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Abstract

For a locally compact group G, we introduce and study a class of locally convex topologies 7 on the
measure algebra M(G) of G. In particular, we show that the strong dual of (M(G), 7) can be identified
with a closed subspace of the Banach space M (G)"; we also investigate some properties of the locally
convex space (M(G), 7).
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1. Introduction and preliminaries

Throughout this paper, denote by G a locally compact group with left Haar measure
Ag and identity element e, and by M(G) the measure algebras of G defined as in [7].
We denote the topology generated by the total variation norm on M(G) by n(G). For
each complex regular Borel measure p on G, let L= (|u|) denote the Banach space of all
bounded Borel measurable functions f on G with the essential supremum norm

[l fllueo = inf {@ > 0 : |f] £ @, |ul-almost everywhere}.

Consider the product linear space [[{L™(|ul) : 1 € M(G)}. An element f = (f,)ucm(g)
in this product is called a generalised function if f, = f,, |ul-a.e. for each u, v € M(G)
with u < v; that is, |u| is absolutely continuous with respect to |v|. It should be noted
that this condition implies that

SUP{Ilfullco : 1 € M(G)} < 00

for all generalised functions f = (f,)uecm(g)-

Following Wong [21], denote by GL(G) the C*-algebra of all generalised functions
endowed with the pointwise operations. Observe that GL(G) with the involution
given by .

f* = (fu)uEM(g)
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and the norm

[1flleo == sup{ll full o : £ € M(G)}

for f=(fuem € GL(G) is a commutative unital C*-algebra. Moreover, any
bounded continuous function f on G can be regarded as an element (f,)em@ of
GL(G), where f, := f for all u € M(G).

With an elegant use of the Radon—Nikodym theorem, Wong [21] proved that the
duality

W), 1) = fg £ A (f = Fuentie) € GLG))

defines a linear isometric mapping from GL(G) onto (M(G), n(G))", the dual space of
M(G); see [16] for the same result in the special case where G is a locally compact
abelian group with countable basis. In particular, any f € GL(G) can be considered as
a bounded linear functional ¥(f) on M(G).

On the other hand, for some years, considerable interest has been shown by
functional and harmonic analysts in the dual problem of double centraliser of a Banach
algebra with strict topology. We now present some information about the history of
this problem and known results about it. As far as we know the subject, the starting
point of this problem is the paper [1] by Buck on the C*-algebra C,(X) of bounded
continuous functions on a locally compact Hausdorff space X with the strict topology.
Recall that Cp(X) is the double centraliser algebra M(Cy(X)) of Cy(X), the C*-algebra
of all functions in Cy(X) which vanish at infinity.

Busby [2] introduced a generalised notation for the strict topology S(A) on the
double centraliser algebra M(A) of a C*-algebra A. The topology B(A) on M(A) is
generated by the seminorms A, and p, (a € A) defined by

Ag(x) =laxl] and p(x) = ||xall

for all x € M(A). Although Busby investigated some properties of the strict topology
in this setting, no mention was made of the strict dual of M(A). Taylor [18] has
proved that the strict dual of M(A) under the strong topology is a Banach space that is
isometrically isomorphic to the Banach space (A, ||.||)*; see [3] for more details and for
similar studies in other contexts, see [4, 13, 14, 20].

By Wendel’s theorem [19], the measure algebra M(G) is the double centraliser
algebra M(M,(G)) of M,(G), the closed ideal of M(G) consisting of all absolutely
continuous measures with respect to Ag. As in the above discussion, we can consider
M(G) as alocally convex space with the strict topology. The dual of M(G) with respect
to the strict topology B(M,(G)) can be identified with a subspace of Cy(G) which is
very far away from the space GL(G) except for the case where G is finite; see [3, 5]
for more details.

The purpose of this paper can be summarised as follows. First, we introduce a
locally convex topology B(G) on M(G); all results relate to 8(G), but we also introduce
a closed subspace GLy(G) of GL(G) which can be identified with the strong dual
of M(G). As a major result, we show that, except for the trivial case where G is
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finite, there are infinitely many such locally convex topologies 7 on M(G) for which
GLy(G)* can be considered as the second dual of (M(G), 7). We then deduce that 8(G)
is different from the norm topology n(G) on M(G) whenever G is noncompact. Finally,
we investigate some properties of (M(G), S(G)) as a locally convex space.

2. M(G) with a locally convex topology
We denote by K(G) the family of all compact subsets in G. For any increasing
sequence (K,,) in K(G) and any increasing sequence (,) in R* such that @,/ o0, set

U((Kp), (@) = {u € M(G) : [ul(Ky) < a, forall n > 1},

and note that U((K},), (@,)) is a convex balanced absorbing set in the space M(G); we
denote by U(G) the family of all sets of the form U((K,), (@,)). Then it is easy to
see that U(G) is a base of neighbourhoods of zero for a locally convex topology 5(G)
on M(G). Therefore B(G) is the topology generated by the family {py : U € U(G)} of
seminorms on M(G), where

pu) = sup (e, [ul(K,) :n > 1)

for all u € M(G) and U := U((Kp,), (@,)) € U(G). In this section, we investigate some
properties of the locally convex topology 8(G) on M(G). Note that 5(G) < n(G) and so

(M(@), B(G))" € (M(G),n(G))".

We commence this section with the following lemma which is a useful tool in
subsequent proofs.

Lemwma 2.1. Let G be a locally compact group. Then a subset of M(G) is n(G)-bounded
if and only if it is B(G)-bounded.

Proor. The ‘only if” part is trivial. To prove the converse, let B be 5(G)-bounded in
M(G). Assume towards a contradiction that B is not n(G)-bounded. Then there is a
sequence (u,) € B such that ||i,|| > n for all n > 1. By the regularity of yu,, there is a
compact set B, in G such that

ltnl(Bn) = n.

So, if we set K, = J._, Bi, then |u,|(K,) >n for all n>1 and (K,) is an increasing
sequence in K(G). Since B is 5(G)-bounded,

B C a U((Ky), (an)
for some @ > 0, where o2 = n for n > 1. Therefore
n < |unl(Ky) < ay,

for all n € N, a contradiction. m|
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We denote by 7,(G) the strong topology on (M(G), 5(G))*; that is, the topology of
uniform convergence on bounded subsets of M(G) with respect to the weak topology
o(M(G), (M(G), B(G))"). We also denote by 7,(G) the topology induced by the
norm topology of the dual Banach space (M(G), n(G))* on (M(G), B(G))"; that is, the
topology given by the norm defined by

ILIl = sup {IL()] : p € M(G), l|pll = 1}
for all L € (M(G), B(G))*. As an immediate consequence of Lemma 2.1 we obtain the

following result.

ProrosiTion 2.2. Let G be a locally compact group. Then the topologies 1,(G) and
7,.(G) coincide on (M(G), B(G))".

ProposiTiON 2.3. Let G be a locally compact group. Suppose that the norm topology
coincides with the strict topology. Then G is compact.

Proor. Consider the n(G)-open set U := {u € M(G) : ||ull < 1}, and note that U is also
B(G)-open. It follows that there is a set U((K,,), (@) in U(G) such that
U((Kn), (a'n)) cU.

We show that G = K,,, for some m > 1. To this end, assume towards a contradiction that
G\ K, # 0 for all m > 1. Choose a natural number m > 1 with «,, > 1, and a compact
subset K of G \ K, such that Ag(K) > 0. Hence for

am
= dg,
vim (2w g

we have
VI(K,) =0 foralln<m,

and
VI(K,) <a, <a, foralln>m.

Thus v € U((K,), (a,)) whence v € U; that is, ||v|]| < 1. On the other hand, a,, = ||v||
which contradicts the fact that «;,, > 1. ]

We now introduce the main object of study of this work.

DermniTiON 2.4. Let G be a locally compact group. We denote by GLy(G) the C*-
subalgebra of GL(G) consisting of all f = (f,)uemg) € GL(G) with the property that
for each € > 0, there is a compact subset K of G for which

Ifxe\klleo < &5

that is, |f,(x)| <& for u-almost all x€ G\ K (u € M(G)), where ygk denotes the
characteristic function of G\ K on G.
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In what follows, we shall investigate some relations between GLy(G) and B(G).
Alongside this work, we have studied various aspects of analysis on GLy(G) and its
dual as well, which we shall publish elsewhere. It should be mentioned that some
structures similar to GLy(G) in the study of Banach algebras related to G can be seen
in several recent works; see, for example, [9, 11, 15].

We denote by ¥y, the restriction of ¥ to GLy(G). Then M(G) and GLy(G) are
in duality with respect to the natural bilinear map given for each v e M(G) and

[ = (fidueme) € GL(G) by
(Po(f), ) = fg £ dv,

by what was mentioned in the preliminaries; so, if we denote by o((G) the weak
topology o(M(G), GLo(G)) on M(G) induced by this duality, then 0o(G) < B(G) <
7,(G). Moreover, it is clear that 0o(G) = B(G) if G is finite. The next result shows
that this is an ‘if and only if” statement.

THEOREM 2.5. Let G be an infinite locally compact group. Then there exist infinitely
many locally convex topologies T on M(G) with oo(G) < T < B(G).

Proor. The result will follow from [12] if we show that o7¢o(G) < 5(G). First, note that
the weak topology o (G) := o(M(G), GL(G)) is weaker than n(G) by the infiniteness
of G. So, if G is compact, then 0o(G) is weaker than B(G); this is because 0o(G)
coincides with 0(G), and by Proposition 2.3, (G) coincides with n(G).

Now, suppose that G is noncompact, and choose a compact subset B; of G with
nonempty interior. Then G \ B; is a nonempty open subset of G, and hence there is a
compact subset B, of G with nonempty interior such that B, C G \ B;. By induction
we may find a sequence (B,) of compact subsets of G with nonempty interior such that

n

B, QQ\ U B, foralln>1.
k=1

Now set n
Ky=|JBe foralln>1.
k=1
Then (K,) in K(G) is an increasing sequence and K. \ K, has nonempty interior
for all n>1. So, if (@,) is an increasing sequence of positive real numbers, then
U((K,), (a,)) is a B(G)-neighbourhood of zero. To complete the proof, we show that
U((Ky), (o)) is not a 0o(G)-neighbourhood of zero.
For any n > 1, there exists a probability measure y, € M(G) with

Supp(ﬂn) c Kn+1 \ Kn-
Then the set {u, : n> 1} is a linearly independent set in M(G). It follows that the

subspace -
Y= {ﬂ e M(G) :”(U Kn) = 0}

n=1

is of infinite codimension in M(G).
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Now, if X is a subspace of M(G) contained in the linear span of U((K},), (a,)), then
X €Y, and therefore X has infinite codimension. That is, the linear span U((K,), (a,))
does not contain any subspace of M(G) with finite codimension. This implies that
U((K,), (ay)) is not a 0¢(G)-neighbourhood of zero. m]

3. Dual of M(G) with a locally convex topology

The next proposition allows us to regard GLy(G) as a subspace of the dual of

(M(G), B(G))

Prorosition 3.1. Let G be a locally compact group. Then ¥Yo(GLy(G)) is contained in
(M(G), B(G))".

Proor. Let g = (g,)uemg) € GLo(G) and & > 0 be given. Choose a sequence (K,) in
K(G) and (a,,) in R* with @, /" o0 and a; > 2 such that

gl <sa,” (n21),
for u-almost all x € G\ K,, (u € M(G)). We show that

(Fo(g), )l <& forall ueU((K,), (an)

from which it follows that Wy(g) € (M(G), B(G))".
To this end, let 4 € U((K,), (@n)). Since g,(x) = 0 for y-almost all x € G \ U, -, Ky,

it follows from
th ](n ::LMJ(](n+1 \ I(n)
n=1

n=2
that
‘ f gu(x) du(x)| < f 1840 ()
G =1 ¥ Kni1\Ky
< > w0 (Kt \ K.
n=1
On the other hand,

m m
DKt \ K = D (@52 = a2 Dl (Kot \ K1) + @2 [l(Koper \ K1)
n=1

n=1

m
< 200" = oy g l(Kon) + i 11K

n=1

-1 -1
<20 -a,,, <l

Consequently, [{¥o(g), w)| < € as required. O
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The main result of this section is the following theorem.

TueoreM 3.2. Let G be a locally compact group. Then the dual of (M(G), 5(G))
endowed with t,(G) can be identified with GLo(G) endowed with the || - ||-topology.

Proor. Let L be a B(G)-continuous functional on M(G). Then there is a set
U((K), (ay)) in U(G) such that

KL, <1 forall neU(K,), (a,)).

Since B(G) <n(G), L is also norm continuous on M(G). Thus, there exists a
generalised function g = (g,)uemg) € GL(G) such that ¥(g) = L and ||gll. = [ILIl. We
show that g € GLy(G). It suffices to prove that

8u (0] < !

for all n > 1 and p-almost everywhere x € G \ K, (u € M(G)).
To this end, assume towards a contradiction that there exist m > 1 and u € M(G)
such that |u|(B) > 0, where

B={xeG\ K, :lg.(x)|>a,'}.

Set v := |u|(B)~!|ulyz. Then v is a probability measure in M(G) with supp(v) C B. Now,
let i, be a v-measurable function on G such that |g,| = h,g,. Then

a’ma;ll Sj\am|g;1|d‘/:‘]‘amlgv| dv
B B
[[eed-] s
G G

= Kg, OHI =KL, Ol
where { := ,,h,v. But
|§|(Kn) < apy, < ay fOl‘ a]l n>m

and
I21(K,) < |1(K,y) =0 for all n < m.

Thus ¢ € U((K,), (a,)) whence
l=aua,' <UL OY <1,
a contradiction. This implies that

Yo(GLo(G)) = (M(G), BG))".

Moreover, ||g|l = ||L|| for all g € GLy(&G). Now, invoke Proposition 2.2 to complete the
proof. O
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Let us remark that 0¢(G) < B(G) < n(G) and therefore

Yo(GLo(G) = (M(G), 00(G))" € (M(G), BG))" € (M(G), n(G))".

CoroLLARY 3.3. Let G be a locally compact group and T be a locally convex topology
on M(G) with 0o(G) < 7 < B(G). Then the dual of (M(G), T) endowed with the strong
topology can be identified with GLy(G) endowed with the || - ||-topology.

For any u € M(G), let L™(|u|) = L' (ju|)* be endowed with the weak* topology. The
product of the weak™ topologies on [T{L>(Ju|) : 4 € M(G)} is called the weak® operator
topology on GL(G) and we denote by 7,,-(G) the relative weak™ operator topology on
GLo(G). Also, let o (G) be the weak™ topology on (M(G), B(G))". Here, we investigate
another trait of the map f — Wy (f) from GLy(G) onto (M(G), B(G))*. First, let us recall
that for each u € M(G),

L'(u)={(ve M@ :v<pu}
by the Radon—Nikodym theorem.

Tueorem 3.4. Let G be a locally compact group. The map f— Yo(f) is a
homeomorphism from GLy(G) with the topology 7,+(G) onto (M(G), B(G))* with the
topology o4(G).

Proor. Suppose (%) is a net in GLy(G) such that f* — f € GLy(G) in the topology
Ty (G). Then fj — f, in the weak™ topology of L*(|ul) for all u € M(G). In particular,

Lﬁ@ﬁLﬂW

Hence (Wo(f“), uy — (FYo(f), u) for all u € M(G); so
Yo(f*) = Po(f)

in the o7(G) topology of (M(G), B(G))".
On the other hand, if

Wo(f*) — Yo(f)
in the topology o (&) of (M(G), B(G))", and v € M(G) with v < u, then

f £ dv = f 7 dv = (o) )
G G

= (Fo(f), V>=fgfvdv

= Lf,, dv.

Thatis, f; — f, in the weak™ topology of L™ (|ul). O
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4. Some properties of (M(G), B(G))

We now investigate some properties of the strict topology (&) on M(G). First, let
us recall some notions on generalised functions. Let f be a bounded Borel measurable
function on G and { € M(G). We define the left and right convolutions /; f and r, f by

Lf() = fg FOR L), ref () = fg o) dEO)

for x € G whenever these integrals make sense. Note that fg f(yx) dZ(y) may not be
defined for all x € G; however, by Fubini’s theorem, for any u € M(G), it is defined
everywhere outside some |u|-null set. Putting it equal to zero where it is not defined,
we obtain a bounded Borel measurable function /; f depending on the |u|-null set, but it
is easy to see that [, f determines uniquely an equivalence class in L*(|ul). Therefore,
we can define £ o f e [T{L®(lu]) : u € M(G)} as

({o f)/J = l{f{*,u (neM@G)

for all f = (f,)uem(g) and £ € M(G) such that { o f is again a generalised function, and
we then have

(Lo fopy=Lf,{*m).

So, ¢ o f is the generalised function corresponding to the functional f¢ € M(G)*. On
the other hand, for any u € M(G),

& 0 Phull, e < NI fnpallgsgs,oo-
So, if f € GLy(G), then ¢ o f is in GLo(G) and

I 0 flleo < N1 1 Nlco-

For an extensive study of these notions, see [21, 22].

ProrosiTion 4.1. Let G be a locally compact group. Then the convolution on M(G) is
separately continuous with respect to the weak topology oy(G).

Proor. The o¢(G)-separate continuity of the convolution follows from the fact that, for
any { € M(G) and L € (M(G), 00(G))", the linear functional L{ on M(G) defined by

(LE, )y =(L,  * )

for all u € M(G) is B(G)-continuous. So, it is sufficient to prove this phenomenon. To
this end, we show that, for any { € M(G) and L € (M(G), 00(G))",

¥NLY) = ¢ o W5 (L).
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Indeed, if { € M(G) and L € (M(G), 09(G))*, then for each u € M(G) and arbitrary
Borel subset A of G we have py 1= yau < u and so

fg xa (P7L0), du = fg (¥7'(L0), dua

_ -1

- fg (¥ w0), dus
= <L(a /1A>

= <La § * ﬂA>

= fg (¥o'@),,,, d¢+pa
- fg e (¥g' @), dua
:L({OTSI(L))IIA dug

:LXA(go\PO‘(L))ﬂ du.

Hence (¥~ (L)), = (£ o W' (L)), for all u € M(G). o

The following proposition presents a necessary and sufficient condition under which
the strict topology on M(G) is normable. For this purpose, let us recall some definitions
from the theory of locally convex spaces. A locally convex space (E, 7) is called a
barrelled space if any barrel set (that is, a closed convex balanced absorbing set) in E
is a neighbourhood of zero; it is called a bornological space when any convex balanced
subset that absorbs bounded subsets in E is a neighbourhood of zero.

Prorosition 4.2. Let G be a locally compact group. Suppose that T is a locally

convex topology on M(G) with 0o(G) < T <B(G). Then the following assertions are

equivalent:

(@) (M(G), 7) is barrelled;

(b) (M(G), 1) is bornological;

(c) (M(G), 1) is normable;

(d) n(@) =pG)

(e) G iscompact.

Proor. We only need to show that (d) holds if (a) or (b) holds; this follows from

Proposition 2.3 together with the fact that any normable space is a bornological space.
Suppose that (a) holds. Since 0¢(G) < 7, it is easy to see that the unit ball

Bi={ue M@ :lul<1}

is T-closed. So, B is a barrel set in M(G), and hence it is a T-neighbourhood of zero by
assumption. Thatis, n(G) < T whence n(G) < f(G). Invoke Proposition 2.3 to conclude
that G is compact.
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Now suppose that (b) holds, and let

1:(M(G), 1) > (M(G), n(G))

be the identity. Then [ is a bounded map by Corollary 3.3 and the Mackey
theorem; see [17, Theorem 13.16]. Since (M(G), 7) is a bornological space, I is
continuous; see [17, Corollary 21.2]. Thus n(G) = 8(&), and so another application
of Proposition 2.3 shows that G is compact. O

We recall that a locally convex space (E, 7) is called semireflexive if (E, 7)** = E.

Prorosition 4.3. Let G be a locally compact group. Suppose that T is a locally convex
topology on M(G) with oo(G) < T < B(G). Then (M(G), T) is semireflexive if and only
if G is discrete.

Proor. Suppose that G is discrete. Then M(G) can be identified with the space ['(G)
of all complex-valued function ¢ on G such that

D le() < co.

xX€G

In view of Corollary 3.3, the dual of (I'(@), 7) equipped with the strong topology can
be identified with the Banach space [’(G) equipped with the || - [|lo-topology, where
I3’ (G) denotes the space of all bounded complex-valued functions g on G vanishing at
infinity. Furthermore, [7(G)" can be identified with 1Y(@). Thus (@), 7)** = 1G).

To prove the converse, let (M(G), ) be semireflexive. Suppose that BM(G) is the
Banach space of all bounded Borel measurable functions on G that vanish at infinity
with the supremum norm. Any f € BMy(G) can be regarded as an element (f,,).cm(g)
of GLy(@) if we define f, = f for u € M(G). But for the space Co(G) of all bounded
continuous functions on G that vanish at infinity,

Co(@)* = {m € GLo(G)" : mlcyg) = 0} = {0}

by Corollary 3.3. Thus the Hahn-Banach theorem implies that Co(G) = GLy(G).
Therefore Cy(G) = BMy(G) and so G is discrete. O

CoroLLARY 4.4. Let G be a locally compact group. Suppose that T is a locally convex

topology on M(G) with oo(G) < T < B(G). Then (M(G), T) is reflexive if and only if G
is finite.

Proor. Since a locally convex space is reflexive if and only if it is barrelled and
semireflexive, Propositions 4.2 and 4.3 give the result. O

Before we conclude this work with the following result, let us recall that a locally
convex space (E, 7) is said to be a dual space if there exists a locally convex space
(Ey, To) such that (E, 7) coincides with the strong dual of (Ey, 7g).
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CoroLLARY 4.5. Let G be a locally compact group. Suppose that T is a locally convex
topology on M(G) with oo(G) < T < B(G). Then (M(G), 7) is a dual space if and only
if G is compact.

Proor. If G is compact, then (M(G), 7) is a barrelled space by Proposition 4.2. This
implies that (M(G), 7) is a dual space; see [6, Lemma 3.1].

Conversely, suppose that (M(G), 1) is a dual space. Since the dual space of
(M(G), 7) is the normed space GLy(G), it follows that (M(G), 7) is also a normed
space; this is because if the dual of a dual space (E, 7) is normed space, then (E, 7) is
itself a normed space; see [6, Lemma 3.2]. By Proposition 4.2, this can only happen
when G is compact. |
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