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Abstract

Selective compliance articulated robot arms (SCARA) robotic manipulators find wide use in industry. A nonlinear
optimal control approach is proposed for the dynamic model of the 4-degrees of freedom (DOF) SCARA robotic
manipulator. The dynamic model of the SCARA robot undergoes approximate linearization around a temporary
operating point that is recomputed at each time-step of the control method. The linearization relies on Taylor series
expansion and on the associated Jacobian matrices. For the linearized state-space model of the system, a stabiliz-
ing optimal (H-infinity) feedback controller is designed. To compute the controller’s feedback gains, an algebraic
Riccati equation is repetitively solved at each iteration of the control algorithm. The stability properties of the
control method are proven through Lyapunov analysis. The proposed control method is advantageous because: (i)
unlike the popular computed torque method for robotic manipulators, it is characterized by optimality and is also
applicable when the number of control inputs is not equal to the robot’s number of DOFs and (ii) it achieves fast and
accurate tracking of reference setpoints under minimal energy consumption by the robot’s actuators. The nonlinear
optimal controller for the 4-DOF SCARA robot is finally compared against a flatness-based controller implemented
in successive loops.

1. Introduction

Selective compliance articulated robot arms (SCARA) robots are widely used in industrial tasks as well
as in the teaching of robotics and in the related testing of new robot control algorithms [1-5]. The rapid
development of the Computer, Communication and Consumer Electronics Industry (3C industry) has
led also to the spread of the use of SCARA robots [6-10]. SCARA robots exhibit agility in assembly
tasks for the 3C industry and particularly in the fabrication of electronic devices, as well as in welding,
handling of objects, and pick and place tasks with high speed, short time-cycle, accurate path following,
and in general much flexible operation [11-15]. Of course, to achieve the precise execution of such tasks
SCARA robots have to be equipped with computationally powerful microprocessors and have to be also
supplied with elaborated nonlinear control algorithms [16-20].

SCARA robots are high-performance robotic manipulators with relatively simple structure. With
three revolute joints (named as shoulder, elbow, and wrist, respectively), a SCARA robot can move its
end-effector horizontally, while with a prismatic joint it can move the end-effector vertically [21-26].
The configuration of the SCARA robot (Fig. 1) is outlined as follows: First it comprises a revolute joint
about the vertical axis. This joint swings a rigid arm and at the end of this arm there is a second revolute
joint which swings the second arm again about the vertical axis. The first two revolute joints enable
to move horizontally a load picked by the robot’s end-effector. A prismatic joint (tool) is mounted at
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Figure 1. The 4-DOF SCARA robotic manipulator and the reference frames (coordinate systems)
associated with the robot’s links and joints.

the end of the second arm. This can move straight up and down. Finally, at the end of the tool there is
a third revolute joint which allows for the precise positioning and orientation of the load. Indicative
recent results showing the application of SCARA robots in industrial tasks can be found in refs.
[27-31]. Potential application areas for the article’s developments, always related to industrial robotics,
are described in refs. [32-35].

In the present article, a nonlinear optimal control method is proposed for the nonlinear model of
a 4-degrees of freedom (DOF) SCARA robot [36, 37]. The dynamic model of the 4-DOF SCARA
robot undergoes first approximate linearization around a temporary operating point which is updated at
each sampling instance. This operating point is defined by the present value of the robot’s state vector
and by the last sampled value of the control inputs vector. The linearization process relies on the first-
order Taylor series expansion and on the computation of the associated Jacobian matrices [38—40]. The
modeling error, which is due to the truncation of higher-order terms in the Taylor series expansion,
is proven to be small and is asymptotically compensated by the robustness of the control algorithm.
For the approximately linearized state-space description of the system, a stabilizing H-infinity feedback
controller is defined.

The proposed H-infinity controller achieves the solution of the optimal control problem for the
SCARA robot under model uncertainty and external perturbations. Actually, it represents a min-max
differential game which takes place between (i) the control inputs of the system that try to minimize
a cost function comprising a quadratic term of the state vector’s tracking error and (ii) the model
uncertainty and exogenous perturbation terms which try to maximize this cost function. To compute the
stabilizing feedback gains of this controller, an algebraic Riccati equation has to be also solved at each
time-step of the control method [1, 41]. The global stability properties of the control scheme are proven
through Lyapunov analysis. First, it is proven that the control loop satisfies the H-infinity tracking
performance criterion [1, 42]. Next, it is proven that under moderate conditions, global asymptotic
stability of the control loop is ensured. To implement state estimation-based control without need to
measure the entire vector of the system, the H-infinity Kalman filter is used as a robust state estimator
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[1]. The nonlinear optimal control method retains the advantages of linear optimal control, that is, fast
and accurate tracking of reference setpoints under moderate variations of the control inputs.

The article has a meaningful contribution to the area of nonlinear control. One can point out the
advantages of the nonlinear optimal control method against nonlinear model predictive control (NMPC)
[37]. In NMPC, the stability properties of the control scheme remain unproven and the convergence of
the iterative search for an optimum often depends on initialization and parameter values’ selection. It is
also noteworthy that the nonlinear optimal control method is applicable to a wider class of dynamical
systems than approaches based on the solution of state-dependent Riccati equations (SDRE). The SDRE
approaches can be applied only to dynamical systems which can be transformed to the linear parameter
varying form. Besides, the nonlinear optimal control method performs better than nonlinear optimal
control schemes which use approximation of the solution of the Hamilton—Jacobi—Bellman equation
by Galerkin series expansions. The stability properties of the Galerkin series expansion-based optimal
control approaches are still unproven.

The structure of the article is as follows: In Section 2, the dynamic model of the 4-DOF SCARA
robot is given and the associated state-space model in the affine-in-the-input nonlinear state-space form
is formulated. In Section 3, the dynamic model of the SCARA robot undergoes approximate lineariza-
tion through Taylor series expansion and with the computation of the associated Jacobian matrices. In
Section 4, the H-infinity optimal control problem is formulated for the dynamic model of the SCARA
robot. In Section 5, the global stability properties of the H-infinity control scheme are proven through
Lyapunov analysis. Besides, the H-infinity Kalman filter is introduced as a robust state estimator. In
Section 6, the differential flatness properties of the 4-DOF SCARA robotic manipulator are proven and
a flatness-based control in successive loops is developed for this robotic system. In Section 7, the accu-
racy of setpoints tracking by the state variables of the SCARA robot, under the nonlinear optimal control
method, is further confirmed through simulation experiments. Finally, in Section 8 concluding remarks
are stated.

2. Dynamic model of the 4-DOF SCARA robotic manipulator
2.1. State-space model of the SCARA robot

The diagram of the 4-DOF SCARA robot is shown in Fig. 1. The associated state-space model of the
robot’s dynamics takes the form [1, 2]

M(©)d + C©,6)0 + G©O)+d = (1) (1)

where 6 = [6,, 0,, 65, 04]7 is the robot’s vector of state variables, 6;, i = 1, 2, 4 are the JOlIltS turn angle,
6,,i=1,2,4 are the Jjoints” angular speeds, 6; is the position of the prismatic joint, 6, is the velocity of
the prismatic joint, d is the disturbances vector, M(6) is the inertia matrix, C(9, 0) is the Coriolis and
centrifugal forces matrix, and G(0) is the gravitational forces vector. These parameters of the robotic
model are defined as follows [2]:

p1+pacos(@y)  ps+0.5p,cos(8,) 0 —ps

+ 0.5p,cos(6 0o -
M©) = P2 p>c0s(6;) P2 Ps @)
0 0 ps 0
—Ps —Ps 0 Ps
—p>cos(60))6,  —0.5p,sin(6,)6, 0 0 0 b6,
.. 0.5p,sin(6,)0 0 0 0 0 S )
C0.6)= p2sin(6,)0, G(O) = ] J— 2'2 3)
0 0 0 0 )24 b0,
0 0 0 0 0 b4b,
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In the previous model, t; are the control inputs, /; are the moments of inertia around the centroid (the
center of rotation of each link is at distance x from the end of the link), m; is the mass of the ith link,
d; is the center of mass of the ith link, /; is the length of the ith link, 6; is the angle (position) of the ith
joint, while g is the acceleration of gravity. It holds that I, = mc?, p; = St I, + md> + my(d> 4+ ) +
(ms + my)(§ + B), po =2[1idymy + 1, L,(my + my)], ps = my + my, py = my +my, and ps = 1.

About the elements of the inertia matrix, one has m;, = p, + p,cos(6,), m;, = p; + 0.5p,cos(6,),
miz =0, my, = —ps, My = py + 0.5p; €08 (6,), M = ps, My3 =0, M3y = —ps, mz; = 0, mz, =0, mz3 = ps,
may =0, myy = —ps, My, = —ps, Mgz =0, Myy = ps. . .

About the elements of the Coriolis matrix, one has: ¢;; = —p,c0s(6,)6,, ;o = —0.5p,sin(6,)6,, c;3 =0
cu=0,cy= 0~5P251n(92)9.1, cn=0,¢3=0,0=0,¢3=0,¢3,=0,¢c53=0,¢34=0, ¢4y =0, ¢y, =0,
ci3 =0, cyu =0.

About the elements of the gravitational forces vector, one has: g, =0, g, =0, g3 =p,4g, and g, =0.

About the elements of the disturbances (friction) vector, one has: d;, = blél, d, = bzéz, d; = b}é3, and
dy = b,

Next, the inverse of the inertia matrix M is defined as

M, M, M, —M,
1 M, My My My
TdetM | My My My M
My, My My My

—1

“

where the above noted subdeterminants M; i=1,--- ,4andj=1,--- ,4 are defined as
My = Moy (My3ia, — Mu3Mag) — M3 (M3May — M3z + Moy )(MapiMyz — MapMiz3)
My = my (Ma3muy — MuzMag) — Moz (M3 My — My M3y ~+ Mg ) (M3 M43 — Mgy M33)
M5 = my (M3, — Muaiizg) — Moy (M3 Mgy — Mgy Mgy + My ) (M3 My3 — Mgy M33)

My = my (M3 — MuaMizz) — Moy (M311My3 — My Maz + Mo3) (M3 My, — My M3;)

My = mp Mz — MyzMse) — Myz(MayMay — MypMizg + M) (M3pMyz — MapMs3)
My, = my (my3mgy — My3Mag) — M3 (M3 Mgy — Mgy My, + M04)(M31My3 — Mgy Mp3)
Moz = my (mapMay — MapMag) — My (M31May — My Mizg + M4) (M3 Mgy — My M)

Moy = my  (Mzyyz — MapMisz) — My (M3 a3 — My sz + My3) (M3 Mgy — My M)

M3y = myp(mysmay — My3Ming) — My3(MpMyy — Mapoy + My ) (MMl — MypiMy3)
M3y = my (my3may — MuaMigg) — M3 (Mo My — Mgy Moy + M) (M3 — My My3)
M3 = my (myaiyy — Muaing) — My (My Mgy — Mgy Mgy + M) (Mg Moy — My M)

My = my (myaiys — M) — My (Mg Mgy — Mgy Mz ~+ My3) (Mo My — Mg M)

My = mp(mysmsy — Ms3May) — Myz(MapMay — Mgy + M) (MpaiMsz — Magiiy)

M.y = my (myaiyy — M33Muy) — My (M3 — My30y + M) (M2Ms3 — M3 3,)

M3 = my (myamszy — M3aMoyg) — My (Mg M3y — M3 My + M) (Mo M3y — M3 My;)

My = my (myamszs — MzMas) — My (Mg May — M3 Mz + My3) (Mg May — M3 My,)
The determinant of matrix M is

detM = m My, — mpMy, + mizMi3 — msMy
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For the dynamic model of the SCARA robot that was initially written in the form

M@©)o + C©H,0)0 +GO)+d=T1

Ci1 Ci2 Ci3 Cig é]
Cyt Cp C3 Cn 92
C31 C3 C33 Cxn 93
Cy1 Cap C43 Cug 94
Cllél Clzéz C13é3 Cl4é4
CZIéZ széz C23é3 C24é4
03193 C3292 Cs3é3 034é4
C4lé4 C4zéz C43é3 C4494

it holds that
C(0,6)8 =
or equivalently
Cy
. Cy
C0,0)= =
C3
Cy

Consequently, the dynamic model of the robot can be written as

M(©)d + C©H,0) +GO) +dB)=1=
6 +M(6)CH,0)+M(O)GO)+ M (6)d6)=M"(0)r=

6=—M"0)C@O,0) —M " 0)GO)— M ©)dO)+M ' O)r=
6 =—M"(O)C®O,6)+GO)+db)+M ')

Therefore, the dynamic model of the SCARA robot is written as

0,
6, _ 1
o, detM
b
L]
detM

M,
—M,,
M,;
—M,,
M,
—M,;,
M;
—My

—My M; —My a+g+d
My —Ms, My, ot g&+d +
—My; Mz —Mys G+8g+d;
My, —Ms, My Cs+gst+dy
—M5, M;, —My T
My, —M;, My, T
—My;  Miy; —My T3
M, —M;y m Ty

2401

®)

(6)

(7

®)

€))

Equivalently, using that the torques vector T =[1, T, T3, ;]" is the control inputs vector u=
[uy, us, us, uy)”, the dynamic model of the SCARA robot is written as

—Myi(c) + g1 +d) + My (e, + g +dy) — My (c; + g3+ d3) + My (cs + g4 + du)

detM
?_l My(c) + g1 +dy) — My(cy + g2 + do) + Ma(cs + g3 + d3) — Myy(cy + g4 + dy)
0, B detM
23 | —Mis(e + 81 +di) + Myl + g+ dy) — Mas(cs + 83+ d3) + Mays(cy + g4 + dy)
d, detM
Myy(c) + 81 +di) — My(cr + g2+ do) + May(cs + 83 + ds) — Mas(cy + g4+ di)

detM
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M, _ M, M, My
detM detM  detM detM
_ M12 M22 _ M32 M42 ul
detM detM detM  detM u
n e e e e 2 (10)
M, _ M>; Ms; _ M, Us
detM detM  detM detM u,
. My, M, _ M, My
detM detM detM detM
The state vector of the SCARA robot is
x =[xy, X2, X3, Xy, X5, X, X7, X5] =
X:[91,91,92’éz,es,é3,94,é4]T an

Moreover, the following functions are defined:
M, (c, + g1 +di) + My (c; + g2+ dy) — Msi(c3 + g3 + ds) + My (cs + 84 + ds)

fi=x filx)= Y,
Myy(cy + g1 +dy) — My(c, + g2 +do) + M (cs + g3 +ds) — Mp(cy + 84 +ds)
L =x filkx)= 1
etM
—My5(c) + g1 +dy) + My(c, + g +dy) — Mss(c; + g3+ d3) + Muys(cy + g4 + ds)
0 =x fo(x)= 1
etM
My(cy + g1 +dy) — May(c, + g2+ do) + Mau(cs + g3 +ds) — Myy(cy + 84 +ds)
f=x fix)= 4
etM
gux)=0 gn(x)=0 gi3=0 gu=0
W= T ()= ()= T g =
fat)= detM 2= detM ExD= detM £ = detM
gn(®)=0 gn(x) =0 gu(x) =0 g =0
M, M, M;, My,
gu(x) = detM gn(x) = detM gu(x) = detM 8a(x) = detM
8s1(x)=0 85(x)=0 85:(x)=0 8s+(x)=0
_ M _ My; . M3; . My
8e1(¥) = detM 8e2(X) = detM 8e3(x) = detM 8ea(X) = dotM
gnx)=0 gnx)=0 g13(x)=0 gux)=0
M M M M.
gs1(x) = _detllil gs(x) = ﬁ gs3(x) = — detSIZl‘/I gsa(x) = de;:[
Thus, the state-space model of the 4-DOF SCARA robot is written as
. g™ g gk guk)
X fi(x)
i f(x) &%) gn(x) gun(x) gulx)
X3 () g3(x) gnx) gnx) g 7
):c4 _ i) N gn(®) go® gl guk) T, (12)
Xs fs(x) g51(X)  g(x) gs3(x)  gsulx) T
6 fs(x) 861(®¥) ge(®) ge3(x) gaulx) T
{“7 \J; E’“; () g gn(® gux)
X, X
: : 8s1(®)  gn(X) gs(x) gaulx)
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or in concise form one has the affine-in-the-input nonlinear state-space model

x=f(x)+ gx)u (13)

where x € R®*!, f(x) € R®!, g(x) € R®*, and u € R**".

3. Approximate linearization of the dynamic model of the SCARA robot
3.1. Linearization of the robot’s dynamics
The dynamic model of the 4-DOF SCARA robot being initially expressed in the state-space form

k=f(x)+ g)u (14)

undergoes approximate linearization at each sampling instance around the temporary operating point
(x*, u*), where x* is the present value of the system’s state vector and u* is the last sampled value of the
control inputs vector. The linearization process is based on Taylor series expansion and gives

¥x=Ax+Bu+d (15)
where d is the cumulative disturbances vector which may be due to truncation of higher-order terms

from the Taylor series expansion (b) and exogenous perturbations (c) sensor measurements noise of any
distribution. Matrices A and B are Jacobian matrices of the Taylor series expansion which are defined

as:
A = vx[f(x) + g(x)u] |(X*.u*) =
A=V f(x) |(x*,u*) +V.g1(x)u |(x*,u’;) +V. 8 (x)u, |(x*,u*)
+ ng3(-x)u3 |(x*,u*) +ng4(-x)u4 |(x*,u*) (16)
B=V,[f(x)+ gx)u] |y =B = g(X) | (17
where g;(x), i=1,--- ,4 are the columns of the control inputs gain matrix g(x).

This linearization approach which has been followed for implementing the nonlinear optimal control
scheme results into a quite accurate model of the system’s dynamics. Consider again the affine-in-the-
input state-space model

F=f00) + gu=>
F= [ + Vif ) e (6= 2]+ [80) + Vg o (v — x)u” + g0 + g0 — ') + dy =
F= [V e +Veg@) e 0 lx + g0 — [Vf () [ +Vig() [ 'l + () + g6+, (18)

where d, is the modeling error due to truncation of higher order terms in the Taylor series expansion of
f(x) and g(x). Next, by defining A = [V, f(x) |« +V,g(x) |~ u*], B = g(x*) one obtains

¥ =Ax+ Bu — Ax* +f(x") + g(x*)u* + d, 19)

Moreover by denoting d=—Ax"+ f&x*) + gt + Eil about the cumulative modeling error term in the
Taylor series expansion procedure, one has
i=Ax+Bu+d (20)

which is the approximately linearized model of the dynamics of the system of Eq. (15). The term f(x*) +
g(x*)u* is the derivative of the state vector at (x*, #*) which is almost annihilated by —Ax*.

3.2. Computation of the Jacobian matrices

The computation of the Jacobian matrices A and B proceeds as follows:
Computation of the Jacobian matrix V,f(x) | =)
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fh of _, 3f of _, o

First row of the Jacobian matrix V,f(x) | .: =0,—=1,—=0,— =0, — =0,
ox X1 8){:2 8X3 3)64 8)65 8x6
b B
fl =0, and i =0.
8x7 x5
Second row of the Jacobian matrix V,f(x) |-, : It holds that f,(x) = F2um with fi pum = =M (c; +
2,den
81 + d + 1) + Mz[(Cz + 82 + dz) - M31(C3 + 83 + d3) + M41(C4 + 84 + d4) and .fZ,den =detM. Thus, for
i=1,2,---,8one has
8fZ num 8]wll aCl agl adl
U d) —M,, [ — + 2L+ L
0x; ox; @ +&t+d) =My <8x~ + ox;  ox; +
M d ad.
= (c2+ g+ dy) + M, <—2 g2 2)
0x;
8 ad
L (es+ g5 +ds) — My, g; — )+
3x,- 3
dc d ad
- (cs +8ga+ds) +My —+ g4 — 2y
0x; ox;
and also
Ofrden  OdetM
Foue _ Ode 22)
0x; 0x;
and finally
sz %, numfZ den f24,num Bf;%
o= ' (23)
ox; detM?
b d b b a b
Third row of the Jacobian matrix V,f(x) [ .m: i =0, ﬁ f3 ﬁ = fS =0, i =
’ 3x1 8x2 3x; 8X4 3x5 Bxﬁ
0 0
0, i =0and ﬁ =0.
aX7 ax$

Fourth row of the Jacobian matrix V,f(x) |, : It holds that fi(x) = with fyum = Mia(c; +

gitd+1)—Mxy(c,+ g +dy) + Mxn(cs + g3 +ds) — Mu(cy + g+ ds) and figen =detM. Thus, for
i=1,2,---,8 one has

0f4 num oM, dc, g ad,
J4uum d)y+ M., [ —L + 2ot L 7L
o, aw, O T&TA)E “(a e o

o b B o)

d M
ox, (c2+g+d) — My (Bx,- ox, o

8C3 883 8d3
0x; tox 0x; + 0x;

ox;

(c3+g3+d5) + M, <

ac a ad
— T (gt d) — Mg (o S5 24)
ax,' 3x,- ax,- ax;

and also
aﬁt,den _ odetM
0x; - 0x;

(25)
and finally

fa, 9f4 des
8f4 numf 4,den ﬁ,num P) X:n
ax, detM?

(26)
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3fs 3fs 3fs 3fs ofs _ s

Fifth row of the Jacobian matrix V,f(x) | .- 8_xl =0, 8_x2 =0, 8_x3 =0, 8_x4 =0, 8_x5 8x6 =1,
a 9
fj =0, and ﬁ =0.
8x7 0Xxg
Sixth row of the Jacobian matrix Vf(x) | .~: It holds that f5(x) = Jonum with fi um = —M5(c; +

6,den
81 +d+ l) +M23(C2 + 82 + dz) — M33(C3 + 83 + d3) +M43(C4 +g4 + d4) and f6,den =detM. ThUS, for
i=1,2,---,8one has

8férm.lm 8M13 aCl 8g1 8d1
mm d) — My [ — + 2L+ L
ox, ox, (c1+ g1 +d) — M <8x,» + ox, + o +
dc 0 ad
2t g td) + My | — + 5 +—) -
; ox; ox; ox;
oM dc 0 dad
- 33(03‘|‘83‘i‘d3)—M33 — 4 g3+_3 +
0x; ox; 0x; ox;
dc 0 od
£ (ca+8a+ds)+ My _A“i‘ﬁ'k_4 27)
i Bx,- ax,' ax,'
and also
0foqen  OdetM
Joun _ Ode (28)
0x; 0x;
and finally
af6 f6 num.]t‘6 den ﬁ) um BfG:en
= 29)
0x; detM?
b 0 b b b
Seventh row of the Jacobian matrix V,f(x) | .m: i =0, ﬁ =0, i =0, i =0, i =0,
8)C1 8)62 8X3 3)C4 8)65
d 0 d
ﬁ:O, i:O,and ﬁ:l.
0X¢ 0x7 0xg

Eighth row of the Jacobian matrix V,f(x) | ,: It holds that f,(x) = Josum

with ﬁinum =M (c, +
gi+d+1)—My(c,+ g+ dy) + May(cs + g3 + ds) — Myy(cy + g4 + ds) and fiden = detM. Thus, for
i=1,2,---,8 one has
Wfsum _ M dcy  0g  ad,
num 4 (20 B8 3d)
ax; o, (e +g+d)+My <3x,- + ™ + ™
M g d) - M n
ox; G T &2 2 2 ox, o, o
M de; gy od
= (c3+g+d3)+ My, —3+£+_3 _
0x; o, | x o
8 dcy | 08y | 0dy
a + aX' + axi

00, 05, 20)

(C4 +8itd) —My ( (30)

8x
and also

Ofs.den _ ddetM a1
0x; ox;

and finally
% _ 2. num.ﬁi den fé,num %

Ax;
ax, detM?
Computation of the Jacobian matrix V,g,(x) |u ).

(32)
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0
First row of the Jacobian matrix V,g;(x) |+ .x): gan(x) =0fori=1,2,---,8.
X
My adetM
Second row of the Jacobian matrix V,g;(x) | . gazl( ) — RTYE 1oy Jfori=1,2,---,8
X; e
g3 (x
Third row of the Jacobian matrix V,g;(x) |us .: gaL() =0,fori=1,2,---,8.
Xi
adetM
— D0 et 4 My,
. . o 0gu(x) i 0x; .
Fourth row of the Jacobian matrix V,g;(x) |ue.n: = , for i=
8x,~ detM?
,2,---,8
0
Fifth row of the Jacobian matrix V,g;(x) | .n: ggl(x) =0,fori=1,2,---,8.
Xi
My adetM
0 X TdetM —-M e
Sixth row of the Jacobian matrix V,g;(x) | .- gaﬁl( ) = e B oy Jfori=1,2,---,8
Xi €
agn (x
Seventh row of the Jacobian matrix V,g;(x) |+ . gaﬂ( ) =0,fori=1,2,---,8.
Xi
Igs(x)  —GotdetM + M, 25
Eighth row of the Jacobian matrix V,g;(x) |+ .): 3 = = T Y fori=1,2,---,8
Xi €

Computation of the Jacobian matrix V,g,(x) |+ ).

agn(x
First row of the Jacobian matrix V,g,(X) |+ .): 8812( ) =0fori=1,2,---,8.
X1
My ddetM
. . C0gn(x) o tdetM + My TS
Second row of the Jacobian matrix V,g(x) | (.- P ppyE ,fori=1,2,---,8
0gn(x
Third row of the Jacobian matrix V,g,(x) | .+ g;( ) =0, fori=1,2,---,8.
Xi
Moy ddetM
0 X Py detM — M. e
Fourth row of the Jacobian matrix V,g,(x) |+ ) gol) = 2 o Jfori=1,2,---,8
8)(,- detM2
ags(x
Fifth row of the Jacobian matrix V,g2(x) | .m: g852( ) =0,fori=1,2,---,8.
Xi
IMo3 ddetM
026 (x —=ZdetM + My o
Sixth row of the Jacobian matrix V,g,(x) | (.- 82®) =% 2 oy Jfori=1,2,---,8
3x,- detM?
0
Seventh row of the Jacobian matrix V,g(x) | .- ggZ(x) =0,fori=1,2,---,8.
Xi
M. adetM
0 X f4 detM — M. o
Eighth row of the Jacobian matrix V,g,(x) |- 8o = 2 oy Jfori=1,2,---,8
8.x,' detM?

Computation of the Jacobian matrix V,g3(x) |-

dg13(x
First row of the Jacobian matrix V,g;(x) |os ) %3( ) COforic 2. 8.
X1
C08n(x) %detM — My, e

Second row of the Jacobian matrix V,gs(x) | ): % fori=1,2,---.8

8x,~ detM?
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d
Third row of the Jacobian matrix V,g;(x) | .: g333(x) =0,fori=1,2,---,8.
Xi
M3y adetM
9 X —TdetM —I—M o
Fourth row of the Jacobian matrix V,g;(x) | .+ 853( ) = % RRYE 2 oy Jfori=1,2,---,8
X; (&)
Fi . . C08s(0) .
ifth row of the Jacobian matrix V,g;(x) | .- 3 =0,fori=1,2,---,8.
Xi
0863(x) agw%detM - M33% .
Sixth row of the Jacobian matrix V,g3(x) | . > = TYE i fori=1,2,---,8
Xi €
a
Seventh row of the Jacobian matrix V,g;(x) |- gaL(x) =0,fori=1,2,---,8.
Xi
M3y ddetM
0g¢3(x - Tdet}\l + M, e
Eighth row of the Jacobian matrix V,g;(x) | .5 g;( ) = RRTYE % fori=1,2,---,8
X; e

Computation of the Jacobian matrix V,g4(x) | ).

. . . 0814(x) .
First row of the Jacobian matrix V,g,(x) | . 3 =0fori=1,2,---,8.
X1

dga(x) _ — % deth + My *H
Second row of the Jacobian matrix V,g4(x) | . = : ‘ fori=1,2,---,8

3x,~ detM?
. . . . 0g34(x) .
Third row of the Jacobian matrix V,g,(x) |« .- 3 =0,fori=1,2,---,8.
Xi
f the Jacob dguo) _ Hde —MefE 8
F th thy i tri Vx ) = i Xi ,OI'.Z J 2, e,
ourth row of the Jacobian matrix V,g4(x) | . o, e i
. . . . 9gs54(x) .
Fifth row of the Jacobian matrix V,g,(x) |- 5 =0,fori=1,2,---,8.
Xi
aM33 adetM
dgei(x) —HldetM + My =55
Sixth row of the Jacobian matrix V,g,(x) | . 8ot() = % fori=1,2,---,8
’ 0x; detM?
0g74(x
Seventh row of the Jacobian matrix V,g4(x) |=.): g;( ) =0,fori=1,2,---,8.
Xi
My ddetM
0884 (x) oy detM — M, = .
Eighth f the J bi trix V, o ) = — ~ fori=1,2,---,8
ighth row of the Jacobian matrix V,g4(x) | . ox, Yz i
Next, one computes the partial derivatives of the sub-determinants M;; and of the determinant detM:
oM om
S 2 (mzzmyy — myzmzy) +
0x; 0x;
8m33 8m44 8m43 3m34
+ My | Mg+ m3; - M3y — My3 -
0x; ox; 0x; 0x;
dmy;
- (M3aMyy — MMMy —)
3x,«
3m33 + 8m44 3m42 8m34
—m m m - M3y — Mgy ———
23 8 : 44 32 axi axi 34 42 8x,
Moy
(maymy3 — myymss) +
x;
om om om om
+ My 2 My3 + m32—43 - _427”33 — My 2 (33)
0x; ox; 0x; 0x;
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Equivalently, one has
oM,
x;

Moreover, it holds that
M5
8x,~

Additionally, it holds that
oM
0x;

8m21
M33Myy — My3Msg) +
0x;
amy; Im 0my;
+ my; Mgy T M3 — M3
3)(,- 8.x,' 3)6,-
3m23
- (ma Mgy — My mzy—)
3x[
oms; 0y, omy,
— My Mgy + M3 — M3y —
3x,- 3x,v ax,‘
oMy,
+ (msmyz — my msz) +
8x,‘
oms, omy; omy,
+ myy Mmy3 + M3, - ms33
0 i 3x,- 3x,~
3m21
(Maaimay — Mypisg) +
x;
oms, 0my, omy3
+ my; Mgy T M3 — M3
ax,‘ 3x,- 8x,~
8m23
- (m31myy — myymay—)
3xi
oms, 0my, omy,
— My My + M3 -
3xi 3x,~ 3x,«
0myy
(msimyy, — myms,) +
0x;
amy, omy, oMy,
+ gy | My 3 —/— —
0x; 0x; 0x;
3m2]
(mzamys — mymss) +
0x;
ams, omy; 0my,
+my | — My +mp— — ——Ma3
3)(,- 3x,- 3x,—
amzz
- (msymyz — myms3—)
8x,‘
oms, omy; oms3
— My | ——— My + My —/— — 33
0 i 3x,~ 3x,«
amy;
+ (ms myy, — myyms,) +
0x;
oms, omy, omy,
+ mo; My T M3y nms;
3)(,- 3x,- 3x,—

https://doi.org/10.1017/50263574723000450 Published online by Cambridge University Press

8m33
— My ——

mzq —

Mz —

oms,
— My _

ox;

ams,
m, +
# ax; )

(34)

ams,
— My _

8x,~

oms,
+
Mtan 8x,» )

0
- i) (35)

ox;

3m32
—My— | —

8)6,»

am
_m41_33) n

8x,»

(36)
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In a similar manner, one obtains
oM, omy,
= (mazmyy — myzmsy) +
3x,- 3x,-
3m33 8m44 3m43 8m34
+my, ox, Myy + M3z ox, — ox, msy3 — m438_x, -
3m13
- (maomgy — Mz, —)
3x,«
3m32 + 8m44 8m42 8m34 n
—m —m My —— — Myy — Myy ——
13 ox 44 32 %, ox, 34 42 ax.
omy,
+ (msamyz — mymss) +
ax,‘
oms, omy; omy, oms3
+my 8_x,~m43 + mzza—xi - 8_x,-m33 - m428_x,-
Equivalently, one has
8M22 Bm“
= —— (Ma3Mipy — My3iMys) +
ax,' 3x,-
0my; Oy 0 Im
+ my, 8_x,«m24 +m238_x,» T ox My — m433_x,- -
3m13
- (m31myy — My My —)
0x;
8m31 3m44 3m41 81’)124
— M3 ax Myy m3‘8_;c,~ o, My — My ax, +
omyy
+ (M3 myz — myymys) +
3x,~
oms, omy; omy, 0my;
+ My ox, My3 + ms, ox, — ox, My3 — My ox,

Following this procedure, one gets

3M23 8m“
= —— (Mmxnmy — Mypmsy) +
8.xi 3x,-
3m32 8m44 8m42 3m34
+ my, My + M3, — M3y — My -
0x; ox; 0x; 0x;
8m12
- (M3 myz — My ms3—)
8xi
dmy, omy3 omy dmas
— My My3 + M3y ——— — ——— M3 — My —(——
ax,‘ aX[ ax,- Bx,
omyy
(m3my — myyms,) +
Xi
oms, amy; omy, oms,
My | Mgz + M - M3y — My,
0x; ox; 0x; 0x;
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Additionally, it holds that

oM, omy,
= (Msamyz — mymss) +
3x,~ axi
d 0 0 d
+ my, e My3 + M3, T e M3z — My M)
X; a.x,' 3x,« ax,»
amy,
- (m3 myz — my msz—)
0x;
oms, omy; omy, dms;
—m —m My —— — —— N33 — My ——
12 < ox. 43+ may x. ax 33 41 ox, +
omy;
+ (msimyy, — myymy,) +
8xl-
om om om om
+ my3 —3lm42 + my, — My — My, —= (40)
3xi a.x,' 8x,« 3x,»

In this context, one obtains

oM, omy;,
= —— (My3Myy — MazMos) +
8x,~ 3x,~
omy; lm 0my; 0y
+ my, < ox, Myy + My ox, ox, Moy — My3 ox,
3m13
- (Maamyy — Mypmpy—)
0x;
amy, + Im omy, My
—m m m — —— My — Mgy ——
13 ox. 44 22 x. ax. 24 42 o,
omy,
+ (mymys — mymys) +
8x,‘
d 0 0 d
+ myy T2 Mmyz + my M ﬂmza — My, e 41
3xi 3x,~ 8x,« ax,»
Additionally, one has
oM;, omy,
= —— (Mg — Mapmys) +
3x,« 3x,«
omy; lm 0y, amy,
+ myy ( ox, Myy + M3 ox, - ox, Moy — My ox, -
om3
- (Mg, — my my,—)
3)(,-
amy, Im 0y, 0y
—m My +m — My — My — | +
13 < ax, 44 12 ox, o, 24 41 %
omy,
(myamyz — myymys) +
axl‘
d ad a0 d
=+ myy m12m43 =+ nmy, a3 — M Nly3 — My, ﬁ (42)
0x; 0x; 0x; ox;
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Furthermore, one has

aMzg am”
= —— (M — Mypmyy) +
0x; 0x;
3m22 3m44
+ myy Myy T Ny
0x; 0x;
3m12
- (Mo Myy — My Mo —)
8x,~
8m21 8m44
—my Myy 1 Ny
d i ax,»
omyy
+ (myymyy — mymy,) +
0x;
omy, amy,
+ My 1155 My
d i 8)6,»

Continuing in this manner, one gets

oM, omy,
= —— (Mypy3 — Mypmys) +
ax,' ax,-
omy, omy;
+ my My3 + My
ax,« 3x,»
3m12
- (M my3 — My myz—)
0x;
0my, omys
— My My3 T Ny
0x; ox;
8m13
+ (ma My, — myymy,) +
axi
omy, amy,
+my3 My + My
d i 3x,»
Besides, one has
oM, omy,
= (Moamsy — Ma3iyy) +
8.xi 3x,-
omy, oMz
+ my, M3y + My
3)6,« ax,»
8m13
- (mo3misy — M3z —)
8xi
omy, ams,
— M3 My + My —(——
ax,‘ aX[
omyy
(Mpmaz — Maphny3) +
3x,«
3m22 am:;g
+myg | ———mz3 + My
Xi Bx,»
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omy, omy,
- Myy — My -
3x,- a.x,'
omy, omy,
- Ny — My,
0x; 0x;
omy, omy,
Myy — My
0 i a.x,'

omy, 0my3
- My3 — My -
8xl- 3x,~

8m41 8m23 +
_ Mo — Mgy ———
ax, 23 41 ax,
omy, omy,
— My —m
ox, 22 41 ax

8m33 3m24
— T My — M33 -
0x; 0x;

oms, 0my3 n
— Y s — My ——
ox, 23 2 ax.

8m32 3m23
- N3 — M3
0x; 0x;

2411

(43)

(44)

(45)
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Equivalently, one obtains

oMy, omy,
= —— (M3 — My3My,) +
ax; ax;
ams, omy, oms; amy,
+ myy < ax. My3 + M3, ax. ax, My — M3z o,
oms,
- (mypmy — myzmyp—)
3x,-
omy, omy; omy3 amy,
ms < ox, Mmy3 + My, ox, ox, Myy — M3 ox, +
omy,
+ (myymzz — my3ms,) +
ox;
om om om am
+ my, _12m33 + mlz_33 - = ms; — ’7113_32 (46)
0x; 0x; ax; ax;
In a similar manner, one gets
oM. om
21 (Mymzy — mapmy,) +
3x,« 3x,«
amy, 0msyy oms, RIon
+ myy ( ox, M3y + My, ox, — ox, Mg — M3y ox,
omy,
- (Mo msy — msmoy—)
3)@-
omy, oms, oms, amy,
—m m m — —— Ny — My ——
12 ( ox, 34 + My ox, ox. 24 31 o, +
om
x1'4 (mymzy — mymy,) +
am om om am
+myy _Zlm32 + mzl_32 - 2 My — N3 —= 47)
0x; 0x; 0x; 0x;
Finally, one has that
oM, om
el (Mpnmsz — Maphny3) +
3x,« 3x,«
omy, oms3 oms, omy3
+ my, ( ox, ms3 + My, ox, ox, My — M3y ox,
omy,
- (maymzz — mz myz—)
3)(,-
amy, oms; oms, my;3
—m Mz + My3——— — ———Mp3 — M3 —— | +
12 < ox, 33 23 ox, ax. 23 31 %
om;
(myymgzy, — ms my,) +
axl‘
om om om om
+ my3 2 m3; + Ny, —=2_ My — M3, = (48)
0x; 0x; 0x; ox;

https://doi.org/10.1017/50263574723000450 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574723000450

Robotica 2413

About the partial derivatives of the determinant detM one has fori=1,2,---,8
adetM Bm“ aM” 8m12 3M12
=—"M 2 Tz,
3x,~ a.x,' ! + i 3x,~ 8xi 2 2 3x,- +
omy; oM;; omy, oM,
M — N, — 49
+ ox. 13+ M3 ax, ax, 14 — My ax. (49)
Next, the derivatives of the elements of the inertia matrix M are computed.
omy, omy, omy, . omy,
It holds that m,; = p, 4+ p,cos(x3). Thus one has: =0, =0, = —p,sin(x;), — =0,
8)61 8)62 8)63 8)64
8m1| :O’ 3m11 :O’ am” :0, 8m11 =0
8)65 8x6 3X7 8)68
om am am om
Besides, it holds that m;, = my, = p; 4 0.5p,sin(x;)x,, thus B="=, ="y,
8x1 8.X1 8.X2 8.X2
amy, omy, omy, omy, omy, omy, amy, omy,
= =0.5p,cos s = =0.5p,sin(x3), = =0, = =0,
3)63 8X3 P> (X3)X4 8X4 8X4 P> (X3) 8X5 8X5 8)66 3x6
amy, omy, amy, omy,
= = 0’ = = 0
3)67 8X7 a)Cg 3x8 5
d ad d 0 aom m
Moreover, it holds that m,; = m3; = 0, thus M _ O _ , M _ I _ , b= =0,
3)61 3)61 8)62 3x2 8)63 3x3
8m13 _ 8m31 _0 8m13 _ 8m31 _0 8m13 _ 8m31 _ 8m13 _ 8m31 o 8m13 - 8m3| —O
3)64 - 8X4 7 8)65 - 3x5 7 3)66 - 3x6 7 8X7 - 8X7 7 8.x8 - 3)68 e
ad a0 am am om
Additionally, it holds that m, = my, = —ps, thus s = M =0 4 =0, -
0x, 0x; 0x;, 00X, 03
omy, —0, I _ amy, —0, I _ amy, —0, omyy _ amy, —0, omyy _ amy, -0
8)63 8)65 8)65 B.XG 8){:6 BX7 8)67 BXS 8)68
ad ad d om om
Moreover, it holds that m,, =p,, thus M2 _ 0, M2 _ 0, M2 _ 0, 2= 0, 2= 0,
8)(1 8)62 8)63 8X4 8X5
amy, —0, amy, —0, 0my, -0
8)66 8)67 3)(8 5
d ad ] d am m
Furthermore, it holds that m,; = ms, = 0, thus e e N L , 22 0,
8)61 8x1 8x2 8){:2 8){:3 8X3
8m23 _ 3m32 —O 8m23 _ 3m32 —O 8m23 _ 3m32 _ 3m23 _ 3m32 _ 3m23 _ 8m32 —O
8)64 a 8)64 o 8)65 a 8X5 o 8){:6 o 8)66 o 8)67 o 8)67 o 8)68 o 8)63 o
d 0 am am am om
Besides, it holds that m,, = my, = —ps, thus Moy _ O _ 22, 2=,
8x1 3x1 8X2 8)62 8)63 8)63
oMy, _ oMy, -0 onyy _ omy, -0 Ny _ omy, _ Ny _ omy, -0 Ny, _ amy, -0
8)64 a 8X4 o 8)65 a 8)65 o 8){:6 o 8)66 o 8)67 o 8)67 o 8){:3 o 8)68 o
d d d om om
Moreover, it holds that my = p,, thus 2 —q, 2 _o DM _ s _o O _
8X1 8)62 8)63 8X4 8X5
8m33 :O’ 3m33 :O’ 8m33 :0
8)66 8)67 3x8 5 5
ams, omy; oms, omy; M3y My
Additionally, it holds that = =, thus — = - =, — = =, = =,
fonaty, 1 oS at s a3 4 8.X1 8)61 8.X2 a)Cz 8)63 8)63
ams, _ omy; _ ams, _ omy; _ omsy _ omy; _ omsy _ Omys _ M, _ omy; _
8)64 o 8)64 - 8X5 o 8)65 - 8x6 a ax(, - 3X7 - 8X7 o 8)Cg a 8.Xg a
om 0my, m om m m
Finally, it holds that = ps, thus =0, =0, =0, =0, =0, =0,
1naty, 1L holds that as = ps 4 8X1 a.XZ 8)63 3)C4 3X5 8)66
em _ Im -0
8)67 e 8)Cg o
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Finally, about the computation of the partial derivatives of the Coriolis forces vector one has

Ci1Xp + C1oXy4 + Ci3X6 + CraXs

C1 Xy + CopXy + Co3Xe + CoaXg

C(x, x)x =
C31X2 + CXy + C23X6 + CoaXs
C41Xp + CaoXy + Cy3Xe + CaaXs
It holds that for i =1.3,5,7
361 8011 3C12 3C13 86'14
— = —X —X. —X, —X,
3x,- 3x,- : + axi N + axj 6 + axi s
and also
8C1 8C11 3612 8C|3 8C14
e R A R SR M
axz axz X2 C1 ax2 X4 ax2 X6 axz Xg
aCl 3c11 3012 8C13 8C14
— = X+ —Xs+Cpp+ Xe + X,
8X4 8X4 ’ 8X4 ¢ 2 BX4 o BX4 s
aCl 3611 3612 3C13 8C14
— =—Xy+ — X+ —X¢+Ciz3 + —X
8x6 8x6 : 8X6 ! 8x6 ¥ " 3x6 s
801 8611 8012 3613 8C14
8xg o 8xg 2 + 8)Cg 4 + B.Xg Yo + 3x8 8 + €

Equivalently, it holds that for i =1.3,5,7

362 8C21 3C22 3623 8024
3x,- - 3x,- %+ axi *at 8x,~ %o+ axi 8
and also
8C2 3621 8C22 8C23 8C24
e o e —
o o Xy T €2 9% X4 9% X6 % Xg
302 8621 3C22 8C23 86'24
— =—X+ —XstCn+ —X¢+ —X
B.X4 B.X4 ’ aX4 ¢ 2 BX4 0 BX4 s
86‘2 aCl 8022 3C23 3624
— =—Xt — X4+ —Xt+ 3+ —X
8X6 8x6 ’ 8x6 ¢ 8x6 6 23 8x6 i
802 3621 8022 3623 8C24
8x8 o 8x8 2 + 8)Cg 4 + Bxg Yo + 3x8 s + €
Similarly, it holds that for i =1.3,5,7
3C3 8C31 8C32 8C33 86'34
— = —X —X. —X, —X,
8x,‘ 8x,‘ 2+ 8x,~ +F 8x,~ st 3x,~ s
and also
8C3 8C31 8C32 8C33 8C34
= N AP R SR M
. % Xy T C31 9% X4 9% X6 % Xg
8C3 8C31 8C32 8C33 8C34
e e ke —2
aX4 aX4 ’ aX4 4 2 aX4 o 8)@; s
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a a a d a
ﬁ:ﬁx2+ﬁx4+ﬁx6+c33+ C34x8 (64)
3X6 8x6 8x6 3)66 X6
BC; aCﬂ 8C32 8C33 8C34
T —_— - - 65
8X8 8X8 2 + an 4 + 8)(3 Yo + 8x8 8 + €4 ( )
Finally, it holds that fori = 1.3, 5,7
8C4 8C41 8C42 3643 3C44
dey _dew  dcp - dcp  dcu 66
o, o Ty Ty e gy ©o
and also
8C4 8C41 8C42 8043 8044
— =—Xtcy+ —x+ —xs+ —x 67
0x, 0x, : # 0x, N 0x, o 0x, s ©7)
3C4 86'41 8C42 8C43 8C44
— =—X+ —XytCpt+ —x+ —x 68
BX4 BX4 ? B.X4 ¢ 2 8X4 6 8X4 s ( )
8C4 8C4 8C42 8C43 8C44
e T T e+ o 69
8x6 8.x6 2 8.x6 4 8.x6 6 o a.X() 8 ( )
8C4 86‘41 8C42 3643 8C44
dey _ ey | Bep o Ocy | Bew 70
s s X, + o X4+ o X6 + o Xg + Cay (70)

Next, the following partial derivatives of the elements ¢; i =1,2,3,4 and j =1, 2, 3, 4 of the Coriolis
matrix are computed.

. dcyy dcy dcyy dcy
It holds ¢;; = —p,sin(x;)x;, thus one has that: —— = —p,cos(x;)x;,, — =0, — =0, — =
0x, x, 0x; xy
dc dc dc dc
—0,8in(x,), —t =0, —~ =0, —~ =0, —~ =0.
8)(5 8x6 aX7 aX3
e . . acy, dcy acy,
Additionally, it holds that c;, = —0.5p,sin(x3)x,, thus — =0, — =0, —— = —0.5p,co8(x3)x4,
3x1 3x2 a.X3
dcin acy, dcp, acy, acy
— = —0.5p,sin(x3), — =0, — =0, — =0, — =0.
aX4 b2 (x3) B.X5 8.x6 8X7 aX[;
0
Moreover, it holds that ¢,; = 0; thus, one obtains: % =0,fori=1,2,---,8
Xi
0
Additionally, it holds that ¢, = O; thus, one obtains: adl =, fori=1,---,8
Xi
‘e . . . dcy dcy . dcy
Additionally, it holds that ¢,; = 0.5p,sin(x3)x,, thus, one obtains: — =0, —— = 0.5p,sin(x3), — =
8x1 3x2 a.)C3
dcy dcy dcy 9cy dcyy
0.5p,cos ,—=0,—=0,— =0, — =0, — =0.
P2 ('x3)x2 a)C4 3x5 8.x6 B.X7 a)C[;
ad
Additionally, it holds that ¢y, = O; thus, one obtains: facee) = fori=1,2,---,8
a 1
Moreover, it holds that ¢,; = 0; thus, one obtains: % =0fori=1,2,---,8.
Xi
d
Furthermore, it holds that ¢,, = 0; thus, one obtains o =0fori=1,2,---,8
Xi
d
Additionally, one has that c;; = 0; thus, one obtains: A} =fori=1,2,---,8
8 1
Furthermore, it holds c¢;, = 0; thus, one obtains: A2} = fori=1,2,---,8.
Xi
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dc
Moreover, it holds that ¢33 = 0; thus, one obtains: 2 0,fori=1,2,---,8
X1

0
Additionally, it holds that 3, = 0; thus, one obtains: J6 =0,fori=1,2,---,8
X1

ac

Furthermore, one has that c¢,; = 0; thus, one obtains: kil = fori=1,2,---,8

Xi
. . dcy .
Moreover, it holds that ¢4, = 0; thus, one obtains: — =, fori=1,2,---,8
Xi
. . 0cu3 .

Furthermore, it holds that ¢4; = 0; thus, one obtains: — =, fori=1,2,---,8.

Xi

ac
Finally, it holds that ¢,y = 0. Thus, one obtains 8—44 =0,fori=1,---,8.
Xi
In a similar manner, one computes the partial derivatives of the elements of the gravitational forces

d
matrix. It holds that g, = 0; thus, one obtains 28 =0,fori=1,---,8.
Xi

d
Additionally, it holds that g, = 0; thus, one obtains a;gz =0,fori=1,---,8.
Xi
d
Moreover, it holds that g; = p,g; thus, one obtains 8;& =0,fori=1,2,---,8.
Xi

d
Finally, it holds that g, = 0; thus, one obtains 984 =0,fori=1,2,---,8.
Xi

In a similar manner, one computes the partial derivatives of the elements of the disturbances vector d.

od ad
It holds that d, = b,x,; thus, one obtains = 0,fori=1,---,8andi# 2, while o b,.

Xi axZ
od ad.
Additionally, it holds that d, = b,x4; thus, one obtains 8_2 =0,fori=1,---,8and i #4, while 8_2 =
Xi X4
b,.
Moreover, it holds that d; = b;x; thus, one obtains — =0, fori=1,--- ,8 and i # 6, while — = bs.
Xi X6
. . . 0d, . . ., 0dy
Finally, it holds that d, = byxg; thus, one obtains — =0, fori=1,--- ,8 and i # 8, while Fr =b,.
Xi Xg

4. Design of an H-infinity nonlinear feedback controller

4.1. Equivalent linearized dynamics of the 4-DOF SCARA robot

After linearization around its current operating point, the dynamic model for the 4-DOF SCARA robot
is written as

% =Ax+ Bu+d, (71)

Parameter d, stands for the linearization error in the 4-DOF SCARA robot’s model that was given
previously in Eq. (15). The reference setpoints for the state vector of the aforementioned dynamic model
are denoted by xq = [x4, - - - , x?]. Tracking of this trajectory is achieved after applying the control input
u*. At every time instant, the control input #* is assumed to differ from the control input u# appearing in
Eq. (71) by an amount equal to Au, that is, u* =u + Au

).Cd = Axd + BM* + d2 (72)

The dynamics of the controlled system described in Eq. (71) can be also written as

x=Ax+ Bu+ Bu* — Bu* +d, (73)
and by denoting d; = —Bu* + d, as an aggregate disturbance term one obtains
X =Ax+ Bu+ Bu* +d, 74
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By subtracting Eq. (72) from Eq. (74), one has
jC_de:A(X_Xd)+BM+d3_d2 (75)

By denoting the tracking error as ¢ =x — x, and the aggregate disturbance term as d = d; — d, the
tracking error dynamics becomes

é=Ae+Bu+d (76)

The above linearized form of the 4-DOF SCARA robot’s model can be efficiently controlled after
applying an H-infinity feedback control scheme.

4.2. The nonlinear H-infinity control
The initial nonlinear model of the 4-DOF SCARA robot is in the form

x=f(x,u) xeR", ueR" 77)

Linearization of the model of the 4-DOF SCARA robot is performed at each iteration of the control
algorithm around its present operating point (x*, u*) = (x(¢), u(t — T,)). The linearized equivalent of the
system is described by

i=Ax+Bu+Ld xeR", ucR", de R’ (78)

where matrices A and B are obtained from the computation of the previously defined Jacobians and
vector d denotes disturbance terms due to linearization errors. The problem of disturbance rejection for
the linearized model that is described by

¥x=Ax+Bu+Ld (79)
y=Cx

where x e R", u € R", deR , and y € R”, cannot be handled efficiently if the classical linear quadratic
regulator control scheme is applied. This is because of the existence of the perturbation term d. The
disturbance term d apart from modeling (parametric) uncertainty and external perturbation terms can
also represent noise terms of any distribution.

In the H,, control approach, a feedback control scheme is designed for trajectory tracking by the
system’s state vector and simultaneous disturbance rejection, considering that the disturbance affects
the system in the worst possible manner. The disturbances’ effects are incorporated in the following
quadratic cost function:

I .~
J(0) = 5/ ' Oy(0) + ru” (Du(t) — p*d" (Dd(D)]dt, r,p >0 (80)
0

The significance of the negative sign in the cost function’s term that is associated with the perturbation
variable d(7) is that the disturbance tries to maximize the cost function J(f) while the control signal
u(t) tries to minimize it. The physical meaning of the relation given above is that the control signal and
the disturbances compete to each other within a min-max differential game. This problem of min-max
optimization can be written as min,max;J(u, Zl).

The objective of the optimization procedure is to compute a control signal u(7) which can compensate
for the worst possible disturbance, that is, externally imposed to the 4-DOF SCARA robot. However,
the solution to the min-max optimization problem is directly related to the value of parameter p. This
means that there is an upper bound in the disturbances magnitude that can be annihilated by the control
signal.

https://doi.org/10.1017/50263574723000450 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574723000450

2418 G. Rigatos et al.

Linearization ofthe 4-DOF SCARA
robot’s dynamic model ”

x=Ax+Bu+ld

_"'.7 -
A= fol(x',u‘)'B = Vfuj(x“u‘] ijm 1

ABL

Solution of the algebraic
Riccati equation

1 1
AP+ PA+Q - P(_BBT -Z—{JZLLT);J =0

P
+ H-infinity Nonlinear dynamics
x4 e Boidin . 8 “_=Ke> of the 4-DOF _ _:
SCARA robot
1 -
Be==0lE x = f(xu)

Figure 2. Diagram of the control scheme for the 4-DOF SCARA robotic manipulator.

4.3. Computation of the feedback control gains

For the linearized system given by Eq. (79), the cost function of Eq. (80) is defined, where the coefficient
r determines the penalization of the control input and the weight coefficient p determines the reward
of the disturbances’ effects. It is assumed that (i) the energy that is transferred from the disturbances
signal Ei(t) is bounded, that is, foocng(t)Ei(t)dt < 00, (ii) matrices [A, B] and [A, L] are stabilizable, and
(iii) matrix [A, C] is detectable. In the case of a tracking problem, the optimal feedback control law is
given by

u(t) = —Ke(t) (81)

1
with e = x — x, to be the tracking error, and K = —B” P where P is a positive definite symmetric matrix.

,
As it will be proven in Section 5, matrix P is obtained from the solution of the Riccati equation
T 2 T 1 T
A'P+PA+Q—P|-BB — < LL | P=0 (82)
r P
where Q is a positive semi-definite symmetric matrix. The worst case disturbance is given by
~ 1
d(t) = = L"Pe(r) (83)
P

The solution of the H-infinity feedback control problem for the 4-DOF SCARA robot and the compu-
tation of the worst case disturbance that the related controller can sustain come from superposition of
Bellman’s optimality principle when considering that the robot is affected by two separate inputs: (i) the
control input u and (ii) the cumulative disturbance input d(n). Solving the optimal control problem for u,
that is, for the minimum variation (optimal) control input that achieves elimination of the state vector’s

1 -
tracking error, gives u = ——B” Pe. Equivalently, solving the optimal control problem for d, that is, for
r

~ 1
the worst case disturbance that the control loop can sustain gives d = —ZLTPe.

The diagram of the considered control loop for the 4-DOF SCARA robot is depicted in Fig. 2.
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5. Lyapunov stability analysis

5.1. Stability proof

Through Lyapunov stability analysis, it will be shown that the proposed nonlinear control scheme assures
H,, tracking performance for the 4-DOF SCARA robot, and that in case of bounded disturbance terms
asymptotic convergence to the reference setpoints is achieved. The tracking error dynamics for the 4-
DOF SCARA robot is written in the form

¢=Ae+Bu+Ld (84)

where in the 4-DOF SCARA robot’s case L= € R®® is the disturbance inputs gain matrix. Variable
d denotes model uncertainties and external disturbances of the 4-DOF SCARA robot’s model. The
following Lyapunov equation is considered:

L,
V= Ee Pe (85)

where e = x — x, is the tracking error. By differentiating with respect to time, one obtains

.1 1 o1 ~ 1 ~
V= EéTPe + EeTPé:>V = E[Ae + Bu + Ld]"Pe + EeTP[Ae + Bu+ Ld]= (86)
o1 ~ 1 -
V= E[eTAT +u'B" +d"L"Pe + 5eTP[Ae +Bu+ Ld]= (87)
V= Lerarpe+ Lurppe+ Larirpe v Lerpae 4 Lerppu v Lerprd (88)
2 2 2 2 2 2
The previous equation is rewritten as
N | 1 1 1~ 1 -
V= EeT(ATP + PA)e + (iuTBTPe + EeTPBu) + (szLTPe + EeTPLd) (89)

Assumption: For given positive definite matrix Q and coefficients r and p, there exists a positive definite
matrix P, which is the solution of the following matrix equation:

T 2 T 1 T
A'P+PA=—-0Q+P(-BB" — —LL)P (90)
r o
Moreover, the following feedback control law is applied to the system
1 T
u=——-BPe ©n
r
By substituting Egs. (90) and (91), one obtains

y 1T 2 T 1 T T 1 T T 7
V:Ee [—Q+P(;BB —;LL YPle + e PB(—;B Pe) + ¢’ PLd= (92)

. 1 1 1
V=—=e"Qe+ —e"PBB"Pe — —¢"PLL"Pe
2 r 2p?

1 -
— —e"PBB"Pe + ¢"PLd (93)
.

which after intermediate operations gives

V= —%eTQe - %pzeTPLLTPe +¢"PLd (94)
or, equivalently
V= —leTQe _ L oprirpe + Lerpra + Larirpe (95)
2 2> 2 2
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Lemma: The following inequality holds:

1 ~ 1~ 1 1~
—e"Ld + —dL"Pe — — " PLL" Pe<—p*d"d (96)
2 2 20 2

1
Proof : The binomial (oo — —b)? is considered. Expanding the left part of the above inequality, one gets
P
2.2 1 2 1 2.2 1 2
pa+—b"—2ab>0= —p°a“+ —b"—ab>0=
P> 2 2p?
o7
ab — Lb2 < l,oza2 = latb + lab - Lb2 < l,oza2
202 T2 2 2 202 T2
The following substitutions are carried out: a = d and b = e’ PL and the previous relation becomes
1~ 1 ~ 1 |
—d"L"Pe + —¢"PLd — — " PLL" Pe<—p*d"d (98)
2 2 20?2 2
Eq. (98) is substituted in Eq. (95) and the inequality is enforced, thus giving
. 1 | R
V<— EeTQe + E'Oszd (99)

Eq. (99) shows that the H,, tracking performance criterion is satisfied. The integration of V from 0 to T
gives

T 1 T 1 T
V(ndi< — = 20t 4+ — 2/ d||dt
/0 (1= 2/0 lelfe+ 50° [ alFar=

T T (100)
2V(T) + / |le|I5dr<2V(0) + p / |ld|[dt
Moreover, if there exists a positive constant M, > 0 such that
/ T diRdr <M, (101)
0
then one gets
[ etz =2vor -+ o, (102)
0

Thus, the integral fooo| le]| |§dt is bounded. Moreover, V(T) is bounded and from the definition of the
Lyapunov function V in Eq. (85) it becomes clear that e(r) will be also bounded since e(t) € 2, =
{e|le"Pe<2V(0) + p*M,}. According to the above and with the use of Barbalat’s lemma, one obtains
lim,_ , e(t) =0.

After following the stages of the stability proof one arrives at Eq. (99) which shows that the H-infinity
tracking performance criterion holds. By selecting the attenuation coefficient p to be sufficiently small
and in particular to satisfy p* < |le|[3/| |d||?, one has that the first derivative of the Lyapunov function is
upper bounded by 0. This condition holds at each sampling instance and consequently global stability
for the control loop can be concluded.

5.2. Robust state estimation with the use of the H,, Kalman filter

The control loop has to be implemented with the use of information provided by a small number of sen-
sors and by processing only a small number of state variables. To reconstruct the missing information
about the state vector of the 4-DOF SCARA robot it is proposed to use a filtering scheme and based on it
to apply state estimation-based control [1, 41]. By denoting as A(k), B(k), C(k) the discrete-time equiv-
alents of matrices A, B, C which constitute the linearized state-space model of Eq. (15), the recursion of
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the H,, Kalman Filter, for the model of the SCARA robot, can be formulated in terms of a measurement
update and a time update part.
Measurement update:

D(k) = [I — OW (k)P (k) + C"(k)R(k)"' C(k)P~ (k)]
K(k) =P~ (k)D(K)C" ()R (k)™
x(k) =3 (k) + K(k)[y(k) — Cx~ (k)] (103)
Time update:
X (k+ 1) = A(k)x(k) + B(k)u(k)
P~ (k+1)=Ak)P (k)D(k)AT (k) + Q(k) (104)

where it is assumed that parameter 6 is sufficiently small to assure that the covariance matrix P~ (k) —
OW(k) + CT(k)R(k)~' C(k) will be positive definite. When 6 = 0, the H,, Kalman filter becomes equiva-
lent to the standard Kalman filter. One can measure only a part of the state vector of the SCARA robot,
for instance state variables xi, x3, x5, and x; and can estimate through filtering the rest of the state vector
elements (x,, x4, X, and xg). Moreover, the proposed Kalman filtering method can be used for sensor
fusion purposes.

6. Flatness-based control in successive loops for the 4-DOF SCARA robotic manipulator
6.1. Differential flatness properties of the 4-DOF SCARA robot

The dynamic model of the 4-DOF SCARA robot is differentially flat. The flat outputs vector of the
system is ¥ = [y, 2, y3, Y417 = [x1, X3, X5, X7]”. Differential flatness is associated with the following two
conditions: (i) all state variables of the system can be expressed as differential functions of its flat outputs
and (ii) the flat outputs and their derivatives are differentially independent which signifies that they are
not connected through a relation in the form of a linear homogeneous differential equation [1, 41].

Obviously, it holds that x, = X;, x, = X3, x¢ = X5, and xg = X;. This signifies that state variables x,, x4,
Xe, and xg are differential functions of the system’s flat outputs. Besides, using that

Xi () gu® g1 gulx) gukx) T
xz _ Jax) N gn(x) gn gn(x) gnk) 5 (105)
X5 Jo(x) gi3(0)  gn) gn(x) guk) 1%}
X7 3(x) 81a(®) g4 gulx) guk) T4

and by solving with respect to the control inputs one obtains

7 gl () g gu®\ [ [H) (AW
T _ g1(X) gnX) gn(x) gnk) x3 _ Ja(x) (106)
T3 gi3(®)  gxnx) gn(x) guk) X5 Jo(x)
T4 g1s(0) g0  gulx) guk) X, s(x)

The above relation signifies that the control inputs t,, 1,, 73, and 7, are also differential functions of the
flat outputs of the system. Consequently, the 4-DOF SCARA robot is differentially flat. The differential
flatness property means also [1, 42] that (i) the robotic model is input—output linearizable and (ii) set-
points for all state variables of the robot can be defined. Actually one selects first setpoints for the state
variables which coincide with the flat outputs x¢, x{, x¢, and x¢, and next defines setpoints for the rest
of the state variables x7, x¢, x¢, and x{ which are associated with the flat outputs through the previously
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explained differential relations. The differential flatness property is also an implicit proof of the system’s
controllability.

6.2. Flatness-based control in successive loops for the SCARA robot

The state-space model for the SCARA robot that was previously defined in Eq. (12) and in Eq. (13)
is used again and the new state vector is defined as z = [z, 25, 23, Z4» Z5» Z6» 27, Z3]” Where z; = x, 7, =
X3, 23 =Xs, 24 = X7, Ts = X2, Z6 = X4, 27 =X, and zg = xg. Using the new notation for the robot’s state
variables, the associated state-space model becomes

2 Zs 0 0 0 0
2 %6 0 0 0 0
23 77 0 0 0 0 U
24 238 0 0 0 0 U

— + (107)
Zs S(2) 821(2) 8n(z2) 81(2) £u(2) Uz
26 Ja(@) 80(2) &n(2) 8i(2) 8u(2) Uy
Z J6(2) 861(2) ge(2) 803(2)  8es(2)
Zs \fs(x) 81(2)  8n(2) 8s3(2)  gsu(2)

Next, the following subvectors and submatrices are defined:
214 = [z15 22, 23, Z4]Tf1,4 = 041 814 = ) (108)

81(2) gn(@) £x(2) gu(2)

r ’ 84(2) gn(@ 85 gu(
258 = [25. 26, 2. 8] fss = [2(2). (2. f6(2), ()] 855 = (109)
861(2) 8e(2) 8w3(2)  8es(2)

81(2) 8n(2) gu() gu()
Thus, the state-space model of the SCARA robot can be decomposed into two subsystems

214 =/14(214) + 814(214)Zs8 (110)

258 =f55(2145 Z58) + 855(214» 258U (111)

As it has already been proven, the dynamic model of the SCARA robot is a differentially flat system with
flat outputs vector y = z;,4. Indeed from Eq. (110), one solves for zsg, giving zss = 2,4 Which confirms
that zs ¢ is a differential function of flat outputs vector y. Moreover, from Eq. (111) one solves for # which
gives u = g54(214, Zss)[Zss — f53(21.4, 258)], thus confirming that zs is also a differential function of the
flat outputs vector y. This completes again the proof of differential flatness properties for the 4-DOF
SCARA robot.

Next, it will be proven that each one of the subsystems of Eqgs. (110) and (111), if viewed indepen-
dently, is also differentially flat. For the subsystem of Eq. (110), the flat output is taken to be y; =z;,4
and the virtual control input is v; = zsg. It holds that

Vi =258 =4a=Vi = (1, 31) (112)

while fi4(z14), g1.4(z14) have constant elements. Therefore, the subsystem of Eq. (110) is differentially
flat. Additionally, for Eq. (111) the flat outputs vector is taken to y, = z5 5 and the real control input is u,
while z, 4 is viewed as a vector of coefficients. It holds that

U= g;é(21,4» 258258 — f5.8(214 258)]

. (113)
=u=h(y,y)
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Therefore, the subsystem of Eq. (111) is also differentially flat. Using the differential flatness property
for each one of the subsystems of Eqgs. (110) and (111), one has that each subsystem is input—output
linearizable [42]. Thus, one can design a stabilizing feedback controller about them by inverting their
input—output linearized description.

For the subsystem of Eq. (110) and using the virtual control input v, = zs, the stabilizing feedback
controller is taken to be

vy = z;‘,g =g @I, —fiazi) — Ki(za — 2§ )] (114)

where K| € R** is a diagonal gain matrix with diagonal elements k,; > 0,i=1,--- ,4.
For the subsystem of Eq. (111) and using the real control input u, the stabilizing feedback controller
is taken to be

u= gs_,é(zm, Zs,s)[ig,g — fs3(214, 258) — Ko(zs55 — Zz,g)] (115)

where K, € R*** is a diagonal gain matrix with diagonal elements k,; >0, i=1,--- , 4. In the above
equations, z‘fv ,and Z?,s are setpoints for state vectors z; 4 and zs g, respectively. Moreover, in Eq. (115) one
has that the virtual control input v, of the subsystem of Eq. (110) becomes setpoint z¢ ; for the subsystem
of Eq. (111).

By substituting the control input of Eq. (114) into the subsystem of Eq. (110), one obtains

Zia=f14(z1a) + 81,4(21,4)'gf,‘lt(ZlA)[Z‘llA —fia(zia) — Ki(z14 — Z‘IIA)]

. y y (116)
=>(Z14 — 21,4) +Ki(z14 — 21, = 0
By substituting the control input of Eq. (115) into the subsystem of Eq. (111), one obtains
258 =[5.8(214> Z5.8) + 81.4(214 ZS.S)'g[};(ZI,Ah Zs,s)[ig,g —f58(214> 258) — Ko(z58 — z?,g)] 117

=14 — 2(11,4) + K (214 — lei,4) =0

By defining the tracking error variables e, 4 =214 — 2{,, €55 = Zs5 — 25 5, one has the following tracking
error dynamics for the two subsystems:

é1’4 + K161.4 =0= limHooeM = O:Iim,ﬁooZU‘ = ZKIJA (1 18)
By substituting the control input of Eq. (115) into the subsystem of Eq. (111), one obtains
éss + Kresg = 0=lim, €53 = 0=lim,_, 5255 = zﬁ,g (119)

Thus, all state variables x;, i=1,--- ,8 of the 4-DOF SCARA robotic manipulator converge to the
associated setpoints.

A proof of the global stability properties of the proposed flatness-based control scheme in successive
loops can be also obtained through Lyapunov stability analysis. To this end, the following Lyapunov
function is defined:

1 T T
V= 5[61’4814 +esyge5_8] (]20)
By differentiating in time, one has
® 1 T - T - ° T - T -
V = 5[281,46174 + 265,885,8]=>V = 31’46‘1’4 + 65,865»8 (121)

Moreover from the equations about the tracking error dynamics of the two subsystems, given in Egs.
(118) and (119), one has é, 4, = —K, e, and é53 = —K,esg. Thus, it holds that
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Figure 3. Tracking of setpoint I for the SCARA robot under nonlinear optimal control (a) convergence
of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real value, green line:
estimated value), (b) convergence of state variables xs to xg to their reference setpoints.

v T - T ’ T T
V= 61’481,4 + 65’365,8:>V = _el’4K181$4 — 65’3K2€5,8

. (122)
=>V<0V€1Y4 #0, €58 #0

while V =0 if and only if ¢,, =0 and es5 = 0. Consequently, the Lyapunov function of the robotic
system converges asymptotically to 0 and finally one has again that lim,_, e, 4 = 0=>1im, 214 =2,
and lim,_, wesg = 0=1im,_, o 255 = 24 ;.

7. Simulation tests
7.1. Results on nonlinear optimal control of the 4-DOF SCARA robot

The global stability properties of the control method and the elimination of the state vector’s tracking
error which were previously proven through Lyapunov analysis are further confirmed through simula-
tion experiments. The parameters of the model of the 4-DOF SCARA robot which have been used in the
simulation tests have been according to [2]. To compute the stabilizing feedback gains of the controller,
the algebraic Riccati equation of Eq. (90) had to be repetitively solved at each iteration of the control
algorithm. The obtained results are depicted in Figs. 3—18. The real values of the state variables of the
4-DOF SCARA robot are printed in blue, their estimates which are provided by the H-infinity Kalman
filter are printed in green color while the associated setpoints are printed in red. The performance of the
nonlinear optimal control method was very satisfactory. Actually, through all test cases it has been con-
firmed that the control method can achieve fast and accurate tracking of reference trajectories (setpoints)
under moderate variations of the control inputs. The simulation tests come to confirm that the control
method has global (and not local) stability properties. Under the nonlinear optimal control method, the
state variables of the SCARA robot can track precisely setpoints with fast and abrupt changes. Moreover,
the convergence to these setpoints is independent from initial conditions. The variations of the Lyapunov
function of the nonlinear optimal control method of the 4-DOF SCARA robotic manipulator are shown
in Figs. 19 and 20.
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Figure 4. Tracking of setpoint 1 for the SCARA robot under nonlinear optimal control (a) control inputs
u,, U, applied to the robot and (b) tracking error variables e, e, es, and e; of the SCARA robot.
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Figure 5. Tracking of setpoint 2 for the SCARA robot under nonlinear optimal control (a) convergence
of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real value, green line:
estimated value) and (b) convergence of state variables x5 to xg to their reference setpoints.
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Figure 6. Tracking of setpoint 2 for the SCARA robot under nonlinear optimal control (a) control inputs
u,, u, applied to the robot and (b) tracking error variables e,, e, es, and e; of the SCARA robot.
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Figure 7. Tracking of setpoint 3 for the SCARA robot under nonlinear optimal control (a) convergence
of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real value, green line:
estimated value), (b) convergence of state variables xs to xg to their reference setpoints.
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Figure 8. Tracking of setpoint 3 for the SCARA robot under nonlinear optimal control (a) control inputs
u,, U, applied to the robot and (b) tracking error variables e, e, es, and e; of the SCARA robot.
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Figure 9. Tracking of setpoint 4 for the SCARA robot under nonlinear optimal control (a) convergence
of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real value, green line:
estimated value) and (b) convergence of state variables x5 to xg to their reference setpoints.
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Figure 10. Tracking of setpoint 4 for the SCARA robot under nonlinear optimal control (a) control
inputs u,, u, applied to the robot and (b) tracking error variables e, es, es, and e; of the SCARA robot.
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Figure 11. Tracking of setpoint 5 for the SCARA robot under nonlinear optimal control (a) convergence
of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real value, green line:
estimated value) and (b) convergence of state variables xs to xg to their reference setpoints.
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Figure 12. Tracking of setpoint 5 for the SCARA robot under nonlinear optimal control (a) control
inputs u,, u, applied to the robot and (b) tracking error variables e,, e, es, and e, of the SCARA robot.
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Figure 13. Tracking of setpoint 6 for the SCARA robot under nonlinear optimal control (a) convergence
of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real value, green line:
estimated value) and (b) convergence of state variables x5 to xg to their reference setpoints.
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Figure 14. Tracking of setpoint 6 for the SCARA robot under nonlinear optimal control (a) control
inputs u,, u, applied to the robot and (b) tracking error variables e, es, es, and e; of the SCARA robot.
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Figure 15. Tracking of setpoint 7 for the SCARA robot under nonlinear optimal control (a) convergence
of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real value, green line:
estimated value) and (b) convergence of state variables xs to xg to their reference setpoints.
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Figure 16. Tracking of setpoint 7 for the SCARA robot under nonlinear optimal control (a) control
inputs u,, u, applied to the robot and (b) tracking error variables e,, e, es, and e; of the SCARA robot.
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Figure 17. Tracking of setpoint 8 for the SCARA robot under nonlinear optimal control (a) convergence
of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real value, green line:
estimated value) and (b) convergence of state variables xs to xg to their reference setpoints.
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Figure 18. Tracking of setpoint 8 for the SCARA robot under nonlinear optimal control (a) control
inputs u,, u, applied to the robot and (b) tracking error variables e, e, es, and e; of the SCARA robot.

Regarding the selection of values for the controller gains, it can be noted that parameters r, p, and Q
which appear in the method’s algebraic Riccati equations are assigned offline constant values, whereas
gains vector K is updated at each sampling instance, based on the positive definite and symmetric matrix
P which is the solution of the method’s algebraic Riccati equation. The tracking accuracy and the tran-
sient performance of the control scheme depend on the values of coefficients r, p and on the values of the
elements of the diagonal matrix Q. Actually, for relatively small values of r, one achieves elimination
of the state vectors’ tracking error one. Moreover, for relatively high values of the diagonal elements
of matrix Q, one achieves fast convergence of the state variables to reference trajectories. Finally, the
smallest value of the attenuation coefficient p that results into a valid solution of the method’s Riccati
equation in the form of the positive definite and symmetric matrix P, it the one that provides the control
loop with maximum robustness. Moreover, according to Parseval’s theorem the consumption of energy
by the actuators of the robot is proportional to the integral in time of the square of the associated control
inputs. This also gives a clear indicator on how the aggregate consumed power of the robot is distributed
to its actuators during the execution of several tasks.

Comparing to past attempts for solving the H-infinity control problem for nonlinear dynamical
systems, the article’s control approach is substantially different [37]. Preceding results on the use of
H-infinity control to nonlinear dynamical systems were limited to the case of affine-in-the-input sys-
tems with drift-only dynamics and considered that the control inputs gain matrix is not dependent on
the values of the system’s state vector. Moreover, in these approaches the linearization was performed
around points of the desirable trajectory whereas in the present article’s control method the linearization
points are related to the value of the state vector at each sampling instant as well as to the last sampled
value of the control inputs vector. The Riccati equation which has been proposed for computing the
feedback gains of the controller is novel, so is the presented global stability proof through Lyapunov
analysis.

The proposed H-infinity (optimal) control method for the 4-DOF SCARA robot exhibits several
advantages when compared against other linear or nonlinear control schemes [37]. For instance, (i) in
contrast to global linearization-based control schemes (Lie algebra-based control and differential flat-
ness theory-based control) it does not need complicated changes of state variables (diffeomorphisms)
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Figure 19. Lyapunov functions for nonlinear optimal control of the 4-DOF SCARA robotic manipulator
when tracking setpoints 1-—4.

and does not come against singularity problems in the computation of the control inputs, (ii) in con-
trast to sliding-mode control or to backstepping control the proposed nonlinear optimal control scheme
does not require the state-space model of the system to be in a specific form (e.g., triangular, canonical,
etc.), (iii) in contrast to proportional integral derivative control the proposed nonlinear optimal control
method is globally stable and functions well at changes of operating points, (iv) in contrast to multi-
model-based control and linearization around multiple operating points, the nonlinear optimal control
scheme requires linearization around one single operating point and thus it avoids the computational
burden for solving multiple Riccati equations or linear matrix inequalities, and (v) moreover, unlike the
popular computed torque method for robotic manipulators, the new control approach is characterized by
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Figure 20. Lyapunov functions for nonlinear optimal control of the 4-DOF SCARA robotic manipulator
when tracking setpoints 5-8.

optimality and is also applicable when the number of control inputs is not equal to the robot’s number
of DOFs.

To elaborate on the tracking performance and on the robustness of the proposed nonlinear optimal
control method for the SCARA robot, the following tables are given: (i) Table I which provides informa-
tion about the accuracy of tracking of the reference setpoints by the state variables of the SCARA robot’s
state-space model, (ii) Table II which provides information about the robustness of the control method
to parametric changes in the model of the SCARA robot’s dynamics (change Aa% in the mass m, of
the second link), (iii) Table III which provides information about the precision in state variables’ esti-
mation that is achieved by the H-infinity Kalman filter, (iv) Table IV which provides the approximate
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Table 1. Nonlinear optimal control — Tracking RMSE x107* for the SCARA robot in the
disturbance-free case.

RMSE, RMSE, RMSE, RMSE, RMSE, RMSE, RMSE, RMSE,
test,  0.0009 0.0009 00008 0.0008 0.001  0.001 0.0017  0.0017
test,  0.0852  0.0875 0.0749 0.0788  0.0201  0.0494  0.0959  0.0955
test;  0.0289  0.0298  0.0865 0.0885 0.0547  0.1660  0.0228  0.0227
test, 0.8982 03706  0.0843  0.1459 09390 02377 0.0107 0.0174
test;  0.2994 02798  0.1588 02624  0.6638  0.7585  0.0027  0.0069
test, 03067  0.1814 05778 01789 03709  0.2655  0.0022  0.0148
test,  0.5771 02394 03309 0.1792 08170  0.6909  0.0050  0.0103
test; 04273 04844 02887 04649 02049 02183  0.0092  0.0056

Table II. Nonlinear optimal control — Tracking RMSE x 1073 for the SCARA robot in the case
of disturbances.

Aa% RMSE, RMSE, RMSE, RMSE, RMSE,, RMSE,, RMSE, RMSE,
0% 0.0289  0.0298  0.0866  0.0885  0.0617 0.1660  0.0228  0.0227
10%  0.0288  0.0301  0.0870  0.0895 0.0646  0.1657 0.0228  0.0227
20%  0.0288  0.0301  0.0874  0.0901  0.0646  0.1657 0.0228  0.0226
30%  0.0287  0.0302  0.0877 0.0906 0.0646  0.1657  0.0227  0.0226
40%  0.0286  0.0302  0.0880 0.0912  0.0646  0.1657  0.0227  0.0226
50%  0.0295 0.0302 0.0883  0.0917 0.0646  0.1657  0.0227  0.0225
60%  0.0284  0.0303  0.0886  0.0921 0.0646  0.1657 0.0227  0.0225

Table III. Nonlinear optimal control — RMSE -107° for the estimation performed by the H-
infinity KF.

RMSE,, RMSE,, RMSE,, RMSE,, RMSE,, RMSE, RMSE, RMSE,
test,  0.0001  0.0007  0.0001 0.0001 0.0001 0.0001 0.0001 0.0007
test,  0.0004  0.0736  0.0001  0.0045 0.0002 0.0369 0.0003 0.0591
test;  0.0002  0.0371  0.0001  0.0159  0.0007 0.1131  0.0001  0.0039
test,  0.0110  2.2850  0.0010  0.0820  0.0050  0.9320  0.0050  0.9030
tests  0.0110  2.2910  0.0010  0.2840  0.0060  0.2450  0.0030  0.6400
tests,  0.0070  1.4090  0.0010 0.1470  0.0010  0.2960  0.0040  0.7460
test;  0.0170  3.4690  0.0020 0.4060  0.0070  0.1320  0.0070  0.1469
tests  0.0190  3.8890  0.0010 0.1870  0.0010  0.1880  0.0030  0.6540

convergence times of the SCARA robot’s state variables to the associated setpoints, and (v) Table V
which provides information about the % distribution of the total consumed power in the actuators of the
SCARA robot.

The proposed nonlinear optimal control method is of global (and not local) stability properties. This is
explicitly proven through Lyapunov stability analysis. The article’s Lyapunov stability proof makes use
of the tracking error dynamics of the initial nonlinear system. The computed control inputs are applied to
the initial nonlinear model of the 4-DOF SCARA robotic manipulator and not to its linear approximation.
It is ensured that the linearization error due to truncation of higher-order terms in the Taylor-series
expansion remains small because the linearization process is performed at each sampling period around
the present value of the SCARA robot’s state vector and not at a point on the desirable trajectory. By
taking the span between the linearization point and the system’s state vector at each sampling period to
be small, one concludes that the model which is obtained from linearization describes with precision
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Table IV. Nonlinear optimal control — Convergence time (sec) for the SCARA robot’s
state variables.

T x T x; Ty x3 Ty x4 T x5 T xs Ty x; T, x3
test; 3.5 3.0 4.5 3.5 3.5 3.6 3.5 3.0
test, 2.5 3.0 3.5 3.5 2.5 3.5 0.5 0.5
test; 3.0 3.0 3.5 3.5 3.0 2.0 3.5 3.5
test, 0.5 2.0 3.0 3.5 0.5 0.5 0.5 2.5
tests 2.5 3.0 3.0 2.5 1.0 2.0 3.5 3.5
testg 2.0 2.5 2.5 3.0 0.5 0.5 2.0 2.5
test; 2.5 2.5 1.0 1.5 2.5 3.5 2.5 2.5
testg 2.5 2.5 3.0 2.5 1.0 1.5 1.0 2.5

Table V. Nonlinear optimal control — Distribution of power % in actuators.

P u, Pu, P u, Pu,
test; 18.41 29.47 43.90 8.22
test, 12.86 32.74 48.14 6.26
test; 6.67 14.06 78.39 0.88
test, 2.55 45.68 50.11 1.76
tests 3.79 19.92 74.56 1.73
test 8.01 32.65 53.84 3.50
testy 11.78 15.43 72.61 0.18
testg 6.17 52.03 40.77 1.03

the initial nonlinear dynamics of the robot. This is also proven in detail through Eqgs. (18)—(20) which
appear in subsection 3.1 of the article.

External disturbances are taken into account in the design of the article’s nonlinear optimal (H-
infinity) controller through the disturbance inputs gain matrix L which appears in the method’s algebraic
Riccati equation (Eqgs. (82) and (90)) as well as in the equation about the tracking error’s dynamics
(Eq. (84)). As explained in the end of subsection 4.3, the worst possible disturbance that the nonlinear

~ 1
optimal control method can sustain is given by d = —2LTPe; therefore, it is dependent on the attenuation

coefficient p and the disturbance inputs gain matrix L. Ideally, to achieve high disturbance rejection
capability, one should assign small values to p and large values to L. However, practically this can result
into a Riccati equation which may no longer be solvable. Therefore, there is a trade-off between those
values of p and L that give high disturbance rejection capability, and the values of these parameters
which ensure a solution for the method’s Riccati equation.

7.2. Results on flatness-based control in successive loops for the 4-DOF SCARA robot

Results about the tracking accuracy and the speed of convergence to setpoints of the successive-loops
flatness-based control method, in the case of the 4-DOF SCARA robotic manipulator, are shown in
Figs. 21-36. It can be noticed that under this control scheme one achieves fast and precise tracking of
reference setpoints for all state variables of the robotic system. It is noteworthy that through the stages
of this method one solves also the setpoints definition problem for all state variables of the redundant
robotic manipulator. Actually, the selection of setpoints for the state vector z; 4 = [x;, x3, X5, x7]7 is uncon-
strained. On the other side by defining state vector zsg = [x,, x4, X6, Xg]” as virtual control input for the
subsystem of z; 4, one can find the setpoints for zs5 as functions of the setpoints for z; 4. The speed of
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Figure 21. Tracking of setpoint 1 for the SCARA robot under flatness-based control in successive loops
(a) convergence of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real
value, green line: estimated value) and (b) convergence of state variables xs to xg to their reference
setpoints.
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Figure 22. Tracking of setpoint 1 for the SCARA robot under flatness-based control in successive loops
(a) control inputs u,, u, applied to the robot and (b) tracking error variables e,, e, es, and e; of the
SCARA robot.

convergence of the state variables of the robotic system under flatness-based control implemented in
successive loops is dependent on the selection of values for the diagonal gain matrices K, K, of Egs.
(114) and (115). The variations of the Lyapunov function of the flatness-based control loop of the 4-DOF
SCARA robotic manipulator are shown in Figs. 37 and 38.
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Figure 23. Tracking of setpoint 2 for the SCARA robot under flatness-based control in successive loops
(a) convergence of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real
value, green line: estimated value) and (b) convergence of state variables xs to xg to their reference
setpoints.
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Figure 24. Tracking of setpoint 2 for the SCARA robot under flatness-based control in successive loops
(a) control inputs u,, u, applied to the robot and (b) tracking error variables e,, e, es, and e; of the

SCARA robot.
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Figure 25. Tracking of setpoint 3 for the SCARA robot under flatness-based control in successive loops
(a) convergence of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real
value, green line: estimated value) and (b) convergence of state variables xs to xg to their reference
setpoints.
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Figure 26. Tracking of setpoint 3 for the SCARA robot under flatness-based control in successive loops
(a) control inputs u,, u, applied to the robot and (b) tracking error variables e,, es, es, and e; of the
SCARA robot.
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Figure 27. Tracking of setpoint 4 for the SCARA robot under flatness-based control in successive loops
(a) convergence of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real
value, green line: estimated value) and (b) convergence of state variables xs to xs to their reference
setpoints.
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Figure 28. Tracking of setpoint 4 for the SCARA robot under flatness-based control in successive loops
(a) control inputs u,, u, applied to the robot and (b) tracking error variables e, es, es, and e; of the
SCARA robot.
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Figure 29. Tracking of setpoint 5 for the SCARA robot under flatness-based control in successive loops
(a) convergence of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real
value, green line: estimated value) and (b) convergence of state variables xs to xg to their reference

setpoints.
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Figure 30. Tracking of setpoint 5 for the SCARA robot under flatness-based control in successive loops
(a) control inputs u,, u, applied to the robot and (b) tracking error variables e,, es, es, and e; of the
SCARA robot.
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Table VI. Flatness-based control in successive loops — Tracking RMSE x 107 for the SCARA
robot in the disturbance-free case.

RMSE, RMSE, RMSE, RMSE, RMSE, RMSE, RMSE, RMSE,
test, 00068 00052 0.0068 0.0052 0.0067 00052 0.0135 0.0104
test, 0.1712 02543  0.1700  0.2549  0.0560 0.0852  0.2255  0.3403
test;  0.0624  0.0846  0.1683  0.2554 0.1896 02893  0.2781  0.0918
test;  0.0317  0.0457 00111 00128  0.0074 0.0085 0.0148  0.0170
test;  0.0156  0.0139  0.0050  0.0042  0.009  0.0067  0.0050  0.0042
test,  0.0048 00103 00126 00191  0.0023  0.0093 00127  0.0191
test;  0.0249  0.0251  0.0074 0.0069 0.0103 0.0099  0.0127  0.0108
test;  0.0231  0.0196  0.0099  0.0080 0.0014 0.0013  0.0063  0.0112

(a) (b)

0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
time (sec) time (sec) time (sec) time (sec)

0 5 10 15 20 0 5 10 15 20

time (sec) time (sec) time (sec) time (sec)
Figure 31. Tracking of setpoint 6 for the SCARA robot under flatness-based control in successive loops
(a) convergence of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real
value, green line: estimated value) and (b) convergence of state variables xs to xg to their reference
setpoints.

To elaborate on the tracking performance and on the robustness of the proposed flatness-based control
method in successive loops for the SCARA robot, the following tables are given: (i) Table VI which
provides information about the accuracy of tracking of the reference setpoints by the state variables of
the SCARA robot’s state-space model, (ii) Table VII which provides information about the robustness
of the control method to parametric changes in the model of the SCARA robot’s dynamics (change Aa%
in the mass m, of the second link), (iii) Table VIII which provides information about the precision in
state variables’ estimation that is achieved by the H-infinity Kalman filter, (iv) Table IX which provides
the approximate convergence times of the SCARA robot’s state variables to the associated setpoints,
and (v) Table X which provides information about the % distribution of the total consumed power in the
actuators of the SCARA robot.
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Figure 32. Tracking of setpoint 6 for the SCARA robot under flatness-based control in successive loops
(a) control inputs u,, u, applied to the robot and (b) tracking error variables e, es, es, and e; of the
SCARA robot.
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Figure 33. Tracking of setpoint 7 for the SCARA robot under flatness-based control in successive loops
(a) convergence of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real
value, green line: estimated value) and (b) convergence of state variables xs to xg to their reference
setpoints.

https://doi.org/10.1017/50263574723000450 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574723000450

2444 G. Rigatos et al.

Table VII. Flatness-based control in successive loops — Tracking RMSE x 107 for the SCARA
robot in the case of disturbances.

Aa% RMSE, RMSE, RMSE, RMSE, RMSE, RMSE, RMSE, RMSE,
0% 00624 0.0846 0.1683 02354 0.1898 02893 0.2381 0.0918
10% 0.0656 0.0915 0.1786 02762 02015 03131 02813  0.0994
20%  0.0690 0.0987 0.1891 02980 02136 03379 02847 0.1074
30% 00723 0.1062  0.1998 03208 02259 03637 02982  0.1157
40%  0.0757 0.1139 02100 03443 02383 03903 02920  0.1243
50%  0.0790 0.1219 02215 03686 02508 04179 02960  0.1332
60%  0.0824 0.1300 02326 03937 02635 04463 03003  0.1423

Table VIII. Flatness-based control in successive loops — RMSE -107° for the estimation
performed by the H-infinity KF.

RMSE, RMSE, RMSE, RMSE, RMSE, RMSE, RMSE, RMSE,
test,  0.0001  0.0099  0.0001  0.0005 0.0001 0.0060 0.0001  0.0103
test,  0.0022 04332 0.0001 00112 0.0004 00832 0.0020 0.3930
test;  0.0012 02334 00002 00438 0.0014 02858  0.0001  0.0289
test,  0.0100  2.0980  0.0010  0.0820  0.0040  0.8490  0.0050  0.8990
tests  0.0110 22510  0.0010 02760  0.0060 1.1870  0.0030  0.6440
test,  0.0070  1.3000  0.0010  0.1320  0.0020  0.3020  0.0040  0.7660
test;  0.0170  3.4010  0.0020 03970  0.0060 12550  0.0070  1.4770
test;  0.0190  3.8110  0.0010  0.1790  0.0010 02150  0.0010  0.6560

Table IX. Flatness-based control in successive loops — Convergence time (sec) for the SCARA
robot’s state variables.

T x T x; T x3 T x4 T, x5 T xs T, x; T xg
test, 4.5 5.0 6.0 4.0 4.0 5.0 4.0 4.5
test, 3.0 4.5 4.5 5.0 4.0 6.0 5.5 4.0
tests 4.0 5.5 4.0 5.0 4.0 4.0 4.0 5.0
test, 0.5 2.0 2.5 3.5 4.0 4.0 0.5 2.0
tests 2.5 4.5 3.5 3.5 2.0 2.5 3.5 3.5
testg 2.0 2.5 2.0 2.5 0.5 2.0 2.0 3.0
test, 2.5 4.0 0.5 2.0 3.5 4.0 2.5 3.5
testg 3.0 4.0 3.0 4.0 1.0 2.0 2.0 2.0

Table X. Flatness-based control in successive loops — Distribution of power % in actuators.

Pu, Pu, P u, Pu,
test; 7.53 13.41 78.99 0.07
test, 5.70 15.41 78.84 0.06
tests 2.42 542 92.14 0.02
test, 2.28 43.50 54.01 0.21
tests 4.53 11.97 83.42 0.08
testg 6.03 20.67 73.18 0.12
test; 32.74 9.14 58.06 0.06
testg 2.87 14.16 83.39 0.16
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Figure 34. Tracking of setpoint 7 for the SCARA robot under flatness-based control in successive loops
(a) control inputs u,, u, applied to the robot and (b) tracking error variables e,, es, es, and e; of the
SCARA robot.
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Figure 35. Tracking of setpoint 8 for the SCARA robot under flatness-based control in successive loops
(a) convergence of state variables x, to x, to their reference setpoints (red line: setpoint, blue line: real
value, green line: estimated value) and (b) convergence of state variables xs to xg to their reference
setpoints.
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Figure 36. Tracking of setpoint 8 for the SCARA robot under flatness-based control in successive loops
(a) control inputs u,, u, applied to the robot and (b) tracking error variables e,, e, es, and e; of the
SCARA robot.

8. Conclusions

SCARA-type robots are widely applied in several industrial tasks. To improve their accuracy, and speed
in tasks’ execution as well as to reduce the cost of their functioning, elaborated control algorithms
have to be used about them. In the present article, a novel nonlinear optimal control approach has been
used for the dynamic model of the 4-DOF SCARA robot with three revolute joints and one prismatic
joint. At a first stage, the dynamic model of the SCARA robot undergoes approximate linearization with
first-order Taylor series expansion and through the computation of the associated Jacobian matrices.
The linearization point is updated at each sampling instance and is defined by the present value of the
system’s state vector and by the last sampled value of the control inputs vector.

At a second stage, a stabilizing H-infinity feedback controller is designed. The H-infinity controller
achieves solution of the optimal control problem for the model of the SCARA robot under model uncer-
tainty and external perturbations. The H-infinity controller represents a min-max differential game which
takes place between (i) the control inputs which try to minimize a quadratic cost function of the state
vector’s tracking error and (ii) the model imprecision and the external perturbation terms which try to
maximize this cost function. To compute the stabilizing feedback gains of the H-infinity controller, an
algebraic Riccati equation had to be repetitively solved at each time-step of the control algorithm. The
global stability properties of the control scheme have been proven through Lyapunov analysis. First, it
has been demonstrated that the control method satisfies the H-infinity tracking performance criterion,
while under moderate conditions it has been proven that the control loop is globally asymptotically sta-
ble. Finally, to implement state estimation-based control, the H-infinity Kalman filter has been used as
a robust state estimator. The nonlinear optimal control approach retains the advantages of the standard
linear optimal control, that is, fast and accurate tracking of reference setpoints under moderate variations
of the control inputs. Finally, the nonlinear optimal control method has been tested against flatness-based
control implemented in successive loops.
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Figure 37. Lyapunov functions for flatness-based control in successive loops of the 4-DOF SCARA
robotic manipulator when tracking setpoints 1-4.
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Figure 38. Lyapunov functions for flatness-based control in successive loops of the 4-DOF SCARA
robotic manipulator when tracking setpoints 5-8.
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