < k < M. Then for any Br(zo) C By and non-negative n €
C*(Bgr(zo) x (—1,0)), which vanishes on dBr(xo) x (—1,0), we obtain that for —1 <
t1 <ty <0,

sup / (vn)?wy dx—i—/
te(ty,t2) /Y Br(zg)

Bp(zg)x(t1,t2)

/ (v* 4 Cov®)nw; dx‘ + Co/ (M Omlwr + |Vn|*we)v® do dt
Bpr(zg) al BRr(zg)x(t1,t2)

|V (vn) [Pws dz dt
<

and

sup / (0% — Cov®)n*wy da + /
te(ty,ta) J Br(zq)

BRr(zo)
/ (om)*w, dx’ + Cy / (77\3m|w1 + |V77\2w2) ??dzde,
Bp(zg) at BR(zg)x(t1,t2)

where Cy = Co(n,p, \,m, M), v
problem (1.5).

|V (om) 2wy dz dt
<

(u—Kk)*, © (u — k)=, u is the solution of

Proof. Choose test function ¢ = v772. By denseness, we obtain that for t; < s < tg,

S S
/ / w1 OpuPon? de dt + / / A'UJQVUV('UT]Q) dzdt = 0.
t; JBR(zq) t1 J Br(zo)

On the one hand,

// wy OpuPvn?dxdt :p// wivn*uP 1oy dxdt
t1 7/ Br(zq) t1 / Br(zo)

:p/ / win?[(v + k)P — k(v + k)P0 dedt
t1 / Br(zo)

=p / / win* O H,
t1 JBR(zg)

where

(0+BPH Kt kp | B
- p+1

p plp+1)
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Remark that the last term
expansion, we obtain

(pil) in ‘H is added to keep it non-negative. In fact, by Taylor

(v+ k)Pt gptt ( E)p-s-l

p+1  p+1 k
ke v plp+1) v (p—Dplp+1)wv vt
— 1 pneyppr v Wwm )PP L) v v
p+1<+(p+ Gt e et 6 k3+0(k4)>’

and

Ko+ k)P p+1( )
v
Pyt

p
kp-l—l (
p

A consequence of these two relations shows that

P(p ;1>k2+p<p—1é<p—2>zz+0<lf‘)>,

R  {Cet ) O o PP g B 3+O<U4>
p+1 P plp+1) " 2 k)
which yields that
0<H-— 5]4:” L2 < C(p,m, M)v3. (4.2)

In light of Equation (4.2), it follows from integration by parts that

// w1 OpuPon? dx dt
t1 Y Br(zg)

> Pyp—1 / win?(x, s)v*(x, s) dr — Ekp_l/ win?(z, t)v?(z, t1) do
2 BR(=zo) 2 BRr(=z)

S
-C win?(z, t1)v3 (2, 1) da — C/ / wyn|Oyn|v? da dt.
BRr(zo) BRr(=g

On the other hand, utilizing Young’s inequality, we have
/ AwyVuV (vn?) dz dt
R(20)x(t1,5)

= AwyVu(n?Vo + 20nVn) dz dt
BR(zg)x(t1,s)
1
> */ InVo|*wy dz dt — C vn|Vn||Vu|wy dz dt
A JBReg)x(ty.9 B (s0)x (t1.9)

1

o\ InVo|*wy dz dt — C v? | Vn|wsy dz dt

Bp(zg)x(t1,s) Br(zg)*(t1,s)
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1

> 75\ |V (1nv)|?wy dz dt — C V2| Vn|?w, dz dt,

BR(zg)x(t1,s) BR(zg)x(t1,s)

where in the last inequality, we used the following elementary inequality:

la —b*> > =|a* = |b|* for any a,b € R™.

N =

Therefore, the first inequality in Lemma 4.2 holds.
The proof of the second inequality in Lemma 4.2 is analogous by picking test function
¢ = —9m%. Then we obtain

f// wlatupfm2 :p// w1ﬁ772up*1(9tf)
t1 Y Bg(zq) ty JBR(zo)

Zp/ / win?[—(k — )P + k(k — 0)P~ 1 00
t1 Y Br(zg)

S
=p// win® OH,
t1 Y BR(zq)

~ (k_@)pﬂ B k(k — o)P N fpt+1
p+1 p plp+1)°

where

Similarly as before, it follows from Taylor expansion that
— ~ 1
—C(p,mm, M) < H — 51#’*1172 <0,

which reads that

// wlﬁtupvnzdxdt
t1 J BR(zq)

> kafl/ win?(x, )% (z, s) do — C/ win?(x, )% (z, 5) dz
2 BR(xo) Bp(xo)

S
—Ekq_l/ wan(x,tl)OQ(%tl)dx—C’/ / wyn|On|o? dz dt.
2 BRr(zo) t1 Y BR(zp)

By the same argument as before, we have

- / AwyVuV (on?) de dt = / Awy VoV (m?) de dt
BR(mo)X(tl,S) BR(:Eo)X(tl,S)
1
> — |V (7)) 2w dz dt — O/ 2| Vn|?w, dz dt.
AN J B (eg) % (t1.5) Bp(zg)x(t1.5)
The proof is complete. O
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For R>0 and (z¢,t9) € By x [~1 + R%11%2 0], denote
QR(CEQ,to) = BR(.’E()) X (to — R91+927t0].

For brevity, we use Qg to represent Qr(0,0) in the following. Introduce two Radon
measures associated with the weights w; and ws as follows:

dpty, = w; da, dvy,, = w;dxdt, i=1,2,
3 7

satisfying that for £ C By and EcC Q1,
1B, = / w; dz, |E~\yw, :/ w; da dt.
! E i B

Observe that by Holder’s inequality, we know that for EcC QR,

- _ 3—3 (n+61+02)(0; —03) - 373
Blow, __CIEVLRE 7 (Bl |7 s
|QR|Uw2 —_ — Rn+91+02+03+04 — |QR‘yw1 ) .

where C = C(n, 01, 05,03,04). Here we used the assumed condition that /603 = 65/64,
937 94 7é 0.

Similar to Lemma 3.2, we improve the oscillation of the solution u in a small region as
follows.

Lemma 4.3. Assume as in Theorem 1.6 or Theorem 1.9. For R € (0,1) and to €
[-14+ RUt02 0], let0<m<m< inf w< sup wu<M<DM. Then
QR(OvtO) QR(O,to)

(a) there exists a small constant 0 < 79 = 19(n,p, 01,062,053, \,m, M) < 1 such that for
any e>0 and 0 < T < 79, if

H(z,t) € Qr(0,to) : u(z,t) > M — 6}\yw1 < T|QR(O,t0)\yw1, (4.4)

then we have
u(z,t) < M — % for (z,t) € Qry2(0,to); (4.5)

(b) there exist two small constant 0 < ¢ = co(n,p, \,m, M) < 1 and 0 < 79 =
To(n,p, 01,02,03, A\, 1, M) < 1 such that for any 0 < ¢ < gy and 0 < 7 < 79, if

{(z,t) € Qr(0,t0) : u(z,t) <m+e}|y,, <TIQR(0,t0)|vy,

then we have

u(z,t) > m— % for (2,t) € Qra(0, to). (4.6)
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Remark 4.4. From the proof of Lemma 4.3 below, we see that the value of 05 + 04
has to be restricted to 2 and thus affect our final regular index in Theorems 1.6 and 1.9.

Proof. Without loss of generality, let ¢ty = 0.
Step 1. Fore>0and ¢+ =0,1,2

, set
R R € i
7’2'=5+2i+1, ki:M—&‘—Fi(l—Q )
Choose a cutoff function n; € C5°(Q,,) such that
C C
M=1in @, 0<m<1, |Vn|<——

10| < 75—~ In Q..
i — iyl ’ rf1+92 - rf}jeg K
Denote v; = (u — k;)

)T and Ak, p) = {(z,t) € Q, : u > k} for k € [m, M] and p € (0, R].
Then combining Proposition 4.1 and Lemma 4.2, we deduce

1
X
</ |77i'Ui2Xw2> < C/ (IVmil® + Iami|\$/|91_93\15|62_94) viwa, (4.7)
Qr QR
where x = (n + 61 + 02 + 2)(n + 01 + 62) 1. Note that

2—63—0
Rk ¢

(ri —rig1)?  (ri —7rig1)?’ (48)

Therefore, we have

C(M — k;)?
/Q (IVn > + [8ms |21 =03 x| "2 %) wFw, < G~ k)
R

A(ki, i)y
< —T¢+1)2| (ki 70) [y
and
1
X 1
</ [mivi[Xws dz dt) > (ki1 — ki) | A(Kit1, 7ig1) Dy -
QR
Define

|A(Ki, i)

|Vw2
i

|QR|V’LU2

Then we have

Fyyy <(C240+2))X R(n+01+02+03+04) (x—1)=2x X

, 2(03+04-2) ,
=(C2H IR IR FY = (C2A )Y
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i
) s i+1
< [Je2 o2y (4.9)
s=0

Observe from Equations (4.8)—(4.9) that the value of 85 + 64 must be chosen to be 2.
A consequence of Equations (4.3) and (4.9) shows that there exists a constant i =
’io(n, 91, 92793) > 0 such that if ¢ > 10,

03 i+l 03 .
0% 7o x(i+1)
Fii1 < (C*)H‘l M ! < (C*)i-‘,-l M 1 .
|QR|I/w1 |C2R|le
o1
By taking 7o = (C*) 93", we obtain that for any e >0 and 0 < T < 7, if Equation (4.4)

holds, then

; 05 .
973X 1+1 - ﬁX(H’l)
Fa<|(C'rh = (> —0 asi— oo.

To

That is, Equation (4.5) holds.
Step 2. Analogously as before, pick

R R ~ 9 —i .
Ti:§+72i+1’ ki:m+€*§(1*2 ), 20
Let ¢g = Co’ where Cy is given in Lemma 4.2. Denote 9; = (u — l%l)* Then we obtain
that for any 0 < ¢ < ¢y,

o2 — Cow? > (1 — Coe)v? >0,
which implies that Equation (4.7) holds with v, replaced by ;. Then following the
left proof of Equation (4.5) above, we deduce that Equation (4.6) holds. The proof is
complete. 0

The decaying estimates for the distribution function of u are stated as follows.

Lemma 4.5. Let the values of n,p,q,0;,7i = 1,2,3,4 be assumed in Theorem 1.6 or
Theorem 1 9 with 03 + 64 = 2 replaced by 0 < 03 + 04 < 2. Suppose that 0 < v < 1,
O<R< 0<a<177<t0_7aR91+92andm<ma§ inf u <

By xltg.to+aRr?1102]
sup u< M, <M. Then
By x[tg.to+aRr?1702)

(a) for anye>0, if

{x € Bg : u(x,t) > M,

_6}‘Nw1 <1_—
lBR|Hw1 -

v, VYt € [to, to + aR"1T%2],
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then for any j > 1,

H(Iat) € BR X [t07t0 + aR91+92] : U(Iat) > Ma - %H'/wl < c . (4 10)
01+06 = 2_q° .
|BR X [to,to + aR%1 2]|uw1 {Iﬁ\/aquq

(b) forany 0 <e<egy = Co_l with Cy = Co(n,p, \,m, M) given by Lemma 4.2, if

[{z € Br : u(z,t) <ma + e}y,

<1—7, Vte€lty,to+aR1T02]

|BR|IL’w1
then for any j > 1,
|{(.’E,t) GBR X [tht0+aR91+02} :u(xat) <ma+§}‘vw1 < C
0110 = 2-q’
|BR X [to,to + aR%1 2]‘yw1 3/’?\/&]%

where C' = C(n,p,q, 01, 02,03, \, 70, M).

Remark 4.6. Since the proof of Lemma 4.5 only uses the aforementioned
Proposition 2.10 and Lemma 4.2 instead of Lemma 4.3, we can obtain a larger range
for the value of 63 + 0, than that in Lemma 4.3.

Proof. Step 1. For i > 0, denote k; = M, — 2% and

A(ki, R;t) = Bpn{u(-,t) > k;},  A(ki, R) = (Bgr X [to, to + aR1T02]) N {u > k;}.
It then follows from Equation (2.13) that for 1 < ¢ < 2,
(Fiv1 = ki) | A(kisr, R 0I5, [Br\ A(ki, Bi )],

< CRI(FO1+02+1) / |Vu|Tw, dz. (4.11)
Ak Rit)\A(k; 1, 15t)

From the assumed condition, we have

1Br\ Akis R )|y 2 7IBRluw, = C(n, 1)yR*014%2.

Substituting this into Equation (4.11) and integrating from t¢ to to+aR%1 %2 we deduce
from Holder’s inequality that

to+aRrf1102
/ A1, R )],
to

_ 01+09
C2i+1  (n+61+609)(g—1) to+aR’1

< R a / / |Vulfw, dz | dt
24 to Ak B\ A(ky 4 1, Bit)

Q=
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. g—1
021+1 q (n+2601+209)(q—1)
< T - = +1 / |Vul|fw; dz dt
ey Ak, R\A(kj11,R)

In light of 1 < ¢ < 2, it follows from Holder’s inequality again that
2—q

1
q
/ |Vu|%wy
Ak, RO\NA(kj41,R)
20{—q03  209—q04 ) 2q

1
2
g(/ |Vu|2w2> (/ 2| 2= x| e
Ak, R\\A(k;j11.R) Ak, RO\A(k;y1,R)

014+62—03—64 22;qq o 2
<R A R\ Atk B ([ o V(u—k) Py )
Bpx[tg.tg+aRY1792]

Sl

—

Pick a cutoff function n € C§°(Bzg) such that

n=1inBgr, 0<n<1,|Vy < Cé”) in Bp. (4.12)

Then from Lemma 4.2, we deduce

/ Vi~ k)P
Bpx[tgto+aRr?1702)

1
30/ |<u—ki>+<x,to>\2w1+—2/ (u— Ei) P
Bop R J gy p it tg+arf1+02]

Cg n+601+0o+03+604—2
where in the last inequality, we used the assumed condition that 0 < 63 + 6, < 2.
Therefore, combining these above facts, we obtain

1
2

[

)

27!1
|A(ki, R)\ A(kis1, R)|oat

q—1
Ca @ _ (n+201+2605)(3¢—2)
. < 2
|A(kz+17R)‘Vw1 = {I/’? a
which yields that for j > 1,

2q

le le <Z|A Z+1> |Vw1

1) (n+207+205)(3q—2)
Ca 24 n+201+2609)(3q—
— R 2-q |Br X [to,to + aR91+92]\yw1
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c =
<—5———|Br x [to, to + aR 102, 1.
2024

Then Equation (4.10) holds.
Step 2. For i > 0, write

and

A(ki, R;t) = Bp n{u(t) < k;},  A(ki, R) = (Bg X [to, to + aR1%%2]) N {u < k;}

Using Equation (2.14), we obtain that for 1 < ¢ < 2,

(ki — kiy1)?) Akir, R;t) fwy |1 BR\ Ak, B3 )]y,

< O RI(n+01+62+1) /

o B |Vu|Tw, da.
Ak Rst)\A(k; 41, R5t)

Observe by the assumed condition that
1Br\ A(ki, B; t)|ppy = VIBRluw, = C(n,01,0:)yR" 01702,

Analogously as above, integrating from ¢ to to +aR%1 192 and using Hélder’s inequality,
we have

to+ar0102
/ (A1, B )]

to

1
. g—1
021+1a q (n+291+202)(q—1)+1
- - q

q
/ |Vu|Tw, do dt
ey Ak, R\NA(R;41,R)

and

[ i ) |Vu|Tw,
Ak, RO\NA(kj41,R)

a 2—q
2 201—qf3  209—qby 2
s(/_~ iy |vm%w> <[~ T e )
Ak, RN\A(k;41,R) Ak, R\\NA(k; 4 1,R)

q(01+62—63—064)
R 2

o o 2—q B
Al R\ Ak, R)LZ / IV (u— o) [P
BRxltg.to+ar?1102]

For any 0 < e < ¢ = C’O_1 with Cy given in Lemma 4.2, we know that

[\CISY

[(u—Fk;)"]* = Col(u— ki) ™1> > (1 — Coe)[(u—k;)"]* > 0.
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Therefore, in view of 0 < 03+60, < 2 and applying Lemma 4.2 with n defined by Equation
(4.12), we derive

IV (1 — k)~ |Pws
/BRx[tO,toJraR"ﬁ"Z] '

- 1 -
<C / w— k)" (z,to)Pw +—/ u— k)" Pw
<32R|< Pt g [ R T

Ce?
< —

Rn+91 +92 +93+94 -2
= 41 .

Then we deduce

2(g—
o 2 g G (na20y 120302 .
|A(kit1, B) i, <——5—R 2-e |A(ki, R) \ A(Kit1, B)|v, -
2
This leads to that for j > 1,
- ik . 2L
le(kj7 ‘Vw Z z+17 |Vu11
Ca 557 (nr20y420)(30-2)
<——>—R 2=4 |Br x [to, to + aR"17%2]|,,,.
v27e
C 2q
§27|BR X [to,to + CLR01+62]|?7
NT=Gq2q
The proof is complete. O

We now give explicit estimates for the distribution function of u at each time slice
from the starting time.

Lemma 4.7. Assume as in Theorem 1.6 or Theorem 1.9. Let 0 < v < 1,0 < R < %,
—% <ty < —RNU1t%2 gndm < my < inf u < sup u <
By xltg.to+R1102) Bapx[tg:to+R%1102]
M; < M. Then there exist a small constant &g = &o(n, p, 01,02, \,v,m, M) > 0 and a
large constant ly = lo(n, p, q, 01, 02,03, \,~v,m, M) > 1 such that

(i) for every 0 <e <&, if

{xz € Bg : u(x,tg) > My —

|BR|Mw1

g
Horwy <1- (4.13)
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then for any to <t < to+ RO1102,

[{x € Bg : u(x,t) > My — 2*106}‘“1” <1 7
|BR‘,U'w1 - 27
(ii) for every 0 < e < &g, if
T € Br:u(z,to) < mi1+ e},
{ R u(z,to) <my }|u1§1_%

|BR‘Hw1

then for any to <t < to+ RO1102,

r € B :u(x,t) < mq + 270},
{ R u(,t) 1 }|u1§1_'y

|BR‘#w1

425

(4.14)

(4.15)

(4.16)

Remark 4.8. It is worth emphasizing that the explicit values of &y and Iy are given

by Equations (4.20) and (4.22) below.
Proof. Step 1. For a € (0,1] and k € [m, M], define

A%k, R) = (Bg X [to, to + aR17%2)) N {u > k}.

Take a smooth cutoff function n € C§°(Bpg) satisfying that n=1 in B, g, where o € (0,1)
to be determined later. Set k; > 1. Denote v = (u — (M; — €))*. From Lemma 4.2, we

obtain

sup / vin?w, dz
te(tg,to+aR?1192)/BR

< / (v? + Cv*)n*w, dac|t0 +C v?|Vn|ws dz dt.
Br

Bpxltg.tg+aR%1702]

Observe that for ¢ € [to,to + aR%17%2],

/B vnPwy dz|, > e2(1 = 27"1)?|Bog N {u(x, t) > My — 27 "€},
R

and by Equation (4.13),

/BR(U2 + Cv*)n*w, da:|t0 <e*(1 + Ce)|{x € Bgr : u(x, to) > M, — }H

<e*(1+ Ce)(1 = )| Brluw, »

and

/t0+aR91+92 / Q‘V |2 dods < COg2 A8 (0 )
vV w2 dr dt & m———5 5 1—6 )
to Bp (1 - U)2R2 2
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Ce?RV3+04—2 |A?(M, — £, R)

|l/'w2

>~" 7 o5 Rlpw
(1—o0)2 e QR v,
2 A%(My — ¢, R)|,,
_ Ce 2|BR‘MM | ( 1 € )‘ w2,
(1 - U) ! |QR|I/U}2

where we utilized the assumed condition of 63 + 6, = 2. A consequence of these facts
gives that for t € [to, to + aR%11%2],

|Bor N {u(z,t) > My — 2_]€1€}|#w1

-5 (14 Ce)(1—7) c  |AY(Mi =& R)luy,
= | R|uw1 (1 _ Q—kl)z (1-— 0)2 |QR|Vw2 ’

which, together with the fact that |Bgr \ Bog|u,, < C(1 — 0)|[Bg|pu,, , reads that

|Br N {u(z,t) > M; — 2_k15}|uw1
|BR|Nw1
_ A*(My — €, R)|,,,
UG O A e P,
(1—27F1)2 (1-0)? |QRlv,

Pick o such that

(1 B 0)3 _ |Aa(M1 - E,R)

‘sz

|QR|VUJ2 ’

which yields that for ¢ € [to, to + aR11%2],

|Br N {u(z, t) > My — 27%1e}| 4,

‘BR|H’LU1
_ 1
< 1+Ce)(1—7) <|Aa(M1 _€7R>|Vw2)3 (4.18)
= —9—k1)2 ) ‘
(I—27F1) QR v,
where C = C(n, p, 01,02, \,/m, M). Note that
A* (M7 — €, R)|,,,
| A% (M M, “a
|QR|uw2

Take a small positive constant a such that a~! is an integer and

=

Ca3 <

=

By fixing the value of a, we now divide the time interval [to, to + R%1792] into finite small
intervals. Denote N = a~! and t; = tg +iaR%17%2 i =1,2,... N.
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Claim that there exist a small positive constant £y and a large positive constant kg > 1
depending only on n, p, 61,02, A, v, m, M such that for any 0 < ¢ < &y and k1 > ko,

"
<1—my4 L 4.1
Sl-v+gy (4.19)

(1+Ce)(1—7)
(1 —2-F1)2

In fact, since (1 —¢)=2 < (1+6t) for ¢ € (0, 3), then

1+Ce

gy < 4T 46271,

Let Ce = 6-27%1. Then we have
1 + 65 — —2 9

Pick

— —2
—2C +4/4C" + 55—
2N(1—7) ko — In2 (4.20)

g0 = , = .
0 20> In(Cso) — In 6

Then we obtain that for any 0 < ¢ < &y and k1 > ko,

14 Ce
(1 —27"1)2

— —2 ¥
<1+42C C'2=14—~1——.
<l+ E0"' €o +8N(17’y)
That is, Equation (4.19) holds.
Consequently, it follows from Equation (4.18) that for 0 < e < &, k1 > ko and
te [to,t1],

|Bg N {u(z,t) > M; — 2_’“15}\;@1 7 1
<1 (- )4
8 8N

|BR‘Mw1

Then applying Lemma 4.5, we deduce from Equation (4.3) that for any ko > k1 > ko,

0-

Y3
|A9(M; — 2752, R)l,,, A2(M, — 27522, R)|,,,, | 71
|QR|VU}2 h |QR|Vw1
03
01
= Va
SC 2—q )

Y(ka — ki) 20
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where C = 6(n7p,q,91,92,93,)\,ﬁ, M). Pick

661q

ks = by + aZoiy o0 ( g )93(2“”
2 =R t+a"9y 71| ————= .
SNCVE

Then we have

1
<|Aa(M1 —2—’fza,R)|,,u,2)3 5 (420)

< .
‘QR'U’LUQ 8N

Choose k; = ko and I; = k; + ko. By letting 27%2¢ substitute for ¢ in Equation (4.18),
we have

sup (B {u(,t) > My = 270, < (1= + 25 1By
telt 1] AN

Then it can be inductively proved that there exist a strictly increasing integer set {I;}¥
such that for ¢ =1,2,..., N,

sup |BgrN{u(z,t) > M; — 2~ %5}|w _(1—7—1— )|BR|w
tE[t;—1,t;] e AN e

In fact, let the above relation hold in interval [¢;_1,¢;] and then prove that it also holds

in the next interval [t;, ¢;41]. For simplicity, denote &; = 27'ie and v; = v(1 — 7% ). Then
the assumption implies that

[Br N {u(z,t;) > My — €} uw, < (1 =7%)|Brluw, -

By the same argument as in Equation (4.18), it follows from Equations (4.19)—(4.21) that
for k1 > ko and ¢ € [t;,ti41],

|Br N {u(x,t) > My — 27 F1g;},,,.

|BR|H’w1
1
(1+Cel)(1—%)+C<|AG<M1—EZ, Vw2>3
T (1-27F1)2 |QRvw,

A (M, — 27N, R)|y \ B
1y T C( (M )Iwz)
8N |QR|Vw2

Yi v
<1 — -~ !
<1 %+8N+8N
<l—~v+ i+l

TN
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where C' = C(n,p, 01,02, \,m, M) is defined above and in the third inequality, we used
the fact that I; > l; > ko. By taking k1 = kg and l;41 = [; + k1, we obtain

"y 1+1
sup |BgrN{u(z,t) > M; —2 lerle:}|le < <1 — v+ %)Bﬂuwl'
telt;tiq1]
Then picking
lo:=Iy =114+ (N = 1)ko
__601q
a2 o 03(2—q)
:(N + 1)k0 + _|_a27q,7 2—q —a= R (422)
8NCV/C

we obtain that Equation (4.14) holds.
Step 2. ForO0<a<landm <k <M, let

A%(k, R) = (Br x [to, to + aR"1+%2])) 1 {u < k}.

Define ¢ = (u — (mq +¢€))~. A direct application of Lemma 4.2 gives that

sup / (2 — Cot®)n?w; dz
te(tg,to+aR?1192)/BR

S/ 62n2w1dw’t +CO/ 7% Vn|?wy dz dt,
Br 0 Bpx[to.to+aRr?1702]

where Cy = Co(n,p, \,m, M) and 7 is defined in Equation (4.17). Pick a small constant
0 < & < (20p)~ %, which implies that 1 — Cpg; > % Then we obtain that for g < t <
to + CLR91+02, 0<e<égand k; > 1,

/B (0% — Cot®)n*w; daz‘t > (1 = Coe)e?(1 — 2712 By N {u(x,t) < my + 2_k15}|uw17
R
and in view of Equation (4.15),

/ 7w, dgc|t0 <e?l{z € Br : u(w,ty) < my + eHuw, < e2(1 - VIBRlpw, »
Br

and
/ 7% Vn|*ws dz dt SLHMG(WH + &, R)|vw,
Bpx[tg,to+aRr?1702) (1-0)2R
Ce2R93+04—2 |fia(m1 + e, R)'wa

73 w
ST o Bl g0
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Ce? | A*(m1 + ¢, R)

|l/w2

=—5|B&gl
el R
Therefore, we deduce that for tg <t <ty + aR1192,

|Bor N {u(z,t) <my + 2_]“15}@“]1

B Aa m +€,R v
S |BR‘Mw1 < 1 Cl 172*]“1 2 + :[_CY 2| ( \é | )| 2>
1-Co-271)p " (1-0) vy
< 1By, (LFCA=1)  _C At e Bl
> | PRlpw, (1 _ 2—k1)2 (1 — 0)2 |QR|uw2 7

and thus,

|Br N {u(z,t) < mi + 2_k1€}|uw1

|BR|Mw1
— Ae R)|,
§(1+CE)(i 7) C 2((1_0)3 |A%(m1 + ¢, R)| w2>.
(1—27F1)2 (1-o0) |QR|Vw2
Take o such that
oy A R
|QR|Vw2
Then we obtain that for tq <t < tg + aR%1702,
|Br N {u(z,t) <my+27F1e},,,
‘BR|;tw1
_ ~ 1
(14 Ce)(1—7) +C(IACL(ml +e,R)Iuw2)3
To(-2h) QRlv, ’

where C' = C(n,p, 01,02, \,m, M). Consequently, by the same argument as in the left
proof of Equation (4.14) above, we deduce that Equation (4.16) holds. The proof is

complete.

A consequence of Lemmas 4.3, 4.5 and 4.7 gives the improvement on oscillation of u

in a small region.

Corollary 4.9. Assume as in Theorem 1.6 or Theorem 1.9. Let0 < v < 1,0 < R < %,
—i<t0§0andm§m§ inf u < sup u<M< M. Then

01+06
Bypxlto—RN1T02.40] B, bx(ig—RO1H02 1)

there exist a small constant €y = go(n,p, 01,02, \,v,m, M) > 0 and a large constant

lo =lo(n,p,q,01,02,05, X\, v,m, M) > 1 such that for any 0 < e < &g,
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(i) if

H{x € Br :u(z,tg — RO1T92) > M — €},
S 1- v
|BR‘,LLIU1
then
sup u< M- %;
QRa(0:t0) 2o
(i) if
H{z € Br : u(z,tg — RO1%2) < m + e Hpw,
S 1 -7
|BR‘IJIU)1
then

inf wu>m+ -
QRr/2(0:t0) 2%

Proof. Applying Lemma 4.3, Lemma 4.5 with a=1 and Lemma 4.7, we obtain
that Corollary 4.9 holds. In particular, we fix ¢ = % under the assumed conditions in
Theorem 1.9. O

Based on these above facts, we now give the proofs of Theorems 1.6 and 1.9,
respectively.

Proof of Theorem 1.6. Pick a sufficiently large constant kg > 2 such that

M-—m
Ko

< é~O7

where & is given by Corollary 4.9 with v = % For0< R < % and —i < tg < 0, define

w(R) = sup u(z,t), p(R)= inf u(z,t), w(R)=pu(R)— pu(R).
(z,)€EQR(0,tg) (z,t)€QR(0,tg)

Observe that there is at least one inequality holding in terms of the following two
inequalities:

_ _ 1
[ € Bags  uleto — (R/2%2) > 5(R) — w5 (A, < 51Brpsluny (429
and

_ 1
{z € Brya s u(z,to — (R/2)"17%2) < p(R) + kg ' w(R)}Hpuy, < 51Bry2luw, - (424)
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From Corollary 4.9, it follows that there exists a large constant Iy > 1 such that

(R/4) <T(R) — :553 if Equation (4.23) holds,
and
u(R/4) > p(R) + :0(53 if Equation (4.24) holds.
In both cases, we have
1 In (1~ n012l0 )

w(R/4) < (1 ) w(R) = 2zw(R), witha = -

B Ko 2l In4

Note that for any 0 < R < %, there is an integer k such that 4=(+1).2-1 <« R < 4-k.9-1,
In light of the fact that w(R) is non-decreasing in R, it follows that

w(R) Sw(@™*-271) <4rew(2!) = 87 (47D 27w (27!) < CR*,

where C' = C(n, p, q,61, 02,03, \,m, M). Therefore, for any (z,t) € Bijy x (=1/4,t0), we
obtain that

(i) if [t — to] < 27(1192) then
|u(z, ) —u(0,t0)| <[u(x,t) — ulz,to)| + [u(z, to) — u(0,to)|
(1)

1 «
< (|:c e —to|01+02) ;

(ii) if [t — to| > 27(1792) there exists a set {t;}, such that t < t; <--- <ty < to,

|u(z,t) —u(0,t0)| <u(x,t) —ulz, tr)| + |ulz,t1) — u(x, to)| + |u(z, to) — u(0, o)

6] (673 [0
<C (|t — 1191792 4 [ty — tp| 01702 4 |x|01+02>

1 [e3%
<C (|x|+|t—t091+92> if N =1,
and

|u(z,t) — u(0,to)]
N-1

< Ju(z,t) — u(z, t1)| + Z u(e, ti) — u(e, tiy)|
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+ |u(z, ty) — u(@, to)| + [u(z, to) — u(0, o)

o N-—1 o o o
<C |t _ t1|91+92 + Z |ti _ ti+1|91+92 + |tN _ t0|91+92 + |x\91+92

i=1

1 «@
<C (|a:| + |t—t091+92> if N > 2.

The proof is complete.

433

O

Proof of Theorem 1.9. To begin with, applying the aforementioned proof of
Theorem 1.6 with minor modification, we also obtain that there exists a small constant
0 < a < 1 and a large constant C >0, both depending only on n,p, 62, \,m, M, such

that for any tg € (—1/4,0),
fule,t) = u(0,10)] < C (jal + em)a, W(x,t) € By s x (~1/4, o).
For R € (0,1/2), (y,5) € Q1 define
ur(y,s) = u(Ry,R%s),  Agr(y) = A(Ry).

Therefore, up verifies

|y|9283u(}1z —div (AR|y|2VuR) =0 inQr.

(4.25)

By the change of variables, we obtain that this equation keeps uniformly parabolic in

B 2(y) x (=R~%2,0) for any § € 0B;.

For any (z,t),(Z,t) € By x (—=1/4,0), let |# < |z without loss of general-
ity. Write R = |z|. It then follows from the interior Holder estimates for uniformly
parabolic equations that there exist two constants 0 < 8 = B(n,p, 02, \,m, M) < 1 and

0 < C = C(n,p,02,\,7m, M) such that for any j € B and 5 € (-4~ 'R~%2,0),
lur(y, s) —ur(7,5)| < Cly — gl + V|s - 5))7,

for any (y, s) satisfying that |y — g| + /|s — 5| < 1/2.
Observe that for any (z,t), (Z,t) € By x (—1/4,0),

lu(z,t) — u(Z, )] < |u(z,t) —u(z, )] + |u(z, t) — u(@, 1)
On the one hand, if [t — #| < R?%2, then we deduce from Equation (4.26) that

lu(a,t) — u(z,f)| < |ugr(z/R,t/R%?2) — up(z/R,T/R?)|
<C|(t—1)/R%2|P2 < Ot — #°/4,
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while, if [t — #| > R?%2, then we have from Equation (4.25) that

|U(:L', t) - U((ﬂ, {)

IA
Q
=
Q
+
T~
I
S
Iy

On the other hand, if |x — Z| < R?, then it follows from Equation (4.26) that

lu(z,t) — u(z, t)| = ’uR(gc/R7 T/R%2) — ugp(z/R, E/RQQ)’
<Cl(x - &)/R < Cla - &2,

while, if |z — Z| > R?, then we see from Equation (4.25) that

<C(R® +|Z|*) < CR* < Clz — &3
Consequently, we complete the proof of Theorem 1.9. O
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