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Abstract

New estimates are obtained for the maximum modulus of the generalized logarithmic derivatives
F®/FD, where f is analytic and of finite order of growth in the unit disc, and k and j are integers
satisfying k > j > 0. These estimates are stated in terms of a fixed (Lindelof) proximate order of f and
are valid outside a possible exceptional set of arbitrarily small upper density. The results obtained are
then used to study the growth of solutions of linear differential equations in the unit disc. Examples are
given to show that all of the results are sharp.

2000 Mathematics subject classification: primary 34M10; secondary 30D30.

Keywords and phrases: logarithmic derivative, proximate order, order of growth, linear differential
equation, growth of solutions.

1. Introduction and statement of results

Let D ={z:|z] < 1} be the open unit disc in the complex plane C. The space of
all analytic functions in D is denoted by A(ID). The order of growth of a function
f € A(D) is defined as

logt log™M(r, f)

D =P gl b

where M (r, f) = max|;= | f(2)| is the maximum modulus of f.

DEFINITION 1.1. Let f € A(D) be such that oy/(f) € (0, 00). Then a continuous
function o : [0, 1) — [0, 0co) is a (Lindelof) proximate order of f, provided that it
satisfies the following conditions.
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(A) There exists Ry > 0 such that o is positive and differentiable in [Ry, 1).
B) lim,_, - o(r) =oy(f).

(C) lim,_, ;- o'(r)(1 —r)|log(l —r)| =0.

(D) limsup,_ -(1 —r)° log M(r, f)=1.

It is known that every function f € A(D) with oy (f) € (0, 00) has a proximate
order, and that proximate orders are not unique [12, 17].

Sharp growth estimates for the maximum modulus of the generalized logarithmic
derivative f® /() where f is meromorphic in D and k and j are integers satisfying
k > j >0, are obtained in [3, 8]. The special cases where f either belongs to the
Nevanlinna class or is a Blaschke product are further discussed in [9]. In addition,
growth estimates for integral means of generalized logarithmic derivatives of mero-
morphic functions are obtained in [4, 10]. This paper deals with functions f € A(D) of
finite order of growth, and the corresponding estimates for the generalized logarithmic
derivatives are stated in terms of a fixed proximate order of f. To the best of our
knowledge these estimates are the first sharp estimates in terms of maximum modulus.

The main result is stated as follows.

THEOREM 1.2. Let f € A(D) be such that op(f) <oo. If oy (f) >0, let o be
a proximate order of f. Let k and j be integers satisfying k > j >0, and let §,
g € (0, 1). Then there exists a countable collection of discs D, = {w : |lw — z,,| < r},
where r, < 1 — |z,|, and a constant C > 0 such that

> n<81-R asR—1", (1.2)
R<|zy|<1
and i
[log(1 — |z]| -
f(k)(Z) <5(1 — |Z|)U(|Z|)+l> lfo'M(f) > 1,
W < (1.3)

N 1 2(k—j)+e .
(W) ifom(f) <1,

forall z e D\|J,D,.

The rotated projection on [0, 1) of the exceptional set in Theorem 1.2 is of
arbitrarily small upper density. For a measurable set E C [0, 1), the upper density
is defined as Enp 1

D(E) = lim sup u,
r—>1- l—r
where m (F) is the Lebesgue measure of the set F.

COROLLARY 1.3. Under the assumptions of Theorem 1.2 there exists an exceptional
set E C [0, 1) with D(E) < 26 such that

F®(z) 1 (max{oy (), 1}H+1)(k=j)+e
o= (=)
fP@) 1 —|z|

for all z € D satisfying |z| € E.

(1.4)
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As a nontrivial application of Corollary 1.3, we study the growth of the solutions of
the linear differential equation

O+ A1 D@+ + A1) f1(2) + Ao(2) f(2) =0, (1.5)

where the coefficients Ag, ..., Ax—1 belong to A(D). The growth of the solutions
of (1.5) in the case of entire coefficients is typically dealt with using Wiman—Valiron
theory; see [15] and the references therein. The classical Wiman—Valiron analogue in
the unit disc as presented in [12] seems to be an insufficient tool for dealing with the
solutions of (1.5). However, recent developments in Wiman—Valiron theory have been
successfully applied to the theory of differential equations in the unit disc [5, 6].

For 0 < g < 0o, the weighted Hardy space H° consists of those functions A €
A (D) for which

sup M(r, A)(1 — r?)? < oo.
0<r<l

We note that the differential equation (1.5) with coefficients in weighted Hardy spaces
were studied in [11, 18]. Moreover, A is said to belong to G, if

p=inflg >0: A e H.};

see [3]. It is clear that
Gy = ﬂ H;O \ U H,
q>p q<p
and further, A € G, if and only if

) logtM(r, A)
p=limsup ——

. 1.6
r1- [log(l —r)] (1.6)

The findings concerning (1.5) are summarized in the following theorem, which
partially improves the corresponding results in [2, 3, 13]. Note that (1.7) below is
proved in [13], but it has been included here for the sake of completeness.

THEOREM 1.4. Let f be a solution of (1.5), where A € Gpj for j=0,...,k—1
Let 1 <o < oo, and denote py = 0.
(a) Then all solutions f of (1.5) satisfy

UM(f)fmax{O, max { pj,—l” (1.7)
0<j<k—1|k —j
and
max{oy (), 1} > min {po b —1}. (1.8)
1=j=k|
(b) Suppose that
min !po—_,pj} >, (1.9)
1<j=k| j
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Then oy (f) <« if and only if
max {—1,—1}<a. (1.10)

(¢) Suppose that (1.9) holds. If n € {0, . .., k — 1} is the smallest index for which

Pr _ max 121 (1.11)
k—n O<j<k—1|k—]

then in every solution basis of (1.5) there are at least k — n linearly independent
solutions f such that

om(f) = max { i —1}. (1.12)

O<j<k—1|k —j

In addition to oy (f) defined in (1.1), the quantity

log™ ,
om(f) = lim sup ogm—(rf)’
r—oo [log(l —r)l

where m(r, f) is the Nevanlinna proximity function of f, is often used to describe
the growth of an analytic function in the unit disc. Although in the complex plane the
analogously defined growth orders are equal for all entire functions, in the unit disc
we only have the inequalities

om(f) <om(f) <om(f)+1. (1.13)

The inequalities in (1.13) are known to be best possible in the sense that there exist g,
h € A(D) such that 0,,;,(g) = oy (g) and opr(h) = 0y (h) + 1.

Theorems 1 and 2 in [14] together form an analogue of Theorem 1.4 above
stated in terms of the growth order o, (f). Despite the close connection, the results
in [14] do not imply Theorem 1.4 above, and vice versa. The growth of logarithmic
derivatives appearing in the proof of [14, Theorem 2] is dealt with [10, Lemma 3.1].
Since this lemma compares the logarithmic derivative to log™m(r, f) rather than
to logT™M(r, f), it is not useful in proving Theorem 1.4. We also point out that
Theorems 1 and 2 in [14] were generalized in [4].

COROLLARY 1.5. Let A erjforjzo,...,k— 1. If

max {2 _ql_P0 5 (1.14)
O<j<k—1|k—j k

then all nontrivial solutions f of (1.5) satisfy oy (f) = po/k — 1.

The assumption (1.14) and the estimate (4.3) below show that (1.9) and (1.11),
for n =0, are satisfied. Thus all functions f; in every solution basis {fi, ..., f}
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of (1.5) satisfy oy (fj) = po/k — 1. If f is a nontrivial solution of (1.5), then there
exist constants Cy, ..., Cy € C such that f =Cy f1 +-- -+ Ci fx and that Cj, #0
for some jo € {1, ..., k}. Therefore f and the functions f;, j # jo, form another
solution basis of (1.5), and hence o/ (f) = po/k — 1. This proves Corollary 1.5.

The remainder of this paper is organized as follows. Section 2 is devoted to
examples which prove the sharpness of Theorems 1.2 and 1.4. Sections 3 and 4 contain
the proofs of Theorems 1.2 and 1.4, respectively.

2. Sharpness discussion
The sharpness of Theorem 1.2 is illustrated by the following example.

EXAMPLE 1. (a) For 1 < a < o0, the function

1 1
f@ =eXp<(1 g log l—z)

log M(r, f)=(1—r)"“|log(1 —r)|

for all 0 < r < 1, and therefore o)/ (f) = . The function

satisfies

_ log |log(1 — )]
o(r)=uo+ —Ilog(l Y 2.1

is differentiable in (0, 1), lim,_, ;- o (r) = op (f),

1 — log |log(1 —r)|

o' (r)(1 —r)|log(1 —r)| = -0, r—17,

[log(1 — r)|
and (1 —r)°® log M(r, f) =1forall 0 < r < 1. Hence o is a proximate order of f.
Moreover,
! 1
/&) = (a log + 1),
f@ A=zt 1—z

and, in general, for all k € N,

® 1 1 k
ff(z()Z) - ((1 — g)atl (O‘ log I — + 1)) + F(2), 2.2)
where F € A(ID) satisfies

) i | 1 1 k—1
|F(z)| = ((1_|Z|)k(a+l)—(¥<0g 1—|Z|) )

Substituting z = r and the constant « from (2.1) in (2.2), it follows that

FO ) 1\ @@™+Dk
fo (1 - r)

(c(r) +o(1)) + F(r),
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where
) (o (M +Dk—0o(r)

|[F(r)| = O<E

Therefore the assertion in Theorem 1.2 is sharp up to the logarithmic term in the case
where oy (f) > 1. Further, this also shows that ‘2(k — j) + ¢’ cannot be replaced by
2(k — j)’ when oy (f) = 1.

(b) For 0 < « < 1, the function

1 1
8(2) =exp<(1 T8 1= Z)

satisfies o7 (g) = a. Moreover,

g@ B a B 1
g(z)  (I+zeth  (1-2%

and, in general, for all k € N,

(k) _ k
g7 (@) 1
@ ((1—z>2) o,

where G € A(D) satisfies

1 max{(1+a)k,2k—1}
|G (2)| = 0(( ) )
1 — |z

This shows that the constant 2 in Theorem 1.2 cannot be replaced by a smaller one
when 0 <op(g) < 1.

The discussion at the end of Section 1 in [13] shows that the equality in (1.7) can
be attained. The sharpness of the remaining assertions in Theorem 1.4 is considered
in the next example.

EXAMPLE 2. For 8 > 1 the functions
B+1

B
fil) = eXP(%) and  fo(z) = exP(%)

are linearly independent solutions of

(@) + A1) f(2) + Ao(2) f(2) =0, (2.3)
where
Ag(D) = BAHI B+ 1) BB+ 1)
O = U= f 2@+ p) | (1= )2hP3
and
B Gz—p—2) B+DE+B+1)
Al(z) = —

(1 —)f+2 (z+p)1 —2)
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belong to A(D) [13]. Clearly Ag € G243, A1 € Gg42, and

ou(fi)=p = ,n_nn{po_.p" —1},

j=12 J

which shows that the equality in (1.8) is attained for f = f1. On the other hand, n = 1
is the smallest index such that (1.11) holds, and

max{ pj.—l}=,3+1=UM(f2)>0M(fl)-
j=0,11k —j

This means that there is exactly one solution in the basis { f, f2} such that the equality
in (1.12) is satisfied. Therefore the estimate for the number of linearly independent
solutions of maximal growth is the best possible in this case.

The final example in this section shows that the assumption « > 1 in Theorem 1.4(b)
is necessary.

EXAMPLE 3. If 0 < @ < 1, then the functions

1 1 1
f1(Z)=eXP((1+Z)a - l—z) and fz(z)=eXP(—1_Z>

are linearly independent solutions of (2.3), where

A()_(a—l)zz—(1+2a)z+oe+4 o
0= 1+ 20 —2) I+t — )2
and
A()_(1+a)zz—2az+a+3 o
=T 0 00— 22 1+t

Clearly Ag € G4, A1 € Go, oy (f1) =« and oy (f2) = 0. Therefore the assumption
o > 1 in Theorem 1.4(b) is necessary.

3. Proof of Theorem 1.2

3.1. Basic properties of proximate orders. We begin by recalling some basic
properties of proximate orders; see [12, Section 1.6] and also [1, 17]. In what follows,
a function L: [0, 1) — R, is called slowly varying if

I LA —-pd—-r))
m —— = =
r—>1- L(}")

1

for all 8 € (0, 1).
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LEMMA 3.1. Let f € A(D) be such that op(f) € (0, 00), and let ¢ be a proximate

order of f. Then the following assertions hold.

(@) The function (1 —r)~°O+ToulH) s slowly varying, and (1 —r)=°") is a
monotonically increasing unbounded function on [Rg, 1) for some Ry > 0.

(b) IfBe(0,1), then

(B =)0 = (1 o)™ D1 =)0, r 17
(© If—1<xt<oy(f)—1and Ry > 0 is the constant in Definition 1.1(A), then

r dt 1+o0(1)

o T=0707 (o —a- D g1 "7

PROOF. Assertion (a) is [12, Theorem 1.6.2], while assertion (c) is [12, Theo-
rem 1.6.3]. Define L(r) = (1 — r)~°®"+om(f) which is slowly varying by (a). Then

(B —r)=0U=FU=) (g1 — )= MDLA — B ~7))  14o0(])
(1—r)—o® o (1 —r)y=omL(r) - pom(f)

which proves (b). O

LEMMA 3.2. Let f € A(D) be such that oy (f) € (0, 00), and let ¢ be a proximate
order of f. Then oy (f) =ou(f) and o is a proximate order of £ for any
positive integer m.

PROOF. It suffices to prove the assertions for m = 1. Cauchy’s formula yields

|f/(z)|<M(R,f) ldg| _ R-M(R, f)

2t Jie=r 1C =22 R*P—|z?

where z € D is arbitrary and R = (1 + |z])/2. It follows that oy (f') < op(f).
Conversely,

M(r, f) < 1f(0)] +/0 M(s, f)ds < |fO) +rM(r, ),

so that oy (f) <ou(f'). Thus oy (f) =opu(f’). This calculation can easily be
modified, using Lemma 3.1(b), to obtain condition (D) in Definition 1.1 for f”.
It follows that o is a proximate order of f’. O

3.2. An estimate for the minimum modulus. The minimum modulus of a function
f € A(D) is defined by wu(r, f) =min, = | f(z)|. The following special case of an
estimate due to Linden [17, Theorem 3] will play an important role in our reasoning.

THEOREM A. Let f € A(D) and % <« < 1. Then there exists Ry = Ro(x) € (0, 1)
such that for any R € [Rg, 1) there exists a set ERr C [R%, R(R + 11—6(1 — R))] of
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measure at least 31—2R(1 — R) such that

c .1
(o)
AR« ®1T_R

R
x (/ log*M(t, £)(R —)"*"V dt +log* M(Ry, f)>
0

log u(r, f) > —
(3.1)

forall r € Eg and for some constant C = C(a, Rpy) > 0.

Throughout the rest of this section, suppose that f € A(D) with oy (f) € (1, 00),
and let o be a proximate order of f. We proceed to state and prove a consequence of
Theorem A involving proximate order; see (3.7) below.

Leta € [%, 1) be such that ! < om (f). Let Ry be the largest of the numbers Ry
in Definition 1.1(A), Lemma 3.1(a)(c) and Theorem A. Define r, =1 — 277, where v
is a nonnegative integer. Let v be sufficiently large that , > Ro. Then there is a
constant C = C(Rgp) > 1 such that

log"M(r, f)<C(1 —r)=°" (3.2)

for all r € [0, 1). Choose R = r,+1 in Theorem A to obtain a set E;,,

Erppy Clriyys rogt (rogn + 16711 = g )] C (o 1), (3.3)

of measure at least

327 =rp) =201 -2y =277, (3.4)
such that
C(a, Ry) 1
logu(r,f)z— 1/a 0g
(I —rys1) 1 —rygg
(35)
X ( / logtM(t, f)(rop1 —)'/* " dt +logt M(Ry, f))
0
forallr € E, . Ifr € (ry, ry41),then 1 —r <1 —r, =2(1 — ry41), and so
1 1 21/ 2 C(w, Ro) 1
1 < 1 < . (3.6
T—r 7 T = G—ne T = a—pie ET— O0

Since ! — 1 > 0, the estimates (3.5), (3.6) and (3.2) yield

C(a, Ro) 1

log/vL(r’ f)z _(l—r)l/o‘ logl—r

y (/rqul(l _t)l/aflfg(t) dt + a— RO)U(R()))
0
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for all r € E,, . Since a ! — 1 <oy(f) —1, we may apply Lemma 3.1(b), with
B = % and Lemma 3.1(c), with A = a ! — 1, to obtain

C(a, . R 1 1
log u(r, fy = C10u(H). R log
(1 —r)l/e (1 = ryypp)o v =1/e 1—r 37)
Cla, om(f), Ro) 1 ‘
> — log
(1 —r)e® 1—r
forall r € E, . This estimate will be needed in proving Theorem 1.2.

3.3. An estimate for the zeros. Lei n(¢, h, f) denote the number of zeros of the
function f € A(D) in the closed disc D(¢, h) = {w : |¢ — w| < h}. Replacing z by Rz
in [17, Theorem 2], we obtain the following result.

THEOREM B. Suppose that f € A(D) and 0 < R < 1. Forall a € [%, 1) there exists
Ro = Ro() € (0, 1) such that, for all ¢ € D satisfying || =r < R,

R
n@, h, )< %( / log"™M (&, f)(R —1)"/*~" dt +log™ M (Ro, f)),
- 0
(3.8)

where h = (n/R)(R —r)and 0 < n < é.

Suppose now that f € A(D) with oy (f) € (1, 00), let o € [%, 1) be such that
a~ ! <op(f), and let o be a proximate order of f. We proceed to state and prove
a consequence of Theorem B involving proximate order; see (3.10) below.

Let v be sufficiently large that r, > Rg, where r, =1 — 27" and Ry is the constant
from Section 3.2. Let r €[r,, ry+1). Using Lemma 3.1(b), with 8 L and

= Z’
Lemma 3.1(c), with A = o~ — 1, we obtain
Fv+2
f (1 =nt*1700 g1 < C(a, oy (f). Ro)(1 —r)! /e, (3.9)
0

Choose R =2r/(r + 1), where r € [ry, ry+1). Then R € (ry, r,42). The estimates
in (3.8) and (3.9) yield

n(l —r) Cla, n, om(f), Ro)
"(g’ T2 f) =T a0

(3.10)

for all ¢ € D satisfying |¢| < 2r/(r + 1) and forall 0 < n < 1/6.

Define A; = D(0, 1) and the annuli A, ={¢ :r,_1 < [¢| <1} for v>2. Then
clearly D =|J,.A,. Based on (3.10), we now state and prove an estimate which is
crucial in proving Theorem 1.2.

LEMMA 3.3. Let f € A(D) be such that oy (f) € (1, 00), and let ¢ be a proximate
order of f. Let {ay} denote the sequence of zeros of f listed according to multiplicities
and ordered by increasing modulus, and let 0 < § < 1. Then there exists a countable
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A

FIGURE 1. The cases s = 1 and s = 2.

collection of discs D,; = {w : |lw — z,j| < pyj}, where p,j <1 — |zyjl, such that, for
allz € AV\U].DU]-,

1 C(a, , R 1
SRy 1 A
gtz [E @l a=r) T=r
where
Y py<80-R), R—>1". (3.12)
R<|zyjl<1

PROOF. Without loss of generality, we may assume that arg z = 0. For s € N define
L ={-2°+1,...,—1,0,1,...,2%. For t € I, define the polar rectangles

A ={teAs:(t — D27 <arg¢ < a2’}

see Figure 1 for an illustration.
Denote

IF=

N

I ifl<s<v-2,
LA\{0, 1} ifv—1<s<v+41.

With this notation, we have the following result.
LEMMA 3.4. Letv>22<s<v+ 1, telf ¢ €Ay, z€ A andargz =0. Then

727571 ift>0,
[t —z| =
Az + D27 gfe <o
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A

FIGURE 2. Illustration of Lemma 3.4. The A-sets in the left half-plane are annuli, while the .A-sets in the
right half-plane are polar rectangles.

PROOF. Suppose first that |arg ¢| < /2. Then —2*~! + 1 < ¢ < 25~! by definition
of the sets A;. The point { = ¢; in Figure 2 illustrates the case where 0 < v < 2° -1
while the point ¢ = ¢ illustrates the case where —2° T41<r<o.

Since ¢ € Ay, z€ A, andarg z =0,

N

. (Tt —1 T—1
[¢ —z| = [¢] sin(arg §) > rs—; sin 5 7)== Fs—1
forall T > 0, and

. N 7|
1€ =zl = |¢] sin(larg &) = rs—1 sm(yn) T

for all T <0. Thus

T—1 .
Frs_] if t >0,

¢ —z| > = . (3.13)
Frs,l ift SO

If 2 <s < v — 2, we have in addition that

It —z|>z|=Re¢ >ry_1 —rg=2"" =27V >27% _o=s=1 2751 (3.14)

lz|/(z]+ 1) > % for T < —1. Therefore applying (3.13) for 7 € {0, 1}, and (3.14)
for T € {0, 1}, we prove Lemma 3.4 in the case where |arg {| < 7 /2.

Clearly, rg_1=1— 25+l > % for s >2, while (z — 1)/t > % for T > 2 whereas
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Suppose then that /2 < |arg ¢| < m. In this case either 27! < 7 <2 or —2° +
1 <t <—2"141, and therefore

L 72751 if 7 >0,
2 7 (1 + D257 ifr<o.

The statement of Lemma 3.4 in the case where /2 < |arg ¢| <  now follows by the
inequality | — z| > 2, which is valid since arg z =0 and s > 2. O

We return to the proof of Lemma 3.3. Let n(U) = n(U, {ax}) denote the number of
the points ay in the set U C D. Let

1+7r b4

and denote
ni(r) =ni(r, {ar}) = max n(L(r, ¢)).
0<p=<2m

If z € A, and z # ay for all k, write

2.

lax|<ry41

v+1

Iz—akl =22 2 Iz—akl

s=1 tel; areAsr

Sy Yy Ly sy !

< -

s=1 telf axeAs: |z — axl s=v—1 7=0 areA,; |z — ax|
=S5+ 5. (3.15)

To deal with the sum S; in (3.15), we first observe that ry = (1 4+ ry_1)/2 and
25 — (1 — Da2~5 =725 =272"2(1 — ry_;). Lemma 3.4 now yields

v+1
5 < i 3 n(Aysr)

s=1 TG[* lnfCEA\-[lZ - gl

v+1
n1(Fs—1) oy n1(Fs—1) joi1
—2S+ —2S+
( > — LD

=<
s=1 “Mel¥, >0 telf,t<0
v=2 , 2% v+1 28
ni(rs—1) 2) n(rs—1) ns42
=) (X ——27)+ (2
s=1 (‘L'=l T s=v—1 ‘=2 T
&2 ni(rs—1) P ny(rs—1)
Nt N
=8) T Z SZ Z—l -
=1 Fs—1 \7Z rs—1

<81+ @+ l)logZ)Z M=) _ oy, Z mrs—)

Fs—1 I —req
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For any r € (0, 1) the set L(r, ¢) can be covered by a uniformly bounded number
of discs D(¢, (1 —r)/20), where r < |¢]| < (1 +r)/2. Hence, by applying (3.10), it
follows that

S <24 % ni(rs—1) _ o4 Xv: ni(ry)
h= v_l—rs_l_ v_l—rs
s=1 s=0
v 1
< C(a, om(f), Ro)v Z W
s=0 S
dt

1 Tv+1
< C(a, om(f), Ro) log ﬁ/o A oo
Vv

A reasoning similar to that leading to (3.7), using Lemma 3.1(c), with A = —1, finally
gives
C(e, , R 1
S) < (a, om (f), Ro) og '
(1 _rv)o(r“)—H I—ry
To deal with the sum §» in (3.15), define

v+l 1
U UAm Ny=nU) and 8, =8-27""°

s=v—11=0

(3.16)

Then, by the Cartan lemma [16, pp. 19-21], there exists a finite collection of discs
D(wyj, hyj) with Zjhw' =246, and a permutation of {ax} C U, say by, . .., by,, such
that |z — b,,| > mé,/N, forallm=1,..., N, and z (;ZUJ.D(ij, hyj). Hence, by
noting that

n(As) <ni(rs—1), s=v—-1,...,v+1, 7=0,1,

it follows that

=

_le—bl Z_

acv 12— akl
5 v+1
C ni(r

< —(+logN) == > ) pog gy BT

(1 —ryg1) WL v—21_r5
- c oy ]

(0]

S5 — )7t BT,

for all z € A, satisfying z & UjD(wvj, hyj).
By combining (3.15)—(3.17) and Lemma 3.1(b), with 8 = % we conclude that

1 3.18
e—al = s =T R Ty G19

Z 1 < C(Ol, GM(f)’ RO) 1
lak| <rv+1

forall z € A, satisfying z & J; D(w.;, hy)).
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It remains to study the size of this exceptional set. For each v we take into account
only those discs D(w,;, h,;) which intersect the annulus A,, and discard the rest of
the discs. Each v is then associated with a collection of discs D,; = D(zy;, pvj) such
that

Fom1 —8-27"70 <zl <ry 82770 (3.19)

In particular, z,; € A,_1 U A, U A, . Moreover, by the second inequality in (3.19),
|ZUj| +/0Uj < IZUjl +Z’0U] < |Zvj| +28V < 1 _271) +5 ‘271)74 - 1,
J

which shows that all of the discs D,; are contained in D. If now R € [r,_1, 1)), we

obtain
(o.¢] o
Z pvj < Z Z psj =28 Z 27570 5273 ~§(1 — R).
R=<|zyj1<1 s=v—1 j s=v—1
This discussion together with (3.18) completes the proof of Lemma 3.3. O

3.4. Proof of the case where oy (f) >1. Let oy (f) > 1, and suppose first that
k=1 and j =0. Denote z=re'?, and let 0 <r < R < 1. By the differentiated
Poisson—Jensen formula,

’ 2 i0
/(@) <§/ llog | f (Re )|Id9+ ( 1 " la|
0 lak| <R

), (3.20)

f@Q| =m |Re!? — 72 |z —ax|  |R? — az|

where {ay} is the sequence of zeros of f listed according to multiplicities and ordered
by increasing moduli. For any |a;| < R,
lak| |a| % -

2 _ 4 - — ‘ aK  z
IR® —arz|  Rlz—ak] |1-%.%

1
< . (3.21)
|z — akl

Fix v large enough so that r,_1 > Ry. Let z € AU\UJ. D,j, where {D,;} is the
family of discs found in Section 3.3. Choose R € E;, ,,, where E;,, C (ry4+1, r'v4+2) 18
a set of measure at least 27V ~8 by (3.3) and (3.4). By (3.20), (3.21), Definition 1.1(D),
(3.7) and Lemma 3.3, we obtain

f'@| _ Cla, om(f), Ro)llog(l — R)| /2” do 2
4
f@ = (1—=R)y?® 0o |Re? —z? IaleZrM |z — axl
_ Cle.om(f). Rollog(1 — R)| | Cle, om(f). Ro)llog(1 — 1)
- (R—r)(1 = R)*® 8(1 =)o+l

Finally, since R —r >ry4 1 —r,=1—ry41 and

l—r<1l-r_1=2(1-r)=81-ry42) <81 —-R) <8 —r),
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an application of assertions (a) and (b) in Lemma 3.1, with 8 = %, yields

/@] _ Cla, om(f), Ro) 1
< log .
f@ 8(1 —r)c+l 1—r
This completes the proof of Theorem 1.2 in the case where oy (f) > 1, k=1 and
j=0.

Suppose then that k and j are integers satisfying k > j > 0. By applying Lemma 3.2
and the reasoning above to the functions f m = Js--.,k—1, we get, for all
zeD\U,Dy",

[0 @)| _ Clam, ou(f), Ro) !
< log ,
Fm () 8(1 — r)o+1 1—r

where Dl(,m) = D(zgm), pﬁ’”’) and

)
Z pI" < ij(l — R).

R<[zy"|<1
Therefore, for all z € D\Uln‘l;lj ; fm)
P HIS " . llog(1 — )|\~
_ =T1l—"| <C(a, cJik, RO ——— ),
'f(f)(z) L T e e s
where

k—1
YooY pm<s—R.

m=J R=|z"|<1
This completes the proof of Theorem 1.2 in the case where oy (f) > 1.

3.5. Proof of the case where o7(f) <1. Suppose first that 0 < oy (f) < 1. Itis

easy to see that the integral
! dt
0 (1— t)a(t)+lfl/a

converges for any fixed o € [%, 1). Then following the reasoning in Sections 3.2
and 3.3, we obtain the estimates

C(a, Ro) 1
log/,L(r, f)Z_(l _r)]/a IOg 1—r
and
C(a, n, Ro)

n¢,n(l—=r)/2, f) < A=l
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corresponding to (3.7) and (3.10), respectively. The rest of the proof in the case where
0 < opu(f) <1 repeats that in the case where oy (f) > 1 but uses the estimates just
obtained instead of (3.7) and (3.10). In particular, the relevant analogue of (3.11) for
f satisfying 0 < o (f) < 11is given by

Z 1 - C(a, Ro)

f— 9
lag|<ry41 |z = axl (1 - r)2+8

where ¢ > 0 and other quantities are as in Lemma 3.3. The details are omitted.
Suppose then that oy (f) =0. It follows by [3, Theorem 3.1 and Corollary 3.2]
that there exists a countable collection of discs D, ={w : |w — z,| < r,} C D\{0}

satisfying
00 ry
St
1=z

and a constant p € (0, 1) such that

£ ) 1\ 2= ite
‘f‘f')(Z) = (1 - |z|) 622

for all z satisfying z € D\|J,D, and p < |z| < 1. Note that since D, C D, we have
ry <1 —|zy].

We may suppose that the sequence {z,} is organized by increasing moduli. Hence
there exists a positive integer Ny such that

o0

Z il < 4.
I —zy]

v=~Ny

Let max{p, |zn,|} < R < 1. Now

o on=a-R Y o <sa-R.

R<lzy|<1 R<lzy|<1 1=zl

This completes the proof of Theorem 1.2 in the case where o (f) = 0.

4. Proof of Theorem 1.4

4.1. Proof of (a). Inequality (1.7) is proved in [13, Theorem 1]. To obtain (1.8), the
proof of [3, Theorem 2.3] is followed. We need the following auxiliary result, which
shows that the growth of a G,-function is near maximal (see (1.6)) on a relatively large
set. The assertion can be proved similarly to [3, Lemma 5.1] or [4, Lemma 9]. See
also [2, Lemma 3] and [13, Lemma 2] for similar results.

LEMMA 4.1. Suppose that A € Gy for some p € (0, 00), and let ¢, n € (0, 1). Then
there is a set F C [0, 1) with D(F) > n such that

log™M(r, A) -

=1t Jlog—n] =P 7
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Let e, § € (0, %). By Corollary 1.3 there exists an exceptional set £ C [0, 1) with
D(E) < 26 such that for any z € D satisfying |z| ¢ E,

k j k j+Jj (max{oy (f),1}+1+¢)
7@ L\
IAo(Z)ISE:IA'(z)I‘ <y
=@ 1=zl

j=1

, 4.1)

where Ay (z) =1 and py = 0. By applying Lemma 4.1 to the function Ag in (4.1), it
follows that

po—e = max {py + j(max{oy (), 1} +1+ ). (4.2)

By rearranging terms and letting ¢ — 07 in (4.2), we obtain (1.8).

4.2. Proof of (¢). If n =0 is the smallest index such that (1.11) holds, then

Po— D po pj k—j>p0 po k—j _po

J Jook—=j j ok J k
forall j=1,..., %k — 1, and so the minimum in (1.8) is attained when j = k. Thus,
by (1.8) and (1.9),
Po
om(f) = i 1 4.4)

for all nontrivial solutions f of (1.5). Therefore, by (1.7) and (4.4), there are k linearly
independent solutions f for which (1.12) is valid.

Suppose then that n > 1. In this part of the proof, the standard method of order
reduction will be used. The set E C [0, 1) from now on is not necessarily the same at
each occurrence, but it always satisfies D(E) <8 < 1. For simplicity, a finite union of
such sets is denoted again by E. The related constants § will be chosen such that their
sum, denoted again by §, satisfies § < 1.

We begin with the following consequence of Corollary 1.3.

COROLLARY 4.2. Let g, h € A(D) be such that
max{opy(g), om(h)} < B < oo.

Let n > 1 be an integer, and let §, ¢ € (0, 1). Denote f = g/h. Then there exists an
exceptional set E C [0, 1) with D(E) < § such that

1 (max{B,1}+1)n+-e¢
< < > 4.5)
1 —|z]

f(n) (2)
f(@)

for all z € D satisfying |z| € E.

PROOF. By calculating

g/h _ gh/
:T’

i _ (8"h — gh")h® — (g'h — gh")2hh’

f f =
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we see, by means of Lemma 3.2, that for any k € {1, ..., n} there exist functions
gk, hi € A(D) such that max{op(gx), oy (hi)} < B and f® = g /hy. Since f'/f =
g'/g — W' /h, assertion (4.5) for n = 1 follows by Corollary 1.3. Suppose then that (4.5)
is valid for n = j. Clearly

FAED g0 gy (&)’.ﬁ _ (ﬁ _ h_//) S (4.6)
N L AN fo\g I |

The case n = j + 1 now follows from (4.6) by applying Corollary 1.3 to the functions
gj» b and the inductive assumption to the logarithmic derivative f W/f. O

The following two lemmas are obtained by modifying the analogous plane results
in [7, Section 6].

LEMMA 4.3. Let fo.1, - .., fo.n be m > 2 linearly independent analytic solutions of
TP+ A1 V@ 4+ 401 (@) + A2 f () =0,
where k > m and Ao, ..., Aok—1 € A(D). For1 <n <m — 1, set
. /
fn,j:<M>, j=1,....,m—n. 4.7)
Jn-11
Then fu1, ..., fu.m—n are linearly independent meromorphic solutions of

FE D)+ A1 QL V@D + -+ An 1 @ F1(2) + Ano(2) f(2) =0,

(4.8)
where (i)
k—n+1 —J—-
[ fn—l 1 (2)
Ap,j(2) = ( >A —1,1@)————— (4.9)
" l:;—] .] + 1 " fl’l*l,l(z)
forj=0,...,k—1—n. Here Aj;_j(z)=1forall j=0,...,n
Moreover, let ¢ > 0, and suppose that for each j € {0, ..., k — 1} there exists a
pj = 0 such that Ag,j € Gy, Set
M, = max {p; + (I — p)(max{B, 1} + D},
p<l<k—1
where 8 = maxi<;<m{om (f0.1)} < 0o. Then
Mn+j+€
M(r, A, j) < (1 ) (4.10)
‘ —r

forallr €0, D)D\E and j =0,...,k—1—n.

PROOF. By the proof of [7, Lemma 6.4], the functions f, ; in (4.7) are linearly
independent meromorphic solutions of (4.8), where the coefficients A, ; are given
by (4.9).
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Suppose that n = 1. Applying Corollary 1.3 and the assumption that Ag,; € Gpj to
(4.9), we get

[—j—1
7@

k !
A< ) <j+1)|A0,1(Z)|

15 fo,1(2)
k 1 pr+(—j—1)(max{B, 1}+1)+¢/2 1 Miyjte
=2 (=) (=)
I=j+1 1_|Z| 1_|Z|
forall |z] € [0, 1)\E and j =0, ..., k — 2. This proves (4.10) forn = 1.
To complete the proof it suffices to show that if, for a giveni € {2, ..., m — 2}, the
inequality

(4.11)

1 Mi_14j+e/3
1— r)

M@, A1) < (

holds for all » € [0, I)\E and j =0, ..., k — i, then (4.10) is valid for n =i and for
j=0,...,k—i—1.

Applying Lemma 3.2 to (4.7), we conclude that the functions f; j, g =1,...,n,
j=1,...,m—gq, are of the form f, ; = g4 j/hy, j, Where g4 j, hy ; € A(D) with
max{opy(gq,;), om(hy,j)} < B. Therefore, by Corollary 4.2,

(4.12)

f.(l_j_l)(z) 1 (I—j—1)(max{B,1}+1)+&/3
i—11 ‘ - ( )
fi—1.1(@) 1—z|

for all |z]€[0, D\E and I=j+1,...,k—i+ 1. Applying (4.11) and (4.12)
to (4.9), where n = i, results in

k—i+1 1 M;_14+(1—j—1)(max{B,1}+1)+2¢/3 1 My j+e

4, ;) <C Z( ) 5( )
EoANEE -l

forall |z] € [0, I)\E and j =0, ...,k —i — 1. Hence (4.10) holds for n =i and for

all j=0,...,k—i—1. O

LEMMA 4.4. Under the assumptions of Lemma 4.3,

Ap0(z) = Aon(2) + Gu(2), (4.13)
where
n+1 k—n+j—1 (=j+1)
! Jaj411()
Gu(z) = ( )A ()T (4.14)
! J; ; j—1) Fr—j+1,1(2)
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Moreover,

(4.15)

My +max(B,1)+1+¢
1-— r)

M(r, Gy) < (
forallr € [0, \E.
PROOF. Since (4.13) and (4.14) are valid by [7, Lemma 6.5], it follows that

n+1 k—n+j—1 (I=j+1)
l S 1 1(2)
|Gr(2)| < Z Z (j B 1)IA,,_j+1,z(z)| it LG
=2 =]

Sn—j+1,1(2)
The final assertion (4.15) follows by applying (4.10) to the coefficient functions
Ay~ j+1, and Corollary 4.2 to the logarithmic derivatives f’fl:jﬁ%i/fn, j+1,1, and by

arguing similarly as in the proof of Lemma 4.3. O

We return to the proof of Theorem 1.4(c). Let n > 1 be the smallest index such
that (1.11) holds. Arguing by contradiction, we assume that equation (1.5) has n + 1
linearly independent solutions fj , such that

p.
oM(fo,q)<a=OSr?§]§lik_fj —1}, g=1,....,n+1. (4.16)

Note that (1.8) and (1.9) yield
om(foq) =1, g=1,...,n+1. 4.17)

We aim for a contradiction, which, together with (1.7), shows that equation (1.5) has
at least k — n linearly independent solutions f for which (1.12) is valid.

Let ¢ > 0 be a small constant. Then Lemma 4.3, with m = n + 1, and assumption
(4.16) imply that there exists a solution f, 1 # 0 of (4.8) of the form f,, .1 = gn.1/hn 1,
where g, 1, hy,1 € A(D) with

max{ou (gn,1), om(hu,1)} < c. (4.18)
Moreover, taking (4.17) into account,

My+j < [max k{Pz +(Ul—n—ja+D}<tk—n—j)a+1) (4.19)
n+j<i<

for j=0,...,k—gq — 1, sothat

T—, (4.20)

for all r € [0, D\E and j=0,...,k—qg — 1. Applying (4.16), (4.17) and (4.19)
to (4.15), it follows that

(k=n—j)(a+1)+e

(k—n)(a+1)—2¢
) 4.21)

M(I", Gn)f (1

—r
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forall r € [O,L)\E. Letn e (8,_1), and let F C [0, 1) be the set in Lemma 4.1 (applied
to Ag,,) with D(F) > n. Then D(F\E) > n —§ > 0, and (4.21) and Lemma 4.1 yield

(k—n)(a+1)—¢
M(r, An,0) = M(r, Ao,n) — M(r, Gp) > <l_> (4.22)
for all r € F\E. Corollary 4.2 and inequality (4.18) show that
() jla+1)=3e
Z
1O 5( ! ) (4.23)
Jn1(2) 1 — Iz
forall |z] € F\E and j =1, ..., k —q. By substituting f = f, 1 in (4.8), it follows
that )
k—n f J (2)
1
|An 0@ <) A @) "—‘
! ; T @

This, with the aid of (4.20), (4.22) and (4.23), results in the contradictory inequality
k—n)(a+1)—e<(k—n)(ax+1) —2e¢.

4.3. Proof of (b). Suppose that (1.10) is valid. Then oy (f) < « for every solution
fof (1.5) by (1.7).

Conversely, suppose that all solutions f of (1.5) satisfy oy (f) < «, and assume
that there is at least one coefficient A ;; € Gpj0 of (1.5) for which p; /(k — jo) — 1 > «.
Now, if n € {0, ..., k — 1} is the smallest index such that p, satisfies (1.11), then,
by Section 4.2, equation (1.5) has at least k — n > 1 linearly independent solutions f
such that

bj Pjy
= —_— 1> —1 .
ou(f) Oir;]ialz(—l{k —J } “k—jo -

This is a contradiction, and so (1.10) is valid.
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