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1. Introduction

Let X be a smooth projective variety over a field k. The structure of the Chow groups
CH'(X) of codimension i-cycles modulo rational equivalence is almost entirely
unknown when i > 2. However, when k is a field of arithmetic interest, there are
far-reaching conjectures about what these groups should look like. In particular,
the conjectures of Bloch [Bl1] and Beilinson [Be] predict that when k is an algebraic
number field of finite degree over (Q, these groups are finitely generated, and their
ranks should be interpreted as the order of vanishing of appropriate L-functions.
However, the structure of these groups over complete topological fields is not as
well-understood, even conjecturally. The case of a p-adic field (finite extension
of Q,) is intermediate between an algebraically closed field such as C and an
algebraic number field.

Over a p-adic field or C, the torsion subgroup of CH'(X) is understood to some
extent, at least when i = 2 or i = dim(X) (see [CT1] and the references therein). This
is accomplished by relating the torsion to an étale cohomology group, using fun-
damental results in K-theory such as the Merkur’ev—Suslin theorem. One would like
to use similar techniques to control the groups CH(X)/n in these terms (n € IN). This
works well for divisors because the cycle map to etale cohomology:

CH'(X)/n — H*(X, 7Z/n(1))

is injective, as one can easily deduce from the cohomology of the Kummer exact
sequence of sheaves for the étale topology on X. For X over a p-adic field, the étale
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cohomology groups with finite coefficients are known to be finite and, hence, the
group CH'(X)/n is finite (this can also be seen by using a theorem of Mattuck [Mat]
and finite generation of the Néron—Severi group). Unfortunately, even when £ is
algebraically closed, it is not always true that the cycle map

CH'(X)/n— H*(X, Z/n(i))

is injective for i = 2 (see [BCC], p. 135, [BE] and [To2]; for an example over a p-adic
field we refer to [PS]), and the kernel is even less understood when k is not algebraic-
ally closed. For this reason, there is very little known in general about the groups
CH(X)/n.

A natural question is whether the group CHy(X)/n is finite for any smooth pro-
jective variety X over a p-adic field k& and any ne N (here CHy(X)=
CHY(X),d = dim(X)). This was known to be true for surfaces X such that the
Albanese mapping is injective over k and for any n (see [CT1], Théoréme 8.5
and Remark (4.5.8) below), or for X a surface and »n prime to p ([SaSu], Theorem
2.5). However, there were no results that are valid for any »n for varieties X with
H?(X, Oy) # 0. In this paper, we answer this question affirmatively when X is a
product of curves whose Jacobians have a mixture of good ordinary and split
multiplicative reduction (we call this semi-ordinary below). We are not able to
say anything at the moment about the case of, e.g., a self-product of an elliptic curve
with supersingular reduction.

Our method is simple to describe, and most of the paper consists of proving the
results that are necessary to realize this simple philosophy. To illustrate, let
Cy, C; be smooth, projective, geometrically connected curves having rational points
over a field k, and denote by J;, J, their Jacobians. Let 4¢(C; x C;) denote the group
of 0-cycles of degree 0 modulo rational equivalence. We show that the kernel of the
Albanese map:

A()(Cl X Cz)—>J1(k) X Jz(k)

may be realized as a ‘Milnor K-group’ K(k; Ji, J>), which is defined by symbols
{on, 02} s> Where L ranges over finite extensions of k and o; € J;(L) (i = 1, 2). This
approach was started by Bloch (unpublished) and by Somekawa [So] when k is
algebraically closed and C;, G, are elliptic curves; we extend Somekawa’s methods
to general k, C;, C,. Kahn [Kal], [Ka2] has also studied similar groups, but with
fewer relations. In many cases, Kahn’s groups suffice for our purposes. When k&
is a p-adic field and n is a positive integer, we try to relate K(k; Ji,J>)/n with
K¥(k)/n, the Milnor K,-group of k, modulo n. This works well when the formal
groups attached to Ji, J> are of multiplicative type. For example, if Ej, E, are Tate
elliptic ~curves over k, we show that there 1is a surjection:
K,(k)/n— K(k; E1, E;)/n. One easily sees that the group K;(k)/n is finite, hence that
K(k; E1, E>)/n is finite.
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Here is a more precise description of our main results: Let X1, ..., X; be smooth,
projective, geometrically connected curves over a p-adic field k, and assume that
Xi(k) # 0 for all i. We will say that the Jacobian variety J; of X; has split
semi-ordinary reduction if J; has semi-Abelian reduction over k, and the special fibre
of the Néron model of J; over the ring of integers of k is an extension of an ordinary
Abelian variety by a torus that is split over the residue field. Note that this ordinary
Abelian variety may be 0, so this includes split multiplicative reduction. Our main
result, which is based on work of Kahn [Ka2] and Somekawa [So], is the following
(see Corollaries 3.5.1 and 4.5.6 for the precise statements):

THEOREM 1.1. Assume X;(k) # @ and that the Jacobians Jy, ...,Jy of X1, ..., X4
have split semi-ordinary reduction. Let Ao(X| X ... x Xy) be the subgroup of
CHy(X) x ... x X;) generated by zero cycles of degree 0. Then the kernel of the
Albanese map Ao(X1 X ... x Xg) = Ji(k) x ... x Jy(k) is of the form F & D for a
finite group F and a divisible group D. In particular, CHy(X X ... x Xy)/m is finite
for every positive integer m.

To prove Theorem 1.1, we first show, using the simple observation that every
closed point is, after a finite base extension, an intersection of divisors supported
in the fibres of the projections

X]X...XXd—>)(l- (i=1,...,d),

that the group CHy(X] X ... x X;) may be described in terms of the Picard groups of

X1, ..., Xs. More precisely, we have a surjection
P Pic(X1)p) ® ... ® Pic((Xy)p)— CHo(X1 x ... x Xy) (1.2)
E /k finite

induced by the exterior product. By assuming that each X; has a k-rational point, we
can also write (1.2) in terms of the Jacobians:

e P P P LB ) (E)—CHyX) x ... x Xy).

E/kfinitel <v<d 1<ij<...<i, <d

(1.3)

In Section 2 we give a precise description of the kernel of this map. We will show that
(1.3) induces an isomorphism (Corollary 2.4.1)

ze P P  Kk:Ji.....Ji) = CHo(X) x ... x Xg). (1.4)

1<v<d 1<ij<..<i, <d

Here the group K(k; J;,, ..., J;,) denotes the Milnor K-group attached to J;,, ..., J;,.
This result holds over an arbitrary base field.

In the case where & is a p-adic field and each Jacobian J; has split semi-ordinary
reduction, we can control the groups K(k;J;,...,J;,)/n in terms of KM(k)/n,
and this last group is easily seen to be finite. Theorem 1.1 then follows from some

https://doi.org/10.1023/A:1001734817103 Published online by Cambridge University Press


https://doi.org/10.1023/A:1001734817103

4 WAYNE RASKIND AND MICHAEL SPIESS

simple Abelian group theory (Lemma 3.4.4). When m is prime to p, the hypothesis of
semi-ordinarity of the special fibre is not necessary (Corollary 3.5.1).

For arbitrary semi-Abelian varieties Gy, . . ., G, over k, Somekawa [So] has defined
a Milnor K-group K(k; Gy, ..., G,) attached to Gy, ..., G,, generalizing the usual
Milnor K-theory, which corresponds to the case where each G; is equal to Gy, .
He has proved (1.4) in the case of a product of two elliptic curves over an algebraic-
ally closed field. The isomorphism (1.4) fits nicely into the picture of the (conjectural)
filtrations on Chow groups related to Ext-groups of mixed motives (Remark
2.4.2(b)).

The group K(k;Gi,...,G,) is defined as a quotient of D i G1(E)
®...Q® G,(E) with respect to two relations; the first one forces K(k; Gy, ..., G,)
to satisfy a projection formula and the second one forces the existence of a
‘reciprocity law’ for K(k; Gy, ..., G,) (see Definition 2.1.1). Unfortunately, in the
case of Abelian varieties Gy =A4,,...,G,=A4,, it is hard to ‘calculate’
K(k; Ay, ..., A,). For the proof of (1.1), we work with a larger quotient of

M M
D ANE)® ... ® A,(E) denoted by [41® ... ®A,](k); namely, we factor out only

the first relation (% stands for the tensor product in the sense of Mackey functors).
These groups were introduced by Kahn, and he uses them to reprove the finiteness
of the Chow group of zero cycles of degree zero for products of curves over a
finite field [Ka2]. Based on his result, it is easy to deduce finiteness of
CHy(X| x ... x Xgz)/m for m prime to p in the case where all X; have good reduction.
This is worked out in Section 3. Section 4 is devoted to the study of the group

M M
[41®...0A4,](k)/p™. In the case where each A4; has semi-ordinary reduction, we
can relate [41®...®A4,](k)/p™ via flat cohomology and p-adic uniformization to
the usual Milnor K-groups of k. Local class field theory allows us then to deduce

finiteness of [Altl\él) e %An](k)/p"’.

While many of the results in this paper are proved by only using the tensor product
of Mackey functors instead of the Milnor K-groups, we have developed the Milnor
K-group formalism because we expect it to be necessary when the base field is finitely
generated over Q.

NOTATION

N denotes the set of positive integers. Given an Abelian group 4 and a nonzero
integer m, let ,,4 be the kernel and A/m be the cokernel of multiplication by m
on A. For a prime number p, we denote by A(non-p) the prime to p part of the torsion
subgroup of 4. For a scheme X and a point x on X, we denote by k(x) the residue field
of x. If X is a variety over a field and i is a nonzero integer, we denote by X; the set of
points of dimension i on X and Z;(X) the group of cycles of dimension 7, i.e. Z;(X) is
the free Abelian group with basis X;. By CH;(X) (resp. CH'(X)) we denote the Chow
group of dimension i (resp. codimension #) cycles on X modulo rational equivalence.
For a cycle z € Z;(X), we write [z] € CH;(X) for the class of z.
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For a scheme S and a nonzero integer m, we denote by y,, the group scheme of mth
roots of unity over S. If A — Sis an Abelian scheme we let A[m] be the group scheme
of m-division points of A. If k is a field we denote by Gy the absolute Galois group of
k. By H*(k, M) we denote the Galois cohomology groups of G; with values in a
discrete Gy-module M with continuous Gy-action. By a p-adic field we will mean
a finite extension of QQ,,. If k is an arbitrary field, by an extension of k we will always
mean a field extension.

2. Milnor K-groups of Chow Groups and Zero-cycles on Products of
Varieties

2.1. The aim of this section is to give a description of the Chow group of zero cycles
of a product of varieties Xj,..., X;, in terms of the Chow groups of zero cycles
of the X;. We begin by defining a Milnor K-group for Chow groups of varieties
in the same way as in ([So], sect.1). Let k be a field and let V; be the category
of smooth projective varieties over k. We will use the notation X € V; as shorthand
for writing that X is a smooth projective variety over k. For X € V; and E/k a field
extension, let Xg = X ® E. If j: E — F is a k-morphism of extensions of k, the
pull-back CH,(Xg) - CH.(Xr) will be denoted by j*; if F/E is finite, the
push-forward CH,.(Xr) — CH,.(Xg) will be denoted by j., or sometimes Ng/E.
Let Xi,..., X, € Vi. We will denote by CHy(X;) the functor on field extensions
of k that associates to each field extension E/k, the group CHy((X;)g)-

DEFINITION 2.1.1. The Milnor K-group K(k; CHo(X1), ..., CHo(X,)) attached to
CHo(X1), ...,CHy(X,) is the Abelian group

(@ CH((X)p) ® ... ® CHo«Xn)E)) /R,

E/k

where E runs through all finite field extensions of k, and where R is the subgroup
generated by the following elements

(2.1.2) If j: Ey — E; is a morphism of finite field extensions of k and if
Xi, € CHo((X3)g,), xi € CHo((X7)g,) (for i # ip) for some iy, then

X1 ®...0J(x)®...0x) — (' (x1)®...0x;, ®...0(xy)) € R.

(2.1.3) Let K be a function field in one variable over k, i.c. a finitely generated exten-
sion of k of transcendence degree one*. Let f € K* and x; € CHy((X})g). Then

> ordy () s(x) ® ... ®5,(x) € R,

*We do not assume that k is algebraically closed in K.
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where the sum is taken over all places v of K/k, and where s, : CH.(Xx) = CH..(Xk))
denotes the specialization map (as defined in ([Fu], Chap. 20)).

For a finite field extension E/k and x; € CHy((X1)g), - .., Xn € CHy((Xn)g), we
denote by {xi,...,Xu}gu the class of x;®...®x, in K(k;CHo(X1),...,
CHy(X,)), and refer to elements of this type as symbols. As in ([So], sect. 1.3),
one can define for any field extension k'/k a restriction map

resp i K(k; CHo(X1), - .., CHo(Xy)) — K(K's CHo((X1)), - - - » CHo((Xu)i))-
and, if k’'/k is finite, a norm
K(K's CHo((X1)g)s - - - » CHo((X)))—> K (k; CHo(X1), - - ., CHo(X3)).

On symbols we have Ny x({x1, ..., Xu}bgp) = {X1, - s Xad gk
THEOREM 2.2. There is a canonical isomorphism
K(k; CHo(X)), . .., CHo(Xy)) —> CHo(X1 X ... x X,).
Proof. First, we define a canonical map

¢: K(k; CHo(X1), . .., CHo(X,)— CHy(X| x ... x X,).

Letp; : Xi x ... x X, = X, be the projection. We also use the same notation for base
changes by extensions of k. If K/k is a field extension, let

bx: CHY(X))g) ® ... ® CHy(Xn)x)— CHo((X1 % ... x X)g).

be the exterior product, i.e. ¢p(x; ®...® x,) =pi(x1)-...-pi(x,) (intersection
product). Let

¢ = P Nepo br: D CH(X1)p) ® ... ® CHo((X,)p)—> CHo(X1 x ... x X,).
E/k E/k

We will see that 5 factors through K(k; CHo(X1), ..., CHo(X,)). That 5 vanishes on
elements of the form (2.1.2) follows from the prgjection formula for the intersection
product ([Fu], Proposition 8.3(c)). To see that ¢ vanishes on elements of the form
(2.1.3), we need the following simple fact:

(2.2.1) Let k be a field and K be a function field in one variable over k. Let X be a
smooth projective variety over k. Then for every f € K* and every x € CH,(Xk),
we have

Z ordy(f) Niw)k(sy(x)) =0

in CH,(X).
Proof. Let C be the regular proper model of K over k. If z € Z,(Xk) is a cycle
representing x, then we denote by z’ its extension to a cycle of X x C and by
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x" = [Z/] the corresponding class in CH,(X x C). We have
>~ ordy(f) Niguyi(su(x)) = p*(div(f)) - ' =0,

where p: X x C — C is the projection. This proves (2.2.1).

Now let K, x1, ..., x,,f be as in (2.1.3). By using (2.2.1) and the compatibility of
the specialization map with pull-backs ([Fu], Proposition 20.3(b)), we get:

a(z ord, () 5(x) ® ... ® Su(xn)>
= Z Ordv(f) Nk(n)/k((:bk(u)(sv(xl) R®...Q Sv(xn)))

=" ord,(f) Newyk © Su(p(x1 ® ... ® x,)) = 0.

v

Hence 5 induces a map ¢: K(k; CHo(X1), ...,CHo(X,)) = CHo(X| X ... x X,). To
define the inverse of ¢, we need some preparation. Let X € V; and let K/k be
an extension of fields. A k-morphism #: Spec K — X defines a K-rational point
x(n) of Xk, hence a cycle z(n) € Z.(Xk). We have (see [Fu], p.399):

(2.2.2) Let K /k be a function field in one variable, n : Spec K — X a k-morphism and v
be a place of K/k with valuation ring R. The morphism n extends uniquely to a map
Spec R — X and hence defines a map s,(n): Spec k(v) - Spec R — X. Then

su([z(m]) = [2(s,(m)]-

We need to reformulate (2.2.2) slightly. Let C be the regular proper model of K
over k. The morphism #:Spec K — X extends uniquely to a morphism
g: C — X. For a closed point x € C, let v be the corresponding place of K/k.
Then the map s,(n): Spec k(x) > X is just the composite goi,, where
iv: Spec k(x) — C is the canonical map. Hence (2.2.2) gives for the cycle z(x)déf z(iy):

g([2(0)]) = gu([2(20)]) = [2(g © £)] = [2(s,(m)] = 50([2(m)]).

Here we have written g, as shorthand for (g ®; k(x)),.
Now we are going to define the inverse

W CHy(X) % ... x X,) — K(k; CHo(X1), . .., CHo(X,)
of ¢. Let i : Zo(Xy X ... x X) = K(k; CHo(X1), ..., CHo(X,)) be defined by

J(Z Ty x) = Z AP [2(0)], - - 5 () [20) iy 1

To see that l; factors through rational equivalence, let C C X x ... x X, be a closed
irreducible subset of dimension 1, let K be its function field, and take f € K*. Let C
be the normalization of C and denote by n: C — X| x ... x X, the canonical
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morphism. We have to show that J(divc(f)) =0. If we let n:Spec K — C —
X1 x ...x X, be the composite and n; =p;on, i =1, ...n, then we have by (2.2.2)
and the remarks following it:

(div() =¥ | 3 ord (k) : k(x(x)]n(x)

XECO
= Y ordo(f) [k(x) : k@OEDH D@L, - - () L2 kreon e
<o
=Y ord() {(p1 0 M) [2(X)], -, (P © T L2 ke
xeCy

=Y ordy (N s (z0)D), - - $u(201,)Dhioye = -

Hence, IZ induces a map
lpi CH()(X] X ... X Xn) — K(k, CH()(X]), cees CHO(XH)).

A simple norm argument shows that K(k; CHy(X1), ..., CHo(X,)) is generated by
symbols {[x1], ..., [x.]}g/x Where E/k is a finite extension and x; is an E-rational
point of (X;)g fori =1, ..., n. Moreover it is easy to see that the ¢’s and yy’s commute
with norms for finite extensions of k. Therefore, to verify that they are inverse to each
other, it is enough to see that (y o ¢)({[x1], ..., [xu]}) = {[x1], ..., [x,]} for k-rational
points x; of X; and (¢ o ¥)([x]) = [x] for a k-rational point x of X| x ... x Xj,. This
is clear. O

(2.3) Our aim now is to extend Theorem 2.2 to Chow motives. This can be done in a
totally formal manner. Firstly, we recall some notation and facts about
correspondences and Chow motives. As general references for what we need here,
see ([Fu], Chapter 16), [Man] and [Sou, §1]. For X, Y € V; and an integer r, let
Corr’(X, Y) be the group of correspondences of degree r between X and Y, i.e.
Cort"(X,Y) =@, , CH™ (X, x Y) if X =|J,_,__, X; is the decomposition
of X into irreducible components. For X, Y,Z € V;, we have the composition
law

o: Cort’(X, Y) x Cort’(Y, Z)—Corr' (X, Z),

making Corr’(X, X) into a ring with 1 = 1y =[Ax]. Let « be a correspondence
between X and Y. It induces a map of Chow groups o, : CH,(X) - CH,(Y), given
by o.(x) = (py), (o - (px)*(x)). Since flat pull-backs, intersection products and proper
push-forwards commute with specialization maps ([Fu], Proposition 20.3), we see
that o, commutes with specialization, too. The category of Chow motives M con-
sists of triples (X, p, m), where X is a variety, p = p* € Corr’(X, X) is an idempotent
and m is an integer. For two motives (X, p, m), (Y, ¢, n), the set of morphisms is given
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by
Hom((X, p, m), (Y, q,n)) = go Cort" (X, Y) o p.

M. is a pseudo-Abelian category with tensor products (see, e.g., [Sou], §1), and there
is a contravariant faithful functor #h:V; — M; defined on objects by
hX) = (X, 1y, 0). For n € Z we denote by Z(n) the motive (Spec k, 1, n). The Chow
groups CH,(M) of a motive M = (X, p, m) are defined as p,CH,,,,(X). By the
remark above, one can also define specialization maps for Chow groups of motives.

Hence, Definition (2.1.1) carries over to motives, i.e. one can define the Milnor
K-group K(k;CHo(My),...,CHo(M,)) in exactly the same way as K(k;CH,
(X1),...,CHo(X,)). Note that the map (My,..., M,)— K(k;CHo(M,),...,
CHo(M,)) is linear in each component.

COROLLARY 2.3.1. Let Xy,...,X, be smooth projective varieties and
pi € CorrO(Xi, X;) be idempotents. Put M; = (X;, p;,0) fori=1,...,n. Then,

CHy(M; ®...® M,) = K(k; CHo(M)), . . ., CHo(M.,)).

Proof. By linearity, K(k; CHo(M,), ...,CHo(M,)) (resp. CH(M| ® ...® M,))isa
direct summand of K(k; CHy(X1), ..., CHo(Xy)) (resp. CHy(X7 x ... x X},)), and it is
easy to see that the isomorphism ¢ maps K(k; CHo(My),...,CHy(M,)) onto
CH(M, ®...9 M,). O

(2.4) We apply now 2.3.1 to products of curves. Let X, ..., X; be smooth, projective,
geometrically connected curves over k. We assume that each X; has a k-rational point
P;. Then we have a decomposition A(X;) = Z(0) & X;* @ Z(—1), where X is the

1

motive (X;, px,,0) with py, =[Ax] — [Pi x X;] — [X; x P;] (see, e.g., [Man], §10).
Therefore we get

d
h(X1 x ... xXg) = ®h(X,<)

i=1

-P & (d;v>XiT®...®XJ®Z(—u).

v <d 1 <ij<...<i, <d

The binomial coefficient comes from the fact that there are (‘t") ways to get Z(—p)

in the tensor product. We now apply the functor CH, to this decomposition of
motives. Note that CHj will be zero on any summand for which ¢ > 0. Using (2.3.1),
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we then get:

CH()(X] X ... XXd)
—7® @ @ CHy(X; ®...® X}
I<v<d 1 <ij<...<iy, <d

=720 @ B Kk:CHX, ... CHo(X)).

1<v<d 1<ij<...<iy <d

If Ji,...,J; are the Jacobians of Xi,...,X,;, then we have CHy(X;") =
Ker([P; x Xi],+ [Xi x Pil,: CHo(X;) — CHo(X;))=Ker(deg: CHo(X;) — Z) = Ji(k).

We explain now why the groups K(k; CHo(X;), ..., CHo(X;")) coincide with the
Milnor K-groups K(k; J;,, ..., J;) defined by Somekawa in ([So], sect. 1). To simplify
notation, assume that v=d,i; =1,...,i; =d. We note first that in the relation
(1.2.2) in ([So], p. 107) the choice of signs is not correct; one has to drop (—1)”
in order to get the results of [So]*. Clearly it is enough to verify that Somekawa’s
(corrected) relation (1.2.2) coincides with relation (2.1.3) in the case we consider
here. Let K/k be a function field in one variable and let f € K* and
x; € CHo((Xj)g). Let g; € Ji(K) be the image of x; under the isomorphism
CHy((X3)}) — J(K). If v is a place of K with valuation ring O,, we have
Ji(0,) = Ji(K) since J; is proper. One can easily verify that g;(v) € Ji(k(v)) corre-
sponds to s,(x;) under CHO((X,»)ZT(U)) =~ Ji(k(v)). If we choose for every place v of
K/k an index i(v) € {1, ..., d} and denote by 9,: Ji)(K) ® K* — Jyu)(k(v)) the local
symbol map defined in ([Se], Chapter III, Section 1), then Somekawa’s relation
(1.2.2) is

Z{gl(u)v BN 3(gi(v)vf)v EER) gd(u)}k(v)/k =0.

But since J;(K) = Ji(O,), we have by ([Se], Chapter III, Definition 2)
an(gi(u)vf) = ord,(f) gi(u)(v)s

SO

Z{gl(!)), o 00(&iw)s S)s - - » 8a(O) ki
— Z ord, () {g1(v), - - ., 8a(V)}x(wyk
= Z ordu(f) {SU(Xl), ceey Sv(xn)}k(v)/k’

which is just the relation (2.1.3).

Summarizing our discussion in this section, we have
*For example, the calculation ZU(—I)i(") Niw({g1(v), - . ., 8u(iwys 1), - - -, 8O kwyx) =
(N o d)({h, g1, ..., g/}) is not correct, in general; one finds rather ), Niw)x({gi1(v), ...,

0 (giwys 1)s - - » &)} kwyyi) = (N 0 (g1, - - ., & h}). Therefore ([So], Theorem 1.4) holds only
if we drop the signs (—1) in his relation (1.2.2).
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COROLLARY 2.4.1. Let Xy, ..., X; be smooth projective geometrically connected
curves over k with Jacobians Jy, ..., J; such that Xi(k) # 0 for each i. Then,

CHy(X1 X ... xX))=7& @ @ K(k; Jiyy ..., Ji).

I1<v<d 1 <i<..<iy<d

Remarks 2.4.2. (a) If k is an algebraically closed field, d = 2 and X7, X; are elliptic
curves, this was proved by Somekawa ([So], Theorem (2.4)).

(b) Let X be a smooth projective variety over k. A conjecture of Beilinson predicts
the existence of a filtration on Chow groups arising from a spectral sequence

EM = Exty, (1, B(X)(m)) => CH"(X, 2m — (v + 1),

where MM is the (conjectural) category of mixed motives over k with integral
coefficients and CH*(X, ) are Bloch’s higher Chow groups (see, e.g., [Ja]). If
X = X; x...x Xgisaproduct of curves with X (k) # @, the spectral sequence should
degenerate (for general X, it is only expected to degenerate after tensoring with Q).
Let again Jy, ..., J; be the Jacobians. Somekawa has given a conjectural interpret-
ation of the groups K(k;J;,...,J;) in terms of Ext-groups of mixed motives.
By using this description, one can ‘compute’ formally

Exty (L Xd) = @  KkiJy.....J)

1<ii<...<i, <d

Hence, Corollary 2.4.1 conjecturally describes the filtration on CHy(X7 x ... x Xy).

(c) One can extend Theorem 2.2 and Corollary 2.3.1 to higher Chow groups as
well. Let Xij,....X, be in V; and let vi,...,v, py,..., 4, be nonnegative
integers. Set d=d|+...+d, and v=v;+...4+v,. The Milnor K-groups
K(k; CH" (X1, 1), - .., CH™ (X, ,,)) can be defined as in (2.1.1) except that the
relation (2.1.3) has to be replaced by the following (since there are no canonical
specialization maps in general for higher Chow groups*):

(2.1.3) Let K be a function field in one variable over k. Let f € K* = CH'(K, 1) and
x;i € CH"((X))g, u;) fori=1,...,n. Then

ZNk(D)/koau(fXXI X ... xxn):0

*More precisely the specialization maps depend on the choice of uniformizing parameter in
general; see Remark 2.4.2(e) below for more on this.
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Here f x x; x ... x X, is the image of f ® x| ® ... ® x, under the exterior product

CH'(K,1)® CH" (X1)g, i) ® ... ® CH"((X,))g, ) — CH'™
X (X1 x ... x X))k, L+ )

and
3t CH'™ (X1 x ... x X)), 1+ p) = CH'(X1 X ... X Xy 1)

is the connecting map in the localization sequence (see [BI2], Theorem (3.1) and also
[BI3]). Again the definition works also for Chow motives. We have:

(2.4.4) Let X1,...,X, be smooth projective varieties of dimensions di, ..., d,, let
Vi,...,Vy be integers, and let p; € CorrO(X,-,X,-) be idempotents. Put M;=
X, pi,0) fori=1,....,n,d=d\+...d, andv=v,+...v, Then,

CH'M, ®...® My, d —v) = K(k; CH" (M, dy — 1), ..., CH"(My, dy — v,)).

The proof is a straightforward generalization of the proof of (2.2) if one uses cubes
(asin[To], p. 179) instead of simplices in the definition of higher Chow groups (note
that we are dealing with O-cycles in (2.4.4)). Let us consider the special case where
Xi=...= X, =Speck and v = ... = v, = 1. According to ([So], Theorem (1.4)),
we have K(k;CH!(k,1),...,CH(k, 1)) = KM (k), the usual Milnor K-group of k.
Hence (2.4.4) yields CH"(k, n) = KM (k), a result due to Nesterenko and Suslin [NS]
and Totaro [To].

As another special case, one can recover the following formula of Somekawa ([So],
Theorem (2.1)) for a curve X which has a rational point over k (J=Jacobian of X):

K(k; G,,,J) = V(X) = Ker(Norm : SK{(X) — k*).

(d) The following remark was communicated to us by B. Kahn. Let & be a field and
let DM (k) denote Voevodsky’s derived category of geometrical effective motives
over k as constructed in [V]. It is an additive triangulated tensor category. Given
a smooth variety X over k (not necessarily projective) or a Chow motive, there
is an associated motive M(X) in DM(k) (in fact the category of Chow motives
embeds as a full subcategory of DM(k)). For arbitrary Chow motives
My, ..., M, it should be possible to see directly from the definition of the tensor
products in DM (k) that

K(k, CHoy(M,y), ..., CHo(M,)) =2 Hompy(Z, M| ® ... R M,).

This suggests a more general formalism than that presented above.

(e) Let X be a variety over a field £, and let C be a smooth projective, irreducible
curve over k with function field K. Let v be a place of K with valuation ring A.
Let A" be the henselization of 4 and K” its quotient field. Then there is an exact
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localization sequence:
. —>CH'(X xi A", j)— CH' (X, j)—> CH' ™' (Xiy,j — D—> ...

(see [B12], Theorem 3.1 and [BI3] for corrections in the proof of the moving lemma).
The boundary map can be split by the choice of a uniformizing parameter n of
A", which gives a class in CH'(Xgx, 1). In this way, we can define a specialization
map:

CH'(Xk,j)— CH'(Xxn, j)—> CH'(Xiw), J)-

However, it seems difficult to make a good choice of uniformizing parameter for all
places of K so that the analogue of the reciprocity law (2.2.1) will hold.

3. The Group CHy(X; x ... x X;)/m for Curves Xj, ..., X; over a p-adic
Field and m Prime to p

(3.1) In this section we investigate the groups CHy(X7 x ... x Xy)/m, for X1, ..., Xy
smooth, projective geometrically connected curves over a p-adic field k and m prime
to p, by using the results of the last section. However we only use the fact that there
is a surjection, due to Kahn and valid over any perfect* field &:

76 P D VB BI0— CHy(X; x ... x Xa), G.1.1)

1<v<d 1<ij<...<i, <d

where (I\él) denotes the tensor product of Mackey functors (see [Ka2]). This follows
from Corollary 2.4.1 above, because the tensor product of Mackey functors only
involves the relation (2.1.2) that was used to define our Milnor K-groups. While
Section 2 describes the kernel of this surjection, we do not need it in this section.

Before stating and proving the main results of this section, we need to recall some
facts about Mackey functors and the Néron model.

(3.2) Let k be a perfect field. A Mackey functor A is a co- and contravariant functor
from the category of étale k-schemes to the category of Abelian groups (ie for every
finite k-morphism f: X — Y of étale k-schemes, we have maps f,: A(X) — A(Y)
and f*: A(Y) — A(X)) such that

AX, 1 Xy) = A(X)) ® A(X). (3.2.1)

*The restriction to perfect fields here is not necessary if one defines Mackey functors as
functors on all finite extensions rather than finite separable extensions. However, in this case,
(3.2.2) has to be replaced by a slightly more complicated axiom. Since we are dealing in the
following with p-adic fields only, we choose to work with the simpler but more restricted
definition.
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(3.2.2) If
¥ 5 x
s i
vy 5 v

is a Cartesian square, then

Ax) 5 A

e

AY) 55 AY)
commutes.

By (3.2.1) we see that 4 is uniquely determined by its value A(K)défA(Spec K) on
finite separable extensions K/k. It is explained in [Ne] (where Mackey functors
are called G-modulations) how one can express (3.2.1), (3.2.2) in terms of fields only.
A Gi-module 4 gives rise to the Mackey functor Ki— 4% with the natural norm and
restriction maps. If L/ K /k are finite separable extensions and j : Spec L — Spec K is
the natural map, we put res; ;x =j* and Ny/x = j.. The Mackey functors form an
Abelian category with a tensor product (introduced by Kahn [Kal]), which is defined
as followsb:/l For ]\l}/lackey functors 4, ..., A,, n = 2 and for a finite separable extension
K/k, [41®...® 4,)(K) is the quotient of gk finiteseparable A1(E) ® ... ® Au(E)
modulo the subgroup generated by elements of the form (2.1.2). The image of a
tensor

GM®..Qa e AE)®.. & A(E)

M M
in [41®...®4,](K) will be denoted by (ai, ..., as)g/x and will be referred to as a
M
symbol. One can easily verify that ... ® A4 is right-exact for any Mackey functor A4.

(3.3) We recall some facts about the Néron model of an Abelian variety A4 over a
complete discretely valued field & with valuation ring O and residue field F. The
basic references are [N] and [BLR]. The Néron model A of 4 is a smooth group
scheme over O with A xp k = A, and which represents the functor

Yi—Homy(Y xp k, A)

on the category of schemes smooth over O ([BLR], Ch. 1, §§2,3). We have that 4/k
has good reduction if and only if the Néron model is proper over O. Let A° be
the neutral component of A. The special fibre .AE of A is an extension of an Abelian
variety over F by a linear algebraic group, which itself is an extension of a torus by a
unipotent group. We say that 4 has semi-Abelian reduction if this linear algebraic
group is a torus, and split semi-Abelian reduction if this torus is split over the residue
field F. After a finite extension of the base field, we can always achieve split
semi-Abelian reduction (see e¢.g. [BLR], Chapter 7, §4, Theorem 1).
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Now assume that 4 is an Abelian variety over a p-adic field k& with semi-Abelian
reduction. The Mackey functor K +— A4(K) on finite extensions of k£ has a natural
filtration A! € A% € 4 which we are going to recall now. First, we introduce some
notation. For a finite extension K/k, let Ok be the ring of integers of K and let
kg be the residue field. The absolute Galois group of kg will be denoted by gg.
We set O = O, k=« and g=g;. Then A° is given by A%K) = A’(Ok) and
A'(K) is the kernel of the specialization A%(Og) — .A?(KK). This group can be also
described as the Og-valued points of the formal group attached to A4, hence it is
a Zp-module.

The quotient 4°/ 4" has the following description: [4°/4"|(K) = A%(kk). If L/K is
a finite extension, then reszx : [4°/A')(K) — [4°/A')(L) and Ny x:[4°/A')(L) —
[4°/A"[(K) can be identified with, respectively, resy, /i A(kg) = Axr) and
er/k N jy . .AS(KL) — .AS(KK). Finally, we consider the quotient 4/4°. Let T be
a g-lattice, i.e. a discrete g-module which is — as Abelian group — free of finite
rank. Let T CT be a g-invariant sublattice of finite index. We denote by
® = @ 5, the following Mackey functor (eKdéfeK/k):

Ki—>®(K) = ([ /exD)%.

If L/K is a finite extension, define

resp/x = er/kresy, sy - (I'/ex)¥ —(I' /e I)*

and

Nijk = Ny jeg (T /e D) —> (T feg D).
According to ([SGA7], Exposé IX, Théoréme 12.5), we have 4/4° = O ), where I

(resp. IN“) is the character group of the maximal torus in Ag (resp. of the maximal
torus in the special fiber of the Néron model of the dual Abelian variety A°).

M M
(3.4) Now we investigate the tensor products [41/4%® ... ®[4,/ A%,
[AI/A?]®[A8/A§]®... etc. for Abelian varieties A4y, ..., A,/k with semi-Abelian
reduction.

LEMMA 3.4.1. Let ®; = (D(r. £y i=1,...,nn>=2be Mackey functors attached to
~ e M M
pairs (I';, 1) of g-lattices. Then the torsion group [0\®...Q®,|(k) is of the

form

M M
[D®...00,](k) = F & D,

where F is finite and D is m-divisible for all integers m prime to p.

Proof. We consider here only the case where the I';’s have trivial g-action, and we

M M
show that [®®...Q®d,](k) is divisible. The general case will be postponed to the
appendix since it is not of great importance for the following and rather involved.
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We take x; € I'; fori =1, ..., n, K/k a finite extension and m a nonzero integer. We
choose a totally ramified extension L/K of degree m. Then for the symbol

~ ~ M M
(1 t+exln, oo xn + exD)g i € [D1® ... @D,](k),

we have

(v +exln, .o, + ekfn)K/k
= (1 +exln, ... xp1 +exlno1, Noyx(xn +erln))g i

=m(x1+erl, ..., xn +erln) -

M M
Thus [®...Rd,](k) is divisible. O

LEMMA 3.4.2. Let A/k be an Abelian variety with semi-Abelian reduction, and let

M
QZ(D(FF)’ i=1,...,n, n=1 be as in Lemma 3.4.1. Then [(4°/4AH®

M M
D;®...00,](k) is finite.

Proof. Firstly, for every finite unramified extension L/K, the norm Npk:
(A°/AMY(L) — (A°/A)(K) is surjective (see [Ka2], p.1040; this is a consequence
of Lang’s theorem on connected algebraic groups over finite fields). From the defi-
nition of the tensor product of Mackey functors given in (3.2), we see that the map

0, M M M 0, M MM
Npjk: [(4°/4H)RDP R ...°D,|(L) = [(4°/4)RD Q... RD,]|(K)
is also surjective. Therefore, we may assume that all 'y, ..., I, have trivial g-action.
M M
If n = 2 then, as seen in the proof of Lemma 3.4.1, [0|® ... ®D,](K) is divisible,

MM

hence [4°/A'[(K)®[®®...®D,](K) =0 for all finite extensions K/k. Thus
M. M M -

(A°/AN@P®...®®, =0. If n=1 then we have for a symbol (a,x + exI'1)g

xelj,ae .AS(KK)Z
(a, x + erl)K/k = (a, Ng/g:(x + erl))K’/k
= (@, x + T = Nioul@), x + Ty

where K' is the inertia field of K/k. Consequently, the map [4°/4'](k) ® ®;(k)—
M
[(4°/4"Y®®d,](k) is surjective. O

LEMMA 3.4.2. Let A, B be Abelian varieties with semi-Abelian reduction. Then
M
(4°/AMH®(B°/B") = 0.
Proof. This follows at once from the main result of [Ka2]. Indeed A°, B® are

M
semi-Abelian varieties over a finite field, hence A’®B° = 0. On the other hand,
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we have a surjection

AR (r,)—[(4°/ 4)B(B/BHI(K),

L/K
where L/K runs through all finite extensions. O

We also need the following lemma:

LEMMA 3.4.4. Let S be a nonempty, multiplicatively closed subset of .
(a) For an Abelian group M, the following are equivalent:
(1) 1<i£1me ¢ M /m is finite.
(i) M = F & D for an S-divisible group D and a finite group F.

We call a group with these properties finite-by-S-divisible. This is similar to the notion
of torsion-by-divisible, which has been considered in a similar context by
Colliot-Thélene ([CT3], Lemma-Definition 3.1).

(b) If My — My — M3 — 0isanexact sequence of Abelian groups, and if My, M3
are finite-by-S-divisible, then so is M. Also, if M5 is finite-by-S-divisible, then so is
M,

Proof. (a) That (ii) implies (i) is clear. We show that (i) implies (ii). Let

¢ : M—1limM/m

Pa—

meS
be the natural map and let NV be the order of l(iane s M /m. Note that N € S. We claim
that Ker(p) = NM. Indeed, if o« € NM, then clearly o € Ker(¢). Conversely, if
o € Ker(p), then o € (,,cgmM S NM. This proves the claim. Given « € Ker(¢)
and n € S, we can find f € M such that « = nNp. Hence, NM is S-divisible.

Thus M is an extension of a finite group F that is killed by N by a group D that is

S-divisible. Applying the functor Exty(F, —) to the exact sequence 0 -y D —
D — D — 0 gives a long exact sequence:

... —>Ext}(F, D)—>Ext},(F, D)—Ext}(F,y D)—> . ..

Now for any two Z-modules 4 and B, we have Ext), (4, B) = 0 fori > 2 (see, e.g., [W]
3.3.1), and hence Ext%Z(F .~ D) = 0. From the exact sequence, we then see that the
group Ext% (F, D)is N-divisible. On the other hand, this group is killed by N (because
F is) and, hence, it is trivial. Thus M is the direct sum of F and D, as claimed.
(b) is left to the reader. O

The main result of this section is

THEOREM 3.5. Let Ay, ..., A, be Abelian varieties with semi-Abelian reduction.
Then,

K(k; Ay, ..., A,) =2 F® D,
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where F is a finite group and D is m-divisible for all integers m which are prime to p. If
for at least two different indices i, A; has good reduction, then F = Q.

Proof. Let S={me N|(p,m)=1}. We have to show that K(k; 4y, ..., Ay)

M M
is finite-by-S-divisible. Because we have the surjection [4|®...Q4,](k) — K(k;
M M

Ay, ..., Ay), it is enough to check this for [4|®...®A4,](k). Let us denote by
0=F’C F! CF?CF’= 4, thefiltrations 0 C 4! € 4% C 4;fori=1,...,n. Since
M . M M
® is right exact they induce an increasing filtration F/ of [4;® ... ®A,](k) such that

. . ‘ M M
the successive quotients F/*!/F/ are quotients of certain [(F'*!/F)®...®
(Fin*1Fin(k). By Lemmas 3.4.1-3.4.4(b), we conclude that F/*!/F/ is finite-

by-S-divisible. Therefore, again by Lemma 3.4.4(b), [Aﬂ%...%/ln](k) is finite-
by-S-divisible.

Now assume that for two different indices, say i = 1,2, A4; has good reduction.
Then ®; = ®, =0. So

[(FH PG . &P ) =0 if Gr.j2) = (1, 1), 2. 1), (1,2).

By Lemma (3.4.3) it is also = 0 for j; = j» = 2. In the remaining cases at least one
factor is isomorphic to Al or A}, hence is S-divisible. This implies that

M M . . PR
[41®...84,](k) is S-divisible, too. O

From Theorem 3.5 and Corollary 2.4.1, we obtain:

COROLLARY 3.5.1. Let Xy, ..., X4 be smooth, projective, geometrically connected

curves over k with Jacobians Jy,...,Jy SLéch that Xi(k) #0 for each i. Let
(
A()(X] X ... X A/d) = KCI‘(CHQ(Xl X ... X ,X,[)—%Z)
(@) If all Jy,...,J4 have semi-Abelian reduction, then

Ay X1 x...xXy)=2F& D,

where F is finite and D is m-divisible for all m which are prime to p. In particular,
CHy(X| X ... x Xg)/m is finite for such m.
(b) If Ji, ..., Jq have good reduction, then the kernel of the Albanese map

Ao(Xl X ... X Xd) — Jl(k) X ... X Jd(k)
is m-divisible for all integers m prime to p.

In the case d = 2 we can weaken our hypotheses.

COROLLARY 3.5.2. Let X1, Xy be smooth, projective, geometrically connected
curves over k. Then,

Ao X1 x Xo) =2 Fée D,

where F is finite and D is m-divisible for all m prime to p.
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Proof. Let K /k be a finite extension such that J;, J, have semi-Abelian reduction,
Xi(K) # ¢ for i = 1,2 and gg operates trivially on I'j, I';. Write [K : k] = mp” with
(m,p)=1 and let Q= Coker(Nks: Ao((X1 x X2)g) = Ao(X1 x X2)). Then
[K:k]Q =0. On the other hand, we know that ,CHy(X; x X;) is finite for any
nonzero integer n (see [CT1], Théoréme 8.1). The exact sequence

Ao((X7 x X2)g)—Ao(X1 x X2)—0—0

together with Corollary 3.5.1 show that ,,Q is finite. Now the assertion follows from
Lemma 3.4.4(b). O

Remarks 3.5.3. (a) For a smooth, projective, geometrically integral variety X of
dimension > 3 over a p-adic field, it is unknown at present whether the group
+CHy(X) is finite for any positive integer n. This is the basic reason why we are
unable to deal with the case where the Jacobian of one of the curves has some addi-
tive reduction (this means that the linear part of the special fibre of the Néron model
has a nontrivial unipotent part). Perhaps there is a way to handle additive reduction
directly, rather than by trying to pass to a finite extension where the special fibre of
the Néron model becomes semi-Abelian.

(b) Let Ker(alb) denote the kernel of the Albanese map Ay(X) — Alby(k). We
expect the following:

CONIJECTURE 3.5.4*. Let X be a smooth, projective, geometrically connected var-
iety over a p-adic field k. Then

Ker(alb)= F e V,

where F is a finite group and V' is a uniquely divisible group. If X has good reduction
with special fiber Y /i then

F(non-p) = Ker(A4o(Y) — Alby(k))(non-p).

In particular, CHy(X)/m should be finite for all nonzero m. If X is a surface and m is
prime to p, this finiteness statement was proved by Saito and Sujatha ([SaSu],
Theorem 2.5). For surfaces X with the property that the Albanese mapping is
an isomorphism for X, this finiteness was proved by Colliot-Théléne ([CT1],
Théoréeme 8.5; see also Remark 4.5.8). Corollary 3.5.1 provides us with other
examples.

In general, the group V' should be very large. For a surface, one should expect
(according to Mumford’s Theorem and Bloch’s conjecture; see, e.g., ([Ja], sect. 1)):

V =0 H*(X,Oyx) = 0.

(c) In (b), if we take instead of a p-adic field the Henselization of an algebraic
number field at a prime ideal, then the Albanese kernel should have the same struc-

*This is formulated as a question in ([CT4], 1.4.(d),(e),(f))
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ture of the direct sum of a finite group F and a uniquely divisible group V. However,
in this case the Beilinson-Bloch conjecture [Be], [BI1] predicts that the Albanese
kernel should be a torsion group, and hence we expect that the group ¥ above should
be zero.

4. The Group CHy(X; x ... x X4) Modulo p™

(4.1) We keep the notation and hypotheses of the last section. Now we are going to
study the groups K(k; 41, ..., Ay)/p" for Abelian varieties 44, ..., A4 over k. We
can prove finiteness of K(k; Ay, ..., A;)/p" in the case where Ay, ..., A; have split
semi-ordinary reduction (see (4.4)). The result is based on the fact that in this case

M M
the groups [41®...®A4,](k)/p" are related to the Milnor K-groups K (k)/p".
To illustrate our method, consider the case of two Tate curves Ej, E, with periods

: M
q1, ¢2. The uniformizations G,,/q”— E; induce a surjection [G,,®G,,](k)/p" —
M M
[E1QE](k)/p" — K(k; E1, Ep)/p", and it is easy to see that [G,,QG,]k)/p" =
KM(k)/p" (see Remark 4.2.5 below). The group KM(k)/p", being a quotient of
(k* ® k*)/p", is easily seen to be finite and, hence, K(k; E;, E;)/p" is finite.

(4.2) To begin with, we investigate tensor products of the Mackey functors
U: K—U(K) = Ug (Ug are the units in Og), G,: K—K* and Z: Ki— 7, where
for finite extensions L/K /k, the norm is multiplication by ey x, and res;  is given
by multiplication by f7,k.

LEMMA 4.2.1. Let i,j, ! be nonnegative integers such that i +j+ [ > 2. Then,

MM MMM H2o ), if 14 =2,1=0,
(U QRG, ®ZF/p=1{Z/p,if i=0,j=1=1,
0, otherwise.

Here H(. . ., ,uf’z) denotes the Mackey functor Ki— H*(K, ,ufz), and Z is K— 7, but
with all norms equal to the identity.

M
Proof. We will show only that (U/p)®(U/p) = H*(..., u$?). The proofs of

M M
(U/P)®(Gm/l7) = H2( ) ﬂ?z) and G, p®Gm p= H2( < Hf?z)
are analogous. All other cases can either be proved directly by simple calculations or
can be easily deduced from the first case.
The maps
U
(Ux/p) ® (Ux/p) — H'(K. 1)) ® H'(K, ) > H*(K, 1%

for finite extensions K /k induce by the universal property of the tensor product for

https://doi.org/10.1023/A:1001734817103 Published online by Cambridge University Press


https://doi.org/10.1023/A:1001734817103

MILNOR K-GROUPS AND ZERO-CYCLES 21

Mackey functors a map

Bt (UDEU [p)— H . i)

We will show that 7 is an isomorphism by modifying Tate’s proof of the bijectivity of
the Galois symbol for a local field ([Ta], Corollary to Prop. 4.5). By a transfer
argument, we may assume that k contains the pth roots of unity. Then
H*(K, 4$?) is a cyclic group of order p, and the norm maps H*(L,u$?) —
H*(K, %) are isomorphisms for all finite extensions L/K /k. For a finite extension
K/k and a, b € Uk, we set

(a. by = h(@. D)y ) € HHK. 1) (@™ amod UR)
We have with L = K({/a),
(Cl, b)/K = O<:>b e NL/K(UL)<:>(57 E)K/k =0.

In particular, if L/K is totally ramified of degree p and b ¢ Ny, x(Uy), then (a, b)y isa
generator of H*(K, ,uf’z). Hence, T is surjective. As in the proof of ([Ta], Prop.4.5),
one can show that the symbol (a, b)) satisfies the properties (i), (ii) of ([Ta], Corollary
to Theorem 4.4), and consequently, the map ZK restricted to the subgroup Sk, gen-
erated by the symbols (@, E)K/K, a,b € Uk, is bijective. It remains to prove that

Sk =[U /pgg) U/pl(K). Let L/K be a finite extension. We will show by induction
on ord,(er,x)—the exponent of p in e;;x —that any symbol (a, E)L/K, a,be Up,
lies in Sk. In the case p [ erjkx, Nijx: Ur/p — Uk/p is surjective. So there are
¢ € Ug/p and d € Ur/p such that (¢, Nrjx(d))y is a generator of H*(K, u$?). Thus
(resy/k(c), d); generates H*(L, u*) and the bijectivity of /. |5, yields (@, b)) =
(resg/k(¢), d"),, for some i. Therefore (@, b);/x = (¢, Np/x(d)g x € Sk-

Now assume ord,(e;,x) = 1. There exists a finite extension M /L of degree prime
to p and an intermediate field M of M /K such that M /M is a cyclic and totally
ramified extension of degree p (this can be seen by considering the extension
LK,/K, where K, is the fixed field of a p-Sylow group of Gg). The surjectivity
of Ny : Upt/p — Up/p allows us to write (@, b); x = (resy1(@). b1)y/x for some
by € Uy. Let ¢ € Uy, be such that £ = M (¢/c) is a totally ramified nontrivial exten-
sion of M| and £ # M (such a c obviously exists if we choose M large enough). Then
Ns/am,(Us) + Nagyar, (Unr) = Uy, so thereisad € Uy such that (c,iVM/M] (d))hl gen-
erates H2(M, u$?). As before, we have (@, b1)ya = (1esr/a1, (€), d') /5 for some i.
Thus

@, b)px = (resy (@), b1y yx = (resaryar, (©), E)M/K = (c, NM/MI(E))MI/K’

and since ord,(ey, k) < ord,(er k), the latter symbol lies in Sx by the induction
hypothesis. ]
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Let %/k be the maximal unramified extension of k and let ng > 0 be the largest
integer such that ., k) C k.

LEMMA 4.2.2. Let i,], [, n be nonnegative integers such that i +j+ 1> 2. Then,
MM MM M Z/p™  for some ny <y, if i+j=2,1=0,
(UG @2(k)/p" =y Z/p",if i=0,j=1=1,
0, otherwise.
M
Proof. Again, we will give the proof only for [URU]k)/p". The products
M M
[URG,,](k)/p" and [G,,@Gy,](k)/p" can be handled similarly. All other assertions
follow from (4.2.1) or by simple computations.
We may assume that & contains the pth roots of unity, since otherwise we have
M M
[UUl(k)/)p =0 by Lemma 4.2.1, hence [UQU](k)/p" =0. Since for a finite

M M
unramified extension K/k, the norm [U®U](K) — [U®U](k) is surjective, we
can replace k by K and thus may assume from the beginning that k& (not only k)
contains the p™-roots of unity. Under this hypothesis we show by induction that

~ M
hi: [UQUI(k)/p"'—> H(k, (4.2.3)

is an isomorphism. By Tate local duality ([Mi2], Chapter 1, §2, Corollary 2.3), the
latter group is isomorphic to the dual of Hom(u,, Z/p”)Gk , 1.e. to upn(@, hence
is cyclic of order at most p™. This yields the assertion. For n=1, h; is an
isomorphism by Lemma 4.2.1. For arbitrary n, we have a commutative diagram

M
with exact rows except possibly at [UQU](k)/p":

M M M
Ue®u, — [URQUIK)/P" — [UUIK)/p™ — [UUIK)/p — O

| [ |2 |

H'kw?) —  Hwy) —  HCkS) — Hk) — 0

The maps 1 and 3 are isomorphisms (the latter by the induction hypothesis). A dia-
gram chase shows that the map 2 is an isomorphism if

Uk ® p,— H' (k. u?*) —Ker(H(k, u57)— H*(k, uf,,il)) (4.2.4)

is surjective. If n + 1 < ny, i.€. (k) C k, then the computation of H*(k, ,u;e;z) done
above using Tate duality shows that Ker(H*(k, u$?)— H*(k, uf,’,%l)) =0,50(4.2.4)is
surjective. If n > ng, then Ker(H?(k, u5")— H(k, ,u?,il)) is a cyclic group of order p,

so we only need to verify that the map (4.2.4) is not trivial. If we identify H?(k, ,ul?f)
with o s then the map

U ® p,— H' (k. 1i5%) — H>(k, 157) 2

is just given by the Hilbert symbol u ® {i—(u, {/p) € Wy . Let { be a primitive p-th
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root of unity. Then k(”/7)/k is a ramified extension of degree p (since "Y/Z¢k). It

follows from the definition of the Hilbert symbol that there exists u € Uy such that

(u, {/p) is non-trivial. Therefore (4.2.4) is surjective and so (4.2.3) is an isomorphism

for all n. O
M M

Remarks 4.2.5. (a) The above proof for [URG,,]/p" and [G,,G,,]/p" instead of

[URU/p" also yields
M n 2 ®2 M n
[URG]/p" = H (..., o ) 2 [Gn®Gl/p".

(b) In an unpublished work, Kahn has shown that for any field k and any positive
integer n prime to the characteristic of k, the natural map:

[Gon® G (k) n—s K2 ()

is an isomorphism. The proof requires a lot of calculation with symbols. Note,
however, that using an argument similar to ([Ta], Proposition 3.1), one can easily
show the following:

LEMMA 4.2.6. Let k be a field and let F be any Mackey functor over k. Let

M
[ G,QG,,—>F be a homomorphism of Mackey functors. Then for any positive
integer n prime to the characteristic of k, f induces a homomorphism:
K (k)/n—>F(k)/n.

The basic idea of the proof is that the image of the subgroup of k* ® k* generated by
tensors of the form a ® (1 — a) is n-divisible in F(k).

(4.3) Let G be a commutative finite flat group scheme over Spec O. Such a G rep-
resents a sheaf for the fppf topology on Spec (O), which we also denote by G.

LEMMA 4.3.1. Let G be a commutative finite flat group scheme over Spec O.
(a) There exists an exact sequence (for the fppf topology) of flat group schemes

056G -—AL B0

where A, B are Abelian schemes over O. Let A, B be their generic fibers. For every
finite extension K/k, we have

H}\(Ok, G) = Coker(f: A(K)— B(K))

(b) The assignment Kl—)Hﬁ((’)K, G) defines in a natural way a Mackey functor,
which we denote by Hf%((’)_, G). It is isomorphic to Coker(f: A — B) (viewed as a
Mackey functor). Consequently, for an unramified extension L/K, the norm map
Nyx: HY(Or, G) — HL(Ok, G) is surjective.
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Proof. We note first that for any smooth commutative group scheme G over O, we
have a canonical isomorphism

HY(Ok, §) = H(kk, Gy) (4.3.2)

where G, denotes the special fiber of G. Indeed it is known (see, e.g., [Mil], Chapter
III, Theorem 3.9) that for a smooth group scheme over Ok, flat and étale
cohomology coincide, i.e. H}(Ok, G) = Hélt(OK, G). On the other hand, as a conse-
quence of the proper base change theorem, the latter group is isomorphic to
Hélt(KK, Gy) (see e.g. [Mil], Chapter VI, Corollary 2.7).

(a) For the existence of the sequence 0 > G —> A — B — 0 see, e.g., ([Mi2],
Appendix, Remark A7). The associated long exact sequence of fppf cohomology

0— G(Og)— A(Ox)— B(Ox)— Hy(Ok., G)— Hy(Ok., A)
yields the assertion since A(Ok) = A(K), B(Og) = B(K) and since we have by (4.3.2)
and by Lang’s theorem (see, e.g., [Se], VI.6)

HN\ Ok, A) =~ H'(kg, A;) =0.

(b) By ([Mi2], Chapter III, Lemma 1.1 (a)) the natural morphism H}(Ok, G) —
Hgt(K, Gk) is injective. Therefore, to see that K|—>Hf1]((’)K, G) defines a Mackey
functor, it is enough to show that for finite extensions L/K/k, the corestriction
H}(L,Gr) - H}(K,Gg) maps H}(Or,G) into H\(Ok,G). Consider the com-
mutative diagram with exact rows

0 — GOx) — AOx) — BOx) — HyOk, G — 0

E = E

0 — GK) — AK) — BK) — H\K Gy) —
It shows that
Im(Hy(Ok, G) — HL(K, Gg)) =
Im(B(K) — HL(K, Gk)) = Coker(f: A(K) — B(K)).

Since the lower row is natural with respect to corestrictions, the assertion follows
immediately. For the last statement it is enough to remark that Npk:
B(L) — B(K) is surjective (see [Maz], Corollary 4.4). O

LEMMA 4.3.3. (a) Let G; (i =1, 2, 3) be commutative finite flat group schemes over
O, and assume that 0 — G; — Gy — G3 — 0 is a short exact sequence of sheaves
for the fppf topology. Then the sequence

HNO_, G)— HY(O_, Gy)— HY(O_, G3)—0

is exact.
(b) HY(O_, Z/p") = Z/p" and HY(O, p,.) = U/p".
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(c) Let A be an Abelian scheme over Spec O with generic fiber A. Then,
Hy(O-, Alp"]) = A/p".

Proof. We have H*(Ok, G) = 0 for any commutative finite flat group-scheme G
over Ok (see, e.g., ((Mi2], Ch.III, Lemma 1.1(a))). This and the long exact sequence
of fppf cohomology prove (a). The first assertion of (b) is a consequence of

HY(Ok, Z/p") = H' kg, Z/p") = Z/p".

The first isomorphism is (4.3.2). The second isomorphism is given by evaluating a
cocycle in H'(kg, 7/p™) at the Frobenius automorphism in gg. The second assertion
of (b) follows from H}](OK, Gm) =2 Pic(Ok) = 0 by using the Kummer sequence.
Finally (c) is a special case of Lemma 4.3.1(b) above. O

LEMMA 4.3.4. Let G be a commutative finite étale group scheme over Spec O. Then
the natural map

k* ® H'(x, Gy) = k* @ H}(O, G)H[Gm%Hé((’)_, G(k)

is surjective.

Proof. By (4.3.2), we can identify H}(Ok, G) with Hélt(K[(, Gy). It is an easy exercise
to verify that under this identification the norm and the restrictions maps for finite
extensions are given as ek COIy, s HY(kp, Go) = H (g, Gy) and res.,
H}(xk, Gy) - H}(xr, G). In particular, we note that if L/K is totally ramified, then
res;/x 1S an isomorphism, and for every x e HA(OK, G), there exists a finite
unramified extension M /K such that resy x(x) = 0.

Let K/k be a finite extension with inertia field K' € K and let (a,b)g €

M

[Gn®HL(O-, G@))(k) be a symbol. Then there is a b € HY(Ok,G) with
resg/k(b") = b, hence (a, b)x /. = (Nk/k(a), b')g ). Let m € k* be a prime element
and write Nk x:(a) = n" u for u € Ug:. Then

(@, D)k = m (1, b)) gy + (W, b)) g e = m (7, N (0 pie + (s b)) g

To finish the proof it is enough to show that (u, b")g: ;. = 0. Choose a finite unramified
extension M /K' with resy k(b)) = 0. Let ' € Uy with Nyygx:(w') = u. We obtain
(u, )i = Ny (W), D) g = (' 1801750 (0)) pg 0 = 0. O

(4.4) Recall that an Abelian variety of dimension d over a field F of characteristic
p > 0 is said to be ordinary if it has p? points of order p over an algebraic closure
F of F. Equivalently, this can be also characterized by saying that the connected
component of its group scheme of p-division points over F is isomorphic to ,u;’.
We will say that A/k has semi-ordinary reduction if A has semi-Abelian reduction
and A%[p]° = uS™4 over F (here the second 0 denotes the connected component
of the neutral element of a finite group scheme). The second condition is equivalent
to requiring that the maximal Abelian quotient of A? is ordinary. If, furthermore,
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the maximal torus of AE splits over the residue field F, we say that 4 has split
semi-ordinary reduction. Finally, A is said to have potentially semi-ordinary
reduction if it has semi-ordinary reduction after base change by a finite extension
K/k.

Now let 4 be an Abelian variety over a p-adic field k. Then we have the following
generalization of Tate’s p-adic uniformization theorem for elliptic curves with
multiplicative reduction (due to Raynaud and Faltings/Chai):

THEOREM 4.4.1 (See [SGA VII], Part I, Exposé IX, §§2, 5, 7 or [FaCh], Ch.II and
IIT for (i)-(ii1); (iv) is proved in [FaCh], II1.8.1). Assume that A has semi-Abelian
reduction. Let K/k be a finite unramified extension such that the maximal torus
ofAS Qy Kk splits. Then there exists an exact sequence of commutative smooth group
schemes over Spec O

0—T —A"—B—0 (4.4.2)

and a subgroup T’ € A*(K) such that

() To, =G, is a split torus.
(i1) B is an Abelian scheme.
(iii) The special fibers of A* ®o Ok and A° ®o Ok coincide.
(iv) T is a free-Abelian group of rank r. For every finite extension L/K there is an
isomorphism A*(L)/T = A(L)

The semi-Abelian scheme A is called the Raynaud extension associated to A/k.

THEOREM 4.5. Let n =2 and let Ay, ..., A,/k be Abelian varieties with split
semi-ordinary reduction. Then K(k; Ay, ..., A,) = F ® D, where F is a finite group
and D is divisible.

Proof. Let .A?, T,= G/, B;be asin (4.4.1) for 4; and K = k. Let 47 and B be the
generic fibers of A? and B; respectively. According to Theorem 3.5, Theorem

M M

4.4.1(iv) and Lemma 3.4.4, it is enough to prove that [A?@ ... ®A%(k)/p" is finite
and of order bounded independently of n. By Theorem 4.4.1 we have exact sequences

of Mackey functors
0— G/ — 47— B;—>0.

M M

They yield a filtration on A§t® ...®A! whose successive quotients are quotients of
M ) . o

M, BN, Gl for 1UJ ={1,...,n}. Therefore it is enough to show that

m

M M.
[®fgl B:i® Gg](k)/p” is finite and of order bounded independently of n for every
subset I C {1,...,n} and j = n — #(I).
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Denote by B! the dual Abelian scheme of B;. Let

0— Bi[p"1’— Bilp"1— Bilp"'—0
0— B[p""— Bip"1— Bi[p"1" —0

be the ‘decomposition’ of B;[p™], Bi[p"] into a connected and an étale O-scheme (see
e.g., [Sh], §3, Proposition on p. 43). By Lemma 4.3.3(c), we obtain an exact sequence
of Mackey functors

HYNO., Bi[p"")— Bi/p"—> HY(O-, B{p"*)—>0.

MM . ..
Again we obtain filtrations on ®?2, B,®G® /p" which show that it is enough to prove

m

that the following holds for every pair of disjoint subsets 11, € {1,...,n} and
J=n—#L UbL):

(4.5.1) The group

M M M M M.
[@ Hy(0-, B{p"1™) ® Q) Hy(O-, Bilp"") @ Gy /p"} (k)

i€[1 ielz

is finite and of order bounded independently of n.

If, =0 =1, thenj=n>2 and (4.5.1) follows from Lemma 4.2.2 in this case.
Now assume 1 UL #@. If K/k is an unramified extension the norm
Nk HY(Op, Bilp"T") — HN\(Ok, Bi[p"]*) (with % = 0 or ér) is surjective for every
i according to Lemma 4.3.1. Therefore

M M M M M
Nk [@ Hy(O-, B{p"" © Q) Hy(O-, Bl ® Gy, /p"}(K)—>

iEI] iEIz

M M M M M.
[@ HYO. Bl @ X) HYO- B ®GS /p"}(k)

fE[l fEI[

is also surjective. Hence we can replace k£ by a finite unramified extension if
necessary. The assumption that each B; has ordinary reduction is equivalent to
the following fact about the Cartier duals (see, e.g., [Mu], §15, p. 147)

Bl = By, B = By’ (4.5.2)
We choose a finite unramified extension K/k such that all l’)’,-[p”]ét ®o Ok,

B![p"* ®o Ok are constant group schemes, hence = (Z/p)¥™E) The isomorphisms
in (4.5.2) show then that B;[p"]’ @ O = (,up,,)d"“(B’) for every i. From Lemma
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(4.3.3), we get

M M M M M.
{@ HY(O- Bp"1") ® Q) Hy(O-. B{p"") @Gy /p"] (K)

i€l ieh
M M M M M.
o~ [@ 2210%) U®Gf§j] (K)/p".
ieIl fEIZ

According to Lemma 4.2.2, the latter group is finite and of bounded order
(independently of n) as long as we are not in the case #(/;) = 1,#(l;) =0and j = 1.

This case of 4.5.1 has to be treated separately. We may assume /; = {1} and set
B = B, for simplicity. According to Lemma 4.3.4, the natural map

K @ H' (k. Bp"") = k* @ HY(O, Blp"[)—[Gu®HNO- B fI(k)  (4.5.3)

is surjective. Since #(H' (x, B[p”]it)) = #(Bs[p”]é‘(;c)) < #(Bs(x)) we obtain a bound for
the left hand side of (4.5.3) which is independent of n. This completes the proof of
(4.5.1) and of the theorem. O

Remark 4.4.5. Under the assumptions of Theorem 4.5, the proofs of Theorems 3.5
and 4.5 show that K(k; 4y, ..., Ay) is divisible for d > 3.

Theorem 4.5, Corollary 3.5.1 and Corollary 2.4.1 imply:

COROLLARY 4.5.6. Let X1, ..., X4 be smooth, projective, geometrically connected
curves over k with Jacobians Ji, ..., Jy such that X(k) # @ for each i.

(a) Assume that Jy, ..., J; have split semi-ordinary reduction. Then the kernel of
the Albanese map Ag(X1 X ... x Xg) = Ji(k) x ... x Jy(k) is of the form F & D
for a finite group F and a divisible group D. In particular, CHy(X] X ... x Xz)/m
is finite for every positive integer m.

(b) If J1,...,Jq have good ordinary reduction then F is a p-group.

Again in the case d = 2, we can weaken the hypotheses:
COROLLARY 4.5.7. Let X1, X2/k be smooth, projective, geometrically connected
curves. Assume that Jy, J, have potentially semi-ordinary reduction. Then,
Ker(alb : Ao(X) x X3)—J1(k) x Jr(k)) =2 F & D,
where F is finite and D is divisible.
This is proved in the same way as Corollary 3.5.2 by using the finiteness of the

p-torsion of CHy(X; x X»).

Remarks 4.5.8. (a) For m a postive integer and i > 2, there are as yet very few
finiteness results for the group CH(X)/m for varieties X over number fields or local
fields (but see [CT2], Sect. 4.3 and [SaSu]). In the case of a smooth projective surface
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X over a p-adic field k, the only result concerning the mod p”-part of the Chow group
of zero cycles is due to Colliot-Théléne ([CT1], Théoréme 8.5), who has shown that
CHy(X)/p" is finite if the Albanese mapping is injective for X over k.* The same
result was obtained by Saito and Sujatha ([SaSu], Theorem 2.5) under the
assumptions H2(X, Oy) = 0 and X is not of general type (in fact these assumptions
imply that the Albanese map is injective). Since for a product of curves
X =X x X, of genus > 1, we have H*(X, Ox) # 0, these results do not cover
Corollary (4.5.7).

(b) Let k be a field and let 44, ..., A, be Abelian varieties over k. Somekawa has
constructed a natural map

c: K(k; Ay, ..., Ag)/m—H"(k, Ai[m] ® ... ® A4[m]) (4.5.9)

for every nonzero integer m prime to the characteristic of & ([So], Prop. 1.5) and has
conjectured that it is always injective. This would imply the finiteness of the groups
K(k; Ay,...,A,)/m (hence also of CHy(X; x...x Xy)/m for a product
X1 X ... x Xy of curves) if k is a local or global field. Indeed, in the latter case
one can show that ¢ factors through the finite group H"(Gs, A|[m]®...Q
Aqlm]), where S is a finite set of primes of k including all infinite primes, all primes
dividing m and all primes where at least one of the 4,’s has bad reduction and where
Gs denotes the Galois group of the maximal extension of k& which is unramified
outside of S . In the situation considered in Theorem 4.5, one can show that (4.5.9)
is injective if all m-division points of 4y, ..., A, are k-rational.

(c) Let k/Q), be a finite extension. We will give now an example which shows that
it is really necessary to restrict the second assertion of Conjecture 3.5.4 to the prime
to p part. Let E}, E»/k be elliptic curves with good ordinary reduction, and assume
that their p-division points are k-rational. Let X = E; x E, and let Y = El X l~?2
be its special fiber. Here E/K denotes the special fiber of E;, i =1, 2. By (4.5.7)
we have

K(k, E, Ez) = Ker(alb : A()(X) — El(k) X Ez(k)) ~F&®D
for a finite group F and a divisible group D (which should be uniquely divisible

according to Conjecture 3.5.4). By analyzing the proof of Theorem 4.5, one can
show that the composition

[E\QE)(K)/p—> K(k: 1. Ex)/p—> H(k. E\[p]) ® Eslp))

is injective and its image is cyclic of order p. This implies ' # 0. On the other hand,
*Note that in [CT1], Théoréme 8.5 it is also assumed that H*(X, Ox) = 0. This is implied by

the assumption that the Albanese mapping is injective over k, as follows from the main result
of [Ro].
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we have

Ker(alb : Ay(Y) — Ei(x) x Ex(x)) = K(i; E1, Ey) = 0

by (see [KS] or [Ka2]).

(d) The reason why we cannot say anything at the moment about the case where
the Jacobian of one of the curves does not have semi-ordinary reduction is that
the formal group of the Jacobian will then not be of multiplicative type, hence
we cannot relate the corresponding K-group to a Milnor K-group of a field.

Appendix

We now finish the proof of Lemma 3.4.1. For a torsion group A4 and a prime number
¢, denote by A{¢} the ¢-primary component 4. We have to show:

M M
A [D®...0D,]k){t} is divisible for almost all ¢.
M M
(A2) [D®...0D,](k){¢t} is finite-by-( N-)divisible for all primes £ # p.
Tosee (A 1), let K/k be a finite unramified extension such that gx operates trivially

M M
on each I';. We have already shown that [0;® ... ®®,](K) is divisible. For a prime ¢

M M M M
not dividing [K: k], the norm Ngu: [01®...9D,J(K){{} = [P1®...D,](k){¢} is
surjective. Thus (A 1) holds.

Now fix a prime £ # p and let K = k, be the fixed ficld of an £-Sylow group of Gy.

Then

) M M ) M M
resg i m[@1® ... 9O, 1(K)/¢" > lm[®1® ... @, ](K)/¢"

meN meN

is injective, so by Lemma 3.4.4, it is enough to show (A 2) for K instead of k. Since we

are only interested in the ¢-primary part of [@15 . %@n](K), we may replace ®; by
®;®7Zy for i=1,...,n or assume from the beginning that we are dealing with
ax-Z¢-lattices T, lN"i. For m > 0 let K,,,/K be the unramified extension of degree
£". We choose m minimal with the property that gx operates trivially on

I'y,..., I, and we will show by induction on m and n that [d)ltl\él) .. (I\XAKDn](K) 1S
finite-by-divisible.

The case m = 0, n arbitrary was done in the part of Lemma 3.4.1 we have already
proved. Therefore let m > 0,n > 2. Let ¢ be a generator of gx = 7Z,. We put

- FO-Far®, o, B o F e rro,
Note that FEZ), 1:5-2) are again gg-Z,-lattices and that we have exact sequences

0—>CI)§1)—>CD,»—>(I)§2)
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fori=1,...,n, where we have set CD(I) D~ CD(z) =0 ,~, . Let¥; be the
@,y T?.r?)

image of ®@; in (I><2) We need the following fact:

(A 3) For each i=1,...n there is a constant ¢ = ¢; > 0 such that for every finite
totally ramified extension L/K, we have #(¥;(L)) < ¢

Proof. Since ¥; C <1>§2>, it is enough to verify this for (I)Ez). We have for a finite
totally ramified extension L/K,

HOPUL) = TP fery - TP = #TP/IL: K]- T

= #TP/IL K] - TP) oy <#TP) oy Ee

Note that (F, ))(¢ 1 1s finite because — by definition of F(l) 1 is not an eigenvalue
of : TP ®Q, - T'?® Q. O

The short exact sequences 0 — CD(I) — ®; > ¥; > 0 induce a filtration on
[d)l® ®d) J(K) whose successive quotients are quotients of [(X)ZE 7 1) ®
®ie] Y.(K) for partitions /UJ = {1, ..., n}, and it remains to prove that the latter
groups are finite-by divisible. For I ={1,...,n}, ®1\2J (I)El)(K) is divisible, since

gg-operates trivially on each 1"5-1).
Now assume J # @, say n € J. By using the surjection

M M M M M M
RV @@ |(K) — | Q) ") Wi (K1)
iel ieJ iel ieJ
M
and the induction hypothesis, we see that [®?£1 @5”@@?& Y;](K;) is finite-by-
M
divisible. If we put O = ® <1>§”®®}‘§ ; ¥;and ¥ =¥, it remains to show that

C = Coker(Ng, /k : [(D®‘I’](K1) — [&)%‘P](K)) is finite. It is generated by the images
of the symbols (x,y); k. x € 5(L), yeW¥(L) for L/K finite and totally ramified.
By (A 3) we know that the groups W(L) for such L are bounded. On the other hand,
for every tower of finite extensions M /L/K with M /L totally ramified, the restriction
(fo)(L) — Cfo)(M ) is injective, hence W(L) — W(M) is injective. Note also that W(L)
depends only on e;/x and fi,k. Putting these facts together, we get

iel

(A 4) There is an integer N (a power of £) such that for all totally ramified finite
extensions M/L/K with [L:K]>= N, the restriction W(L)— Y(M) is an
isomorphism.

Since Gk is solvable, any totally ramified extension M /K of degree > N contains a
subextension L/K of degree N. Therefore any symbol (x, )k, X € (T)(M)
y € ¥(M) can be written in the form (x', "), x with [L: K] < N, i.e. the natural
map EBL/K <I)(L)®‘P(L)—>C is surjective, where L/K runs through the totally
ramified finite extensions of K of degree < N. By the induction hypotheses,

CD(L) is finite-by-divisible (CD is a quotient of ® el (I)(l)® ®ZEJ ; @;, which has only

https://doi.org/10.1023/A:1001734817103 Published online by Cambridge University Press


https://doi.org/10.1023/A:1001734817103

32 WAYNE RASKIND AND MICHAEL SPIESS

n — 1 factors), hence CB(L) ® W(L) is finite. Since there are only finitely many such
extensions L/K (here we use the hypothesis £ # p), we conclude that C is finite. This
completes the proof of (A 2) and of Lemma (3.4.1).

Acknowledgements

The first author would like to thank the Universitdt Heidelberg for its hospitality,
and the second would like to thank the University of Southern California for its
hospitality. We thank K. Kiinnemann for his corrections of the first version of
the paper and B. Kahn for communicating Remark 2.4.2(d). Finally, we thank
the referee for his careful reading of the manuscript and his many suggestions
for improvements.

References

[Be] Beilinson, A.: Higher regulators and values of L-functions (in Russian), In: Seriya
Sovremennye Problemy Mathematiki (Noveishie Dostizhenya), Itogi Nauki i
Tekhniki 24, Akad. Nank, Vseross. Inst. Nauchn. i Tekhn. Inform, Moscow, 1984,
pp- 181-238; English transl., J. Soviet Math. 30 (1985), 2036-2070.

[BCC] Ballico, E., Catanese, F. and Ciliberto, C. (eds): Classification of Irrregular
Varieties, Lecture Notes in Math. 1515, Springer-Verlag, New York, 1990.

[BI1] Bloch, S.: Algebraic cycles and values of L-functions I, J. reine angew. Math. 350
(1984), 94-108.

[B12] Bloch, S.: Algebraic cycles and higher K-theory, Adv. in Math. 61 (1986), 267-304.

[BI3] Bloch, S.: The moving lemma for higher Chow groups. J. Algebraic Geom. 3 (1994),
537-568.

[BE] Bloch, S. and Esnault, H.: The coniveau filtration and non-divisibility for algebraic
cycles, Math. Annal. 304 (1996), 303-314.

[BLR] Bosch, S., Liitkebohmert and Raynaud, M.: Néron Models, Ergeb. Math. Grenzgeb.,
(3) 21, Springer-Verlag, Berlin, 1990.

[CT1] Colliot-Thélene, J.-L.: Cycles algébriques de torsion et K-théorie algébrique. In:
Arithmetic Algebraic Geometry. Lecture Notes in Math. 1553, Springer-Verlag,
New York, 1993, pp. 1-49.

[CT2] Colliot-Thélene, J.-L.: Birational invariants, purity and the Gersten conjecture,
Proc. Symp. Pure Math. 58(1) (1995), 1-64.

[CT3] Colliot-Thélene, J.-L.: On the reciprocity sequence for varieties over finite fields. In:
P. Goerss and J. F. Jardine (eds), Algebraic K-Theory and Algebraic Topology, Proc.
conference held at Lake Louise, December 1991, NATO ASI Series, Kluwer Acad.
Publ., Dordrecht, 1993, pp. 35-55.

[CT4] Colliot-Théleéne, J.-L.: L’arithmétique du groupe de Chow des zéro-cycles. J. Théor.
Nombres Bordeaux 7 (1995), 51-73.

[FaCh] Faltings, G. and Chai, C.-L.: Degeneration of Abelian Varieties, Ergeb. Math.
Grenzgeb. (3) 22, Springer-Verlag, Berlin, 1990.

[Fu] Fulton, W.: Intersection theory, Ergeb. Math. Grenzgeb. (3) 2, Springer-Verlag,
Berlin, 1983.

[Ja] Jannsen, U.: Motivic sheaves and filtrations on Chow groups, Proc. Sympos. Pure
Math. 55(1) (1994), 245-302.

https://doi.org/10.1023/A:1001734817103 Published online by Cambridge University Press


https://doi.org/10.1023/A:1001734817103

MILNOR K-GROUPS AND ZERO-CYCLES 33

[Kal]  Kahn, B.: The decomposable part of motivic cohomology and bijectivity of the norm
residue homomorphism, Contemp. Math. 126 (1992), 79-87.

[Ka2] Kahn, B.: Nullité de certains groupes attachés aux variétés semi-abéliennes sur un
corps fini; application, C.R. Acad. Sci. Paris 314 (1992), 1039-1042.

[KS] Kato, K. and Saito, S.: Unramified class field theory of arithmetical surfaces, Ann. of’
Math. 118 (1983), 241-275.

[Man] Manin, Y. I.: Correspondences, motifs and monoidal transformations (in Russian).
Mat. Sbhornik 77 (1968), 475-507; English translation in: Math. USSR: Shornik
6 (1968), 439-470.

[Mat]  Mattuck, A.: Abelian varieties over p-adic ground fields, Ann. of Math. 62 (1955),
92-119.

[Maz] Mazur, B.: Rational points of Abelian varieties with values in towers of number
fields, Invent. Math. 18 (1972), 183-266.

[Mil]  Milne, J.: Etale Cohomology, Princeton Math. Ser. 33, Princeton University Press,
1980.

[Mi2] Milne, J.: Arithmetic Duality Theorems, Academic Press, New York, 1986.

[Mu] Mumford, D.: Abelian Varieties, Oxford University Press, 1970.

[N] Neéron, A.: Modéles minimaux des variétés abéliennes sur les corps locaux et
globaux, Publ. Math. IHES 21 (1964).

[NS] Nesterenko, Yu. P. and Suslin, A. A.: Homology of the general linear group over a
local ring, and Milnor’s K-theory (in Russian), Izv. Akad. Nauk SSSR, Ser. Mat.
53 (1989), 121-146.

[Ne] Neukirch, J.: Microprimes, Math. Annal. 298 (1994), 629-666.

[PS] Parimala and Suresh: Zero-cycles on quadric fibrations, Invent. Math. 122 (1995),
83-117.

[Ro] Roitman, A. A.: T'-equivalence of 0-dimensional cycles (in Russian), Mat. Sbornik 86
(1971), 557-570; English transl. in Math. USSR: Shornik 18 (1972), 571-588.

[SaSu] Saito, S. and Sujatha, R.: A finiteness theorem for cohomology of surfaces over
p-adic fields and an application to Witt groups. Proc. Sympos. Pure Math. 58(2)
(1995), 403-415.

[Scho] Scholl, A.: Classical motives, Proc. Sympos. Pure Math. 55(1) (1994), 163-187.

[Se] Serre, J.-P.: Groupes algébriques et corps de classes, Hermann, Paris, 1959.

[Sh] Shatz, S.: Group schemes, formal groups, and p-divisible groups, In: G. Cornell and
J. Silverman (eds), Arithmetic Geometry, Springer-Verlag, New York, 1986.

[So] Somekawa, M.: On Milnor K-groups attached to semi-Abelian varieties, K-Theory 4
(1990), 105-119.

[Sou] Soulé, C: Groupes de Chow et K-théorie de variétés sur un corps fini, Math. Annal.
268 (1984), 317-345.

[Ta] Tate, J.: Relations between K, and Galois cohomology, Invent Math. 36 (1976),
257-274.

[Tol]  Totaro, B.: Milnor K-theory is the simplest part of algebraic K-theory, K-Theory 6
(1990), 177-189.

[To2]  Totaro, B.: Algebraic cycles and complex cobordism, J. Amer. Math. Soc. 10 (1997),
467-493.

[V] Voevodsky, V.: Triangulated categories of motives over a field, Preprint, 1995.

[W] Weibel, C.: An Introduction to Homological Algebra, Cambridge Stud. Adv. Math.
53, Cambridge Univ. Press, 1993.

[SGA 7] Grothendieck, A., Deligne, P., Katz, N.: Groupes de monodromie en géométrie
algébrique, Lecture Notes in Math. 288, Springer-Verlag, New York, 1972.

https://doi.org/10.1023/A:1001734817103 Published online by Cambridge University Press


https://doi.org/10.1023/A:1001734817103

